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Abstract
This thesis discusses a variety of fundamental quantum optics experiments characterizing a system of individually trapped barium ions interacting with continuous
laser light. Such a system, as one of the basic conceptual models in physics in describing the interaction processes between light and matter, is perfectly suited to
investigate the governing atomic dynamics. This task is performed by systematically analyze the intensity of the emitted resonance ﬂuorescence and also by using
correlation functions to infer the properties of the time-dependent ﬁeld and intensity.
Paul traps are used to conﬁne single 138 Ba+ ions, which are continuously laser
cooled by two narrow-band light ﬁelds at 493 nm and 650 nm exciting the S1/2 ↔P1/2
and P1/2 ↔D3/2 dipole transitions, respectively. At the Doppler limit single ions are
localized to a region of ∼40 nm at the trap center. Scattered 493 nm photons
are observed perpendicular to the laser excitation direction and investigated with
either a single-photon counter, a Hanbury-Brown and Twiss setup or a CCD camera.
The scattered ﬂuorescence from the ion contains all of the information about the
governing atom-light interaction dynamics. This information can be extracted via
statistical analysis of the detected photocounts using correlation functions.
The thesis presented starts with an overview of the relevant level scheme of 138 Ba+
and discusses the interaction processes between a single ion and a coherent light ﬁeld,
using optical Bloch equations. This is followed by introducing the mathematical
concepts of the diﬀerent applied correlation functions. Starting with the properties and applications of the ﬁrst- and second-order correlations, the concept of an
intensity-ﬁeld correlation function is established, which combines the techniques of
a homodyne detector and an intensity correlator.
Subsequently, a series of experiments is described starting with a Hong-Ou-Mandel
type experiment. Here the ﬂuorescence of two ions, situated in two spatially separated traps, is superimposed on a 50:50 beam splitter and the degree of the photons
indistinguishability is determined to be 89(2)%. This feature of the emitted photons constitutes an essential part for the implementation of entanglement protocols
using atom-photon interfaces. Their indistinguishability demonstrates the setup’s
suitability for future processing of quantum information.
In a subsequent experiment an intensity-ﬁeld correlation function is measured for
the ﬁrst time on a single-atom single-photon basis. With this correlation function
it is possible to directly observe the time evolution of the source-ﬁeld corresponding
to a single resonance ﬂuorescence photon following the initialization of the atom in
its ground state.
In the ﬁnal experiment a system consisting of an ion in front of a distant mirror
equivalent to a half-cavity is investigated. Employing this Michelson-type interferometer the ﬁrst order correlation of the emitted light ﬁeld is recorded up to a delay
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time of ∼ 30 ns, revealing the temporal coherence of the ﬂuorescence. Additionally, by adopting this half-cavity system for two trapped ions the fraction of the
coherently scattered intensity in the atomic ﬂuorescence is determined.
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Zusammenfassung
In der vorliegende Arbeit werden verschiedene fundamentale Quantenoptikexperimente vorgestellt und diskutiert, welche die Wechselwirkung zwischen einzelnen
gefangenen Bariumionen und kontinuierlichem Laserlicht charakterisieren. Dieses
System stellt eines der grundlegenden konzeptuellen Modelle in der Physik um das
Zusammenspiel von Materie mit Licht zu beschreiben dar und eignet sich daher hervorragend zur Untersuchung der vorherrschende atomare Dynamik. Im Experiment
wird diese Aufgabenstellung durch die systematische Analyse der beobachteten Intensität der Resonanzﬂuoreszenz durchgeführt, sowie durch die Bestimmung ihrer
zeitabhängigen Eigenschaften mittels Korrelationsfunktionen.
Die Speicherung der 138 Ba+ Ionen erfolgt hierbei durch elektrodynamische Potentiale in Paul-Fallen. Lokalisiert auf eine Region von ∼40 nm im Fallenzentrum
werden die Ionen auf den beiden Dipolübergängen S1/2 ↔P1/2 und P1/2 ↔D3/2 durch
zwei schmalbandige Lichtfelder bei 493 nm und 650 nm angeregt und kontinulierlich
optisch gekühlt. Gestreute Photonen bei 493 nm werden im rechten Winkel zur
Laserausbreitungsrichtung und parallel zur Quantisierungsachse, deﬁniert durch ein
angelegtes, schwaches Magnetfeld am Ort des Ions, aufgesammelt und auf eine CCD
Kamera fokusiert. Alternativ hierzu kann das Fluoreszenzlicht in einem HanburyBrown und Twiss Detektor analysiert werden. Die gestreute Fluoreszenz behinhaltet dabei sämtliche Information über die vorherrschende Dynamik der Atom-Licht
Wechselwirkung. Diese Information kann nun mittels einer statistischen Analyse
des detektierten Photonenﬂusses extrahiert werden unter Anwendung von Korrelationsfunktionen.
Die dargelegte Arbeit beginnt mit einem Überblick des relevanten Termschemas
von 138 Ba+ sowie mit einer Diskussion der vorliegenden Wechselwirksprozessen zwischen einem einzelnen Ion und einem kohärenten Laserfeld unter Verwendung optischer Bloch-Gleichungen. Diesem Teil folgt eine Einführung in die mathematischen
Konzepte der verschiedenen verwendeten Korrelationsfunktionen. Beginnend mit
den Eigenschaften und Anwendungen der in der Quantenoptik wichtigen Korrelationfunktionen erster und zweiter Ordnung wird das Konzept der Intensitäts-Feld
Korrelationsfunktion eingeführt, welche die Methoden eines Homodyndetektors mit
dem eines Intensitätskorrelators kombiniert.
Eine Korrelationsfunktion zweiter Ordnung wird anschließend für die Charakterisierung eines Hong-Ou-Mandel Experimentes verwendet, in welchem die Fluoreszenz von zwei in unterschiedlichen Fallen beﬁndlichen Ionen auf einen 50:50
Strahlteiler überlagert wird und ein Grad der Photonenununterscheidbarkeit von
89(2)% erreicht wird. Da diese Eigenschaft der emittierten Photonen eine wesentliche
Grundlage für die Realisierung der meisten auf Atom-Photon Kopplung basierenden Verschränkungsprotokolle darstellt, demonstriert dieses Resultat die erfolgre-

iii

iche Eignung des verwendeten Aufbaus hinsichtlich zukünftiger Verarbeitungen von
Quanteninformation.
In einem weiteren Experiment wird die Realisierung der Intensitäts-Feld Korrelationsfunktion für den ersten gemessenen Fall einer Einzelhoton-Einzelatom Wechselwirkung präsentiert. Diese Korrelation liefert den direkten Aufschluss über die
zeitliche Entwicklung des Quellfeldes eines einzelnen Resonanﬂuoreszenzphotons nach
der Initialisierung des Atoms in seinem Grundzustand.
Die Verwendung eines "Halb-Resonantorssystems", bestehend aus einem gespeicherten Ion vor einem entfernten Spiegel, erlaubt im Weiteren die Messung der
Korrelationsfunktion erster Ordnung bis zu einer Verzögerungszeit des gestreuten
Lichtfeldes von ∼30 ns. Mit diesem Michelson-Typ Interferometer lassen sich anschließend die Kohärenzeigenschaften der emittierten Fluoreszenz ableiten. Die Anpassung dieses Aufbaus für zwei gespeicherte Ionen ermöglicht es zudem den kohärent gestreuten Anteil der Intensität der atomare Fluoreszenz zu bestimmen.
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Chapter 1
Introduction
The interaction between light and matter is fundamental for many phenomena in
our environment from the light emitted by the sun to the application of modern TFT
displays. Hence, its study constitutes one of the core interests for investigations of
natural science since its beginnings. Throughout the last century the understanding of the involved mechanisms received a great enrichment with the revealing of
the electronic structure of atoms and the nature of light as a quantum mechanical
light ﬁeld. Hereby, the developed theoretical frameworks describing the interaction
processes and their veriﬁcation in experiments forms the area of quantum optics.
The starting point of systematic studies of atomic interactions with light was
initialized nearly two centuries ago with the discovery of dark lines in the solar
spectrum by Fraunhofer in 1817 [1] and their interpretation by Bunsen and Kirchhoﬀ
in 1863 [2] leading to the new ﬁeld of spectroscopy of atoms and molecules. The
investigation of light absorbed or emitted by atoms herewith provided and still
provides an essential source of information on the dynamics of the involved systems.
In an interplay of experiment and theory the physical picture of matter and light then
solidiﬁed with a substantial progress throughout the beginning of the last century.
For light the fundamental concept of a propagating electromagnetic wave without
the need of a carrier medium was already paved by Maxwell in 1873 [3] and can be
observed inter alia in the famous double-slit experiment. In the late 19th century
however contradictions arose between the wave theory of light and measurements
of the electromagnetic spectrum emitted by thermal radiators. The theoretical solution describing this black-body radiation was then found by Planck in 1900 [4]
introducing a quantized model of the emitted light energy. Later, the notion of
the wave-particle duality was established, observable in the photoelectric eﬀect described by Einstein in 1905 and in scattering eﬀects like Compton scattering. This
was theoretically formulated by Dirac by applying a ﬁeld quantization to light in
the 1920s and later by Feymann in the 1940s.
For the case of matter its wave aspect was ﬁrst proposed by de Broglie in 1924.
The quantum mechanical picture then formed with Pauli asserting the exclusion and
uncertainty principle in 1925 and with Schrödinger developing the wave equation for
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matter in 1926, and in 1928 Dirac extended the formalism for to treat relativistic
particles.
The quantum description of the atom in the form of a shell model led then to a
ﬁrst understanding of line spectra investigated by Bohr in 1913 [5] on sodium vapor.
He ﬁrst postulated based on Planck’s work, that the spectral lines originate from
quantum jumps between the atomic energy states with the energy diﬀerences being
emitted as packets of light. Einstein then implied in a rate-equation model of the
energy exchange between light and a black-body, that these light packets, which
were later called photons, can be absorbed and spontaneously or stimulated emitted
by atoms. It was then the use of the stimulated emission process of light from a
ruby crystal implemented by Maiman et al. [6] in 1960 that founded the laser, being
today the most frequently used device in quantum optics experiments.
Since that time resonance ﬂuorescence of laser excited atoms is routinely used as
a tool to simply detect atoms, for spectroscopical applications, and its quadrature
components have been used to create squeezed states and nonclassical states of
light. In short, the observation of resonance ﬂuorescence has become a technology
ubiquitous in quantum physics.
To study these interaction phenomena between light and matter one of the most
fundamental system comprises of a single atom isolated from the environment at
rest interacting with a single photon. Experimentalists’ attempts to realize such a
model have succeeded in 1980 with the work of Neuhauser et al. [7] by conﬁning
single barium ions inside a Paul trap [8]. This experiment was then followed by one
of Wineland and Itano [9] reporting on magnesium ions trapped in a Penning trap.
Addressed with laser light the ions could be optically cooled to the ground state of
the harmonic trap and thus localized within a few nanometers, which method was
ﬁrst proposed by Wineland et al. [10]. Since then, the ﬂuorescence of single-ions has
progressed to be an ideal system to investigate fundamental concepts in quantum
optics.
With the rapid advance in quantum mechanics and computational science the new
ﬁeld of quantum computation and quantum information science arose contributed by
Feynman [11] and Benioﬀ [12] in the 1980s. To perform quantum computation with
trapped ions was then proposed by Cirac and Zoller [13] in 1995. In this concept ions
form static quantum bits that can interact with each other via phonons or as later
proposed in [14] using a photonic channel for transmitting quantum states. Since
then single trapped ions are considered as one of the most promising candidates for
processing of quantum information due to the accessible control of both the internal
atomic states and the external motional states of the ion. Trapped ions oﬀer long
coherence times for information storage [15], are easily manipulated coherently, and
their Coulomb interaction can be utilized to realize quantum logic gates [16, 17].
Furthermore, single photons are well suited for transmitting quantum information
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over long distances [18, 19]. Recently, several experiments have addressed the realization of a probabilistic entanglement [20–22] and of an atom-photon interface with
single atoms [23–25].
It is hence the complete understanding and control of the internal dynamics of
a trapped ion that permits one to characterize the interaction between matter and
light on a quantum level. Especially, the time-evolution of the electronic states of
a laser-excited atom imply all the information of the present interaction processes.
This information is then encoded in the statistics of the scattered light ﬁeld from the
atom and can be accessed by a statistical analysis of the photocurrent. This method
was ﬁrst realized in 1956 by Hanbury Brown and Twiss by statistical measurements
of photons emitted by spatially coherent light [26] and star light [27] marking the
beginning of systematic studies of ﬂuctuations of light. In these experiments they
recorded correlation functions of light intensities and could retrieve in the case of
star light its spatial coherence and thus determine the angular diameter of the star.
Later in 1977 Kimble et al. [28] showed the ﬁrst intensity correlation function from
the ﬂuorescence radiated by distinct atoms followed by an experiment performed by
Short et al. in 1983 [29]. Here, Short et al. reported the ﬁrst nonclassical photon
statistics indicating the radiation of a single atom. Since that time, the intensity
correlation function, or second-order correlation function g (2) (τ ), from an atom still
proves to be a valuable tool to reveal its dynamics of light interaction. In particular,
the g (2) (τ ) describes the probability of detecting a photon at time τ , given that a
second photon was detected at time τ = 0, and thus directly maps the temporal
evolution of the excited state population of the monitored atom. Another basic
type of correlation function is the ﬁeld or ﬁrst-order correlation function g (1) (τ ).
It enables one to measure the temporal coherence of the light ray and was ﬁrst
observed with an interferometer by Michelson and Morley in an experiment to show
the constancy of the speed of light in 1887 [30]. Based on this idea of combining a
light ﬁeld with a copy of itself, being delayed by a time τ , in 2001, Eschner et al. [31]
used a setup constituting of a single trapped ion under laser excitation in front a
distant mirror to record the shape of the ﬁrst order autocorrelation of the emitted
ﬂuorescence for nanometer changes of the ion’s position in front the mirror. With
an ion being part of the light interferometer they could further retrieve the motional
information of the ion wave packet oscillating inside the trapping potential.
Combining the techniques of an intensity correlation with a homodyne detector
gave then access to another type of correlation function, which is able to directly
reveal the time evolution of the polarization of a laser-excited atom, starting from
the ground state. As this method constitutes a correlation between an intensity and
a ﬁeld measurement it was named g (1.5) (τ ). This quantity was ﬁrst investigated by
Orozco along with Carmichael et al. in 2000 [32,33] with optically pumped rubidium
atoms traversing through a high-ﬁnesse cavity, where the ﬁeld emitted out of the
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cavity corresponded to only a fraction of a photon excitation on average.
In this thesis several fundamental quantum optics experiments described the system of single trapped ions under continuous laser excitation. The experimental
methods discussed in this manuscript are based on the analysis of intensity and ﬁeld
correlation functions extracted from the resonance ﬂuorescence of single Ba+ ions.
Additionally, the fundamental quest of recording the ﬁrst intensity-ﬁeld correlation
function at the single-atom single-photon level was approached. Further, investigations towards the realization of entanglement protocols in quantum networks
were performed, where the photon indistinguishability between two independently
trapped ions was measured using a Hong-Ou-Mandel type quantum interference at
a beam splitter [34].
The thesis is organized as follows: In chapter 2 the atomic structure of 138 Ba+
is introduced as well as the relevant interaction processes between a single ion and
a coherent light ﬁeld. The mathematical description of this interaction is formulated in terms of optical Bloch equations. In chapter 3 the theoretical concepts of
the employed correlation functions of diﬀerent orders are ﬁrst discussed for distinct
types of light sources and then presented for an atomic two-level system together
with the extension to the realistic atomic level structure of Ba+ . Chapter 4 discusses
the operation principle of a Paul trap for the laboratory situations of a linear and
a ring trap design. In chapter 5 the experimental laboratory equipment, i.e. the
laser systems and the trap apparatuses, are described and their basic methodologies
for daily operation are discussed with a detailed description of the loading process,
the compensation of micromotion and the laser cooling technique. In chapter 6 the
two-photon interference at a beam splitter from two remotely trapped ions is presented. Chapter 7 describes the measurement of the intensity-ﬁeld correlation of the
resonance ﬂuorescence of a single ion, where the real and imaginary contributions of
the correlation function are extracted. Chapter 8 investigates the system of single
ions located in front of a distant mirror introduced in [31]. The ﬁrst-order correlation of the resonance ﬂuorescence is measured for large mirror distances deducing
the coherence properties of the ﬂuorescence light. Furthermore, the experiment is
repeated for two ions situated in one trap interacting over the mirror channel. Finally, in chapter 9 the results are summarized and an outlook for future experiments
is given.
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Chapter 2
Light-matter interaction
Collecting and recording resonance ﬂuorescence of a laser-excited ion forms the basis
for all presented experiments. In particular we use barium ions, for which level
scheme and principle physical characteristics are introduced in the beginning of this
chapter. This section is followed by a discussion of the interaction process of a
single ion with a coherent laser ﬁeld. Here we apply optical Bloch equations ﬁrst
with a simpliﬁed three level system and ﬁnally with an extended and more realistic
eight-level model. A similar analysis of this problem can be found in [35].

2.1 The Ba+ ion
For all performed measurements single ionized barium atoms are utilized. In the
following we introduce the relevant electronic level scheme of Ba+ and discuss the
Zeeman eﬀect that splits the degeneracy of the associated levels in the experiment.

2.1.1 The level scheme
The element barium is a silvery metal and belongs to the earth-alkaline group. In
nature barium’s natural occurrence constitutes of a mixture of seven stable isotopes
indicated in Table 2.1.1, where the most common isotope, 138 Ba, is employed in the
experiments. Since this isotope has a nuclear spin of zero we observe no hyperﬁne
splitting in the spectra. When barium is singly ionized, the electron conﬁguration
yields an alkaline-like structure with a single s-valence electron with an electronic
conﬁguration [Xe]6s1 2 S1/2 . The lowest electronic states are shown in Fig. 2.1, where
for laser cooling the transition S1/2 ⇔ P1/2 is used. Since the P1/2 level can additionally decay in one out of four cases into the metastable D3/2 state, a second
re-pumping laser is required. Hence, we are left with two dipole transitions lying
both in the visible range, which form a Λ-system. Their exact wavelengths and the
natural linewidths are presented in Table 2.1.1.
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6 2 P 3/2

Ba+

138

6 2 P 1/2

614 nm

585 nm

455 nm

5 2 D5/2

649 nm
493 nm

5 2 D3/2

1761 nm

2051 nm

6 2 S 1/2
Figure 2.1: Lowest electronic levels of a
Element
abundance
nuclear spin I

Ba
0.1
0

130

%
~

Ba
0.1
0

132

Ba
2.4
0

134

138

Ba
6.6
3/2

135

Ba+ -ion [36].
Ba
7.3
0

136

Ba
11.3
3/2

137

Ba
71.7
0

138

Table 2.1: Barium isotopes, their nuclear spin and natural abundance [36, 37].

2.1.2 The Zeeman splitting
To describe the experimental results we have to consider the Zeeman eﬀect. In all
experiments a weak magnetic ﬁeld is applied at the position of the ion that splits
up the degeneracy of the atomic levels. This is necessary to deﬁne a quantization
axis and to prevent optical pumping into the outer mj = ±3/2 states of the |52 D3/2 i
level.
~ the spin-orbit interaction dominates
In the regime of a weak magnetic ﬁeld B
over the applied magnetic ﬁeld (LS-coupling), where the total angular momentum
~ +S
~ is conserved and the atomic levels have multiplicity (2J + 1). The
J~ = L
Zeeman substates are described by the magnetic quantum number mJ taking the
values mJ = −J, ..., +J. The three ﬁne structure terms of the 138 Ba+ level scheme
are thus split into an eight level system as indicated in Fig. 2.2. The shifts of the
energy levels of the atom are then expected to be
~
Ej = µB mj gj |B|,
8

(2.1)

2.1 The Ba+ ion
Transition
6 P1/2 ⇔ 62 S1/2
62 P1/2 ⇔ 52 D3/2
62 P3/2 ⇔ 62 S1/2
62 P3/2 ⇔ 52 D3/2
62 P3/2 ⇔ 52 D5/2
52 D3/2 ⇔ 62 S1/2
52 D5/2 ⇔ 62 S1/2
2

λair (nm)
493.408
649.690
455.412
614.171
585.367
1761.693
2051.2

Γnat (MHz)
15.1
5.3
18.8
5.9
0.7
0.5 · 10−8
0.4 · 10−8

Table 2.2: Lowest level transitions in 138 Ba+ with the corresponding wavelength in
air and the decay rates on the respective transitions [36].
mj

6 2 P1/2

m jg j

+1/2 +1/3

|4i
|3i

-1/2

-1/3

649 nm

mj

493 nm

6 2 S 1/2
|2i
|1i

5 2 D3/2
+3/2 +6/5
+1/2 +2/5
-1/2 -2/5
-3/2 -6/5

|5i
|6i
|7i
|8i
mj

m jg j

m jg j

+1/2 +1
-1/2 -1

Figure 2.2: Zeeman split 8-level scheme of

138

Ba+ , relevant for the experiments.

where µB is the magnetic moment of the atom and gj is the Landé factor given by
J(J + 1) + L(L + 1) − S(S + 1)
J(J + 1) + L(L + 1) − S(S + 1)
+ gS
2J(J + 1)
2J(J + 1)
(2.2)
with gL ≈ 1 and gS ≈ 2, the electron orbital and electron spin gyromagnetic factors.
The Landé factors of the relevant levels hence yield
gj = gL

4
2
g|D3/2 i = , g|P1/2 i = , g|S1/2 i = 2
5
3

(2.3)

9
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and the associated frequency shifts enter the optical Bloch equations through the
quantities:
µB ~
δωj = mj gj u with u =
|B|.
(2.4)
~

2.2 The Bloch equations
To describe the interaction between a single atom and a monochromatic light ﬁeld an
elegant approach is to formulate and solve the problem in terms of Bloch equations.
The current section starts out by describing the atom as a three level system (Λsystem) as pictured in Fig. 2.3 and continues in extending this simpliﬁed model to
an eight level system, which represents the actual term-scheme of a single Barium
trapped ion.

|2i

∆12

∆23
Ω23

Γ12
Ω 12

Γ23
|3i

|1i
Figure 2.3: Level scheme and the transitions in a Λ-system. The solid arrows represent coherent transitions due to laser excitation and the curvy the lines
spontaneous decays.

2.2.1 The three-level system
The complete Hamiltonian for the Λ-system interacting with a laser ﬁeld can be
separated into three parts describing the atom, the light ﬁeld and the interaction
between them given as
b =H
batom + H
bfield + H
bint .
H
(2.5)
10
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for the involved atomic states |si fulﬁl Schrödinger equation reads
batom |si = ~ωs |si,
H

where the states |si can be written in the basis
     
1
0
0





|si, s = 1, 2, 3 =⇒ 0 , 1 , 0  ,
0
0
1

(2.6)

(2.7)

batom corresponding to the electronic levels |6Si, |6P i,
denoting the eigenvectors of H
|5Di of a barium ion as shown in Fig. 2.1, respectively.
The atomic Hamiltonian can then be written in a matrix representation with the
zero point energy chosen at level |2i


ω1 − ω2 0
0
batom = ~ 
.
0
0
0
H
(2.8)
0
0 ω3 − ω2
The quantized free-ﬁeld Hamiltonian of the light modes in the representation of
plane waves with wave vectors ~k is expressed with the quantum mechanical Hamiltonian of harmonic oscillators as
X
1
bfield =
(2.9)
H
~ω~k [â~†k â~k + ].
2
~k

Here, â~k and â~†k are the photon annihilation and creation operators, respectively.
bfield are then the number states |ni containing n photons with
The eigenvectors of H
each carrying the energy ~ω~k . In the case of a coherent light ﬁeld the occupation
of the energy number states in the basis of Fock states is then given by a linear
superposition as
∞
X
αn
− 21 |α|2
√ |ni,
|αi = e
(2.10)
n!
n=0
where α can be a complex number.
For a single mode ~k the corresponding ﬁeld operator as a function of position and
time then reads [38]
r
bfield (~x, t) = i ~ωk [â~ e−iωk t+i~k·~x − â† eiωk t−i~k·~x ]~ǫ~
E
(2.11)
~k
k
2ǫ0 V k
with the wave vector ~k and frequency ω~k of one mode of the ﬁeld, satisfying the
vacuum dispersion relation ω~k = c|~k|. V denotes the quantization volume, ~ǫ~k is the
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unit vector indicating the polarization direction and ǫ0 is the vacuum permittivity.
bfield = E
b12 + E
b23 .
To address all levels in the Λ-system two laser ﬁelds are required as E
Since the scattering rate of the atom is negligible compared to the photon number
in the laser beam we can assume that the light ﬁeld is deﬁned by the same coherent
state before and after the interaction. Furthermore, the spatial dependence ~k · ~x of
the light ﬁeld over the atom is on the order of aBohr /λ ∼ 10−4 and can be omitted.
We can now rewrite the expectation value of the combined electric ﬁeld operators
for a coherent state |α12 , α23 i as
bfield |α12 , α23 i = [~ǫ12 E 0 cos(ω12 t + φ12 ) + ~ǫ23 E 0 cos(ω23 t + φ23 )] (2.12)
hα12 , α23 |E
12
23

with the electric ﬁeld amplitudes El0 , l = {12, 23} of the respective lasers given by
r
~ωl
0
|αl |.
(2.13)
El = 2
2ǫ0 V
To describe the interaction between the atom and the light ﬁeld the charge density of the atomic system can be expanded into a multipolar series. Then, in the
electric dipole approximation of the atom, where we discard higher order electric
and magnetic terms, the interaction Hamiltonian takes the form
bint = −d~ · E
bfield ,
H

(2.14)

where d~ represents the atomic dipole operator between two levels. In the expression
of the atomic eigenstates d~ reads
X
~
d~ =
d~ab |aihb|, d~ab = ha|d|bi.
(2.15)
ab=1,2,3

For this assumption to remain valid the laser ﬁelds must be near resonance with
their respective transitions. Thus, in this picture oﬀ-resonant oscillating terms, e.g
ω12 ± ω23 , in the exponents will average to zero on an appreciable time scale and
bint can be rewritten as
can be neglected. In this rotating-wave approximation H


Ω12 +iω12 t
0
e
0
2
Ω23 −iω23 t 
bint = ~  Ω12 e−iω12 t
H
0
e
(2.16)
2
2
Ω23 +iω23 t
e
0
0
2
with

12

~ǫ12 ~ 0
· d12 E12
~
~ǫ23 ~ 0
=
· d23 E23
~

Ω12 =

(2.17)

Ω23

(2.18)

2.2 The Bloch equations
being the Rabi frequencies, which describe the coupling strengths between the light
ﬁeld and the atom.
Combining all contributions from above the complete Hamiltonian is expressed in
a matrix form as


ω1 − ω2 Ω212 e+iω12 t
0
Ω23 −iω23 t 
b = ~  Ω12 e−iω12 t
H
0
e
.
(2.19)
2
2
Ω23 +iω23 t
0
e
ω2 − ω3
2
Density operator formalism
Until this point we did not include the spontaneous decay of the excited atomic
states in the Hamiltonian. This dissipative process arises due to the coupling of
the electronic states in the atom to the electromagnetic modes of the environment.
Together with other decoherence eﬀects such as ﬁnite laser linewidths this would
require a description of the atomic system coupling to a surrounding heat-bath with
an inﬁnite number of modes. Nevertheless, restricting the description to only the
atomic subsystem, we can treat the interaction of the atom with its environment
by statistical means in a density matrix formalism. The density operator is then
deﬁned, written in the atomic basis |ai, as
X
ρ̂ =
ρab |aihb|.
(2.20)
a,b=1,2,3

Here, the diagonal elements are the probabilities of ﬁnding the atom in the respective
state, such that the normalization yields
Tr[ρ̂] = ρ11 + ρ22 + ρ33 = 1.

(2.21)

The oﬀ-diagonal elements, e.g h1|ρ̂|2i, describe the atomic coherences. They are
superpositions between two quantum states, where ρ12 and ρ32 oscillate with their
respective driving laser frequency. ρ13 denotes the coherence between the |S1/2 i and
the |D3/2 i state and oscillates with the diﬀerence frequency of the two applied light
ﬁelds.
The dynamics of the density matrix is then governed by the von Neumann equation with an additional relaxation term describing the decoherent eﬀects as:
dρ̂
i b
= − [H
, ρ̂] + Lrelax(ρ̂) = L(ρ̂).
dt
~

(2.22)

This form is called the Master equation and the relaxation operator Lrelax is given
by
1 X b† b
b† C
b
b b†
Lrelax(ρ̂) = −
(Cn Cn ρ + ρC
(2.23)
n n − 2Cn ρCn ),
2 n
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bn operators associating inwhere dissipative eﬀects can be described by diﬀerent C
dividual couplings between the atomic system and the reservoir. They are written
as an amplitude times a projector for the transition or state as:
p
b21 =
Γ21 |1ih2|
(2.24)
C
p
b23 =
C
Γ23 |3ih2|
(2.25)
p
b11 =
δ12 |1ih1|
(2.26)
C
p
b33 =
C
δ23 |3ih3|.
(2.27)

Here, δ12 and δ23 are the laser linewidths of the two involved laser transitions and
Γ21 and Γ23 are the spontaneous decay rates of the respective atomic levels. In
a homogeneous environment this spontaneous emission rate can be described by
Fermi’s golden rule [39]:
8π 2 ~ 2
Γab =
|dab | .
(2.28)
3ǫ0 ~λ3ab
Using the decay rates we further deﬁne a saturation parameter S as
S12 =

Ω12
Γ12

S23 =

Ω23
.
Γ23

(2.29)

As a last step we transform the system into a frame rotating at the laser frequencies
ω12 and ω23 applying the unitary operator
 −iω t

e 12 0
0
b = 0
1
0 .
(2.30)
U
−iω23 t
0
0 e
b and density operator ρ from Eq. 2.22 are then transformed,
The Hamiltonian H
where the relaxation terms remain unchanged, as

and

b†
b′ = U
bH
bU
b † − i~U
b dU
H
dt
b ρ̂U
b †.
ρ̂′ = U

We thus ﬁnd the transformed complete Hamiltonian from Eq. (2.19) as


∆12 Ω212
0
b ′ = ~  Ω12
H
0 Ω223 
2
Ω23
0
∆23
2
14

(2.31)

(2.32)

(2.33)

2.2 The Bloch equations
with the laser detunings from the respective atomic Bohr frequencies given by:
∆12 = ω12 − (ω2 − ω1 ), ∆23 = ω23 − (ω2 − ω3 ).

(2.34)

To solve the Master equation of the system we rewrite Eq. (2.22) in a set of linear
equations into a vector form, where ρ̂ transforms into a density vector
~ := (ρ11 , ρ12 , ρ13 , ..., ρ33 )
P

(2.35)

~ are:
and the linear equations of motion for P
~l X
dP
clk P
~ k.
=
M
dt
k

(2.36)

These nine coupled linear equations are called optical Bloch equations. By intro~ = 1 one of the Bloch equations can be canceled. The
ducing the normalization Tr[P]
stationary solution of the Bloch equations is given by
~l X
dP
ckl P
~ k = 0,
=
M
dt
k

(2.37)

ckl .
where these equations can be solved by diagonalizing of the 8x8 Matrix M
Let us now consider the special case, where the detunings of the two laser ﬁelds
are set to be identical (∆12 = ∆23 ) resulting in a Raman transition. Then, assuming
ideally small laserlinewidths (δ12 = δ23 = 0), the Bloch equations take the stationary
solutions
Ω232
Ω212 + Ω232
Ω212
=
Ω212 + Ω232
−Ω12 Ω32
= ρ13 = 2
Ω12 + Ω232
= ρ2,j = 0,
i, j = 1, 2, 3.

ρ11 =
ρ33
ρ31
ρi,2

(2.38)

(2.39)
Apparently, the diagonal element ρ22 as well as the oﬀ-diagonal coherences from and
to the excited state |2i vanish. The population is in a superposition between the
state |1i and |3i with the coherence governed by ρ13 .
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2.2.2 The eight-level system
In this section the model from a three level Λ-system is extended to a more realistic
picture describing a Ba+ ion. As already pointed out in Sec. 2.1 in the experiment
a weak magnetic ﬁeld at the position of the ion splits the degenerated three-level
system into an eight-level system. Here, the individual states are deﬁned as indicated
in Fig. 2.2. The dynamics of the atomic levels is now governed by an extended density
matrix formalism with a density vector of now 64 entries as
~ = (ρ11 , ρ12 , ..., ρ41 , ρ42 , ..., ρ87 , ρ88 )
P

(2.40)

together with a set of optical Bloch equations similar to Eq. 2.36 and is elaborated
in [35].
In this extended Λ-system after a successful absorption of a laser photon the ion is
in one of the two |P1/2 i states. From there it can decay either into one of the |S1/2 i
states with the emission of a 493 nm (green) photon or into one of the four |D3/2 i
states with the emission of a 650 nm (red) photon with a branching ratio of 3:1 (see
Tab. 2.1.1). The emission rate of photons is thus proportional to the population of
the excited |P1/2 i states (ρ33 and ρ44 ) in the steady state limit. Collecting a fraction
of the emitted photon stream the mean count rate hNi at a detector is then given
by:
hNi ∝ ρee , ρee = ρ33 + ρ44 .
(2.41)
For simplicity we will from now on denote the emitted light and the indices of
the laser parameters, such as detuning, linewidth and Rabi-frequency, with the
respective color of the transition wavelength, green or red.
Further statements about the observable ﬂuorescence require that the geometrical
conﬁguration of the ion with respect to the laser and magnetic ﬁeld direction has to
be taken into account. In all performed measurements we apply a laser polarization,
which is perpendicular to the magnetic ﬁeld vector (α = 90◦ ) and to the laser prop~ ǫ. In such a conﬁguration only ∆mj ± 1 transitions are
agation direction as ~k⊥B⊥~
excited, whereas ∆mj = 0 transitions are forbidden. Thus, the linearly polarized
green and red laser is seen as a superposition of left and right circular polarized
photons addressing the individual transitions. Moreover, the observation direction
in all experiments is placed in the direction of the magnetic ﬁeld vector. Along this
direction we collect photons from a mixture of ∆m = ±1 transitions composing the
green ﬂuorescence, i.e. the |P1/2 , m = −1/2i → |S1/2 , m = +1/2i transition associated with a creation of a single green ∆m = +1 photon with σ − polarization and
the |P1/2 , m = +1/2i → |S1/2 , m = −1/2i transition associated with a creation of a
single green ∆m = −1 photon with σ + polarization. This described conﬁguration is
sketched in Fig. 2.4. Depending on the strength of the elastic and inelastic scattering
processes these two involved transitions, when measured at a detector, result in a
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B
+

σ+

Ba
σ-

σ+

σ-

ε
k
Laser

Figure 2.4: Sketch of the geometrical conﬁguration of the ion with respect to the
~ the observation direction and the laser beam.
magnetic ﬁeld vector B,
Here, ~ǫ and ~k indicate the laser polarization vector and propagation
direction, respectively. σ + and σ − signal the circular polarization of
scattered ﬂuorescence photons. Note that only the green ﬂuorescence
and laser are shown. See text for details.

more coherent or incoherent mixture of the associated light ﬁelds, respectively. This
scattering dynamics is elaborated in Sec. 3.1.2 for a simpliﬁed two level system for
various Rabi-frequencies.
Excitation spectra
Above we have already mentioned that the expected count rate at a detector is proportional to the population of the excited states. Based on this ﬁnding excitation
spectroscopy can be performed by successively observing the ion’s resonance ﬂuorescence as a function of one laser detuning. Because of the branching ratio of the
|P1/2 i state it is most eﬃcient in the experiment to record only green ﬂuorescence
photons, while varying the detuning of the red laser. Since for an excitation spectrum the count rate is typically integrated over a time scale (100 ms - 1 s) much
larger than the lifetime of the excited state the atom is observed in steady state
condition with the laser ﬁelds as indicated in Eq. (2.41). Hence, the simulation of
excitation spectra only requires the stationary solutions of the Bloch equations from
Eq. (2.37).
In the case of a three-level system we have seen above that for equal laser detunings
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a Raman transition will occur. Eq. (2.39) hereby provided the governing steady state
relations between the three energy levels. A similar eﬀect can be expected to happen
for the situation of an eight-level system. In the vicinity of equal detunings of the red
and green laser ﬁelds a total number of eight possible Raman transitions appear,
being the total number of direct transitions between the two |S1/2 i and the four
|D3/2 i states. As in the three-level system the excited states are not populated. No
photons are scattered from the ion and the populations are directly transferred from
the |S1/2 i to the |D3/2 i state. Hence, the Raman transitions are associated with
eight so called dark resonances visible in the excitation spectra. They appear as
sharp dips, going to zero count rate for the case of ideal small laser linewidths.
In the experiment the positions, depths and widths of the dark resonances depend
on all experimental parameters, such as the laser settings, magnetic ﬁeld strength
~ the laser polarizaand furthermore the angles between the magnetic ﬁeld vector B,
tion ~ǫ and laser propagation direction ~k. Because of its sensitivity to all parameters,
measuring a excitation spectra is used as a important tool to calibrate the experiment prior to taking data (see Sec. 5.3.5).
~ ǫ) only four dark
In the geometrical conﬁguration described previously (~k⊥B⊥~
resonances are visible within the proﬁle of the excitation spectra. As an example, Fig. 2.5 depicts a simulation of an excitation spectrum for typical experimental
parameters. The top graph corresponds to the excited state populations in the
steady state limit and is directly proportional to the recorded ﬂuorescence in the
experiment, while the bottom graph gives the expected populations for the diﬀerent
|D3/2 i states. Raman transitions occur at four resonant positions between the states
|1i ⇔ |5i, |1i ⇔ |7i and |2i ⇔ |6i, |2i ⇔ |8i (see Fig. 2.2). The four dark resonances
correspond to the increase of the population in one of the individual D3/2 states.
This simulation along with all further presented calculations throughout the course
of this work are based on numerical routines in the Matlab environment employing
the Quantum Optical Toolbox [40].

18

2.2 The Bloch equations

0.03

33

ρ +ρ

44

0.04

0.02

0.01
−30

−25

−20

−15

−10

−5

0

5

0

5

ρ

0.6

77

ρ

66

ρ

88

ρ

0.4

55

0.3

55

66

77

ρ ,ρ ,ρ ,ρ

88

0.5

0.2

0.1

0
−30

−25

−20

−15

−10

−5

detuning ∆ (MHz)
r

Figure 2.5: Steady state population of the energy levels of barium upon continuous laser excitation on the red and green transition. Top graph:
Summed population of the 62 P1/2 levels of a Barium ion in dependence
of the detuning ∆r (excitation spectrum) simulated with 8 level optical
Bloch equations with the parameters: Sg = 0.95, Sr = 2.25, ∆g /2π =
−15 MHz, δg /2π = δr /2π = 100 kHz, u/2π = 3.1 MHz, α = 90◦ . Bottom
graph: Populations of the individual 52 D3/2 levels as shown in Fig. 2.2
in dependence of the detuning ∆r .
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Chapter 3
Correlation functions
While the above mentioned excitation spectra monitor ﬂuorescence and populations
in steady state, the temporal evolution of the internal states can best be recorded
with the aid of correlation functions. This possibility of extracting the time resolved
dynamics of an ion is heavily used throughout this thesis to calibrate and quantify
experimental ﬁndings.
The following chapter starts with a general description of the formalism of correlation functions. Adjacent to this, the three correlation functions relevant for this
work are successively discussed initially for the case of a simple two-level system and
then for the eight level system of a Ba+ ion.
In general, a correlation function of electric ﬁelds E at arbitrary space-time points
can be deﬁned in a normalized form as [38, 41]:
g (n) (~r1 t1 , ..., ~rn tn , ~rn+1tn+1 , ..., ~r2n t2n ) =
R  ∗
E (~r1 , t1 )...E ∗ (~rn , t1 + tn,1 )E(~rn+1 , t1 + tn+1,1 )...
T
R
R
= R
|E(~r1 , t1 )|2 dt1 ... T |E(~rn , t1 + tn,1 )|2 dt1 T |E(~rn+1 , t1 + tn+1,1 )|2 dt1 ...
T

...E(~r2n , t1 + t2n,1 ) dt1
1/2 ,
R
... T |E(~r2n , t1 + t2n,1 )|2 dt1
ti,1 = ti − t1 .

(3.1)

In the performed experiments, however, only parallel light beams are involved with
only a single spatial coordinate restricting Eq. (3.1) to purely time-like correlation
functions. The integral form of Eq. (3.1) is conventionally expressed as brackets h...i
denoting the expectation value or statistical average over all values of the ﬁeld at
time t and t + τ within the duration of the measurement. The correlation functions
are then usually extracted from an analysis of the measured detection events of the
emitted light as described in Sec. 5.2.2. It is this concept of optical coherences that
proved to be an eﬃcient way to get insight to the quantum dynamics of an ion.
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3.1 First-order correlation function
The ﬁrst-order coherence expresses the phase ﬂuctuations of a light ﬁeld and with
that the associated decrease of its ability to interfere. In a normalized form this
quantity is deﬁned as
g (1) (t, t + τ ) = g (1) (τ ) =

b− (t)E
b+ (t + τ )i
hE
,
b − (t)E(t)
b +i
hE

(3.2)

b ± (t) represent the positive/negative frequency parts of the quantized electric
where E
ﬁeld and the averages h...i are assumed to be taken in the steady state of the system,
b − (t)E
b+ (t + τ )i is a function of τ only.
i.e. hE
g (1) (τ ) hence gives the degree of ﬁrst-order temporal coherence between the electric
ﬁelds at time t and t + τ [38] and takes the values 0 ≤ |g (1) (τ )| ≤ 1 for all light
sources. This correlation is specially of interest as the Fourier transform yields the
frequency dependent spectrum of the light. According to the Wiener-Khintchine
theorem the power spectrum F (ω) is then given in terms of the two-time correlation
function as
Z +∞
1
Re
g (1) (τ )eiωτ dτ.
(3.3)
F (ω) =
2π
−∞
For a chaotic light source with linewidth Γ and center frequency ω the normalized
ﬁrst degree of coherence for the two most important types of frequency distribution
Lorentzian and Gaussian is given by [38]
g (1) (τ ) = exp(−iωτ − Γ|τ |),
1
g (1) (τ ) = exp(−iωτ − Γ2 τ 2 ),
2

(3.4)

(3.5)

respectively. The left side of Fig. 3.1 pictures a possible setup to measure the ﬁrst
order coherence with a Michelson type interferometer. The light beam is divided
with a 50/50 beam splitter (BS) into two parts and sent to two mirrors. One mirror
is movable and it’s adjustable position directly corresponds to the delay time τ
between the two interfering ﬁelds at the BS. As the light beams are then retroreﬂected onto the BS, the interfering ﬁelds are detected at a photomultiplier tube
(PMT). The bottom part of Fig. 3.1 shows a plot of the |g (1) (τ )| as given in Eq. 3.5.
In the limit when the linewidth Γ → 0 the light ﬁeld is perfectly coherent and
g (1) (∞) = 1. In chapter. 8 the g (1) (τ ) of a single ion is measured and discussed using
a self-homodyne setup.
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Figure 3.1: Picture of a Michelson interferometer (top), sketch of the ﬁrst order
correlation function for a Gaussian and Lorentzian frequency distribution
as described in Eq. 3.5 and for an ideal coherent light ﬁeld (bottom).

3.1.1 First order coherence and spectrum of a two-level
system
To calculate the correlation function of an atomic system we will ﬁrst consider a
two-level system. The excited state has a lifetime 1/Γ and transition frequency ω0 .
The system is driven at a Rabi frequency Ω with an incident laser light at frequency
ω. The laser linewidths is hereby assumed to be inﬁnitely narrow. The state of
our two-level hydrogen-like atomic system is a linear combination of the states |ai
and |bi as |Ψi = Ca |ai + Cb |bi, and can be expressed as a system density operator
ρ = |ΨihΨ| written in the matrix form


ρaa ρab
ρ̂ =
.
(3.6)
ρba ρbb
Considering the coordinate operator of the bound electron ~q with charge e the mean
atomic polarization is further given by
he~qi = d~ab ρba + d~ba ρab .

(3.7)

with the dipole matrix element d~ab = eha|~q|bi, d~ab = d~∗ba .
For deducing the ﬁrst order correlation function from Eq. (3.2) we hence require
the two-time expectation value of the electric ﬁeld operator. In general, the one-time

23

Chapter 3 Correlation functions
b at a time t for some density operator ρ̂ as
expectation value of some observable O
governed by the Master equation dρ̂/dt = L(ρ) (see Eq. (2.22)) is represented by
b
b
b eLt ρ̂(0)],
hO(t)i
= Tr[O(t)ρ̂(0)]
= Tr[O

(3.8)

bssi = Tr[O
bρ̂ss ].
hO

(3.9)

b + τ )O(t)i
b
b eLτ O
bρ̂(t)].
hO(t
= Tr[O

(3.10)

hσ̂ − (t)i = Tr[|biha|ρ(t)] = ha|ρ(t)|bi = ρab (t).

(3.11)

where the operator on the left side is in the Heisenberg picture while those on
the right are in the Schrödinger picture. A similar result is expected in the time
limit t → ∞, where the system has reached an equilibrium between excitation and
dissipation following in a stationary solution ρ̂ss = dρ̂/dt = 0 as
In the case of the two-time average the quantum regression theorem states that [42]

b
Here, the right hand side is formally identical to that of hO(t)i,
except that after
b
the initial condition Oρ̂(t) the system evolves for the time period τ expressed by the
b The expectation
evolution operator expLτ before the second multiplication of O.
value is then found by taking the trace of the time average ρ̂.
Introducing the Pauli lowering operator as σ̂ − = |biha| and using Eq. (3.8) we can
now write the time-evolution of the expectation value of σ̂ − as
Since the creation of a photon goes hand in hand with the system being projected to
its ground state we can relate the electric ﬁeld operator with the lowering operator.
The dipolar radiated source ﬁeld of the two-level system positioned at the origin of
~r-space is then given in a rotating frame picture at the laser frequency ωL at the
retarded time t − r/c as [43]
Eb+ (r̂, t) = −

ωL2
(d~ab × r̂) × r̂ e−iωL (t−r/c) Θ(t − r/c) σ̂ − (t),
2
4πǫ0 c r

(3.12)

where r̂ = ~r/r is the unit vector in radial direction, Θ(t − r/c) is a step function
centered at t − r/c = 0 and d~ab σ̂ − is the dipole moment operator. For further
notations it is more convenient to rewrite Eq. (3.12) in a more simpliﬁed form for
the steady state limit t → ∞ as
Eb+ (t) = κ e−iωL t σ̂ − (t)~e,

(3.13)

G(1) (t, t + τ ) = hEb− (t)Eb+ (t + τ )i = Tr[Eb− eLτ Eb+ ρ̂(t)]
∝ Tr[σ̂ + eLτ σ̂ − ρ̂(t)].

(3.14)

where κ represents a constant amplitude and ~e is the polarization unit vector of the
radiation. Using the two-time correlation function from Eq. (3.10) the ﬁrst-order
coherence then results in an unnormalized form
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Figure 3.2: Left: Splitting of the two-level system |ai and |bi by the dynamic Stark
eﬀect. Right: Fluorescence power spectrum F (ω0 ) in arbitrary units
of a two-level atomic system as given by Eq. (3.18) for a) (dashed line)
Ω/Γ = 7, b) (dotted line) Ω/Γ = 3/2 and c) (solid line) Ω/Γ = 1/3.
The ﬁrst-order coherence will show distinguishable characteristics depending on
the excitation intensity of the laser and hence on the Rabi frequency associated with
the driving ﬁeld.
For the situation of Ω ≪ Γ, when the Rabi frequency of the driving ﬁeld is much
smaller than the rate of emission of spontaneously radiated photons the system is in
the weak ﬁeld limit. Here the atom behaves as an overdamped quantum harmonic
oscillator and the power spectrum can be assumed by a δ-function at the driving
frequency as predicted for the energy conservation of elastic Rayleigh scattering. In
this regime the ﬁrst-order coherence is approximated by [42]
 2
Ω
(1)
∼
e−iωτ .
(3.15)
G (τ ) =
Γ
The power spectrum is then found according to Eq. (3.3) as
 2
Ω
F (ω0 ) =
δ(ω − ω0 ).
Γ

(3.16)
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The situation is considerably diﬀerent when the strength of the incident laser ﬁeld
increases and the Rabi frequency becomes comparable to the atomic linewidth. In
the regime of strong excitation, Ω ≫ Γ, the atomic states split by the dynamic Stark
eﬀect indicated in the left side of Fig. 3.2. Here the Rabi oscillations appear as a
modulation of the atomic dipole moment observable in the emerging of sidebands
in the ﬂuorescence spectrum. The ﬁrst-order coherence of the two-level system can
then be approximated for the initial conditions ρaa = ρbb = 1/2, ρab = ρba = 0 as [42]


1 − Γ τ 1 − 3Γ τ −iΩτ 1 − 3Γ τ iΩτ −iωτ
(1)
2
4
4
+ e
e
+ e
e
e
,
(3.17)
G (τ ) =
e
4
2
2
with the power spectrum given by


3Γ/4
Γ
3Γ/4
1
F (ω0) =
+
+
.
2π (ω + Ω − ω0 )2 + (3Γ/4)2 (ω − ω0 )2 + (Γ/2)2 (ω − Ω − ω0 )2 + (3Γ/4)2
(3.18)
The right side of Fig. 3.2 depicts F (ω0 ) for various values of Ω/Γ. In curve a) the
Rabi frequency is chosen largest demonstrating the basic physics of the three-peak
ﬂuorescence spectrum around ω0 = ω, ω ± Ω, i.e. Mollow-triplet [44], where the
relative height of these peaks is given by the ratio 1 : 3 : 1. For a smaller Ω/Γ ratio
the sideband peaks disappear as seen in curve c). As visible in the ﬁnite width of
the power spectrums the main contribution of the scattered radiation is found to be
incoherent compared to the incident laser ﬁeld. The remaining elastically scattered
contribution proportional to δ(ω − ω0 ) is hereby not contained in the individual
curves.

3.1.2 Elastic and inelastic scattering
As indicated above we can distinguish between two principle categories of scattering
processes.
In inelastic collisions photons are absorbed and then emitted by the atom. This
eﬀect can be expressed by a decay rate of the atomic populations and appears in
the optical Bloch equations as an additional damping term. It corresponds to the
radiation emitted from the ﬂuctuating part of the atomic dipole. Especially, the
emitted photons do not have a well deﬁned phase with respect to the incident laser
ﬁeld.
Elastic scattering leaves the atom in the same initial energy level and the eﬀect
is merely limited to changes in the phase of the atomic wavefunction and is also
referred to as Rayleigh scattering. We have seen that some information of the
coherence properties of the scattered light is obtained from the expectation values of
b − (t) and E
b + (t). The sum of these expectation values has a sinusoidal dependence
E
on position and time and can be written similar to Eq. (2.12) as the electric ﬁeld
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associated with a coherent state. This part now oscillates with a well deﬁned phase
relative to the incident laser ﬁeld and is denoted as the elastically scattered fraction
of the radiation. The ratio of the scattered intensity with this coherent behavior to
the total scattered intensity is given by
b − (t)ihE
b + (t)i
hE
Iselas
=
.
b − (t)E
b+ (t)i
Istot
hE

(3.19)

This value approaches zero for purely chaotic light and is equal to unity for ideal
coherent emission of a source. Taking the steady-state limit with inﬁnite time-delay
τ → ∞ we can further write
Iselas
= |g (1) (∞)|.
(3.20)
Istot
This general observation on the coherence of the scattered light applies to for all
light sources, thus also for multilevel atoms with additional excited-state scattering.
In the case of a two-level system we can write Eq. (3.20) in simply terms of density
matrix elements as [38]
Iselas
|ρ21 (∞)|2
=
.
(3.21)
Istot
ρ22 (∞)
As is further shown by [45] the normalized averaged total scattered intensity of the
ﬂuorescence, neglecting Doppler broadening of the energy levels, as a function of the
Rabi frequency Ω, the laser detuning ∆ and the natural linewidth Γ is expressed as
Itot

Ω2 /4
= 2
,
∆ + Γ2 /4 + Ω2 /2

(3.22)

which can be decomposed into the sum of the individual intensities of the elastically
and inelastically scattered part as

−1
1 ∆2 + Γ2 /4
Ω2 /2
Ielas =
+2+ 2
(3.23)
2
Ω2 /2
∆ + Γ2 /4

−2
1
∆2 + Γ2 /4
Iinelas =
1+
.
2
Ω2 /2
Figure 3.3 pictures the elastically and inelastically scattered intensity for the situation of resonant excitation (∆ = 0) in dependence of the saturation parameter S =
Ω/Γ. The contributions are normalized to the total intensity as Itot = Ielas +Iinelas to
give 0.5 at saturation (S ≫ 1). As indicated in the inset of the ﬁgure starting from
very low S (and thus Rabi frequencies) Ielas is proportional to S, whereas Iinelas is
proportional to S 4 . Thus, in this regime the scattering process is mainly elastic. At
higher S the elastically scattered intensity tends to decrease and the inelastic intensity dominates. While S increases further the inelastic part reaches asymptotically
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Figure 3.3: Normalized elastically (dotted line) and inelastically (solid line) scattered intensity as deﬁned in Eq. (3.23) as a function of the saturation
parameter.

0.5. This reﬂects the fact, that in a two level system the excited state population at
saturation is maximally 0.5 and therefore the system can not emit more than Γ/2
photons per unit time.
All these conclusions presented for a two-level atom are also valid for multilevel
systems, where the spectrum of a Ba+ ion measured in the strong excitation regime
of the 493 nm transition can be found in [46].
At this point we further note that the saturation parameter as deﬁned in Eq. (2.29)
is correct for the described two-level system at resonance but is not valid for a multilevel atom, where the individual Clebsch-Gordon coeﬃcients have to be included
in the respective Rabi-frequency.

3.1.3 g (1) (τ )-function of an ion
In the case of a Ba+ ion we have to consider the 8-level system as described in
the previous chapter. Looking back to the level scheme from Fig. 2.2 for the green
transition and considering our geometrical conﬁguration (see Sec. 2.2.2), we note
that the observed ﬂuorescence actually consists of two transitions. Hence we can
write the observable source parts of the radiated light ﬁeld, in a rotating frame
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picture at the laser frequency ωL and in analogy to Eq. (3.13), as

with

b + (t) = ξe−iωL t σ̂ − (t)
E

(3.24)

−
−
σ̂ − (t) = σ̂+1
(t)~e+1 + σ̂−1
(t)~e−1

(3.25)

−
and ξ denoting a constant amplitude. Here σ̂+1
(t) represents the Pauli lowering
operator from the |P1/2 , m = −1/2i → |S1/2 , m = +1/2i state associated with
−
the creation of a single ∆m = +1 photon and σ̂−1
(t) represents the Pauli lowering
operator from the |P1/2 , m = +1/2i → |S1/2 , m = −1/2i state associated with the
creation of a single ∆m = −1 photon. Further, ~e±1 denotes the unit vector along
the respective polarization of the created source ﬁeld.
The ﬁrst-order coherence is then gained by the detected intensity of the interfering
electric ﬁelds given by Eq. (3.24, 3.25) as a function of a delay time τ between them
by

b − (t)E
b + (t + τ )i
G(1) (t, t + τ ) = hE
(3.26)
+
+
−
−
= h(σ̂+1 (t)~e+1 + σ̂−1 (t)~e−1 ) · (σ̂+1 (t + τ )~e+1 + σ̂−1 (t + τ )~e−1 )i.
Since the two involved transitions have orthogonal polarization (~e+1 ⊥ ~e−1 ) the
equation simpliﬁes to
+
−
+
−
G(1) (t, t + τ ) = hσ̂+1
(t)σ̂+1
(t + τ ) + σ̂−1
(t)σ̂−1
(t + τ )i,

(3.27)

which is just the sum of the correlation functions of the two individual transitions. In
the steady state limit t → ∞, when the ion is statistically stationary, the correlation
function can be written as a function of τ only and Eq. (3.27) reduces to a normalized
form as
+
−
+
−
(t)σ̂+1
(t + τ )i 1 hσ̂−1
(t)σ̂−1
(t + τ )i
1 hσ̂+1
+
+
−
+
−
2 hσ̂+1 (t)σ̂+1 (t)i
2 hσ̂−1 (t)σ̂−1 (t)i
1 (1)
(1)
=
[g+1 (τ ) + g−1 (τ )].
2

g (1) (τ ) =

(3.28)

We can now apply the density matrix formalism describing the ion’s dynamic to
express the ﬁrst-order correlation function. Then, in steady state condition and
using the preliminary step of Eq. (3.10) the ﬁrst order coherence reads for positive
τ values
− Lτ
+
− Lτ
+
e (ρ̂ss σ̂+1
)] 1 Tr[σ̂−1
e (ρ̂ss σ̂−1
)]
1 Tr[σ̂+1
+
.
g (τ > 0) =
+ −
+ −
2 Tr[σ̂+1 σ̂+1 ρ̂ss ]
2 Tr[σ̂−1 σ̂−1 ρ̂ss ]
(1)

(3.29)

Considering the left side of Eq. (3.29) the correlation is initialized with the ion in
+
steady state. The ﬁrst multiplication of the Pauli operator σ̂+1
selects the respective
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oﬀ-diagonal element in the density matrix. Then, by applying the time propagation
operator, i.e. exp(Lτ ) given by Eq. (2.22), the system evolves to τ . The second
−
multiplication of the complex conjugate operator σ̂+1
and tracing over the diagonal
elements of the density matrix yields then the mean temporal coherence of the
∆m = +1 dipole transition for the delay time τ .
−
In case of negative τ values the correlation is found by ﬁrst multiplying σ̂±1
to
ρ̂ss , while keeping the normal ordering of the operators, as
g (1) (τ < 0) =

+ Lτ
−
+ Lτ
−
e (σ̂+1
ρ̂ss )] 1 Tr[σ̂−1
e (σ̂−1
ρ̂ss )]
1 Tr[σ̂+1
+
.
+ −
+ −
2 Tr[σ̂+1 σ̂+1 ρ̂ss ]
2 Tr[σ̂−1 σ̂−1 ρ̂ss ]

(3.30)

3.2 Second-order correlation function
The pioneer recording of the second-order correlation function marked the beginning
of systematic studies of ﬂuctuations of light. It was ﬁrst carried out by R. Hanbury
Brown and R. Q. Twiss, in 1956 [26,27] using spatially coherent light and star light.
In a normalized form the second-order correlation is deﬁned as [47]:
g (2) (t, t + τ ) =

b − (t)E
b− (t + τ )E
b + (t + τ )E
b+ (t)i
hI(t + τ )I(t)i
hE
=
,
b− (t + τ )E
b+ (t + τ )ihE
b− (t)E(t)
b +i
hI(t)i2
hE

(3.31)

yielding the normalized probability of detecting a photon at time t+τ given that one
was detected at time t. If the emission properties of the light source are stationary
in time, then in the steady-state limit t → ∞ its second order correlation remains
only a function of τ . The g (2) (τ ) can then be seen as a conditioned measurement of
the detected photon intensity at times τ .
The measurement of this second-order coherence can be performed in a HanburyBrown and Twiss type setup as it is illustrated on the left side of Fig. 3.4. A beam
splitter (BS) divides the light beam from a source into two parts that are subsequently sent to two photomultipliers (PMTs). The electronic signals from the PMTs
correspond to photon detection events and are directed to a time correlator. Here,
correlations are obtained by comparing the photon arrival times by successively binning their time diﬀerences. The experimental implementation of this technique is
described in Sec. 5.2.2. Note that in principle the second-order coherence could be
measured directly from the photocurrent of a single PMT, but the ﬁnite dead-time
of the detector, typically on the order of tens of nanoseconds, would inhibit the
observation of τ values within that dead-time window.
The time-evolution of a second order correlation function exhibits now distinguishable characteristics depending on the type of light source. The righthand side
of Fig. 3.4 presents the g (2) (τ ) for three typical types of sources.
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Figure 3.4: Left: Picture of a Hanbury Brown and Twiss type measurement setup.
Right: Sketch of a second order correlation function for a) classical
light with Gaussian frequency distribution, b) coherent light and c) nonclassical light emitted by an ion (bottom).

Classical light
As was ﬁrst investigated by Hanbury-Brown and Twiss [26,27] a continous emitting
classical light source, such as thermal light, exhibits the eﬀect of "photon bunching",
i.e. after a detection of a photon it is more likely to detect another one shortly
afterwards. This property can be expressed in terms of an intensity ﬂuctuation, or
second-order coherence of the classical source, deﬁning the intensity I(t) = hIi +
hδI(t)i with hδI(t)i = 0, as
G2 (t, t + τ ) = hI(t + τ )I(t)i = hIi2 + hδI(t + τ )δI(t)i
→ hIi2 + hδI(t)2 i |τ →0 .

(3.32)

Here hδI(t)2 i at the point τ = 0 displays the variance of the intensity ﬂuctuation,
which always yields a positive value. Hence in a normalized form one expects to ﬁnd
Eq. (3.32) within the region 1 ≤ g (2) (τ ) ≤ ∞. Further, for a classical light source
as described by Eq. (3.5) the ﬁrst-order correlation is related to the second-order
correlation as
g (2) (τ ) = 1 + |g (1) (τ )|2

(3.33)

with the resulting value g (2) (0) = 2. This equation is plotted as curve a) on the
righthand side of Fig. 3.4.
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Coherent light
In the limit of a coherent light ﬁeld, such as featured by a laser with a classical
electric ﬁeld E(t) = E0 eiωt , no correlations between intensity ﬂuctuations of the
light are found. Here g (2) (τ ) = 1 for all values of τ , illustrated in curve Fig. 3.4 b) .
Non-classical light
Assuming non vanishing beam intensities only a non-classical light source can be
measured in the region 0 ≤ g (2) (0) < 1 when continuously radiating, yielding to the
eﬀect of "photon anti-bunching" at g (2) (0) = 0. This can be observed for example
in the resonance ﬂuorescence of single atoms [48–50] and requires a quantum mechanical treatment of the source. An anti-bunched statistics of a g (2) (τ ) is plotted
in Fig. 3.4 c) and will be discussed in detail below.

3.2.1 Second-order coherence of a two-level system
Before investigating the g (2) (τ )-function of an ion we consider again our two-level
system. In this case the scattered ﬁelds exhibit the non-classical statistical property
of anti-bunching. Employing Eq. (3.13) the second-order coherence is then given by
the two-time average of the electric ﬁelds as [42]
G(2) (t, t + τ ) = hÊ − (t)Ê − (t + τ )Eˆ+ (t + τ )Eˆ+ (t)i = Tr[Eˆ+ Ê − eLτ Ê − ρ(t)Eˆ+ ]
∝ Tr[σ̂ + σ̂ − eLτ σ̂ − ρ̂(t)σ̂ + ].
(3.34)
The result is plotted in Fig. 3.5 for two values of Ω/Γ. For a strong driving ﬁeld,
Ω ≫ Γ, the second-order coherence shows a damped oscillatory dependence on τ
and approaches 1 for τ → ∞. In the weak excitation regime, Ω ≪ Γ, the g (2) (τ )
slowly increases with τ before asymptotically reaching the value 1.

3.2.2 g (2) (τ )-function of an ion
We now consider a Ba+ ion driven at the laser frequency, ωL , emitting resonance
ﬂuorescence between the |P1/2 i ⇐⇒ |S1/2 i states. Intuitively, since after an emission
process the atom is projected into the electronic ground state and hence needs some
time to reabsorb and emit a second photon, the typical behavior of anti-bunching
occurs in the vicinity of τ = 0.
Hence, written in terms of the atomic operators, given by Eq. (3.24), and by
applying the combined Pauli lowering operator from Eq. (3.25) the unnormalized
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Figure 3.5: Plot of the normalized second order correlation function g (2) (τ ) of a twolevel atomic system versus the dimensionless delay time Γτ for a) (solid
line) Ω/Γ = 10 and b) (dashed line) Ω/Γ = 1/40.

second-order correlation function yields in a matrix form for the limit t → ∞
b − (t) · E
b− (t + τ ) · E
b + (t + τ ) · E
b + (t)i
G(2) (τ ) = hE
(3.35)
 +
  +
  −
  −

σ̂+1 (t)~e+1
σ̂+1 (t + τ )~e+1
σ̂+1 (t + τ )~e+1
σ̂+1 (t)~e+1
= h
·
·
·
i.
+
+
−
−
σ̂−1
(t)~e−1
σ̂−1
(t + τ )~e−1
σ̂−1
(t + τ )~e−1
σ̂−1
(t)~e−1
When evaluating the scalar products and noting that ~e+1 ⊥ ~e−1 the g (2) (τ ) hence
consists of four individual correlation functions. Since we correlate photon detection
events, unlike in the g (1) (τ ), cross-correlations between the two involved |S1/2 i →
|P1/2 i transitions can occur. Note that the second order correlation function further
obeys the property of time symmetry, i.e. g (2) (τ > 0) = g (2) (τ < 0), and gives a
value ≥ 0 for all τ .
Employing the quantum regression theorem the expectation values of the two-time
correlations can be written in the density matrix formalism as
+ −
+ −
−
+
−
+
Tr[(σ̂+1
σ̂+1 + σ̂−1
σ̂−1 ) eLτ (σ̂+1
ρ̂ss σ̂+1
+ σ̂−1
ρ̂ss σ̂−1
)]
g (τ ) =
.
+ −
+ −
(Tr[(σ̂+1 σ̂+1 + σ̂−1 σ̂−1 )ρ̂ss ])2
(2)

(3.36)

33

Chapter 3 Correlation functions
In this equation the initial condition is given by the excited state populations in the
−
+
−
+
limit of steady state, described by σ̂+1
ρ̂ss σ̂+1
+σ̂−1
ρ̂ss σ̂−1
. This condition evolves then
in time through τ using the time propagation operator. The expectation value of the
+ −
+ −
second-order coherence is obtained by multiplying σ̂+1
σ̂+1 + σ̂−1
σ̂−1 and computing
the trace. The normalization is then found by division of the expectation value of
the squared intensity at steady state.
The time-evolution of the excited state populations, as described in Eq. (3.36),
can alternatively be expressed directly in terms of the associated diagonal elements
of the density matrix ρ̂. Adapting the notation of Fig. 2.2 the joint excited state
−
+
−
+
population is then ρ33 + ρ44 , where ρ33 = σ̂+1
ρ̂ σ̂+1
and ρ44 = σ̂−1
ρ̂ σ̂−1
yield the
connections to the atomic operators. Note that this notation was already derived
in the previous chapter in Eq. (2.41) for the proportionality relation between the
measured intensity and the excited state populations as hIi ∝ ρ33 + ρ44 . In the
concept of a conditioned second order correlation it hence follows that
g (2) (τ ) =

ρ33 (τ )c + ρ44 (τ )c
,
ρ33 (∞) + ρ44 (∞)

(3.37)

where the normalization is obtained in the steady-state limit of τ → ∞. The g (2) (τ )
hence maps the conditioned time evolution of the excited state populations conveyed
in the diagonal elements of the density matrix.
Figure 3.6 depicts a second order correlation function for a single Ba+ ion using
Eq. (3.36) and 8-level Bloch equations. The g (2) (τ ) features clear anti-bunching at
τ = 0. The overshoot in the vicinity of τ ∼ ±10 ns is called optical nutation and
relates to a higher probability of emitting a second photon at that time diﬀerence.
Together with the followed smaller oscillations it represents the behavior of the
damped Rabi oscillations between the |S1/2 and |P1/2 i states. Its height scales with
the intensities of the exciting laser ﬁelds and is mainly caused by the inelastically
scattered part of the ﬂuorescence.
Note that in the experiment a g (2) (τ ) function, besides extracting information of
the internal dynamics of the ion, can further be used together with an excitation
spectra to gain all relevant experimental parameters.

3.3 Intensity-field correlation function
So far we have considered the correlation function between two interfering ﬁelds
and between two intensities. While in the g (1) -function the interfering parts of
the radiation are detected as an intensity, in the g (2) -function we directly measure
intensities and look at their time correlations.
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Figure 3.6: Calculated second-order correlation function using 8 level Bloch equations for a single Ba+ ion with the parameters: Sg = 0.8, Sr =
1.6, ∆g /2π = −30 MHz, ∆r /2π = 0 MHz, δg /2π = δr /2π =
50 kHz, u/2π = 4.2 MHz, α = 90◦ .

We might want to ask now the question, if it is further possible to directly measure
the source-ﬁeld, thus the electric ﬁeld corresponding to a single photon, and along
with it its temporal evolution? Such information can indeed be extracted with the
aid of a conditioned homodyne measurement, thus combining the techniques of an
intensity correlation and a homodyne detector.
In a conventional homodyne setup the electromagnetic wave of a light source is
coherently overlapped on a beam splitter with a wave of identical frequency from a
local oscillator (LO). The resulting beat signal of the two light ﬁelds is then detected
on a photodiode or PMT, whose photocurrent is then analyzed. For illustration we
consider the electric ﬁeld of the light source of one spectral component ES cos(ωL t),
where ωL is the light frequency. The light ﬁeld of the local oscillator ELO cos(ωL t +
φLO ) shall have the same polarization and frequency but an adjustable phase φLO
with respect to the phase of the ﬂuorescence at the beam splitter. The resulting ﬁeld
is now a superposition of the two input ﬁelds and the detector after the beam splitter
measures the intensity IHom ∝ [ES ELO cos(φLO )]. Hence, we can obtain information
about the electric ﬁeld ﬂuctuations of the light source as a function of the phase
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of a local oscillator. Note that in chapter 6 a detailed description of the homodyne
signal is given using a quantum mechanical treatment of the beam splitter.
However, the random nature of the arrival times of the photons at the homodyne
detector emitted from a light source does not permit us to extract any information
so far on the temporal evolution of the electric source ﬁeld acquired over many integration cycles. At this point we can make use of a conditioned measurement, in
a similar way as described for the second-order correlation. In this concept of a
conditional homodyne detection we trigger the homodyne signal IHom with a photon
detection from the source IS at yet another detector. We only look at the output of
the homodyne detector when we know the light source has just emitted a photon.
Because in this setup we correlate a photon detection with a ﬁeld sensitive measurement we consider this technique as a measurement of an intensity-ﬁeld correlation
function. Moreover, since the correlation function of two ﬁelds is termed g (1) and
that of two intensities is termed g (2) , we accordingly "nick-name" the g (1.5) for this
third-order correlation function of the ﬁeld.
Figure 3.7 depicts a schematic setup for an intensity-ﬁeld correlator. It is similar to
the g (2) correlator with a start-stop scheme. The main diﬀerence is the homodyne
detector, whose signal is used for the stop-channel. Summarizing, we can ﬁnd a

TIME
Correlator
PMT start PMT stop

light beam (S)

BS

BS
φLO

local oscillator (LO)
Figure 3.7: Schematic picture of a setup to measure an intensity-ﬁeld correlation
function.

36

3.3 Intensity-field correlation function
general form of the third-order correlation function as
g (1.5) (t, t + τ ) =

hIS (t) IHom (t + τ )i
∝ hIHom (τ )ic ,
hIS (t) IHom (t)i

(3.38)

being proportional to a conditioned measurement of the homodyne signal at time
τ . Written in atomic operators the expectation values of this two-time correlation
is expressed in the density matrix formalism as
g (1.5) (τ ) =

Tr[σ̂ − eLτ (σ̂ − ρ̂ss σ̂ + )]
,
Tr[σ̂ + σ̂ − ρ̂ss ]Tr[σ̂ − ρ̂ss ]

(3.39)

where the joint Pauli operator σ̂ − is given by Eq. (3.25). In analogy to Eq. (3.36)
the correlation is initialized with a photon detection in steady state conditions described by σ̂ − ρ̂ss σ̂ + . After the evolution of the atomic system through time to τ a
multiplication with a single σ̂ − represents the measured source ﬁeld at the homodyne detector. Its expectation value is then found by taking the trace. To gain a
dimensionless unit the correlation function is normalized by dividing through the
mean values of the intensity times the ﬁeld at steady state.
In chapter 7 the setup realized to measure the intensity-ﬁeld correlation function
from a single ion is presented in detail.
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Chapter 4
Trapping of single atoms
The Paul trap, named after Wolfgang Paul almost 40 years ago, has since then
emerged to become a major tool in quantum optics experiments with its possibility
of storing single charged particles as ions. This trapping technique makes use of
electrodynamic quadrupolar potentials and enables an eﬀective way to store single
ions over time scales of up to months and within micrometer conﬁnement. The
principle methodology and the geometric realizations in linear and ring-shaped Paul
traps are discussed in the following chapter. Similar descriptions about ion-trapping
can be found in [51–53].

4.1 The Paul-trap
In general, the principle of trapping atoms relies on a restoring force that holds
the particles at one ﬁxed position in space. In the case of charged atoms this can
be realized by the design of electric ﬁelds. The trapping potential of a Paul trap
consists of an electrodynamical part of amplitude Vrf at the radiofrequency Ωrf and
an electrostatic part V . They are then superimposed to yield a quadrupolar spatial
shape in the trapping region of the trap. In Cartesian coordinates the combined
potential is then given by
X
1
Φ(x, y, z, t) = [V + Vrf cos(Ωrf t)]
ηi ri2 , i = x, y, z.
(4.1)
2
i
The potential has to fulﬁll the Laplace equation ∆Φ = 0 for every moment in time.
This leads to the geometrical restriction that at least one of the spatial coeﬃcients
ηx , ηy , ηz has to be negative. The equation of motion for a particle with mass m and
charge q in such a potential obeys the Mathieu diﬀerential equation
d 2 ri
+ [αi − 2βi cos(2ζi)]ri = 0,
dζi2
with ζi = Ωrf t/2 and
αi =

4qV ηi
,
mΩ2rf

βi =

2qVrf ηi
.
mΩ2rf

(4.2)

(4.3)
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The coeﬃcients αi , βi hereby span a two-dimensional space of possible solutions
of the diﬀerential equation. Stable trapping conditions can be found in lowest order
approximation for the case where αi ≪ βi ≪ 1. In this region the charged particles
are bound in all three spatial directions and the particle trajectory is


βi
ri (t) ≈ 1 − cos(Ωrf t) cos(ωi t + ψi )ri0 ,
2
where

r

(4.4)

1
βi2
, ωi = ξi Ωrf .
(4.5)
2
2
Hence, the trajectory can be written consisting of two harmonic oscillating parts.
The secular motion at the frequency ωi and the micromotion, with a βi /2 smaller
amplitude, at the trap rf frequency Ωrf . If the micromotion is assumed to be negligible the motion of the particle can be approximated by that of a harmonic oscillator
moving in a pseudo-potential U
ξi ≈

αi +

1 X 2 2
qU = m
ω i ri .
2
i

(4.6)

So far we have treated the motion of a trapped particle classically. By applying the
technique of laser cooling (see Sec. 5.3.3) trapped ions can be cooled to temperatures
in the order of µK. In this regime it is necessary to describe the system using a
quantum mechanical treatment of motion.
Let r̂i now be the position operator in the three Cartesian coordinates and p̂i
the momentum operator of the particle. Assuming a potential that has a quadratic
dependence in all directions the Hamiltonian is written as
H=


X  p̂2
1
i
+ mωi2 r̂i2 .
2m 2
i

(4.7)

In the same way as with electromagnetic harmonic oscillator modes we can deﬁne
an annihilation â and creation â† operator for one harmonic oscillation quanta in
the trapping potential. The position and momentum operator are then expressed in
terms of â and â† as
r
1
p̂i = i
m~ωi (â†i − âi )
(4.8)
2
r
~
r̂i =
(â† + âi ),
2mωi i
(4.9)
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along with the Hamiltonian
H=

X
i



1
†
~ωi âi âi +
.
2

(4.10)

The quantity of harmonical excitations, or phonon numbers, is then given by the
number operator n̂i = â†i âi with |ni = |0i, |1i, |2i, ... taking the energy values En,i =
~ωi(ni + 1/2). Further, the wave packet extension of a particular excitation quanta
hn̂i2 = n is then given by
r
q
~ √
hn|r̂i2|ni =
2n + 1.
(4.11)
2mωi
When we apply the atomic mass for a trapped barium ion of 138 u we
p obtain an
extension of the motional wavepacket of the ion for the ground state h0|r̂i2|0i ≃
6 nm. For a typical occupation number after Doppler cooling of n = 20 (discussed
in Sec. 5.3.3) the spread is ≃ 40 nm.

4.1.1 The linear Paul trap
The linear trap employed in the laboratory consists of four blade shaped electrodes.
The blades are at a radial distance of r0 = 0.7 mm away from the trap center
forming a two dimensional quadrupole potential. In the axial direction two end tips
are located at a distance of l = 2.2 mm from the center. The ion is conﬁned along
this axis by applying a static voltage to both of the tip electrodes on the order of
1000 V. Note that this design is identical to a linear quadrupole mass ﬁlter with
two additional end caps for axial conﬁnement. Deﬁning the radial plane as the x, y
plane and the trap axis along z the trap potential hence reads:
Φlinear =


Vrf
Vcap  1 2
cos(Ωrf t)(x2 − y 2) −
(x + y 2) − z 2 .
2
2r0
l 2

(4.12)

For a particle with the coordinates x, y, z the equations of motion in analogy to
Eq. (4.2) are then given by
d2
x + [α − 2β cos(2ζ)]x = 0
dζ 2
d2
y + [α + 2β cos(2ζ)]y = 0
dζ 2
d2
α
z− z=0
2
dζ
2

(4.13)

(4.14)
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with ζ = Ωrf t/2 and

2qVrf
qǫVcap
,
β
=
,
(4.15)
2
ml2 Ωrf
mr02 Ω2rf
where ǫ is a numerical factor depending on the trap geometry. Typical stability
values are β < 0.5 and −0.05 < α < 0.05 [51]. Neglecting the micromotion and
assuming a pseudo potential the particle’s secular motion frequency around the trap
center in the radial and axial direction are expressed as
r
r
Ω2rf 2
qǫVcap
ωr = ωx = ωy =
(β − 2α),
ωax = ωz =
.
(4.16)
8
2ml2
Whereas the axial secular frequency is only dominated by the geometrical factor α
and the tip voltages the radial secular frequency is determined by both the static
and the rf conﬁnement. In the laboratory the linear trap is operated at Ωrf /2π =
15.1 MHz with an applied rf-amplitude of Vrf = 1500 V and a tip dc voltage of Vcap =
2000 V. The resulting calculated secular motion frequencies are ωr /2π = 2.33 MHz
and ωax /2π = 1.05 MHz. In the experiment the two radial modes have slightly
diﬀerent frequencies in the order of δωr ∼ 30 kHz. This splitting is introduced
because of geometrical imperfections and the fact that the radiofrequency signal is
only applied to two of the trap electrodes where the other two are grounded.
α=

One advantage of the linear trap is that multiple ions can be stored along the
trap axis for the usual case of ωax ≪ ωr . When suﬃciently laser cooled the ions
form a crystal, whose center of mass position follows the minimum of the trapping
potential and is hence the same as for a single ion. From this center position the
distance in axial direction ∆l between two ion, deﬁned by the trapping potential
and the Coulomb repulsion, is then given by

1/3
e2
∆l =
.
(4.17)
2
πǫ0 mωax
Using typical values of ωax /(2π) = 1 MHz and the barium mass this yields a spacing
of ∆l=3.7 µm between two ions.

4.1.2 The ring Paul trap
The second Ba+ trap in the lab is a ring trap with a cylindrically symmetric rfpotential. It consists of a ring electrode with a radius of r0 = 0.7 mm and two
endcaps along the ring axis. The endcaps are at a distance of z0 = 0.7 mm away
from the center and form the ground potential (Vcap = 0). When x, y lie in the plane
of the ring and z in the axial direction the trapping potential is given by
Vrf
1
Φring = 2
cos(Ωrf t)(x2 + y 2 − z 2 ).
(4.18)
2
r0 + 2z0
2
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The trajectories of a particle along x, y, z in such potential are then governed by the
three Mathieu type equations of motion
d2
x + 2β cos(2ζ)x = 0
dζ 2
d2
y + 2β cos(2ζ)y = 0
dζ 2
d2
z − β cos(2ζ)z = 0
dζ 2

(4.19)

(4.20)
with ζ = Ωrf t/2 and
β=

2qVrf
.
m(2r02 + z02 )Ω2rf

(4.21)

In the lowest stability region β < 0.8 the particle oscillates along the x, y, z direction
with the frequencies
βΩrf
ωz
= √ .
(4.22)
ωx = ωy =
2
2 2
In the experiment the trap is operated at Ωrf /2π = 19.3 MHz with an rf-amplitude
of Vrf = 500 V yielding typical secular frequencies in the vicinity of 1 MHz.
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Chapter 5
Experimental setup and operation
The measurements reported in the succeeding chapters were performed using a laboratory setup consisting of two major components: A vacuum apparatus with a
linear and a ring trap and a laser setup with 493 nm and 650 nm lasers for cooling,
a 413 nm ionization laser and the light detection system. In Fig. 5.1 a schematic
overview of these parts is illustrated. Its main workpieces will be discussed in detail
in the upcoming sections.
At ﬁrst, the vacuum setup is described starting with the linear and then the ring
trap vessels. Then the laser systems and the light detection methods are speciﬁed.
The chapter ends with a section discussing the necessary trap methodologies and
laser cooling techniques.

5.1 Vacuum setup
In the laboratory two traps are operated, either separately in individual experiments
or in a joint conﬁguration. Each trap is situated in a UHV environment consisting
of a steal vacuum vessel with view ports for optical access and a pressure inside at
the order of 10−11 mbar. This pressure can be sustained (after bake-out and after
removing the turbo pump) with an ion-getter-pump and a titanium-sublimation
pump. In order to form a quadrupole potential a radiofrequency voltage is applied
to either the ring electrode in the case of the ring-trap or to two out of four blade
electrodes in the case of the linear trap. A detailed description of the trapping
process can be found in Chap. 4. In both traps the high voltage is then achieved
by the use of a helical resonator with a quality factor of typically Q ≃ 300. The
resonator is driven by an rf synthesizer1 , which signal is ampliﬁed2 to 5-10 W.
The respective trap drive frequencies are Ωrf /2π=19.3 MHz for the ring trap and
15.1 MHz for the linear trap.
1
2

Rohde&Schwarz, SML01
Mini Circuit, LZY-1
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413 nm

Ring trap
B

Self-homodyne
setup
Lens
Linear trap

B
Lens

Two-photon
interference
setup

g (1.5) - setup

SHG
493 nm

MTS
Cavity

650 nm

Cavity

986 nm

Figure 5.1: Sketch of the major laboratory components including the trap apparatuses, laser systems at 650 nm, 986 nm (x2=493 nm), 413 nm introduced
in this chapter. Further, the indicated experimental blocks are marked,
which are discussed in the following part of the thesis.

5.1.1 The linear trap
Figure 5.2 shows a schematics of the linear trap apparatus together with a picture of
the actual setup. The trap is mounted on a large CF-200 ﬂange, which is attached
to an octagon steal vacuum vessel. For good optical access the main chamber oﬀers
one CF-200 viewport below the trap and seven CF-63 viewports in the horizontal
plane of the trap. Furthermore, the solid CF-200 ﬂange hosts three smaller CF-16
viewports. At one CF-63 ﬂange a six-way cross is attached to the vessel that hosts
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an ion-getter-pump3 , a vacuum gauge4 , a titanium sublimation pump5 and a vacuum
valve6 to maintain the vacuum.
The magnetic ﬁeld at the position of the ion is formed using three pairs of
Helmholtz coils located in the horizontal plane each at 45◦ from the main beam
hosted on the CF-63 ﬂanges (coils 1 and 2) and on the vertical plane around the
CF-200 ﬂanges (coils 3).
The observation channels are situated perpendicular to the trap axis and parallel
to the magnetic ﬁeld. To collect ﬂuorescence two custom-designed objectives7 are
mounted on the left and right hand side ∼12 mm away from the trap center. Each
objective covers 4% of the total solid angle (NA=0.4) with a collimated beam diameter of 20 mm and a speciﬁed wave front distortion of λ/10. The objectives can be
positioned with in-vacuum slip-stick piezo translation stages individually controlled
by 3-axes piezo-mechanical actuators8 , each with a travel distance of 5 mm and a
resolution of 400 nm. In principle this allows for individual addressing of single ions.
The objective on the left side of the trap is adjusted to focus the light to a CCD
camera 300 mm away resulting in a magniﬁcation of 10. Alternatively, by rotation
of the mirror (M2 ) into the beam path the light can be reﬂected and after passing a
slit iris9 it is focused onto a PMT. In front of the PMT an additional 50:50 BS can
be inserted splitting the light to a second PMT to form a Hanbury-Brown and Twiss
(HBT) type setup. Furthermore, spectral ﬁlters10 optimized for 493 nm are mounted
in the light paths of both arms. The other objective located on the right hand side
of the trap is adjusted at a distance of 11.8 mm to collimate the 493 nm ﬂuorescence.
Here various experimental setups can be mounted. For example, a piezo mounted
mirror can be placed for back reﬂection of the light in a self-homodyne setup as
described in Chap. 8. Alternatively a telescope can be inserted to scale the beam
diameter to a smaller size suited for coupling the ﬂuorescence into a single mode
optical ﬁber11 .
To excite the ion the green and the red laser beams are ﬁrst superimposed using a
dichroic mirror (M1 ), before they traverse a Glan-Thompson polarizer to guarantee
vertical polarization. Then, the photoionization laser is mixed with the other two
beams on a polarizing beam-splitter (PBS) and all lasers are focused onto the center
of the trap with a f =250 mm lens. The lens is optimized for the green light, while
3

Varian, Star Cell 20 l
Varian, UHV-24 Bayard-Alpert-Gauge
5
Varian, TiSub
6
VAT, all-metall valve
7
Linos, HALO lens
8
Attocube XYZ positioner, ANPxyz 100
9
Owis, SP60
10
Semrock, FF01-494/20-25
11
Thorlabs, PM-S405-HP with a Schäfter&Kirchhoff, 60FC-4-M15-13 coupler
4
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to vacuum parts

PMT

PMT

Coils 1

Coils 2

BS

CCD

Iris

Coils 3

B

Exp.
M2

Obj.

Obj.

Coils 2

Coils 1
413 nm
493 nm
650 nm

Lens
PBS
M1

Linear Trap
Oven
Objective

Figure 5.2: Top graph: Sketch of the linear trap system. The lasers are superimposed
on M1 and a PBS and are focused to the trap center. Fluorescence is
collected on the left and right hand side of the trap using two objectives.
The setup on the left hand side is used as the detection channel, where
the light is alternatively guided using mirror M2 to a CCD camera or to
a HBT setup with two PMTs. The right hand side is used for further
experimental setups. Bottom graph: Picture of the actual linear trap
and objectives attached to the vacuum vessel. See text for details.
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chromatic abberations on the other beams are found to have no major inﬂuence on
the performance of the experiments.

22.5°

B
ωx

ωy

inelastic / elastic
Fluorescence
ωz
elastic / inelastic
Fluorescence

Lasers

Figure 5.3: Sketch of the geometrical and optical conﬁguration for the linear trap
setup. Indicated are the respective polarizations of the light ﬁelds as
arrows together with the directions of the ion’s motional degrees of freedom. See text for details.
The linear trap itself consists of four blade shaped electrodes, on which two electrodes are connected to the rf source and two are grounded. The axial conﬁnement is
achieved with two tip electrodes connected to a dc voltage. Three additional pairs of
dc-electrode wires are installed to compensate for micromotion located in the upper,
lower segment of the trap and in one of the side segments. The method is explained
in Sec. 5.3. All electrodes are held in place by two ceramic holders12 which also provide a mount for two barium ovens pointing towards the trap center. In the resulting
quadrupole pseudopotential the ions can be trapped for up to a week without laser
cooling. The secular motion of the ions in the trap is hereby decomposed into three
eigenmodes pointing along the trap axis. The x and y direction of the motion are
along the radial direction of the trap towards the blade electrodes, where the z components points along the trap axis towards the endcap electrodes. At an rf power of
12

Corning Inc., Macor
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7 W the radial secular trap frequencies are measured to be ωx /2π ≃ 1.675 MHz and
ωy /2π ≃ 1.706 MHz. To have proper Doppler cooling conditions, which is discussed
later in Sec. 5.3.3, the lasers need to have projections to all of the three principal
axis. This is ensured by a tilted trap axis of 22.5◦ pointing upwards with respect
to the laser direction. The geometrical arrangement of the trap and the principal
motions are hereby illustrated in Fig. 5.3. Furthermore, this picture shows the propagation and polarization directions of the lasers and the observed ﬂuorescence. The
linear polarized light of the laser is hereby scattered elastically or inelastically by
the ion as discussed in Chap. 2. Note that further descriptions of the linear trap
with its design parameters can be found in [54].

5.1.2 The ring trap
This part gives an overview of the ring trap setup. A more detailed description can
be found in [55] and [52]. Figure 5.4 shows a sketch of the ring trap apparatus with
its major components together with a picture of the zoomed-in ring trap setup.
The trap is housed in a steal vacuum vessel of spherical shape and grants optical
access for laser addressing and observation of the ﬂuorescence from several directions.
The main laser beams are coupled into the trap through a tilted CF-150 viewport.
Similar as in the linear trap all three lasers are overlapped using a dichroic mirror
and a polarizing beam-splitter (PBS) and focused onto the center of the trap with a
f =250 mm lens. Alternatively, three smaller CF-35 viewports allow for additional
optical access. To maintain the vacuum inside the vessel an ion-getter-pump13 , a
titanium sublimation pump14 and a vacuum valve15 are attached to the spherical
vessel.
Two CF-100 ﬂanges along each side of the trap and perpendicular to the main
excitation direction are used as the observation channels. The direction of the
magnetic ﬁeld at the trap center is aligned to be parallel with the observation axis
using two pairs of coils. One viewport is inverted and houses an objective16 that
covers ∼ 1.5% of the solid angle (NA=0.24). The collected part of the ﬂuorescence
is then focused on an iris with 0.8 mm diameter and passes a spectral ﬁlter. With
an eﬀective magniﬁcation of 10 the light can then be sent to a CCD camera or to
two PMTs in a HBT conﬁguration. Further, a ﬂip mirror can be inserted in the path
and the 493 nm light can be coupled to a single mode optical ﬁber. The ﬂuorescence
collected at this viewport can further be directed to a macroscope type objective,
where the observation of the trap region with the naked eye is possible. Along the
13

Varian, Star Cell 20 l
Varian, TiSub
15
VAT, all-metall valve
16
Wild Modell, M400
14
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rf
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Figure 5.4: Top graph: Sketch of the ring trap setup. The vacuum vessel is shown
from the perspective looking into the direction of the observation chan~
nels and B-ﬁeld.
Bottom graph: Picture of the ring trap looking in the
direction of the lasers. The in-vacuum objective is situated on the left
and the inverted viewport, housing the in-air objective, is on the right.
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Figure 5.5: Sketch of the optical and geometrical arraignment for the ring trap setup.
Indicated are the respective polarizations of the light ﬁelds as arrows
together with the directions of the ion’s motional degrees of freedom.
See text for details.

same axis on the opposite side of the trap another objective is situated inside the
vacuum vessel. This custom-made objective17 collects and collimates ∼ 4% of the
solid angle (NA=0.4) with a measured low wave front distortion smaller than λ/10.
It can be aligned using three ﬁne threaded screws pressing against the vacuum
chamber. Here, similar as in the linear trap setup outside the vacuum a distant
mirror or a telescope for ﬁber coupling can be mounted.
The ring trap itself is mounted on the top ﬂange of the vacuum vessel and consists
of a 200 µm thick molybdenum wire with an inner diameter of 1.4 mm set to rfpotential. Along the radial axis 0.7 mm away from the trap center are the two
grounded cap electrodes (see chapter 4). To compensate for micromotion at the
drive frequency four additional electrodes are located 5 mm away from the ring.
The resulting quadrupole potential has a depth of about 50 eV in which ions can be
stored for a period of time up to a month. Two barium ovens point at the center of
the trap as well as an electron gun with deﬂection optics.
In order to achieve optimal laser cooling along all principle modes of the secular
17

Linos, Halo 25/04
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motion the trap is tilted by 45◦ and is illustrated in Fig. 5.5. Here the respective
secular frequencies in the x and y direction, lying in the radial plane, were measured
to be ωx /2π ≃ 1 MHz and ωy /2π ≃ 1.17 MHz. The z component along the ring axis
was found ωz /2π ≃ 2 MHz. These values hold for an applied rf-power of 5 W fed to
the helical resonator. Figure 5.5 indicates the directions of the motional components
as well as the optical conﬁguration of the lasers and the observed ﬂuorescence with
their polarizations.

5.2 Laser setup
For Doppler cooling two diode laser systems together with an additional laser for
photoionization are available in the lab. The lasers can be individually distributed to
both traps, where a lab computer controls and monitors the laser frequencies. Further, the lab computer records the photocounts of each PMT. Below the individual
laser systems and the light detection methods are elaborated in more detail.

5.2.1 Laser system
493 nm laser
For the dipole transition from the |6S1/2 i to the |6P1/2 i states the ions are excited
with a laser system at 493 nm. The laser is based on a second harmonic generation
(SHG) setup described in [55], where the master laser has been replaced by a commercially available diode laser18 with an output power of 130 mW at 986 nm. The
master laser is stabilized to a reference cavity (F ≈ 1000) using the Pound-DreverHall technique [56]. From the width of the error signal during locking the master
laser linewidth was measured to be ∼ 20 kHz using a low noise PID controler19 .
A small part of the infrared light is then sent to a wavemeter20 , whose signal is
monitored on the lab computer. Hereby, the wavemeter provides a real time observation of several wavelengths in parallel with an accuracy of ∼10 MHz within
several hours. From the rest of the infrared light second harmonic generation is performed in a bow-tie cavity resonant to 986 nm with a KNbO3 crystal placed at one
focus. The output power of the 493 nm light is then found to be ∼ 30 mW. Against
frequency drifts of the laser system the reference cavity is locked to a tellurium
vapor (Te2 ) cell by Doppler-free modulation transfer spectroscopy (MTS) [57]. In
order to lock the laser to a suitable Te2 resonance close to the 493 nm transition
in Ba+ some of the green light is frequency shifted by -500 MHz by a double pass
18

Toptica, DL pro 986
Toptica, FALC
20
Toptica, WS7
19
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AOM. Fine tuning of the wavelength of the laser system towards the ion’s resonance
is performed by changing the double pass AOM’s21 driving frequency with the lab
computer by ±30 MHz. The remaining light of the green laser is shifted +140 MHz
by a single pass AOM22 , on which the light is also intensity stabilized to 1% and
directed to the individual traps by single mode polarization maintaining ﬁbers.
650 nm laser
Repumping of the population from the metastable |5D3/2 i state to the |6P1/2 i state
requires a light ﬁeld at 650 nm. We generate light at this wavelength with a commercially available diode laser system23 with an output power of 10 mW.
The laser light passes an AOM24 in a double pass arrangement. The shifted
light is used to lock the laser to a reference cavity (F ≈ 1000) with a linewidth of
<100 kHz. The ﬁrst order of the AOM is coupled into a single mode ﬁber25 and
guided to a distribution stage. Here the light is split and directed to the individual
traps, where it is superimposed with the green laser. Furthermore, to constantly
measure the wavelength, a small part of the red light after the ﬁrst ﬁber is sent to
the wavemeter.
413 nm laser
For photoionisation of neutral barium we employ a commercially available laserdiode system26 generating light at 413 nm. The laser is operated in a Littrowconﬁguration and its wavelength is adjusted using the wavemeter. By inserting or
removing a ﬂip mirror the beam can be directed through air to one of the traps.
After mode cleaning with a spatial ﬁlter the laser delivers a power of 2.5 mW to the
trap center.

5.2.2 Light detection methods
In both traps ﬂuorescence light emitted by the ions is collected with high numerical
aperture objectives as described in the previous section. After ﬁltering the ﬂuorescence for the wavelength of 493 nm the light is either detected with photo-multiplier
tubes27 (PMT) or an electron-multiplying-CCD (EM-CCD) camera28 .
21

Brimrose, EF-270-100
Crystal Tech, 3080-125
23
Toptica, DL 100
24
Crystal Tech, 3200-121
25
Thorlabs, PM-S630-HP with a Schwfter&Kirchhoff, 60FC-4-A6-13 coupler
26
Toptica, DL 100
27
Hamamatsu, H7421-40
28
Andor, Luca
22
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In the latter case the CCD camera images the trapping zone which allows to
spatially resolve single ions. At a magniﬁcation of 10 and a pixel size of 8 x 8 µm
the image from one ion appears as a point spread out over an area of about 4 x 4
pixels. The quantum eﬃciency at 493 nm is speciﬁed to be 51%.
In the other branch the PMTs record single ﬂuorescence photons with a speciﬁed
quantum eﬃciency of 40% at 493 nm and a dark count rate of ∼ 75 cps. The
intrinsic dead time after each photon detection is about 80 ns. Inside the PMT
one impinging photon can create ﬁrst a single electron (photoelectic eﬀect) that
successively triggers an avalanche of electrons, which can then be detected as a
current pulse. The detected rate of pulses is hence proportional to the beam intensity
for low intensities. In a quantum mechanical picture the measurement process can
be regarded as a projection of the expanding wave function of the atomic radiation
ﬁeld at the position of the detector. It is this basis of a single photon detector that
allows for a time resolved analysis of the recorded photon stream and the realization
of all the performed experiments.
Note that because of the non-negligible dead time of the PMTs a detection setup
consisting of two PMTs after a beam-splitter is required to extract time resolved
information of the ﬂuorescence light at the nanosecond time scale (HBT-setup see
Sec. 3.2).
After a single photon detection event the resulting photo-electron pulse is then
converted by the internal PMT electronics into a TTL pulse with a pulse length of
45 ns. The pulses are converted into NIM pulses29 and pass a discriminator stage30 .
At its output the pulses are split into three parts.
One part is fed into a photon counter31 followed by a time-to-digital converter32 .
The acquired count rate is then typically integrated over 100 ms and monitored
on the LabVIEW controlling software. Another part of the discriminator’s output
can be investigated in the frequency domain with a spectrum analyzer33 . The third
output of the discriminator
To furthermore extract statistical information contained in the emitted ﬂuorescence the photocounts can be elaborated in a high resolution histogram counter34
with a time resolution of tres = 4 ps. The counter has two input channels, each able
to monitor the signal pulses of one PMT. The individual detection arrival times
are then recorded and stored in two time-ordered lists as (l01 , l11 , ..., li1 , ..., ln1 ) and
2
(l02 , l12 , ..., lk2 , ..., lm
). From these lists a histogram H(τ ) of the time-diﬀerences can be
29

LeCroy, NT15
LeCroy, 821
31
LeCroy, 3615
32
LeCroy, TDC 4204 and 3588 Histogram Memory
33
Rhode & Schwarz, FSP 13
34
PicoQuant, PicoHarp 300
30
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calculated as:
H(τ ) ≈ H(tik , tres ) =

n X
m
X
i=0 k=0

(li1 − lk2 ).

(5.1)

Thus, all time diﬀerences (e.g. tik = li1 − lk2 ) are evaluated, where each bin ik has
a temporal width tres and we denote τ = tik . Additionally, H(τ ) can be re-binned
with a larger bin size δtbin of typically 1 ns, which then yields the expression
δtbin /2tres

H(tik , tres , δtbin ) =

X

(5.2)

H(tik , tres ).

−δtbin /2tres

The resulting cross-correlation is summed over larger binning times of width δtbin .
Further, note that the total number of cross-correlations obtained in this process is
given
by the multiplication of the total amount of detection events for each list as:
P
i,k H(τ ) = n m.
Photon PMT 1

Photon PMT 1 ...

trigger-event 0 trigger-event 1 ... 2

Counter
CH 1

t0m
t 0i
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t 01

Counter
trigger-event 0...
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t 30

3

t 31

t 32
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t
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t 3i3m

t
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3
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Photon PMT 2 ...

Figure 5.6: Acquiring cross-correlations between counted trigger-events from PMT 1
and PMT 2. The time diﬀerences of the trigger-events 0 and 3 of ch, 1 to
trigger-events of ch. 2 are indicated as solid arrows. See text for details.
In Fig. 5.6 the process of obtaining a cross-correlation is illustrated. The photocounts of PMT 1 and 2 in a HBT-setup are recorded with a counter and listed
in two time-ordered channels. After the data is obtained a histogram as described
in Eq. (5.1) can be evaluated from the two lists. Starting from the ﬁrst triggerevent of ch. 1 the time diﬀerences to all stored trigger-events of ch. 2 are calculated
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(t00 , t01 , ..., t0i , ..., t0m ). The obtained time diﬀerences are then binned and their occurrences stored in a histogram. These steps are subsequently repeated for the second trigger-event of counter ch. 1. The process is continued until all time diﬀerences
between ch. 1 and ch. 2 have been evaluated. The binned histogram H(τ ) is then
identical the unnormalized intensity correlation function as discussed in Sec. 3.2.
Additionally to the ﬂuorescence photons emitted from an ion, a PMT may also be
triggered by background noise. Such noise is comprised of residual stray-light from
the 493 nm laser scattered on the trap electrodes as well as unﬁltered light from
the laboratory environment by the intrinsic dark count rate of the PMT. Since the
650 nm light is not detected by the PMTs the background rate is easily obtained by
blocking the repumping 650 nm laser light so that the ion is trapped in the |D3/2 i
state and stops ﬂuorescing. The background rate can then be directly subtracted
from the total count rate to obtain the ﬂuorescence count rate from the ion. In the
case of an intensity correlation function the background substraction requires more
post-processing of the data and is performed in the following way.
We consider the recorded signals from two PMTs used to deduce an intensity
correlation function each PMT signal with a rate s(t) incorporates a certain background noise rate bg(t) and a ﬂuorescence signal rate s′ (t). Thus, we can write
s1 (t) = s′1 (t) + bg1 (t) for the PMT 1 signal and s2 (t) = s′2 (t) + bg2 (t) for the PMT
2 signal. Here, the time dependence of the background rate can be omitted in the
case of a Poissonian noise distribution. This assumption was conﬁrmed by measuring a ﬂat correlation function in the case of pure background signal. The measured
correlation function is then given by
h(τ ) =

h[s′1 (t + τ ) + bg1 ][s′2 (t) + bg2 ]i
.
hs′1 (t) + bg1 ihs′2 (t) + bg2 i

(5.3)

Only the contribution hs′1 (t + τ )s′2 (t)i will yield an intensity correlation function
g (2) (τ ) of the ion and we can write the normalized form as
g (2) (τ ) =

1−

h(τ ) − 1

hbg1 i 
hs1 (t)i

1−

hbg2 i 
hs2 (t)i

+ 1.

(5.4)

5.3 Experimental routines
In this section the basic techniques necessary to trap barium ions are explained.
Starting with the loading process the experimental methodologies to minimize the
micromotion and to operate the traps are discussed intended as hints for future
daily lab routines. Similar operation procedures can be found in various previous
works [52, 54, 58].
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5.3.1 Trap loading
In order to trap a single ion the following procedures have proven valuable in the
daily lab work.
First, the wavelengths of the lasers are coarsely adjusted using the wavemeter.
Then the cooling lasers are locked to the Gaussian mode of the respective reference
cavities. In case of the green laser the cavity is furthermore locked to the "big" Te2
resonance [57] situated at about 493.410 nm (all wavelength values are measured
in air) and the master laser is set to a far detuning value (∆g /2π ≈ −200 MHz)
within LabVIEW. The red laser is tuned to a wavelength of about 649.6900 nm
(∆r /2π ≈ −40 MHz) and the photoionization laser (PI) is tuned to 413.2430 nm
on the wavemeter. Note that since the PI laser is not stabilized to a cavity its
wavelength has to be slightly adjusted after about 20 min to compensate for slow
drifts. Then, all three lasers are spatially overlapped in front of the trap before
focusing into the trap center. The powers are adjusted to about 100 µW for the
green, 150 µW for the red and to maximal 2.5 mW for the PI. The trap power is
usually adjusted to a lower value of about 2 W.
Then the barium ovens can be heated, which is performed by applying a typical
current of 3.4 A to one or both of the barium ovens. Usually Ba atoms are then
photoionized and trapped into the center region within a few minutes. This time
span is mainly needed for the ovens to heat up. Once a single ion is loaded the
PI has to be blocked immediately and the oven current switched oﬀ, since once an
ion is caught, it acts as a condensation core for further ions soon resulting in the
trapping of several ions visible as a diﬀuse cloud. Note that should the position of
the lasers be misaligned from the trap center, a cloud can often be used to readjust
the beam positions.
When the required number of ions is loaded into the trap the trap power can
be increased to a working point of 5 W for the ring trap and 8 W (tip voltage at
1000 V) for the linear trap.
After loading, the lasers may be tuned closer to resonance by ﬁrst locking the green
laser cavity to the "small" Te2 resonance situated at a wavelength of the master laser
of ∼986.82050 and tuning its frequency close to about ∆g /2π ≈ −20 MHz. Then
the red laser is tuned and is tuned or ﬁxed close to or at resonance. For cooling
conditions the green laser power is lowered to yield about 1/3 of the maximal count
rate and the red laser power is adjusted slightly below saturation.

5.3.2 Compensation of micromotion
With an ion loaded into the trap center the compensation of micromotion is an
essential part for stable experimental conditions. As discussed in chapter 4 the
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trajectory of a trapped ion in a quadrupolar trap constitutes of two parts, the secular
motion due to the pseudo-potential and the micromotion oscillating at the trap rffrequency. The amplitude of the latter increases linearly with the displacement of
the trap center and can not be laser cooled. Micromotion hence leads to additional
Doppler broadening of the dipole transitions resulting in a higher occupation of
the motional state after Doppler cooling and needs to be minimized by shifting the
ion into the zero position of the driving ﬁeld. The displacement of the ion away
from the center may arise due to geometrical imperfections, stray charges on the
trap electrodes or slow drifts of the electrodes relative positions caused by diﬀerent
thermal expansions of the trap parts while operating.
Repositioning the ion towards the trap center is achieved by applying dc voltages
to additionally installed compensation electrodes situated close to the trap in all
three spatial directions. Observing the micromotion and the experimental routine
for its compensation can be performed in three diﬀerent ways.
In a ﬁrst step of minimizing the micromotion the position of the ion is observed
while the trap stiﬀness is varied. As the rf-power is increased the ion moves towards
the center of the pseudo-harmonical potential, whose position can be marked on the
CCD camera image. When the trap power is now lowered the voltages applied to the
compensation electrodes can be changed in such a way that the ion is shifted back
to the marked position. This method works well for two dimensions. To observe a
change of the position in the third dimension along the camera axis the camera is
moved out of focus, such that the ion is visible as a diﬀraction ring. A change in the
diameter of the ring when lowering the trap power indicates a movement towards or
away from the camera and thus can be compensated for.
The second method relies on a correlation measurement between the phase of the
trap rf and the arrival times of the ﬂuorescence photons [59]. Here, the laser detunings are adjusted slightly oﬀ-resonant to a point of a steep slope in the excitation
spectra. At this laser settings, due to the Doppler shift, the oscillating ion will absorb and emit more or less photons when moving towards or away from the lasers,
respectively. As the ion oscillates at the trap frequency the oscillation amplitude
can be retrieved by correlating the rf signal with the photon arrival times. After a
few seconds of integration the compensation voltages can be adjusted in such a way
that any variance in the correlation is minimized.
A third method discloses the motional information of the ion via recording a
g (τ )-function of the resonance ﬂuorescence. The method is described in detail
in [60]. An oscillation of the ion in the trap appears as a sinusoidal modulation of
the correlation function considering a large span of τ . This method yields the most
(2)
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sensitive way to visualize potential micromotion since no electronic noise or pick-up
eﬀect enters the optical signal combined with the possibility for a large integration
time.

5.3.3 Laser cooling
As the technique of laser cooling of trapped ions constitutes an essential ingredient
in the experiment its principle is brieﬂy elaborated in this section. The aim of laser
cooling is to reduce the kinetic energy of trapped ions from a thermal regime on the
order of several hundred Kelvin towards a quantum regime of µK. There are several
other comparative approaches available today to cool stored particles such as buﬀer
gas cooling [61], Raman cooling [62] or stochastic cooling [63].
If the ion’s oscillation frequency in the trap is smaller than the natural linewidth of
the cooling transition the motional sidebands can not be resolved by the laser. The
ion behaves like a free particle that is driven by a Doppler shifted laser frequency.
The momentum of the ion can then be dissipated by radiation till the Doppler
cooling limit [7, 64].
If the ion’s oscillation frequency is larger than the natural linewidth of the cooling
transition the laser can be tuned to the lower energy sideband. This regime is called
side-band cooling [65], where it is possible to reach the motional ground state.
In this thesis only Doppler cooling is relevant, which is performed mainly via
the green |S1/2 i ⇋ |P3/2 i transition as indicated in Fig. 2.2. In the following the
equilibrium temperature reached after Doppler cooling of a trapped ion is calculated.
It is suﬃcient to treat the ion as a two-level system (|1i and |2i) with a certain
initial temperature T and thus velocity ~v interacting with a laser ﬁeld along the
wave vector direction ~k. The laser is detuned from the transition frequency as
∆ = ωlaser − ω0 . Due to the Doppler shift the ion sees an eﬀective laser frequency
∆Doppler = ∆−~k·~v . Then the average radiation force exerted by the laser is expressed
as
dp
Frad =
= ~kΓ12 ρ22 .
(5.5)
dt
Here, the absorption-emission cycle of that transition is determined by the decay
rate Γ12 times the probability of being in the excited state ρ22 , which is given by
ρ22 =

Ω212
Γ212 + 2Ω212 + 4∆2Doppler

(5.6)

with Ω12 being the Rabi frequency on resonance. For small velocities we can now
expand ρ22 around v = 0 and approximate by the linear term, which yields
ρ22 ≈ ρ022 +
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In terms of the radiation force this reads
0
Frad ≈ Frad
[1 + χv]

(5.8)

with a time-constant part displacing the ion from the trap center and a velocitydependent part with the "friction coeﬃcient" χ as:
0
Frad
=

~kΓ12 Ω212
,
Γ212 + 2Ω212 + 4∆2

χ=

Γ212

8k∆
.
+ 2Ω212 + 4∆2

(5.9)

If the detuning ∆ is negative χ can be interpreted as a viscous drag term.
The cooling rate is now provided by averaging the radiation force over many
movements
0
Ṙcool = hFrad vi = Frad
χhv 2 i.
(5.10)
Competing against this cooling rate is the spontaneous emission process as a heating
rate. Since this process can be assumed to be uniform in space it results in a
redistribution process of the averaged momentum hp2 i, which is proportional to the
number of emission cycles as dtd hp2 i ∝ ~2 k 2 Γ12 ρ22 . The heating rate at the ﬁnal
temperature at v = 0 thus reads:
Ṙheat =

1 d 2
~2 k 2
hp i =
Γ12 ρ22 (v = 0).
2m dt
2m

(5.11)

Due to the diﬀerent directions of absorption and emission the heating rate is altered
′
to Ṙheat
= Ṙheat (1 + κ) with κ = 2/5 for linearly polarized dipole radiation [66]. At
′
equilibrium the heating and cooling rate are equal (Ṙheat
= Ṙcool ) leading to a ﬁnal
temperature
 2

mhv 2 i
~
Γ12 2Ω212
T =
=
(1 + κ)
+
+ 4∆ ,
(5.12)
kB
16kB
∆
∆
with kB being the Boltzmann constant. For the performed experiments the thumb
rule for optimal Doppler cooling parameters are Ω12 ≈ Γ12 /3 and ∆ = Γ12 /2 which
yields a minimal temperature of
Tmin ≈

7
~
Γ12 .
18
kB

(5.13)

Note that to guarantee cooling of a trapped ion in all coordinate directions in the
experiment the wave vector ~k of the cooling laser is chosen to have projections along
all three harmonic oscillation directions of the ion. In real experimental conditions
the Doppler limit is slightly increased due to unwanted static potentials causing a
not totally compensated micromotion.
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Figure 5.7: Spectrum of the resonance ﬂuorescence of a trapped ion including its
motion. The secular sidebands in the three Cartesian directions at ξi Ωrf ,
i = x, y, z and the micromotional sideband at Ωrf appear symmetrically
around the atomic transition frequency νL .

5.3.4 Spectra of a trapped ion
In the previous chapters we have introduced the emission properties of a free atom
interacting with a laser ﬁeld as well as the technique of trapping ions in Paul traps.
In this section we want to discuss how the emission properties are altered when
we consider the motion of the trapped ion. Due to the motion of the ion in the
trap the ﬂuorescence is expected to be modulated and thus sidebands occur in the
spectrum at the secular and micromotion frequency symmetrically around the transition frequency. Figure 5.7 shows a sketch of the spectrum emitted by a irradiated
trapped ion. In the spectrum the three secular sidebands are situated around 1 MHz
and the micromotion sideband is at the rf-drive frequency shifted from the central
transition peak. Since the cooling transition from |S1/2 i to |P3/2 i has a natural line
width of 15 MHz the sidebands are concealed within the carrier transition and are
not directly observable. However, in the experimental part in Sec. 8.1 a method of
revealing those sidebands with the aid of a self-homodyning technique is presented.
In order to calculate the transition strengths on the sidebands we start by recalling that the vibrational energy of the phonon state hni is given by Eq. (4.10).
We furthermore assume ideal compensation of the micromotion. The ion’s secular
motion with frequencies ωi is then expressed as a harmonically oscillator along the
principle directions i = x, y, z, where the position operator r̂i is given by Eq. (4.9)
as r̂i (t) = r0 (âi e−iωi t + â†i eiωi t ) [51]. Note that the indices i = x, y, z hereby state
the projections of the ion’s radial and axial motional eigenmodes in the trapping
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Figure 5.8: Level scheme of trapped ion in a harmonic potential coupled to a resonant laser ﬁeld. The ion is initially in the electronic ground state |gi and
at the motional quantum number |ni. The carrier transition and the ﬁrst
order sideband transitions are shown, where the solid lines represent the
absorption of a photon and the dashed lines indicate spontaneous decays [67].

potential along the observation channel direction. Further, âi and â†i are the bosonic
creation and annihilation operator of one motional quantum as hni i = hâ†i âi i and ~kL
is the associated transition wave vector.
We can now deﬁne the Lamb-Dicke parameter η as the ratio of the lowest wavepacket
extension given by Eq. 4.11 to the wavelength of the atomic transition λL . This reads
for one vibrational direction
p
~/2mωi
ηi =
.
(5.14)
λL /2π
After laser cooling the ion is found in the so called Lamb-Dicke regime with ηi << 1.
Here the wavepacket of the ion is smaller than the wavelength of the transition and
it is possible to expand the position operator as
exp(iηi (â†i + âi )) = 1 + iηi (â†i + âi ) + O(ηi2).

(5.15)

In this regime we can assume that only changes in the vibrational quanta by one
are relevant and can be observed in the ﬂuorescence spectra. Hence, for each vibrational mode we can distinguish between three possible transitions with diﬀerent
frequencies, i.e. the carrier transition with no change of the vibrational quanta centered at νL and a red and a blue sideband, changing the motional state by minus
or plus one, respectively, located at νL ± ωi symmetrically around the carrier. The
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strength of the individual transitions compared to the overall Rabi frequency Ω is
then determined by the Lamb-Dicke parameter and the vibrational state. It yields
for the carrier transition [68]
Ωn,n = Ω(1 − η 2 n)
and for the red and the blue sideband transition
√
Ωn,n−1 = Ωη n,
√
Ωn,n+1 = Ωη n + 1,

(5.16)

(5.17)
(5.18)

where Ωn,n±1 = Ωn±1,n . Figure 5.8 depicts the three considered transitions starting
from the initial level |n, 0i.
The widths of the described sideband transitions reﬂect the laser cooling rate,
whereas the area under the sideband is proportional to the mean phonon number of
the respective motional state. This is further treated in [58, 69].

5.3.5 Calibration of the setup
Chapter 2 discusses the excitation spectra of a single laser cooled ion. Considering
the geometrical conﬁguration of the trap its shape then reveals four dark resonances.
As was mentioned the spectra are especially interesting due to their sensitivity to
all experimental parameters, which can be extracted with the aid of a theoretical
ﬁt. When parameters as the magnetic ﬁeld strength and direction are ﬁxed a second
order correlation function can be additionally used, as in most performed experiments, to gain information about laser detunings and intensities and to calibrate
these parameters. Figure 5.9 depicts a measured excitation spectrum of a single
Ba+ ion located in the ring trap. The solid line represents the theoretical prediction
using the Bloch equation model.
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Figure 5.9: Excitation spectrum of a barium ion measuring the 493 nm ﬂuorescence.
The solid line represents the ﬁt obtained with 8-level Bloch equations
with the setup parameters as described in Sec. 2.2.2: Sg = 0.72, Sr =
2.98, ∆g /2π = −9.1 MHz, δg /2π = δr /2π = 100 kHz, u/2π = 3.1 MHz,
α = 90◦ .
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Chapter 6
Two photon interference
The following chapter discusses the two-photon interference between two remotely
trapped Ba+ ions. In this experiment the ﬂuorescence light of each ion is collected
and superimposed on a beam splitter with a maximal contrast of the photon’s indistinguishability of 89(2)%. Furthermore, the coherence of the resonance ﬂuorescence
light ﬁeld is determined from the observed interference.
Interfacing stationary qubits with quantum communication channels is currently
at the focus of many research eﬀorts with a goal towards the realization of quantum networks. In this picture ion traps may represent the nodes of a quantum network, while communication between remote nodes may be realized through photonic
channels transmitting quantum states and entanglement [14]. Recently multiple experiments have addressed the realization of an atom-photon qubit interface and its
fundamental components. Studies were performed with various systems, including
atom-cavity devices [23–25, 70–73], atomic ensembles [74–77], and single trapped
atoms or ions [22, 78, 80, 81, 84]. For the case of single trapped particles investigations have been made using single-photon interference between two ions in the same
trap and continuously laser-excited [31, 82], interference between photons emitted
by two atoms in distinct traps under pulsed laser-excitation [80], and two-photon
interference between two ions located in remote traps along with pulsed laser excitation [81]. In the latter experiment a demonstration of distant entanglement between
the two independently trapped ions was shown [22, 83].
The entanglement between two distinctly situated atomic systems can be achieved
either through single- or two-photon interference. In the ﬁrst case two indistinguishable scattering paths from two atomic sources are overlapped on a beam splitter.
Both atoms are weakly excited such that only one photon is scattered in the system, whose detection yields an entanglement of the two sources [20]. In the second
case a coincident detection of two photons after a beam splitter, where each photon
is entangled with one of the atoms [84], projects the two atoms into an entangled
state [21, 85, 86]. Here the realization of entanglement highly depends on the degree
of indistinguishability of the two photons transmitting the quantum states. This
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property can be eﬃciently characterized observing the interference of two superimposed light beams on a beam splitter and forms the topic of the current chapter.
In an earlier experiment using a similar setup a two-photon interference measurement was performed using a single ion as a pseudo two-photon source by splitting its
resonance ﬂuorescence, delaying part of it, and recombining both parts on a beam
splitter. The indistinguishability of the photons of 83% was measured in a HongOu-Mandel two-photon interference. This previous work is summarized in [78] and
a detailed description is given in [54].
Since the entanglement methods using single- or two photon-interference rely on
the interference of two light ﬁelds at a beam splitter, it is suitable to start this
chapter with a theoretical description of such a device and its eﬀect to classical as
well as quantized light ﬁelds in Sec. 6.1.
Subsequently, in Sec. 6.2, the performed experiment is described showing twophoton interference between two remotely trapped Ba+ ions. In this context the
experimental setup is ﬁrst introduced followed by a theoretical model. Concluding
this chapter, the experimental results are discussed and summarized. The experiment presented here is published in [87] as a joint publication together with similar
results obtained for Ca+ ions elaborated in [88].

6.1 Interference at a beam splitter
A beam splitter is an optical device that reﬂects one part and transmits the other
part of an incoming light beam. They form the central components in interferometer
experiments and play important roles in various studies of quantum aspects of light.

6.1.1 Classical and quantum description of a beam splitter
~ 1 and E
~ 2 and two output ﬁelds
Let us consider a beam splitter with two input ﬁelds E
~
~
Ea and Eb as shown in Fig. 6.1. For simplicity we will assume an ideal beam splitter
with negligible absorption and diﬀraction losses. At the beam splitter the electric
ﬁelds of the two input ports interfere, weighted by the transmission coeﬃcient t and
the reﬂection coeﬃcient r, adding to the ﬁelds at the two output ports. This linear
transformation can be written in a compact matrix form with complex coeﬃcients
as [89]




~a
~1
E
E
b
(6.1)
~2
~b = B E
E

with

b=
B
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r1 t2
t1 r2



=



|r1 | eiφ1 |t2 | eiφ2
|t1 | eiφ3 |r2 | eiφ4



.

(6.2)

6.1 Interference at a beam splitter

2
t2,r2

1
b

t1,r1

a
Figure 6.1: Geometrical arrangement of a beam splitter with input parts 1 and 2
and output ports a and b. Here r and t are the individual reﬂection and
transmission coeﬃcients.

Energy conservation of the two input and output ﬁelds require that
~ 1 |2 + |E
~ 2 |2 = |E
~ a |2 + |E
~ b |2 ,
|E
b:
which yields for the coeﬃcients of B

|r1 |2 + |t1 |2 = |r2 |2 + |t2 |2 = 1

and

r1 t∗1 = r1 t∗2 = 0.

(6.3)

(6.4)

These equations are only fulﬁlled if the transmission and reﬂection coeﬃcients for
both input ports are equal. We can therefore write
|r1 | = |r2 | = |r|
|t1 | = |t2 | = |t|
|t|2 + |r|2 = 1
φ1 − φ2 − φ3 + φ4 = π.

(6.5)

Thus, the beam splitter is unitary. One possibility is to choose real values for the
reﬂection and transmission coeﬃcients. Since the phases do not have any eﬀect on
the measurement outcome we will choose from now on φ1 = φ2 = φ4 = 0, φ3 = π or
φ1 = φ4 = 0, φ2 = φ3 = π/2, which yields


r
t
b=
B
.
(6.6)
−t r
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For a 50:50 beam
√ splitter furthermore the reﬂection and transmission coeﬃcients
are r = t = 1/ 2 [90].

For the quantum mechanical treatment we replace the classical electric ﬁeld vectors by operators. Let Ê1 , Ê2 and Êa , Êb denote the annihilation operators for the
beams entering and leaving the beam splitter, respectively. Because the transmission and reﬂection coeﬃcients may depend on polarization and frequency we assume
that the signal is carried by the complex amplitude of only one mode. The unitary
transformation matrix as derived in the classical limit is still valid for describing the
relation between the output and input operators as


Êa
Êb



b
=B



Ê1
Ê2



(6.7)

.

For photons the bosonic commutator rules hold as
[Ê1 , Ê2† ]− = 0 = [Ê2 , Ê1† ]−
[Êa , Êb† ]− = 0 = [Êb , Êa† ]−

(6.8)

[Êi , Êj† ]− = δij ,
with i, j = 1, 2, a, b. Deﬁning the photon number operator as n̂i = Êi† Êi we can
write down the relation for conservation of energy as
(6.9)

n̂1 + n̂2 = n̂a + n̂b .

Given now one photon at each input port the four possible situations occurring
at the beam splitter are illustrated in Fig. 6.2. The mean photon ﬂux at the output
ports can then be calculated in the Heisenberg picture for the port a as
hn̂a i = hÊa† Êa i = h(r Ê1† + t Ê2† )(r Ê1 + t Ê2 )i
= t2 hn̂2 i + r 2 hn̂1 i + trhÊ1† Ê2 i + rthÊ1 Ê2† i

(6.10)

and similar for b as
hn̂b i = hÊb† Êb i = h(−t Ê1† + r Ê2† )(−t Ê1 + r Ê2 )i
2

2

= r hn̂2 i + t hn̂1 i −

rthÊ1† Ê2 i

−

trhÊ1 Ê2† i

with the last terms indicating the interference between the two input ports.
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Figure 6.2: Sketch of the four possible situations than can occur at a beam splitter
starting with one photon at each input port 1, 2. The output ports are
labeled and a, b.

6.1.2 Quantum interference and HOM-dip
The interesting case of quantum interference occurs when both of the input ﬁelds are
in a one-photon Fock state. As originally described by Hong, Ou and Mandel [34] in
experiments with starlight and spatially coherent light [26,27], two indistinguishable
photons impinging simultaneously on each input port of a beam splitter coalesce,
i.e. they will leave the beam splitter together in one of the two output modes.
Considering two indistinguishable photons at each input port we can deduce similarly as in Eq. (6.11,6.12) the joint probability of detecting a photon in both of the
output beams as
Pab = hn̂a n̂b i = hÊa† Êb† Êb Êa i = hn̂i2 (T 4 + R4 − 2R2 T 2 )
∝ (T 2 − R2 )2 ,

(6.12)

which vanishes for a 50:50 beam splitter. The indistinguishability of the two input
photons corresponds then to the generation of two-photon states and can be observed
by a vanishing coincidence rate between the two output ports. Either both photons
leave at port a or leave at port b.
This quantum interference eﬀect for a two-photon state can be understood as
follows. There are two diﬀerent ways where one photon leaves port a and the other
leaves port b. Either the two photons are both transmitted or reﬂected. With the two
photons being indistinguishable these two situations cannot be distinguished. Hence,
the two photons interfere and their probability amplitudes must be added. Due to
the phase shift of the beam splitter associated with a reﬂection or a transmission

71

Chapter 6 Two photon interference
process, one of the probability amplitude exhibits a π phase shift with respect to
the other and therefore the amplitudes cancel each other.
The visibility of the described two-photon interference is reduced, however, when
the temporal or spatial overlap of the incident photon wave packets is only partial,
such that the photons become distinguishable. This behavior is eﬃciently observed
in measuring the so called Hong Ou Mandel dip (HOM-dip) using a second order
correlation function. Here, two detectors monitor the time properties of the arriving
photons at output ports where the second order coherence is given by Eq. (3.31) and
is written as
g (2) (τ ) ∝ hÊa† (t)Êb† (t + τ )Êb (t + τ )Êa (t)i.
(6.13)

coincidence rate ( g (2) (τ) )

When two perfectly identical photons impinge at the same time on the two input
ports, the destructive interference is at a maximum and the coincidence rate of the
detectors will drop to zero. If one of the photons is now slightly delayed in time a
continuous increase in the coincidence rate is observed till one reaches the limit of
fully distinguishable photon modes and the dip disappears completely. The shape of
the dip is related to the ﬁrst order coherence of the single-photon wave packet and
hereby depends on the type of the light source. Figure 6.3 pictures the HOM-dip as
it would show up for a typical down-conversion two-photon source with a Gaussian
dip proﬁle, whose width reﬂects the coherence length of the source [34]. In the

0
delay time (τ)

Figure 6.3: Sketch of a Hong Ou Mandel dip as coincidence rate of splitter outputs
versus delay time between two identical input photons with a Gaussian
wave packet.

following experiment the HOM-dip is presented for Ba+ ions.
We brieﬂy note at this point that for fermions, as particles under consideration,
instead of Eq. 6.9 the anti-commutator relation holds as {b†i , b†j }+ = δij with the
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consequence of observing for a two-particle interference at a beam spitter exactly
the opposite eﬀects as for bosons, i.e. a bunching eﬀect in the HOM experiment.
Beam splitter as homodyne detector
The beam splitter also plays an important role when implementing a homodyne
detector as it is required in the intensity ﬁeld correlation setup introduced in Sec. 3.3.
In this experiment, a phase sensitive measurement of the ﬂuorescence ﬁeld emitted
from an ion is performed. In this homodyne setup one of the input ﬁelds is the
signal ﬁeld from the ion and on the other is a coherent light ﬁeld serving as a local
oscillator with the phase φLO and the complex amplitude A, i.e. Ê1 = ÊS and
Ê2 = A eiφLO . Substituting the input states into Eq. 6.11 yields for the photon ﬂux
at the beam splitter output a:
hn̂a i = t2 hn̂2 i + r 2 hn̂1 i + rthÊ2† Ê1 + Ê1† Ê2 i
= t2 hA2 i + r 2 hn̂S i + rtAhÊS e−iφLO + ÊS† eiφLO i.

(6.14)

Similar for the output state b the expected photon ﬂux is given by
hn̂b i = r 2 hA2 i + t2 hn̂S i − rtAhÊS e−iφLO + ÊS† eiφLO i.

(6.15)

Hence, we can identify the last term as the typical quadrature operator of the electric
ﬁeld of the signal beam as
X̂ϑ = ÊS e−iϑ + ÊS† eiϑ

(6.16)

with ϑ = φLO . By varying the phase of the local oscillator diﬀerent quadratures of
the signal can be measured.
In interferometric experiments often a balanced homodyne detector is used. In
this case the detected photo currents from the two output ports are subtracted from
each other, i.e. SBH ∝ hn̂a − n̂b i resulting in a direct observation of the quadrature
operator proportional to
SBH ∝ AhX̂ϑ i
(6.17)
for a 50:50 beam splitter.

6.2 Two photon interference between two remotely
trapped ions
In this experiment we observe quantum interference of photons emitted by two
distant Ba+ ions independently trapped in distinct vacuum chambers. The ions
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λ/2
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Correlator

GT
B

I1
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PMT

Ring Trap
Figure 6.4: Sketch of the experimental setup. Resonance ﬂuorescence photons emitted by each ion are collected with high NA lenses, coupled into single
mode ﬁbers and overlapped on a 50:50 beam splitter. Subsequently,
second order correlation among photon detections are evaluated.

emit under continuous laser excitation, where their resonance ﬂuorescence photons
are collected by single-mode optical ﬁbers and overlapped at two input ports of a
beam splitter with the polarizations of the two input ports being controlled. Two
detectors at the output ports correlate the arriving photons and the detection events
are evaluated. As we will see below the recorded correlation further allows us to
quantify the coherence of resonance ﬂuorescence between two ions.

6.2.1 Experimental setup
The schematic experimental setup is depicted in Fig. 6.4. One single Ba+ ion is
loaded into the ring trap (ion 1) and a second ion into the linear trap (ion 2).
The ions are continuously driven and laser-cooled by the same 493 nm (green) and
650 nm (red) lasers, where only the green ﬂuorescence is used in the experiment.
The experimental parameters for both traps are matched by comparing their excitation spectra and ﬁtting individual g (2) -functions. With this techniques the emission
properties of the two ions are adjusted to be identical. With the present geometrical
conﬁguration the ions hereby continuously emit left and right circular (∆m ± 1)
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polarized photons in direction of the observation channel as indicated by Eq. (3.24,
3.25). In each trap an objective collects 4% of the green resonance ﬂuorescence. After passing a telescope for mode matching the light of each ion is coupled to single
mode polarization maintaining (PM) optical ﬁbers, where we record a count rate
of ∼25 kcps after each ﬁber. The photons are then guided to the entrance ports of
a 50:50 beam splitter, labeled I1 and I2 corresponding to ion 1 and ion 2, respectively. The two output ports are denoted Ia and Ib . Before the beam splitter the
polarizations of the two ﬁber outputs are controlled by Glan-Thompson polarizers
(GT). Here, the polarization of the ﬂuorescence from ion 1 is set to be horizontal,
while the polarization of the ﬂuorescence emitted by the second ion can be varied
by an additional half wave-plate mounted after the polarizer. Hence, its projection
of ∆m ± 1 polarized photons to a linear polarization halves the count rate for each
ion at a gain of a well deﬁned and controllable polarization of the ions ﬂuorescence
before the beam splitter.
The beam splitter output ports are again coupled into single mode ﬁbers to guarantee optimum spatial mode matching. At the two outputs of the last ﬁbers we then
obtain a count rate at the detectors of ∼6 kcps per ion. Optimizing the coupling
eﬃciencies of this ﬁber-to-ﬁber interferometer the visibility is measured to be 97 %
by sending laser light through the interferometer.
Correlations are obtained by subsequently monitoring the arrival times of the
two PMTs in a Hanbury-Brown and Twiss type setup and calculating their time
diﬀerences as described in Sec. 5.2.2.

6.2.2 Theoretical model
The theoretical description to quantify the two-photon interference for the current
experimental conﬁguration is based on the beam splitter formalism described in the
beginning of this chapter. The corresponding electric ﬁelds of the two input ports
b1 and E
b2 , which are written in a linear (~h, ~v )
of the beam splitter are labeled E
polarization basis. Fluorescence photons emitted on the |P1/2 i to |S1/2 i transition
are then expressed in terms of the Pauli lowering operators from Eq. (3.25) for ion
1 and 2 as
−
−
σ̂1− = σ̂1,+1
~e+1 + σ̂1,−1
~e−1
−
−
−
σ̂2 = σ̂2,+1 ~e+1 + σ̂2,−1 ~e−1 ,

(6.18)

respectively. As realized in the experimental setup after the polarizers the now linear
polarization of the ﬂuorescence along ~h is then expressed as a linear combination of
the ∆m ± 1 polarization emitted by the ions using the relation:
1
~eh = √ (~e+1 + ~e−1 ),
2

(6.19)
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where ~eh denotes the unit vectors in ~h direction. Thus, without loss of generality
we ﬁx the photon’s polarization of the ﬁrst ion at the port I1 to be along ~h. The
photon’s polarization of the second ion at I2 is then rotated by the angle φ with
respect to the ~h direction. Combining Eq. (6.18) and Eq. (6.19) we can hence write
for the electric ﬁeld operator of ion 1
b1 (t) ≃ e−iωL t [σ̂ − + σ̂ − ]~eh
E
1,+1
1,−1

(6.20)

b2 (t) ≃ e−iωL t cos φ[σ̂ − + σ̂ − ]~eh + sin φ[σ̂ − + σ̂ − ]~ev
E
2,+1
2,−1
2,+1
2,−1

(6.21)

≃ e−iωL t σ̂1− (t) ~eh

and respectively for ion 2

≃ e−iωL t σ̂2− (t)(cos φ ~eh + sin φ ~ev )

with ωL being the 493 nm transition wavelength. For an ideal 50:50 beam spitter
the transmission (t) and reﬂection (r) coeﬃcients are given according to Eq. (6.7)
and (6.6). The ﬁeld operators at the output arms then read
ba (t) ≃ √1 e−iωL t
E
2
1
bb (t) ≃ √ e−iωL t
E
2

 −
[σ̂1 (t)eiψ + cos φ σ̂2− (t)]~eh + [sin φ σ̂2− (t)]~ev


[−σ̂1− (t)eiψ + cos φ σ̂2− (t)]~eh + [sin φ σ̂2− (t)]~ev .

(6.22)

Here ψ represents a random phase ﬂuctuation between the electric ﬁelds emitted
by the two ions. This is required, since the experimental setup does not ensure
sub-wavelength mechanical stability.
The overall correlation function of the detected signals can then be expressed as
X
(2)
b † (t)E
b† (t + τ )E
bb,j (t + τ )E
ba,i (t)i,
Gtot (t, t + τ ) ∝
hE
(6.23)
a,i
b,j
(i,j)={h,v}

~
b†
b†
b†
where E
(a,b),h and E(a,b),v correspond to the part of the ﬁeld E(a,b) polarized along h
and ~v, respectively. With the emission properties of ion 1 and 2 set to be identical
and after averaging over all possible values of ψ these four terms can be evaluated
to:
(2)

1 +
[hσ̂ (t)σ̂1+ (t + τ )σ̂1− (t + τ )σ̂1− (t)i
4 1
+ hσ̂2+ (t)σ̂2+ (t + τ )σ̂2− (t + τ )σ̂2− (t)i
− 2 cos2 (φ)hσ̂1+ (t)σ̂1− (t + τ )ihσ̂2+ (t + τ )σ̂2− (t)i
+ 2hσ̂1+ (t + τ )σ̂1− (t + τ )ihσ̂2+ (t)σ̂2− (t)i].

Gtot (t, t + τ, φ) ∝
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6.2 Two photon interference between two remotely trapped ions
Identifying the individual contributions in Eq. (6.24) we ﬁnd the ﬁrst two terms
representing second order correlations, G(2) , between photons both emitted by the
same ion, i.e. the ﬁrst term contributed by ion 1 and the second term by ion 2.
The third term expresses the interference between two photons emitted by diﬀerent
ions weighted by the polarization angle φ. This term can further be rewritten as the
(1)
product of the individual ﬁrst order correlation functions as −2 cos2 (φ) [G1 (t, t +
(1)∗
τ ) G2 (t, t + τ )]. It represents the degree of indistinguishability of photons at the
input ports of the beam splitter and thus vanishes in the case of φ = π/2. The
fourth term indicates the product of the mean number of photons hn1 ihn2 i emitted
by each ion. It reﬂects the level of random correlations between photons emitted by
diﬀerent ions. Under the assumption of identical emission properties for ion 1 and 2
(2)
(2)
(1)
(1)
we can now set G1 (t, t+ τ )=G2 (t, t+ τ )=G(2) (t, t+ τ ) and G1 (t, t+ τ )=G2 (t, t+
τ )=G(1) (t, t+ τ ) and further hn1 i = hn2 i. This simpliﬁes Eq. (6.24) to the expression
1
(2)
Gtot (t, t + τ, φ) = [G(2) (t, t + τ ) − cos2 (φ)|G(1) (t, t + τ )|2 + hni2 ].
2

(6.25)

In the steady state limit t → ∞ the normalization of the measured correlation
(2)
(2)
(2)
function is then given by gtot (τ, φ) = Gtot (τ, φ)/Gtot (τ → ∞, φ) and we can write
the normalized form as
1
1
(2)
gtot (τ, φ) = g (2) (τ ) + [1 − cos2 (φ)|g (1) (τ )|2 ].
2
2

(6.26)

In this correlation function the last term represents the two-photon interference contribution with an amplitude given by the coherence properties of interfering ﬁelds.
The shape of the ﬁrst order coherence |g (1) (τ )| continuously decreases with τ , starting from |g (1) (0)|=1, with a time constant equal to the coherence time of resonance
ﬂuorescence photons (see Sec. 3.1). Hence, for τ 6= 0, the individual coherence of
(2)
interfering photons is revealed by subtracting the measured gtot correlation function.
On the other hand, for the angle φ set to 0 and for τ = 0, the coincidence rate for the
total correlation function vanishes, due to the discrete character of photon emission
by a single ion (g (2) (0)=0) and due to the two-photon interference with complete
photon coalescence at the beam splitter.

6.2.3 Experimental results
First we measure the second-order correlation function, g (2) (τ ), of ﬂuorescence photons emitted by one ion. For this be block one input channel of the 50:50 beam
splitter. The obtained normalized g (2) (τ ) is then presented in Fig. 6.5 and exhibits
an almost ideal anti-bunching (g (2) (0)=0.03 without background subtraction) and
an optical nutation of g (2) (13ns)=2.9. This data was obtained with an accumulation
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Figure 6.5: Normalized second-order correlation function of one ion when the beam
path of the second ion is blocked. The solid line represents the theoretical
prediction using eight-level Bloch equations.

time of ∼30 minutes. The theoretical ﬁt is drawn as a solid line neglecting the ion’s
motional degrees of freedom using the eight-level Bloch equations (see Chap. 2). The
g (2) (τ )-function is further used to calibrate the experimental parameters.
(2)

In Fig. 6.6 the total correlation function, gtot is presented such that photons impinging at the two input ports of the beam splitter are distinguishable by setting
φ = 90◦ . Data points are obtained after 30 minutes of integration. The coincidence
(2)
rate at τ = 0 is measured gtot (0, 90◦) ≈ 0.5, as expected from Eq. (6.26). Indeed, for
input with orthogonal polarization, the last term in Eq. (6.26) reduces to 0.5 without dependence on τ . The photons from the two ions are rendered distinguishable
by their orthogonal polarization such that no interference occurs. Since in this case
each photon still has a 50 % chance of being reﬂected or transmitted, among all
possible correlations exactly half occur between photons exiting the beam splitter
on the same output port. The result of the theoretical model from Eq. (6.26) is presented using the eight-level optical Bloch equations with the individual contributions
indicated in the caption.
(2)
Figure 6.7 presents the second-order correlation function, gtot , for the case that
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Figure 6.6: Normalized total second-order correlation function for orthogonal polarization between I1 and I2 (φ = 90◦ , i.e the non-interfering case).
The results of the theoretical model (Eq. 6.26) based on Bloch equations is displayed by the solid line. The dashed and dash-dotted lines
show the contributions of the ﬁrst and second term of Eq. (6.26), respectively. Experimental data are all presented with a 1 ns resolution,
without background subtraction, including the variance obtained from
shot noise (Poisson statistics at all times τ ).

the photons emitted by each ion are made fully indistinguishable, by setting φ = 0◦ .
As expected, the normalized number of coincidences drops around τ =0 which signals
(2)
a two-photon interference. Comparing the measurement results of gtot (0, 90◦) and
(2)
gtot (0, 0◦ ) we deduce a contrast of the two-photon interference of 89(2) %. The
contrast is derived from raw experimental data, without substraction of dark-counts
from the PMTs and of laser stray light.
In Fig. 6.8 the number of coincidence counts at the point τ = 0 as a function of
the polarization angle φ is presented. This is obtained by gradual rotation of the
half wave-plate in front of I2 . Herewith the distinguishability of interfering photons
decreases along with the amplitude of the two-photon interference. As indicated in
Eq. (6.26) one expects a 12 [1 − cos2 φ] = 12 sin2 φ dependence, which is displayed by
the solid line in Fig. 6.8.
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Figure 6.7: Normalized total second-order correlation function for the case of indistinguishable photons arriving at the beam splitter (φ = 0◦ ). The contrast of the two-photon interference deduced from these measurements
is 89(2) %. Similar to Fig. 6.6 the theoretical model given by Eq. (6.26)
is displayed by the solid line. The dashed and dash-dotted lines represents the contributions of the ﬁrst and second term of Eq. (6.26), respectively. Experimental data are presented with a 1 ns resolution, without
background subtraction, including the variance obtained from shot noise
(Poisson statistics at all times τ ).

As mentioned above in the case of φ=0 the ﬁrst-order coherence properties of
the interfering ﬁelds inﬂuences maximally the shape of the total measured correlation function. Here, in the vicinity of τ =0 the degree of indistinguishability of
input photons is only characterized by the temporal overlap between the photon
wave-packets. The length of these wave-packets corresponds to the coherence time
of the photon which then governs the contrast of this two-photon interference [70].
For the point τ =0 incident photons are detected simultaneously and thus are fully
indistinguishable with a maximum amplitude of the two-photon interference. This
behavior is represented by the last term of Eq. (6.26) and is shown in the experimental ﬁgures by the dash-dotted lines. The ﬁrst order coherence |g (1) (τ )|2 continuously
decreases so that the ﬁrst term of Eq. (6.26) continuously increases before saturating

80

6.2 Two photon interference between two remotely trapped ions

0.6

0.5

g(2)
(0,φ)
tot

0.4

0.3

0.2

0.1

0
0

10

20

30

40

50

60

70

80

90

φ (°)
(2)

Figure 6.8: Coincidence rate at the point gtot (0, φ) for varying polarization angles,
φ ∈ {0◦ , 26◦ , 47◦ , 64◦ , 90◦ }. The solid line represents the 12 sin2 (φ)
dependence of the number of coincidences at τ = 0 given by Eq. (6.26).
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at 0.5 for |τ | ≈ 30 ns. This reveals a coherence time of the interfering photons of
about 30 ns in our experiment. Furthermore, the fact that the |g (1) (τ )|2 vanishes
completely indicates for the resonance ﬂuorescence a dominating part of incoherent
scattering. Also compared to the non-interfering case of φ = π/2 the optical nutation at τ = 10 ns is reduced from ∼2 to ∼1.8 due to the normalization of the
correlation function.
In summary, we have observed two-photon interference between resonance ﬂuorescence photons emitted by remotely trapped ions. By superimposing their ﬂuorescence on a 50:50 beam splitter the degree of the photons indistinguishability is
determined to be 89(2)%. This is achieved by the use of high numerical aperture
objectives inside the individual vacuum vessels and a ﬁber-to-ﬁber free space interferometer. The indistinguishability of the emitted photons constitutes an essential
part for the implementation of entanglement protocols using atom-photon interfaces
and thus demonstrates the setup’s suitability for future processing of quantum information. Furthermore, the experiment is quantitatively reproduced by eight-level
Bloch equations and shows that the coherence of resonance ﬂuorescence photons can
be quantiﬁed by means of two-photon interference under continuous laser excitation,
in close analogy with the original work of Hong, Ou and Mandel [34].
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Intensity-field correlation
In this chapter the measurement of an intensity-ﬁeld correlation function of the
resonance ﬂuorescence of a single trapped Ba+ ion is discussed. The concept of this
correlation and the basic measuring technique have been introduced in Sec. 3.3.
The method of cross-correlating light intensities ﬁrst described by Hanbury-Brown
and Twiss (HBT) [26] has revealed important insights in the ﬁeld of statistical
optics. Based on this idea we attempt to demonstrate the particle and wave aspect
of light simultaneously by correlating a photon detection with ﬂuctuations from the
ﬂuorescence ﬁeld amplitude. In this approach a photon detection prepares the atom
in its ground state and we observe the time evolution of the electromagnetic wave
with well deﬁned phase.
Measurements of the source-ﬁeld employing correlation functions have been proposed by W. Vogel [91]. A wave-particle correlation function of the ﬁeld was then
ﬁrst shown in a series of experiments by G. T. Foster et al. using optical pumped
Rb atoms traversing through a high-ﬁnesse cavity. The ﬁeld emitted out of a cavity
corresponded on average to only a fraction of a photon excitation [32,33,92]. Further
investigations of correlation functions sensitive to the electric ﬁeld of many photons
have been reported using laser and other light sources [27, 38, 47] and were recently
approached theoretically [93]. In this experiment we show the ﬁrst observation of
the time evolution of the electromagnetic ﬁeld corresponding to a single resonance
ﬂuorescence photon using a third-order correlation function.
Here, the correlation function is triggered by the detection of an initial ﬂuorescence photon from a single trapped Ba+ ion, which projects the ion into its ground
state. Stop events are then obtained using a homodyne detection scheme, where
the ﬂuorescence ﬁeld is overlapped with a local oscillator (LO) of well-controlled
phase relative to the exciting laser. The experimental setup is interferometrically
stabilized and the phase of the LO can be adjusted to anywhere within [0, 2π]. This
correlation measurement is repeated many times for particular phases of the LO
ﬁeld, such that we gain an integrated signal that records the average conditional
time evolution of the source ﬁeld evolution back to equilibrium forming the emission
of a single resonance ﬂuorescence photon.
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The following chapter starts with a description of the experimental setup followed
by the theoretical model. The chapter ends with a discussion and summary of the
experimental results. This work was published in [94].

7.1 Experimental setup
The schematic experimental setup is presented in Fig. 7.1. A single Ba+ ion is loaded
into the linear trap. The ion is continuously driven and laser-cooled by the 493 nm
(green) and 650 nm (red) lasers.
−
→
The quantization axis is deﬁned perpendicular to the laser polarization E and
−
→
the k vector. The two observation channels are along the magnetic ﬁeld direction,
where we observe ∆m ± 1 photons on the left and right side of the trap.

Correlator
CH 1

PMT stop

CH 2

PMT start
PBS

λ/4

M2

CCD
M3 PBS

λ/4
M1

λ/2

Att.
Φ
PZT

Figure 7.1: Sketch of the experimental setup: A single 138 Ba+ ion in a linear Paul
trap is continuously laser excited. Two detection channels, left and right,
allow for visual observation of the ion (CCD), or for recording correlations of the emitted light. The local oscillator (LO) is split oﬀ the
excitation laser by M1 in front of the trap, attenuated (Att.), and its
polarization is adjusted with a λ/2 plate to match the polarization of
the ﬂuorescence beam. The inset shows the relevant electronic levels of
138
Ba+ .
The objective collecting the ﬂuorescence on the left side focuses the beam either
on a PMT, which is used to provide the start signal for the correlator, or to the CCD
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camera. On the righthand side the ﬂuorescence is ﬁrst collimated and outside of the
chamber sent through a telescope1 , such that the beam has a collimated diameter of
2.7 mm. The ﬂuorescence is then mixed with the LO ﬁeld on a mirror M2 with 99%
reﬂectivity. After coupling to a single mode ﬁber2 , the interfering ﬁelds are detected
at another PMT, which is used as the stop signal for the correlator. The count rate
of the ﬂuorescence after the ﬁber is about 10 kcps.
In both detection channels a quarter wave-plate and a Glan-Thompson polarizer
select ∆m = +1 photons, where the ∆m = −1 transition is ﬁltered out. In the stop
channel a half-wave plate additionally rotates the polarization to match the linear
polarization of the LO. The LO ﬁeld used for mixing is split oﬀ the excitation laser
in front of the trap by the mirror M1 , successively attenuated and the polarization
is controlled to cancel rotations due to mirror reﬂections.
The LO and the ﬂuorescence beam hence form a Mach-Zehnder type interferometer, where the phase Φ can be set within 2π using a Piezo mounted mirror in the LO
path. The phase information is directly visible in the count rate of the homodyne
signal at the stop-PMT, which we continuously record during the experiment. The
noise of the count rate is measured to be shot noise limited. Due to this shot noise
and the observed visibility we know that the phase uncertainty is < 10.3◦ at the
phase set to Φ = π/2 and < 24.1◦ at Φ = π or Φ = 0. To identify the diﬀerent
phase positions in the count rate we record the fringe of the interferometer prior
to taking data by feeding a slowly triangular signal (1 mHz, 0.5 Vp-p) to the Piezo
mirror. Phase locking is then performed by keeping the homodyne count rate constant. Here phase stability is found to be ensured within a time constant of several
seconds and does not aﬀect the contrast of the data within the limits set by the shot
noise. Slowly varying phase drifts are continuously servoed using a PID controller3
applying feedback to the Piezo mounted mirror.
Correlations between the PMT start- and the PMT stop-counts are obtained by
recording and processing of the obtained time information of single photon arrival
times with the Time Acquisition Card (Correlator).

7.2 The model
Let us now consider the measured quantity of the apparatus. In a frame rotating
at the (green) laser frequency, ωL , the green source part of the ﬁeld radiated by the
ion reads
b = ξe−iωLt σ̂ − (t) ~e+1 ,
E(t)
(7.1)
+1
1

Jenoptik, beam expander 2x-10x
Schäffter&Kirchhoff, PMA-15 fiber coupler used with Thorlabs 493-PM fiber
3
SRS, SIM960
2
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where t is in the steady state limit after the exciting laser is turned on, ξ represents
−
a constant amplitude and σ̂+1
is the Pauli lowering operator from |P1/2 , m = −1/2i
to |S1/2 , m = +1/2i, associated with a creation of a single ∆m = +1 photon with
polarization along ~e+1 . For the remaining part of this chapter, however, we will omit
the indices notation and simply write σ̂ − .
If the LO path is blocked, we measure a conventional second-order correlation
(see Sec. 3.2) as
g (2) (τ ) ∝ hÊ † (0)Ê † (τ )Ê(τ )Ê(0)i ≡ lim hÊ † (t)Ê † (t + τ )Ê(t + τ )Ê(t)i.
t→∞

(7.2)

In terms of atomic lowering operators the correlation can be reexpressed as
g (2) (τ ) =

hσ̂ + (0)σ̂ + (τ )σ̂ − (τ )σ̂ − (0)i
hσ̂ + (0)σ̂ − (0)i2

(7.3)

and is presented in Fig. 7.2. The curve exhibits the characteristic anti-bunching for
small τ , with a coincidence rate of g (2) (τ = 0) = 0.042(2) (without background
subtraction). Aside from this small oﬀset, the data is well reproduced by ﬁtting
laser powers and detunings with the 8-level Bloch equations. This g (2) (τ ) is then
used to calibrate the laser settings for the later g (1.5) (τ ) measurement.
With the LO unblocked, we measure the homodyne signal at the PMT-stop conditioned on a photon detection at the PMT-start, with an adjustable phase Φ of the
LO. We start by writing the measured ﬁelds at the detectors in units of the square
root of photon ﬂux. The mean photon ﬂux impinging on the PMT-start is then
given by γ1 hσ̂ + σ̂ − i, where γ1 is the radiative decay rate times the overall collection
and detection eﬃciency of the PMT-start. Similarly, we can write the ﬂuorescence
√
ﬁeld measured at the PMT-stop by γ2 σ̂ − (0), where γ2 is the radiative decay rate
times the collection and detection eﬃciency of a photon at the PMT-stop. With the
LO ﬁeld expressed by a complex amplitude EeiΦ we denote the interfering ﬁelds at
the PMT-stop as
√
XΦ (t) = [EeiΦ + γ2 σ̂ − (t)].
(7.4)
Note that this signal takes a similar form as Eq. (6.16), where we have derived the
homodyne signal using a beam splitter. It follows that for positive τ we then measure
a total unnormalized second-order correlation between PMT-start and PMT-stop as
√ +
√ −
†
Gtotal
(7.5)
Φ (t, t + τ ) = h γ1 σ̂ (t)XΦ (t + τ )XΦ (t + τ ) γ1 σ̂ (t)i,
which expands out to

(1.5)
(2)
Gtotal
(τ ) .
Φ (τ ) = F (1 − V )[(1 − r) + rg (τ )] + V gΦ
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Figure 7.2: Measured second order correlation function with the LO path blocked
for top: short delay times with Poisson statistics at all τ and for bottom:
longer delay times. The solid line shows the theoretical prediction using
experimental parameters and 8-level optical Bloch equations.

Here, we can identify the individual terms, where g (2) (τ ) is the intensity correlation
function given by Eq. (7.3). Further, the prefactor F in Eq. (7.6) denotes the total
photon ﬂux into the correlator as

√
F = γ1 hσ̂ + σ̂ − i(E 2 + E γ2 hσ̂ + + σ̂ − i + γ2 hσ̂ + σ̂ − i),

(7.7)
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while the visibility of the interference part in Gtotal
Φ (τ ) is
√
E γ2 hσ̂ + + σ̂ − i
V = 2
√
E + E γ2 hσ̂ + + σ̂ − i + γ2 hσ̂ + σ̂ − i

(7.8)

and the ratio of the ﬂuorescence intensity to the total intensity at the PMT-stop is
given by
γ2 hσ̂ + σ̂ − i
r= 2
.
(7.9)
E + γ2 hσ̂ + σ̂ − i
The third-order correlation function at a given LO phase is then given by
(1.5)

gΦ

(τ ) =

hσ̂ + (0)[eiΦ σ̂ + (τ ) + e−iΦ σ̂ − (τ )]σ̂ − (0)i
.
hσ̂ + + σ̂ − ihσ̂ + σ̂ − i

(7.10)

When we examine at this point the phase Φ between the LO and the ﬂuorescence
at the mixing mirror more closely, we ﬁnd that it consists of two parts. Considering
the phase shift the ion induces when scattering light from the laser ﬁeld we can write
the phase as the sum of two parts Φ = Φ′ +Ψ. Here Ψ denotes the phase of the oscillating atomic dipole (the source ﬁeld) of the |P1/2 , m = −1/2i to |S1/2 , m = +1/2i
transition with respect to the exciting laser and with that to the LO. The phase Φ′
represents the interferometer phase of the LO with respect to the ﬂuorescence at
the mixing mirror. Hence, while the phase Φ′ is freely tuneable by the Piezo mirror
(1.5)
as seen above the phase Ψ is predetermined by the laser parameters. The gΦ (τ )
from Eq. (7.10) is then reexpressed in a form depending on Φ′ as
∗
′
′
(1.5)
gΦ (τ ) = e−i(Φ +Ψ) g (1.5)′ (τ ) + ei(Φ +Ψ) g (1.5)′ (τ ) ,
(7.11)
∗
where g (1.5)′ (τ ) and its complex conjugate g (1.5)′ (τ ) are the correlation functions
of the three Pauli lowering operators given by
g (1.5)′ (τ ) =

hσ̂ + (0)σ̂ − (τ )σ̂ − (0)i
.
hσ̂ + + σ̂ − ihσ̂ + σ̂ − i

(7.12)

(1.5)

The gΦ (τ ) deﬁned by Eq. (7.11) is hence a real function for all Φ′ with the interesting cases as

(1.5)
g0 (τ ) = Real g (1.5)′ (τ ) e−iΨ
(7.13)

gπ(1.5) (τ ) = −Real g (1.5)′ (τ ) e−iΨ

(1.5)
gπ/2 (τ ) = Imag g (1.5)′ (τ ) e−iΨ .
For illustration purposes the dependence of Ψ as a function of the green laser
detuning is plotted in Fig. 7.3 using Bloch equations. The remaining parameters
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entering the plot are the same as used in Fig. 7.2. Ψ is then found by calculating
the phase argument of the g (1.5)′ (τ ) from Eq. (7.12) as

Imag g (1.5)′ (τ )
.
(7.14)
Ψ = arctan
Real g (1.5)′ (τ )

The two visible resonances are associated with the two Raman transitions involving
the |S1/2 , m = +1/2i state between the |2i ⇔ |6i and |2i ⇔ |8i electronic levels
as indicated by Fig. 2.5, where the position of the resonances mainly depends on
the laser intensities and the red laser detuning. As all parameters are ﬁxed for the
duration of the experiment the theoretical phase lag of the driven oscillating atomic
dipole is found to be Ψ = 18.25◦ as indicated by the red cross in Fig. 7.3.
For our experimental analysis we deﬁne Φ′ in such a way, that the LO phase
at the mixing mirror relative to the asymptotic phase of the ﬂuorescence ﬁeld is
(1.5)
gπ/2 (τ → ∞) = 0, i.e. by this convention we denote the ﬂuorescence being in phase
with the LO at the position of the mixing mirror for Φ = 0. Calibration of the LO
phase is then obtained by looking for the maximum and minimum count rate at the
PMT-stop, where we measure the asymptotic values of Gtotal
Φ (τ ), and assigning to
them the LO phases Φ = 0 and π, respectively.
Recalling now the total measured correlation function from Eq. (7.6) we can identify three individual parts which constitute the recorded correlation function. The
last term in Eq. (7.6) expresses the interfering part of the ﬂuorescence with the LO
weighted by the visibility V and reveals the g (1.5) (τ ) correlation in dependence of Φ.
The remaining non-interfering part proportional to 1 − V consists of a second-order
correlation function g (2) (τ ), where both the start and stop counts are only from ﬂuorescence photons, weighted by r. Further, within the non-interfering part a constant
oﬀset in the correlation function, weighted by 1 − r, arises for the cases where the
stop counts are solely triggered from LO photons. We then normalize Gtotal
Φ (τ ) by
F (1 − V ) as
gΦtotal (τ ) = (1 − r) + rg (2) (τ ) +

V
(1.5)
(τ ),
g
1−V Φ

(7.15)
(1.5)

where this normalization is chosen such that at a LO phase of Φ = π/2 the gΦ (τ )
vanishes asymptotically for large τ and the measured correlation function gΦtotal (τ )
yields an asymptotic value of 1.

7.3 Experimental results
Figure 7.4 shows the measured correlations between PMT-start and PMT-stop with
the LO phase adjusted to Φ = 0, π/2 and π. The data acquisition time is 30 minutes
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Figure 7.3: Calculated phase Ψ of the atomic dipole of the |P1/2 , m = −1/2i to
|S1/2 , m = +1/2i transition with respect to the excitation laser as a
function of the green laser detuning. Parameters are the same as used
in Fig. 7.2. The red cross indicates the detuning for this experiment.

for each curve and is presented with a 1 ns resolution. The corresponding variance
is obtained from shot noise, i.e. assuming Poisson statistics at all times τ . The
individual solid curves represent the theoretical predictions applying optical Bloch
equations. The data is then reproduced with a superposition of the three contributions as described by Eq. (7.15) with an intensity ratio r = 0.31 and a visibility
V = 17.5%. Given by these parameters all curves contain a constant oﬀset and
scaled g (2) (τ ) and g (1.5) (τ ) correlation functions. As indicated by Eq. (7.14) and
by measuring at particular phases Φ, we can observe diﬀerent contributions of the
complex third-order correlation function. Thus, curve b), where the LO phase is
adjusted to Φ = π/2, reveals the imaginary part of the atomic polarization whose
asymptotic value is zero. On the other hand, curve a) and c) imply the real part
of the polarization. In curve a) the LO phase is adjusted to 0 and the real part of
the polarization is added constructively to the oﬀset and g (2) (τ ). In curve c) the LO
phase is adjusted to π and the real part is added destructively to the other two contributions. In all three curves we observe the same coincidence rate at τ = 0. Since
(1.5)
both the g (2) (τ ) contribution and the gΦ (τ ) contribution exhibit anti-bunching
and are identically zero at τ = 0, the coincidence rate for the total correlation function is merely deﬁned by the constant contribution of non-interfering LO photons
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Figure 7.4: Normalized measured correlation function gΦtotal (τ ) obtained for a) the
ﬂuorescence being in-phase with the LO, Φ = 0, c) the ﬂuorescence being
out-of-phase with the LO, Φ = π, and b) at Φ = π/2. The results of the
theoretical model from Eq. (7.15) based on Bloch equations are displayed
by the solid lines.

(plus background counts) in the homodyne signal of the PMT-stop.
Obtaining the bare complex g (1.5) (τ ) correlation function hence requires to measure the total correlation function for two orthogonal phases. From Eq. (7.15) we
deduce the relations
(1.5)

g0

(τ ) =

1 − V total
[g0 (τ ) − gπtotal (τ )]
2V

(7.16)

and

o
1 − V n total
2gπ/2 (τ ) − [g0total (τ ) + gπtotal (τ )] .
(7.17)
2V
Thus, by according post-selective subtraction of the measured data points presented
in Fig. 7.4 we deduce the intensity-ﬁeld correlation function at the phases 0 and π/2.
The results are pictured in Fig. 7.5 along with the theoretical model of Eq. (7.15).
The variances are obtained from error propagations from the data in Fig. 7.4. The
(1.5)

gπ/2 (τ ) =
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Figure 7.5: Intensity-ﬁeld correlation function gΦ (τ ) with the LO phase set to a)
Φ = 0 and b) Φ = π/2, deduced from the data in Fig. 7.4 using Eq. (7.16)
and Eq. (7.17), respectively. The solid lines represent the theoretical
model using Eq. (7.14).

data reveal the time evolution of the resonance ﬂuorescence ﬁeld as it evolves after
its initialization by an emitted photon into equilibrium via damped Rabi oscillations.
These oscillations are both visible in the real and imaginary part of the g (1.5) (τ ). In
the latter this indicates the energy transfer between the laser ﬁeld and the atomic
dipole before reaching steady-state with an asymptotic value of zero. Comparing
Fig. 7.2 with Fig. 7.5 a) we identify a linear growth with τ around the point τ =
0 for the g (1.5) (τ ) correlation while the g (2) (τ ) grows quadratically with τ . This
structure clearly indicates that in the intensity-ﬁeld correlation the ﬁeld rather than
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the intensity is measured.
Further we see, that in this experiment of an intensity-ﬁeld correlation function
the wave-particle duality aspect of light is inherently invoked since a detection of
a photon at the PMT-start conditions the PMT-stop events by measuring the homodyne signal of two interfering ﬁelds, i.e. we have a clear particle-picture directly
linked to a wave-like picture. Thus, the intensity detection that triggers the correlation measurement may be explained by merely a particle property of light where
the wave properties of the ﬂuorescence light are visible in the interfering homodyne
signal at the stop PMT.
Limitations
The limitation for the visibility in the homodyne signal is mainly determined by
the temporal overlap of two-photon wave packets impinging at the mixing mirror.
This overlap is then limited by the coherence time and the ﬂux of the ﬂuorescence
photons with respect to the LO photons, where the coherence time of the laser is
known to be T = 1/∆ν ≈ 50 µs [95]. The ﬂuorescence count rate of 10 kcps is
hereby predetermined by the collected fraction given by solid angle and the ﬁbercoupling eﬃciency. While the temporal overlap would beneﬁt from a higher LO
intensity (smaller r), this would make the phase uncertainty bigger and the phase
drift compensation more diﬃcult. Thus, optimizing the experiment resulted in a
reduced visibility of V = 17.5 % and an intensity ratio of r = 0.31.
To additionally estimate the eﬀect of the ion motion on the visibility we assume
the ion to be near the Lamb-Dicke regime under Doppler-cooling condition (see
Sec. 5.3.3). In this respect, the cooling laser intensity is adjusted below saturation to
combine eﬃcient laser cooling of the motion with a large emission rate of ﬂuorescence
photons. For these parameters the ion is at a mean motional state of hni ∼ 15 after
Doppler cooling. The Lamb-Dicke parameter is then given by η = (~~k 2 /2mω)1/2
=0.077 and the eﬀective Lamb-Dicke parameter, deﬁned by η 2 (2n + 1)=0.184 is
still much smaller than 1. As discussed in Sec. 2.2.2 the coupling strength on the
carrier is here well approximated by Ωn,n = Ω(1 − η 2 n), where η denotes the overall
coupling strength. Hence, we expect that ∼92% of the ﬂuorescence intensity appears
on the carrier transition and the ionic motion at the Doppler limit has no signiﬁcant
inﬂuence on the reduction of the visibility.
Summary
In summary, the measurement of an intensity-ﬁeld correlation function of the resonance ﬂuorescence from a single 138 Ba+ ion was shown with the aid of a homodyne
detector. In this experiment a photon detection from the ion prepared the correlation measurement in a well deﬁned state from where the evolution back into
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equilibrium via Rabi oscillations is observed. The g (1.5) correlation function was
deduced from acquired data collected at three diﬀerent phases of the LO.
The intensity-ﬁeld correlation and thus monitoring the resonance ﬂuorescence ﬁeld
could be further used to develop a tool to investigate and monitor the emission of
a single-photon ﬁeld under the inﬂuence of boundary conditions, such as mirrors,
cavities or other atoms, with even the possibility of applying feedback onto the
radiating dipole [31, 69, 96, 97].
This measurement technique further allows a detailed investigation of the nonclassical statistical behavior of the atomic dipole. The third-order correlation function is in principle suited to observe the eﬀect of squeezed resonance ﬂuorescence
light [91, 92, 98]. However for such properties to become visible the single ion must
be driven in the weak excitation regime, which was not the case in the present experiment. A higher collection eﬃciency of the ﬂuorescence or even a cavity enclosing
the ion would be required to reach this regime and might be subject for further
investigations.
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Chapter 8
Interference of fluorescence in a half
cavity
This chapter discusses experiments performed with Ba+ ions situated in a half cavity
system. Such a setup was ﬁrst realized by Ch. Raab [52], where the resonance
ﬂuorescence of a trapped ion was reﬂected back onto itself using a NA=0.4 objective
inside the vacuum apparatus and a distant mirror situated about 30 cm away from
the ion. In this regime, where the mirror distance is much farther away than the
observed wavelength, only far ﬁeld eﬀects can be investigated. Nevertheless, due
to the high numerical aperture of the objective the focus spot is relatively small
(∼ 1 µm) and the mode density at the position of the ion is signiﬁcantly altered
enabling an eﬃcient way to investigate QED eﬀects.
The self-homodyne interference along the mirror channel was ﬁrst studied by
J. Eschner et al. [31]. A maximal interference visibility of 72% along with a small
change of ∼ 1% in the atomic decay rate was observed. The system was further
addressed in detail in various studies including investigations of the vacuum-induced
level shift of the ion, ﬁrst theoretically by U. Dorner et al. [97] and then experimentally by M. A. Wilson et al. [99]. Here the associated radiation force in the standing
wave was detected, which manifests itself in a small shift of the trap frequency. In
addition, F. Dubin et al. [100] observed the time resolved evolution of a single photon interference at diﬀerent positions of the standing wave pattern by employing
intensity correlation functions.
In another experimental approach the motional state of the ion can be retrieved by
Fourier analysis of the self-homodyne photocurrent. First investigated by P. Bushev
et al. [69] they showed that the motional state could be inﬂuenced by phase-locking
an external local oscillator to the ion motion and feeding back a phase-shifted signal
to one of the trap electrodes. With this technique of electro-mechanical feedback
action it was then possible to cool the motional quanta of the ion to 30% below the
Doppler limit as presented in [54].
This chapter follows the line of experiments performed with this half-cavity system
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starting with an introductory theoretical and experimental description of the system.
In the following, the self-homodyne signal is analyzed in Fourier space which gives
access to the motional sidebands. This part is followed by an experiment, where the
shape of the ﬁrst order coherence is determined from the interference signal up to
large mirror-ion distances. At last, a system of two ions situated in the same trap
and interacting over the mirror channel is discussed and characterized by visibility
measurements and the use of second-order correlation functions.

8.1 Half cavity setup
The experimental setup to achieve high resolution single photon interference is based
on a half cavity design implemented ﬁrst in the ring trap apparatus (see Sec. 5.1.2)
and is depicted in Fig. 8.1. The ion is addressed with all lasers from the left side using
a f=250 mm lens (not shown) to create a focus at the trap center. The ﬂuorescence
emitted from the ion is collected and collimated along the direction l with the
objective L1 (NA=0.4) and sent to a Piezo mounted mirror1 . In this notation the
ion is located at the position l = 0 and the mirror position is at l = D. The light
emitted into the detection channel is then superimposed with the backreﬂected light
from the mirror and is collected by the objective L2 . The round-trip time a photon
needs to cover the distance ion-mirror-ion is denoted with τ = 2D/c. The interfering
ﬁelds can now be alternatively guided to a CCD camera, to a HBT-setup or coupled
into a single mode optical ﬁber and detected at a PMT.
The mirror itself can be shifted over several µm by feeding a slowly varying triangular signal (1 mHz, 0.5 Vp-p) to its supporting Piezo stage. The stability of the
experimental setup is hereby found to be phase-stable for several tens of seconds.
However, slow phase drifts can be continuously monitored by the amplitude of the
interference signal and fed back to the Piezo mounted mirror using a PID controller2
to within 5-10 nm accuracy.
With a photon emission rate of 15 MHz on the green transitions and a mirror
distance of a few ten centimeters we can assume that only one photon is present at
a time between the mirror and the ion. Thus, the observed interference eﬀect arises
from a single ﬂuorescence photon interfering with itself. Figure 8.2 hereby sketches
the temporal evolution of the light ﬁeld emitted along the mirror and detection
channel axis. The indistinguishability of the directly emitted and back reﬂected
light on the detector side then yields an interference of the two ﬁelds at the position
of the ion. After the time τ = 2D/c a standing wave pattern has formed with the
ion in this case illustrated at a node position. The time evolution of this single
1
2

Physical Instruments, P-762-TL
SRS, SIM960
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Figure 8.1: Experimental setup of the ring trap apparatus with the Piezo mounted
mirror. The ion-mirror distance is denoted by D.

photon interference and the build-up process of the standing wave pattern was ﬁrst
measured in [100] by recording correlation functions at three diﬀerent positions
within one interference fringe.
Intuitively, the backreﬂected light from the mirror focused onto the ion further
creates a modiﬁcation of the resonant electromagnetic vacuum modes at the ion’s
position. Since the resonant mode density at the position of the ion directly inﬂuences the spontaneous emission rates a change in the excited state populations in
steady state follows. With the experimental limitation of the objective’s collected
solid angle this eﬀect is expected to be a few percent and was observed in [31] while
looking at the green and red count rate in the mirror channel simultaneously.
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t = 0.5 D/c

t = D/c

t = 2 D/c

t = 3 D/c

Figure 8.2: Sketch of the time evolution of the resonance ﬂuorescence light ﬁeld
emitted by a ion during a round-trip into a standing wave pattern, where
D is the distance ion-mirror.

To qualitatively describe the half cavity system we start by writing the light ﬁeld
emitted by the ion along the mirror and detection channel in terms of the electric
ﬁeld operator as:
b+

E (t, τ ) =

p



−
−
ǫΓL exp[−iωL t + i~kL r̂i (t)] σ̂ (t) + exp[iωL τ + i~kL r̂i (τ )]σ̂ (t + τ ) .

(8.1)
Here τ denotes the delay time as τ = 2D/c and ǫ represents the collected fraction
of solid angle. The Pauli lowering operator σ̂ − from the |P1/2 i to the |S1/2 i state
is given by Eq. (3.25). ΓL is the spontaneous emission rate and ωL and ~kL are the
associated transition frequency and wave vector along the mirror direction.
Note that in Eq. (8.1) the secular motion of the ion has been included by the
ionic position operator as elaborated in Sec. 5.3.4 as r̂i (t) = r0 (âi e−iωi t + â†i eiωi t ).
âi and â†i are then the bosonic creation and annihilation operator of one motional
quantum. Since the frequency of the secular motion ωi ≪ 1/τ = c/2D we can
assume r̂i (t + τ ) ≈ r̂i (t).
The measured intensity I of the interfering ﬁelds as recorded in the photocurrent
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of the homodyne signal is then given by
b + (t, τ )E
b − (t, τ )i,
I = hE

(8.2)

which can be expanded using Eq. (8.1) as

~

I = ǫΓL hσ̂ + (t)σ̂ − (t)i + hσ̂ + (t + τ )σ̂ − (t + τ )i + hσ̂ + (t + τ )σ̂ − (t) e−i[ωL τ +2kL r̂i (t)]

~
+ σ̂ + (t + τ )σ̂ − (t) ei[ωL τ +2kL r̂i (t)] i .
(8.3)

Here, the ﬁrst two terms of the one-time expectation values can be associated by the
count rate 2hni, whereas the two-time expectation values can be identiﬁed as the
sum of the ﬁrst order correlation functions hG(1)∗ (t, t + τ ) exp[−iωL τ − i2~kL r̂i (t)] +
G(1) (t, t + τ ) exp[iωL τ + i2~kL r̂i (t)]i. Here, eiωL τ indicates the modulation according
to the phase delay caused by the mirror channel. Additionally, the motion of the
~
ion leads to a further modulation of the interference signal represented by ei2kL r̂i (t) .
To obtain the expectation value of the homodyne intensity the motional term can
be evaluated by describing the ion at the Doppler cooling limit within the LambDicke regime with η = (~~kL2 /2mω)1/2 = 0.077 ≪ 1. The intensity in the motional
sidebands is then reduced by the Lamb-Dicke parameter η compared to the intensity
in the carrier and we can further neglect higher order sideband transitions. Hence,
in this regime the motion of the ion can be described by a harmonic oscillator
ri (t) = r0 sin(ωi t) with small amplitude r0 . This amplitude is then derived by
considering the ion’s motion under the statistic process of laser cooling, where the
motional occupation has to be characterized with a thermal state and integrated
over all possible harmonic oscillation amplitudes. The expectation value of the
position
operator r̂i of a thermal state is given by hr̂i i = Tr[r̂i ρ̂th ], where ρ̂th =
P −En /kT
|nihn| is the density matrix of a statistical mixture with states |ni. This
ne
yields that the ion is not oscillating with a ﬁxed amplitude r0 , but rather with a
sum over all harmonic oscillation amplitudes weighted by a Gaussian distribution.
Looking at the last term of Eq. (8.3) the now weighted harmonic oscillator in the
2
2
exponent can be rewritten as a weighted zeroth-order Bessel function J0 (ηth
) exp(−ηth
)
2
of a thermal
p state. The thermal spread of the excitation of the ion ηth is then given
by ηth = hkL2 r02 i.
Combining all terms the measured homodyne intensity hence simpliﬁes to
2

2
I = 2I0 [1 + Real(g (1) (τ )eiωL τ ) J0 (ηth
) e−ηth ].

(8.4)

Rewriting the ﬁrst part of the intensity as 2I0 [1 + |g (1)(τ )| cos(ωL τ + φ)] we can then
deduce a simple expression for the homodyne visibility as
V =

Imax − Imin
2
2
= |g (1) (τ )| J0 (ηth
) e−ηth .
Imax + Imin

(8.5)
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Thus, the visibility is directly proportional to the absolute value of the ﬁrst-order
coherence. In the experiment the visibility is then obtained by slowly varying the
mirror distance D = 2cτ over several wavelengths while recording the count rate.
As seen from Eq. (8.5) the ion’s motion enters the visibility as a decreasing factor
depending on the population of the motional states. For the ground state extension this yields a maximally reachable visibility of 93% and will further reduce for
experimental conditions with continuous laser excitation. The dependence of the
visibility on the thermal spread and on the green laser intensity is elaborated in
detail in [52]. At the Doppler limit the maximally reached visibility was then measured to be 72% [31]. For the course of the following g (1) (τ )-measurement we can
consider the motional dependence as a constant factor and are hence only concerned
with the reduced visibility
V ′ = |g (1) (τ )|.
(8.6)
Note that to access any information about the phase of the ﬂuorescence ﬁeld a
phase reference has to be implemented, as it was performed in the intensity-ﬁeld
correlation measurement in chapter 7.

8.2 Visualization of sidebands
The self-homodyne signal can be further used to visualize the motional sidebands
in the frequency domain. Starting from Eq. (8.3) we can rewrite the expectation
~
value of the motional term in an exponential series as eikL r̂i ≃ 1 + iη(âi + â†i ). This
directly reﬂects an intensity in the motional sidebands with strength η compared to
the intensity in the carrier. The homodyne intensity can hence, and alternatively to
Eq. (8.4), be expressed as


I = 2I0 1 + Real(g (1) (τ )eiωL τ )(1 + 2η(âi + â†i ) + O(η 2)) ,

(8.7)

which now contains the explicit information of the ion’s motion over the position
operator x̂i ∼ âi + â†i . Its real-time observation becomes accessible when analyzing
the Fourier transform of the photocurrent. In the experiment this is realized by
sending the monitored count rate to the spectrum analyzer3 , which is operated with
a set of ﬁtted parameters that can be found in [58]. The sidebands become well
visible at a typical count rate of ∼50 kcps and a fringe visibility of about 30%.
For a ﬁxed location of the ion at the maximum gradient of the interference fringe
i.e. ωL τ = π(n + 1/4), the average intensity of the homodyne signal from Eq. (8.7)
3

Rohde&Schwarz, Spectrum Analyzer
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deduces then, shown by V. Steixner et al. [101], to:

γ
[1 + 2η(âi + â†i )]
2
Ω2L
γ = ǫΓL 2
4∆L + Γ2L
I =

(8.8)

with the parameter γ being the optical pumping rate into the mirror channel, ΩL
deﬁning the Rabi frequency and ∆L the laser detuning.
Figure 8.3 depicts the measurement of the radial x- and y-sideband for an applied
rf power of 5 W and a drive frequency of 19.3 MHz using the ring trap apparatus.
The top graph depicts both sidebands with an amplitude of ∼3 dBm above the
Poissonian noise. The z-sideband is not shown and is expected to be located at
∼ 2.2 MHz. In the bottom graph the x-sideband is recorded with a higher resolution.
Here, the sideband appears as a resonance with a Lorentzian proﬁle 4 dBm above
the Poissonian noise level. The solid line represents a Lorentzian ﬁt with a FWHM
of Γ = 713 ± 33 Hz. The central peak hereby corresponds to the ion’s mean secular
oscillation frequency in the pseudo-potential. The height is then related to the
amplitude of the ion’s oscillation, whereas the width of the sideband corresponds to
the cooling rate and thus to the mean phonon number of the motional excitation
[67, 102]. The small asymmetry of the sidebands towards lower frequencies arises
due to the laser cooling process of the ion [103].
An alternative access to the sideband information can be found in a g (2) (τ ) measurement. While this method requires more time for data acquisition than the direct
Fourier analysis of the photocurrent, it yields a higher sensitivity of the ion’s motion
and thus requires a smaller signal-to-noise ratio. In [60] the x- and y-sideband have
been observed taking the FFT of a g (2) (τ ) integrated over 30 min. As described in
Sec.5.3.2 this method also ﬁnds use to determine the suitable voltage parameters for
the micromotion compensation of a trapped ion.
In the work of Ch. Raab et al. [102] the spectrum of resonance ﬂuorescence was
further investigated with high resolution using a heterodyne detection method of
the resonance ﬂuorescence and a LO, which was frequency shifted tens of MHz with
respect to the excitation laser ﬁeld. The spectrum showed the resolved sidebands
and the carrier transition with its elastically scattered photon peak.
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Figure 8.3: Spectrum of the homodyne signal of the resonance ﬂuorescence with the
ion position in the middle of the fringe for top graph: both radial x- and
y-sidebands and bottom graph: x-sideband with Lorentzian ﬁt.

8.3 First order correlation measurement
In this section the ﬁrst-order coherence of a single radiating ion is measured up to
a delay time τ of 29.6 ns. This is performed by successively increasing the mirrorion distance and observing the variation of the homodyne visibility. As indicated
by Eq. (8.5) the visibility then directly represents the absolute value of the g (1) (τ )-
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function of the resonance ﬂuorescence.
An illustration of the experimental apparatus is presented in Fig. 8.4. A part of the
∆τ
PMT
L1
Ba+

L2

Michelson IF

Lasers

Figure 8.4: Sketch of the experimental setup for the ﬁrst order correlation measurement along with the auxiliary laser interferometer placed into the mirror
channel (see text for detail).
ion’s ﬂuorescence is collected by the objective L1 and sent to a distant Piezo mounted
mirror, from where the light is reﬂected back onto the ion. The back-reﬂected and
the directly emitted light ﬁelds are then collected by the objective L2 and guided to
a PMT. In order to achieve an identical degree of mode matching, when measuring
at diﬀerent mirror-ion positions, the light along the detection channel is coupled to
a single-mode ﬁber before being detected on the PMT, i.e. the ﬁber guarantees a
reproducible spatial matching of the Gaussian modes of the directly emitted and
back-reﬂected light path.
In order to deduce the phase stability of the mirror channel a Michelson interferometer is placed right behind the vacuum apparatus using the Piezo mirror as
one arm. The interferometer is operated with 493 nm laser light. Monitoring the
intensity at the output port with an oscilloscope we still record a visibility of 94%
for the farthest mirror distance of 4.45 m away from the ion with a phase stability
on the order of tens of seconds. The stability remains despite the necessity to fold
the mirror-channel with two additional mirrors at this distance.
Due to this measurement we can neglect decreases in the visibility for the ﬂuorescence g (1) (τ )-measurement due to additional acoustic vibrations of the breadboard
when the mirror-ion distance is increased.
In a next calibration step we record and ﬁt a g (2) (τ )-function of the ion’s ﬂuorescence. From this measurement we retrieve the dominant experimental parameters,
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Figure 8.5: Measured second order correlation function when the mirror channel is
blocked for smaller τ values (top graph) and longer τ values (bottom
graph). The solid line shows the theoretical ﬁt using 8-level Bloch equations.)
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Figure 8.6: Sinusoidal dependence of the homodyne count rate after the ﬁber for a
mirror shift of several wavelengths measured for a mirror round trip time
of 2.3 ns. The ﬁtted visibility is V = 70.4(1.8)%

such as intensities and detunings of the lasers. The intensity correlation is obtained
with the mirror channel blocked and is presented in Fig. 8.5 for an integration time
of 2 h. The top graph depicts g (2) (τ ) in the vicinity of τ = 0, while the bottom
graph shows the same curve for longer τ values. The solid line represents the ﬁtted
curve using the 8-level Bloch model.
The evolution of the |g (1) (τ )| is then gained by successively acquiring the visibility
values of the homodyne intensity at various mirror-ion distances.
Starting well in the Markovian regime τ = 2D/c ≪ 1/ΓL with a closest mirror
distance of 35 cm the visibility is recorded for eight points up to a mirror distance of
4.45 m. The last point corresponds then to a round-trip time of the light ﬁeld in the
mirror channel of 29.6 ns. Figure 8.6 hereby shows the obtained interference fringe
for the closest measured distance of 35 cm (2.3 ns round trip time). The mirror
is shifted linearly over several wavelengths and the sinusoidal dependence of the
homodyne signal is recorded after the ﬁber. The ﬁtted curve reveals a visibility of
V = 70.4(1.8)%. As indicated in Eq. (8.5) this value is mainly limited by non-optimal
cooling conditions and thus an extended motional wavepacket of the ion. Further
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limitations can arise due to diﬀraction at the aperture of objective L1 leading to
imperfect phase-front curvatures between the back-reﬂected and the directly emitted
light towards the detector. Nevertheless, since all parameters are kept constant over
the duration of the entire experiment, the non-interfering fraction of the homodyne
signal can be assumed to be identical for all measured mirror distances.
The visibility values for the other mirror distances are then evaluated by sinusoidal
ﬁts of the recorded interference fringes similarly to Fig. 8.6. The extracted values
are then presented in Fig. 8.7 with error bars indicating the respective standard
deviations of the ﬁts.
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Figure 8.7: Obtained visibility values for various mirror-ion times delay τ . The solid
line represent the theoretical scaled |g (1) (τ )|-function as described by
Eq. (8.5).

The solid line shows the scaled theoretical solution of the |g (1) (τ )| correlation
function using Bloch equations and the laser settings obtained from the preceding
g (2) (τ ) measurement of Fig. 8.5. The scaling factor of the calculated curve is chosen
to best match the data points.
From this graph we can now immediately infer that the ﬁrst-order coherence of
the ﬂuorescence light drops steadily with the mirror-ion distance to about 60% of its
initial value at a delay time τ of ∼28 ns. The obtained data points of the |g (1) (τ )|
are herewith well reproduced by the theoretical model.
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Figure 8.8: Top graph: Absolute value of the g (1) (τ )-functions for diﬀerent |P1/2 i →
|S1/2 i transitions as described in the text. Bottom graph: Phase φ between the interfering ﬁelds obtained from the phase argument of g (1) (τ ).

To gain further information about the coherence properties of the emitted light
we show the ﬁtted |g (1) (τ )|-function for even longer time delays. Its theoretical
prediction is plotted in Fig. 8.8 for positive and negative τ values. In the top graph
the solid lines represent the |g (1) (τ )|-function for the present experimental situation,
where we observe both |P1/2 i → |S1/2 i dipole transitions as discussed in Chap. 2. The
absolute value is proportional to the amplitude of the interference as measured by a
detector. For comparison, in the top graph the dashed line shows only |g (1) (τ )| for
the |P1/2 , m = −1/2i → |S1/2 , m = +1/2i transition, whereas the dashed-dotted line
represents the |g (1) (τ )| for the |P1/2 , m = +1/2i → |S1/2 , m = −1/2i transition. As
described in the theoretical part of this thesis the individual ﬁrst-order correlations
are then given for positive and negative delay times τ by Eq. (3.29) and Eq. (3.30),
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respectively. Furthermore, the solid line deduces then as the normalized incoherent
sum of the two individual transition curves given by Eq. (3.29). Note that the small
diﬀerence in the curves between the two involved ∆m ± 1 transitions originates
from the diﬀerent frequency shifts of the Zeeman splitting, and along with that the
diﬀerent laser detuning, the two transitions are exposed to (see Eq. (2.4)).
The bottom graph of Fig. 8.8 depicts φ as given by the phase argument of the
complex g (1) (τ )-function considering both dipole transitions. φ then represents the
phase relation at diﬀerent delay times between the two ﬂuctuating ﬁelds constituting
the homodyne signal.
From this theoretical plot we hence deduce that ∼65% of coherence is lost within
the ﬁrst 100 ns before the coherence smoothe out slowly at a positive value of
|g (1) (τ = 0.7µs)| ≃0.15. The coherence then stabilizes at the value of 8%. as given
by the ﬁrst order order coherence obtained at steady state as
hσ̂ − eLτ (ρ̂ss σ̂ + )i
.
g (∞) = lim
τ →∞
hσ̂ − σ̂ + ρ̂ss i
(1)

(8.9)

Recalling Eq. (3.20) together with Eq. (8.6) we note that this asymptotic value of
|g (1) (τ → ∞)| directly yields the ratio of the elastically scattered intensity to the
total scattered intensity. Thus, from the theoretical plot we can deduce, for the
present set of experimental parameters, that the elastically scattered intensity of
the ﬂuorescence is about 8%. At the same time this ﬁnding indicates that the major
contribution of the ﬂuorescence light is incoherently scattered.
From the ﬁrst-order correlation function we can further derive the power spectral
density F (ω) of the ﬂuorescence as discussed in Sec. 3.1. This is performed by taking
the Fourier-transform of the g (1) (τ )-function, which is discussed above. The result
is plotted in Fig. 8.9, where ωL is the incident laser frequency. Due to the laser
detunings the inelastically scattered part of the spectrum exhibits an asymmetry
towards lower frequencies. In addition, the elastically scattered components are
directly proportional to δ(ω − ωL ).
Conclusion
In summary we have successfully measured the absolute value of the ﬁrst order
coherence of the resonance ﬂuorescence up to a delay time of 29.6 ns. This is performed by directly recording the visibility values of the interference fringe between
a radiating single ion and its mirror image. The |g (1) (τ )| is found in good agreement
with the theoretical prediction. The laser parameters entering the theoretical model
are deduced from the ﬁt of a g (2) (τ ) correlation function.
From the shape of the |g (1) (τ )| we were able to infer the temporal coherence of the
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Figure 8.9: Power spectral density F (ω) obtained by taking the Fourier transformation of the theoretical g (1) (τ ) correlation function.

emitted light under observed experimental conditions. Additionally we estimated
the contribution of elastically scattered photons in the ﬂuorescence to be 8%.

8.4 Two ions in front of a mirror
The main motivation of the following chapter is the future goal to observe super- or
subradiance eﬀects on the joint ﬂuorescence of two or more ions. The coupling from
one atomic system to the other is realized with via a photonic channel. A well suited
system to investigate this concept consists of two ions located in the same trap and
interacting with each other via the mirror channel as described above. In general,
one would expect to observe a change in the collective ﬂuorescence intensity together
with an enhancement or decrease in the individual spontaneous emission rates depending on the photonic mode density between the ions and their mirror images.
Since the emission rates go hand in hand with the excited state populations one
possible method to examine this system is via second-order correlation functions.
This problem was recently approached theoretically by [104]. An alternative approach to gain access to the excited state population is by simultaneous observation
of the red and green ﬂuorescence in a similar way as performed in [31,99]. In [31] an
experiment with a single ion in front of a mirror showed a variation of the excited
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state population of 0.9% indicated by the red ﬂuorescence fringe in anti-correlation
with the green ﬂuorescence fringe. The latter fringe visibility was measured there
to be 47% during this experiment. While this method is not pursued here this investigation points towards a high requirement for the green visibility in order to be
able to observe eﬀects on the excited state populations.
In this section we show a ﬁrst experimental characterization of two ions in front
of a mirror. Using the linear trap apparatus we implement spatial ﬁltering of the
ﬂuorescence for only one ion. We then observe the visibility for the cases, where the
ﬂuorescence is back-reﬂected onto the same ion and onto the other ion.

a) two-ion IF

b) single-ion IF
Ion2

Ion 2

Ion1

Ion 1

linear Trap
PMT

PZT Mirror

a) two-ion IF

PMT

L1
L2
Lasers

Iris

BS

Figure 8.10: Sketch of the experimental setup of two ions, 1 and 2, situated in the
linear trap, where the light scattered into the mirror channel is a) backreﬂected onto each other resulting in a two-ion interference and is b)
backreﬂected onto the same ion resulting into a single-ion interference.
Figure 8.10 depicts the two mentioned situations with a detailed sketch showing
the two-ion interference. Two objectives L1 and L2 collect the ﬂuorescence on the
left and right side of the trap with a numerical aperture of 0.4 each (see Sec. 5.1.1).
For the situation Fig. 8.10 a) a single PMT or a HBT-setup in the detection channel
records the light directly emitted from ion 1 overlapped with the back-reﬂected light
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PMT counts per 100 ms

from ion 2. The directly emitted light from ion 2 is ﬁltered out using a slit iris4 at
the focus of L2 . In this situation we have to consider the geometrical fact that, in
addition to the mirror-ion distance D, the two ions are located at diﬀerent positions
within the driving laser ﬁelds. Thus, the atomic dipoles from the ions oscillate with
a certain phase shift with respect to each other given by l/λ, where l is the ion
distance along the laser propagation direction. In the linear trap this length is on
the order of 4 µm. When we now consider the case where the two ions emit into the
same spatial mode along the mirror channel their electric ﬁeld operators, describing
the radiation processes, will therefore exhibit diﬀerent time evolutions. One ion will
have an initial time oﬀset d/c with respect to the other with d denoting the ions
distance perpendicular to the mirror axis. The eﬀective
p mirror channel round trip
time of ion 2 is then given by τ = 2Deff /c with Deff = D 2 + (d/2)2 . Nevertheless,
since d ≪ D we can assume for the following analysis that Deff = D.
For the case as pictured in Fig. 8.10 a) electric ﬁelds can hence be expressed as
+
b
b2+ (t+d/c+τ ) for ion 1 and 2, respectively. For simplicity we will further
E1 (t) and E
deﬁne τ as τ = d/c + 2D/c.
Note that in principle this phase-shift in dependence of the ion separation distance
could be observable in the linear trap by recording a variation of the interference
fringe as a function of the tip voltages. But in doing so the cooling conditions and
trap frequencies would heavily alter as well, making this task demanding.
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Figure 8.11: Recorded fringe of two-ion interference as illustrated in Fig. 8.10 a). The
solid line shows a sinusoidal ﬁt with V = 7.8(2)%

To compare the following results of two-ion interference, we ﬁrst concentrate onto
the situation of the single-ion interference as illustrated in Fig. 8.10 b). Here, we
4

Owis, SP 60
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observe a maximally reached visibility of about 32%. This number does not rise
notably when only one ion is loaded into the trap. This indicates that we can neglect
higher motional occupations and thus have to include a stronger micromotion for
the case of two ions in the linear trap. We also notice that this reached visibility
is considerably lower than the single-photon interference reached with the ring trap
apparatus. Comparing at this point the reached ∼32% with the ﬁndings of [31, 52]
as mentioned above (change of the excited state decay rates of ∼0.9% at a visibility
of 47%) we can assume for now to have a negligible small variation of the ion’s decay
rates for the current experiment.
Figure 8.11 depicts the intensity fringe when the mirror is scanned for the case
of the two-ion interference from Fig. 8.10 a). A sinusoidal ﬁt reveals a visibility of
V = 7.8(2)%. This drop from ∼32% for the case of the single-ion interference is
understood, when we calculate the expected homodyne signal. Here, we start by
denoting the collective electric ﬁeld operator as
b+ (t, τ ) = E
b+ (t) + E
b + (t + τ ),
E
(8.10)
ges

1

2

which yields an intensity at the detector as
b + (t, τ )E
b− (t, τ )i
I = hE
ges

ges

b1+ (t)E
b1− (t)i + hE
b2+ (t + τ )E
b2− (t + τ )i
= hE
b + (t)E
b− (t + τ )i + hE
b + (t + τ )E
b− (t)i.
+hE
1

2

2

1

(8.11)

Considering Eq. (3.24) and Eq. (3.25) the electric ﬁelds can be expressed in in terms
b+ (t) = ηi eiωL t [σ̂ − (t) ~ei,+ + σ̂ − (t) ~ei,− ]. This leads
of Pauli lowering operators as E
i
i,+
i,−
to an intensity I of
h
iωL t
−
+
−
+
I = ηe
hσ̂1,+
(t)σ̂1,+
(t)i + hσ̂1,−
(t)σ̂1,−
(t)i
−
+
−
+
+hσ̂2,+
(t + τ )σ̂2,+
(t + τ )i + hσ̂2,−
(t + τ )σ̂2,−
(t + τ )i

−
+
−
+
+hσ̂1,+
(t)σ̂2,+
(t + τ ) e−iωL (τ ) i + hσ̂1,−
(t)σ̂2,−
(t + τ ) e−iωL (τ ) i
i
−
+
iωL (τ )
−
+
iωL (τ )
+hσ̂2,+ (t)σ̂1,+ (t + τ ) e
i + hσ̂2,− (t)σ̂1,− (t + τ ) e
i ,

(8.12)

where η denotes a constant amplitude incorporating the overall collection and detection eﬃciency. The ﬁrst four terms represent the measured intensities of the
individual ions, where the remaining four terms indicate the possible interaction
between the ions. Note that since the two involved |P1/2 i → |S1/2 i transitions
−
+
have orthogonal polarizations cross terms as hσ̂1,+
(t)σ̂2,−
(t + τ ) e−iωL (τ ) i are identical zero. Only cross terms with identical polarization contribute to the interference. However, in those cases we have to additionally incorporate the individual phases of the radiated ﬁelds of ion 1 and ion 2. Since the homodyne intensity is recorded under steady state conditions of the ions with an integration time
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much greater than the lifetime of the excited state, the phase diﬀerence between
the atomic dipoles of ion 1 and ion 2 has to be averaged over all possible values.
This is then expressed, similarly as in Eq. (3.19), by rewriting the cross terms as
−
+
−
+
hσ̂1,+
(t)σ̂2,+
(t + τ ) e−iωL (τ ) i = hσ̂1,+
(t)ihσ̂2,−
(t + τ ) e−iωL (τ ) i. Hence, only the elastically scattered fraction of the ﬂuorescence, with a phase inherited by the excitation
laser, will interfere and contribute to the measurement process.
Assuming now identical emission properties for ion 1 and ion 2 the expected
homodyne intensity simpliﬁes to
I = 2[I + cos(ωLτ ) Ielas ],

(8.13)

where the elastically scattered intensity Ielas is given in accordance to Eq. (3.20).
Conclusion
Summarizing, we studied the system of 2 ions in front of a distant mirror using the
linear trap apparatus. By implementing spatial ﬁltering we could select for the light
of one ion, while blocking the other.
In this setup we found a visibility for the case of the single-ion interference of
32% and 7.8% in the case of the two-ion interference. In the latter case this value
directly represents the elastically scattered intensity of the ion’s ﬂuorescence.
Future investigations along this line of experiments to visualize super- and subradiance eﬀect place the need for higher visibility values. This could, for example,
be realized by combining a pulsed operation scheme of the lasers together with an
increase of the numerical aperture of the ﬂuorescence objectives. On a longer time
scale a new experimental setup is planned with a miniaturized linear trap design
that could house higher NA objectives with estimated NA of 0.75 when optimized
for the 493 nm ﬂuorescence.
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Chapter 9
Summary and Outlook
This thesis presents a variety of experiments characterizing the resonance ﬂuorescence emitted by single barium ions. The ions were stored in a ring trap or a
linear Paul trap apparatus, where they were excited with continuous lasers and
Doppler-cooled to the Lamb-Dicke regime. Their resonance ﬂuorescence on the
|S1/2 i → |P1/2 i transition was collected and investigated. Using this system fundamental quantum optic experiments were carried out obtaining statistical information
from the ﬂuorescence light by measuring time-like correlation functions.
The expounded work started by describing the fundamental theoretical tools for
the experimental situation of a trapped ion interacting with a coherent laser ﬁeld.
This part was followed by a discussion of the laboratory setups and experimental
methodologies and routines.
Subsequently, a series of conducted experiments was presented starting with the
measurement of the two-photon interference at a beam splitter in chapter 6. Here,
the indistinguishability of the two-photon interference place an essential role for the
experimental implementation of several entanglement protocols [21,85,86]. Towards
this line the two-photon interference for the situation of two radiating ions situated in distinct trap was quantitatively treated. The system was investigated by
a Houng-Ou and Mandel type interference by correlating the arrival times of the
emitted photons from the two ions. Yielding an indistinguishability of 89(2)% this
experiment directed towards the application of atom-photon interfaces using barium
ions as a candidate for the realization of quantum networks.
In chapter 7 the ﬁrst experimental realization of recording the conditioned time
evolution of the source ﬁeld of the radiating dipole of a single trapped atom was
presented. This was conducted by recording an intensity-ﬁeld correlation function,
which combined the techniques of a homodyne detector and an intensity correlator.
Here, a photon detection from the ion prepared the correlation measurement in a well
deﬁned state. From there the temporal evolution of the electromagnetic wave with
respect to a local oscillator back to equilibrium via Rabi oscillations was observed.
The real and imaginary contribution of this correlation function were then deduced
from acquired data collected at three diﬀerent phases of the local oscillator.
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The temporal coherence of the ﬂuorescence, thus its ability to interfere, is accessible by the ﬁrst-order auto-correlation function. As an important characterization of
the emitted light of an ion, this quantity was obtained up to delay times of 29.6 ns
with a system consisting of an ion in front of a distant mirror equivalent to a halfcavity setup. This setup was discussed in chapter 8 and implemented a Michelson
type interferometer, where the self-homodyne signal measured the ﬁrst-order coherence of the ﬂuorescence. Thus, by increasing the ion-mirror distance we directly
recorded the absolute value of the ﬁrst order correlation function of the scattered
light. In addition, this setup was adopted to study the situation of two ions located
in the same trap interacting via the photonic mirror channel. Here, the interference
signal yielded the elastically scattered fraction of the ion’s ﬂuorescence. As such a
system enables the possibility to observe super- and subradiance eﬀects of the joint
ﬂuorescence further investigations along this line of experiments are planned.
Whereas in this last chapter the ion was studied with an experimental boundary
condition that was provided by a mirror that back-reﬂects part of the ﬂuorescence, a
future approach would be to study the environmental inﬂuence on the ion extended
to movable boundary conditions. The homodyne setup with a fast oscillating mirror
or a phase modulating electro-optical modulator in the mirror-channel path seems
to a be suitable setup to implement this scheme [105]. In this approach it is expected
that the reﬂected Stokes and anti-Stokes shifted sideband photons from the mirror
will have an appreciable eﬀect on the center of mass motion of the ion, especially
in the non-Markovian regime. For such a system cooling or heating eﬀects are
anticipated with even the possibilities to include motional degrees of freedom of
the mirror in the sense of a micro-mechanical oscillator. Additionally, a possible
extension along this line would be to take into account Casimir-photons, created
by the oscillating mirror, where their eﬀects could be investigated on the motional
state of the trapped ion.
For all these planned and performed experiments, however, an intrinsic limitation
is determined by the collected solid angle of the resonance ﬂuorescence. In this
respect estimations indicate that a miniaturized ring or linear Paul trap could house
close-by objectives with a NA in the order of 0.75, when optimized for low wavefront
distortion of the S1/2 → P1/2 ﬂuorescence. Hence, they would cover a factor of
4 more solid angles as compared with the objectives in the current apparatuses.
With a higher collection eﬃciency along the mirror channel setup the inﬂuence
of the back-reﬂected light onto the ion and its internal dynamics would greatly
beneﬁt considering the current limitation of the change in decay rates on the order
of one percent [31]. In addition, the enhanced ﬂuorescence signals would open new
directions of observing an ion under weak laser excitation. Entering this regime
would allow us to visualize squeezing eﬀects e.g. in the Fourier transform of an
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intensity-ﬁeld correlation function. Here, squeezing of the ﬂuorescence modulated
at the Rabi frequency could be observed [32, 33]. Besides this the observation of
squeezing of one light quadrature below the shot noise would be possible e.g. at a
beam splitter with a local oscillator at one input port [106].
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