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Fig. 2. Average probability of the three ions to
be measured in ||, 3) as a function of the
offset phase ¢,. The fringes show a sinusoidal
oscillation with period 2m/3 and fringe contrast
0.84(1). deg, degrees.

During the detection period, we obtained
on average 0.2 counts after preparing the state
| 1, 3) and 30 counts after preparing the state
| |, 3). If the number of counts after a spec-
troscopy experiment was below 15, we as-
sumed the outcome to be | 1, 3); otherwise,
we assumed the outcome to be ||, 3). The
fringes resulting from averaging 1000 such
experiments show a sinusoidal oscillation
with period length 2m/3 (Fig. 2). The fringe
contrast (0.84(1)) yields a phase sensitivity
that is 0.84 X V/3 = 1.45(2) as high as that
of a perfect Ramsey experiment with three
unentangled particles. With perfect opera-
tions and readout, the method would yield a
fringe contrast equal to 1 and thus reach the
Heisenberg limit, giving an increase of phase
sensitivity of V3 (=VN).

The gain obtained by using GHZ states
can be offset by the corresponding faster
decoherence if the free precession time is
comparable to the dephasing time (28). How-
ever, the Ramsey time is often limited by
other practical considerations, such as the
desire to servo an oscillator to an atomic
transition in a time that is much shorter than
the decoherence time or by limitations im-
posed by the spectrum of the oscillator that
drives the transitions (29, 30). In those cases,
the entanglement provided by generalized
GHZ states gives the expected gain.

We prepared a GHZ state of three atomic
ions with a fidelity of 0.89(3). We used this
state to demonstrate a new method for precision
spectroscopy on entangled particles that can
reach the Heisenberg limit and is of practical
use because of its immunity to errors in final
state detection. Because only collective ensem-
ble preparation and detection pulses are used,
the extension of the method to larger numbers
of particles (N) is straightforward. For large
values of N, the required interaction proportion-
al to J2 can be implemented with either the
approach described in (/0) or by further gener-
alization of the phase gate because the operators
&~ and €% are equivalent up to a rotation

applied uniformly on all ions. We want the
phase-space-displacement dipole forces on all
ions (in the same state) to be the same, which is
the case in a one-dimensional (or two-dimen-
sional) array of trapped ions, if the forces act on
a center-of-mass mode whose motion is perpen-
dicular to the ion string (or plane) (37). The
readout is robust against noise because the ob-
servable is a two-state “all-on” versus “all-oft”
signal. Despite experimental imperfections, our
demonstration of the method on three ions
shows a gain of 45% over that of a perfect
Ramsey experiment with non-entangled states.
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Control and Measurement of
Three-Qubit Entangled States

Christian F. Roos,” Mark Riebe,’ Hartmut Haffner,?
Wolfgang Hinsel, Jan Benhelm,” Gavin P. T. Lancaster,’
Christoph Becher,” Ferdinand Schmidt-Kaler,"* Rainer Blatt"?

We report the deterministic creation of maximally entangled three-qubit
states—specifically the Greenberger-Horne-Zeilinger (GHZ ) state and the
W state—with a trapped-ion quantum computer. We read out one of the
qubits selectively and show how GHZ and W states are affected by this local
measurement. Additionally, we demonstrate conditional operations con-
trolled by the results from reading out one qubit. Tripartite entanglement
is deterministically transformed into bipartite entanglement by local op-
erations only. These operations are the measurement of one qubit of a GHZ
state in a rotated basis and, conditioned on this measurement result, the

application of single-qubit rotations.

Quantum information processing rests on the
ability to deliberately initialize, control, and
manipulate a set of quantum bits (qubits)
forming a quantum register (/). Carrying out
an algorithm then consists of sequences of
quantum gate operations that generate multi-
partite entangled states of this quantum reg-
ister. Eventually, the outcome of the compu-
tation is obtained by measuring the state of
the individual qubits. For the realization of

some important algorithms such as quantum
error correction (/—5) and teleportation (6), a
subset of the quantum register must be read
out selectively, and subsequent operations on
other qubits must be conditioned on the mea-
surement result. The capability of entangling
a scalable quantum register is the key ingre-
dient for quantum information processing as
well as for many-party quantum communica-
tion. Whereas entanglement with two or more
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qubits has been demonstrated (7-13), our
experiment allows the deterministic genera-
tion of three-qubit entangled states and the
selective readout of an individual qubit fol-
lowed by local quantum operations condi-
tioned on the readout.

The experiments are performed in an ele-
mentary ion-trap quantum processor (14, 15).
For the investigation of tripartite entangle-
ment (16-18), we trap three “°Ca™ ions in a
linear Paul trap. Qubits are encoded in a
superposition of the S, , ground state and the
metastable D, state (lifetime 7 ~ 1.16 s).
Each ion-qubit is individually manipulated
by a series of laser pulses on the S = S, ,
(m; = -1/2) to D = D, (m; = -1/2)
quadrupole transition near 729 nm, with the
use of narrow-band laser radiation tightly
focused onto individual ions in the string.
The entire quantum register is prepared by
Doppler cooling, followed by sideband
ground-state cooling of the center-of-mass
vibrational mode (v = 2w X 1.2 MHz).
The ions’ electronic qubit states are initial-
ized in the S state by optical pumping.

Three qubits can be entangled in only
two inequivalent ways, represented by the
Greenberger-Horne-Zeilinger (GHZ) state,
|GHZ) = (|SSS) + |DDD))/V/2, and the W
state, |W) = (|DDS) + |DSD) + |SDD))/
V3 (17). The W state can retain bipartite
entanglement when any one of the three
qubits is measured in the {|S), D)} basis,
whereas for the maximally entangled GHZ
state a measurement of any one qubit de-
stroys the entanglement. We synthesize the
GHZ state with a sequence of 10 laser pulses
and the W state with a sequence of five laser
pulses (19).

Full information on the three-ion entan-
gled states is obtained by state tomography
(20, 21) using a charge-coupled device
camera for the individual detection of ions.
The pulse sequences generate three-ion en-
tangled states within less than 1 ms. Deter-
mining all 64 entries of the density matrix
with an uncertainty of less than 2% requires
about 5000 experiments, corresponding to
200 s of measurement time.

In the experimental results for the abso-
lute values of the density matrix elements of
GHZ and W states, pigyz, and pjy, (Fig. 1, A
and B), the off-diagonal elements are ob-
served with heights nearly equal to those of
the corresponding diagonal elements and
with the correct phases (/9). Fidelities of
72% for piguy, and 83% for pyy,, are ob-
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tained. The fidelity is defined as (W, ;.| Peyy
|V, .)l? where W, . denotes the ideal
quantum state and p__ is the experimentally
determined density matrix. All sources of
imperfection have been investigated indepen-
dently (/4) and the measured fidelities are
consistent with the known error budget. Note
that for the W state, coherence times greater
than 200 ms were measured (exceeding the
synthesis time by almost three orders of mag-
nitude), whereas for the GHZ state only times
of ~1 ms were found. This is because the W
states are a superposition of three states
with the same energy. Thus, the dephasing
due to magnetic field fluctuations is much
reduced in contrast to a GHZ state that is
maximally sensitive to such perturbations.
Similar behavior has been observed with
Bell states (21, 22).

Having tripartite entangled states avail-
able as a resource, we make use of individual
ion addressing to read out only one of the
three ions’ quantum state while preserving
the coherence of the other two. Qubits are
protected from being measured by transfer-
ring their quantum information into superpo-
sitions of levels that are not affected by the
detection—that is, by a light-scattering pro-

Fig. 1. (A) Absolute
values of the density
matrix elements of
the experimentally ob-
tained GHZ quantum
state. The off-diagonal
elements for SSS and
DDD indicate the
quantum  correlation
clearly. (B) Absolute
values of the density
matrix of the W state.
Off-diagonal elements
and diagonal elements
are at equal height.
(C) GHZ state after
measuring the first
qubit only. The GHZ
state coherences have
fully disappeared as
compared with the re-
sults shown in (A). The
state is thus fully de-
scribed by a classical
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cess. In Ca™, an additional Zeeman level D’
= D, (m = —5/2) can be used for this
purpose. Thus, after the state synthesis, we
apply two 7 pulses on the S-D’ transition of
ions 2 and 3, moving any S population of
these ions into their respective D’ level. The
D and D’ levels do not couple to the detection
light at 397 nm (Fig. 2). Therefore, ion 1 can
be read out by the electron shelving method
as usual (15). After the selective readout, a
second set of m-pulses on the D’-S transition
transfers the quantum information back into
the original computational subspace {S, D}.

For a demonstration of this method,
GHZ and W states are generated and qubits
2 and 3 are mapped onto the {D, D'}
subspace. Then, the state of ion 1 is pro-
jected onto S or D by scattering photons for
a few microseconds on the S-P transition.
In a first series of experiments, we did not
distinguish whether ion 1 was projected
into S or D. After remapping qubits 2 and 3
to the original subspace {S, D}, the tomog-
raphy procedure is applied to obtain the full
density matrix of the resulting three-ion
state. As shown in Fig. 1C, the GHZ state is
completely destroyed; that is, it is projected
into a mixture of |SSS) and |DDD). In

mixture. (D) W state after measuring the first qubit. Only the coherences involving the first qubit have
disappeared, whereas two-ion Bell-type entanglement persists between the second and the third qubit.
The state thus contains quantum correlations even after a local projective measurement.

12

p Fig. 2. Selective readout of ion
12 1: lons 2 and 3 are protected
from measurement by transfer

o S into dark states. Only the rel-
N Q evant levels of the three Ca*
Dsomm Qn [08  DspiOn On [ § D;100 10n ions are shown.
-5/2 -1/2 S -5/2 -1/2 ;C}' -5/2 -1/2
g
Sie S, ), S
-1/2 -1/2 -1/2
ion #1 ion #2 ion #3
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contrast, for the W state, the quantum reg-
ister remains partially entangled as coher-
ences between ions 2 and 3 persist (Fig.
1D). Related experiments have been carried
out with mixed states in nuclear magnetic
resonance (/3) and with photons (/7).

In a second series of experiments with the
W state, we deliberately determined the first
ion’s quantum state before tomography: The
ion string is now illuminated for 500 ps with
light at 397 nm, and its fluorescence is col-
lected with a photomultiplier tube (Fig. 3A).
Then the state of ion 1 is known, and we
subsequently apply the tomographic proce-
dure to ions 2 and 3 after remapping them to
their {S, D} subspace. Depending on the state
of'ion 1, we observe the two density matrices
presented in Fig. 3, B and C (/9). Whenever
ion 1 was measured in D, ions 2 and 3 were
found in a Bell state [(|SD) + |DS))/V2],
with a fidelity of 82%. If the first qubit was
observed in S, the resulting state is |[DD) with
fidelity of 90%. This is a characteristic sig-
nature of W = (|[DDS) + |[DSD) + |SDD))/
V/3: In one-third of the cases, the measure-
ment projects qubit 1 into the S state, and
consequently the other two qubits are project-
ed into D. With a probability of 2/3, however,
the measurement shows qubit 1 in D, and the
remaining quantum register is found in a Bell
state (/7). Experimentally, we observe the
first ion in D in 65 = 2% of the cases.

The GHZ state can be used to determin-
istically transform tripartite entanglement
into bipartite entanglement by means of
only local measurements and one-qubit op-
erations. For this, we first generate the
GHZ state ([DSD) + |SDS))/V2. In a sec-
ond step, we apply a w/2 pulse to ion 1,
with phase 3m/2, rotating a state |S) to (|S)
— |D)/V2 and D) to (IS) + |[D)/V2,
respectively. The resulting state of the three
ions is {|D)|SD) — |DS)) + |S)(|SD) +
|DS>)}/\/§. A measurement of the first ion,
resulting in |D) or |S), projects qubits 2 and
3 onto the state (|SD) — [DS))/V2 or the
state (|SD) + |DS))/V2, respectively. The
corresponding density matrix is plotted in
Fig. 4A. With the information on the state
of ion 1 available, we can now transform
this mixed state into the pure state [S)(|SD)
+ |DS>)/\/2 by only local operations. Pro-
vided that ion 1 is found in |D), we perform
an appropriate rotation (/9) on ion 2 to
obtain |[D)(|SD) + |DS))/V2. In addition,
we flip the state of ion 1 to reset it to |S).
Figure 4B shows that the bipartite entan-
gled state |S)(|SD) + |DS))/\V/2 is produced
with fidelity of 75% (19). This procedure
can also be regarded as an implementation
of a three-spin quantum eraser, as proposed
in (23).

Our results show that selectively read-
ing out a qubit of the quantum register

Fig. 3. (A) Histogram of photon A

counts within 500 ps forion 1 o ™7 ton #1 in ID)

and threshold setting. (Band C) 5 %0 |

Density matrix of ions 2 and 3 & —

conditioned on the previously S 600t threshold ,

determined quantum state of 3 — lon #1in 1)

jon 1. The absolute values of £ 5ol

the reduced density matrix are £ _|——|_|—|_|_|_|_|_|_|_I—|—-_
plotted for ion 1 measured in 0 10 20 30 40 50 60
the S state (B) and ion 1 mea- Photon counts in 500us

sured in the D state (C). Off- g c

diagonal elements in (B) show
the remaining coherences.

Fig. 4. (A) Real part of the density matrix elements of the system after ion 1 of the GHZ state
(IDSD) + |SDS))/\V/2 has been measured in a rotated basis. (B) Transformation of the GHZ state
(IDSD) + |SDS))/V'2 into the bipartite entangled state |S)(|DS) + |SD))/\V/'2 by conditional local
operations. Note the different vertical scaling of (A) and (B).

indeed leaves the entanglement of all other
qubits in the register untouched. Even after
such a measurement has taken place, sin-
gle-qubit rotations can be performed with
high fidelity. Such techniques represent a
step toward the one-way quantum computer
(24). The implementation of unitary trans-
formations conditioned on measurement re-
sults allows for the realization of determin-
istic quantum teleportation and of active
quantum error correction algorithms. With
further improvements of the gate fidelity, it
will be possible to realize two different
protocols for quantum error correction—
either to perform a strong measurement on
the ancilla qubit and to rotate the target
qubit correspondingly or, alternatively, to
rotate the target qubit conditional upon the
still-unknown ancilla quantum state by
conditional gate operations and to reset the
ancilla afterward. It remains to be deter-
mined which of the two methods is favor-
able for our setup.
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