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ABSTRACT

This PhD thesis presents quantum simulation experiments of the Heisenberg
model. The experiments were carried out on a trapped-ion quantum simulator
that is capable of operating with up to 50 individually addressable calcium ions.
Quantum simulators of this size can be used to study complex quantum systems
that begin to become intractable with classical computers.

First, long ion crystals are characterized and their collision rates and axial
heating rates are measured. Correlation spectroscopy is applied to measure ion
positions with a precision down to a few nanometers and the potential of the ion
trap is extracted.

Motional spin-locking spectroscopy is introduced as a technique that allows
one to directly measure the noise spectrum of the motional modes of a trapped
ion. The noise spectrum is probed in a range from 200 Hz to 5kHz, revealing
both incoherent and coherent fluctuations in the trapping frequency.

The Heisenberg model is implemented using a Trotter approximation. Details
are given on the Trotterization sequences and error mitigation strategies are
discussed. Two quantum simulation experiments of the Heisenberg model are
reported:

One experiment observes thermalization of a closed quantum system under the
Heisenberg model. The existence of conserved quantities in the Heisenberg model
that belong to mutually noncommuting operators impede previous theoretical
predictions on the resulting thermal equilibrium. We observe the thermalization
towards a non-Abelian thermal state for the first time in an experiment.

A second experiment observes the formation of bound states between quasi-
particles in the long-range, anisotropic Heisenberg model. A quench of the
pseudo-spins formed by the ion crystal reveals that the bound states spread in a
light-cone-like fashion. The propagation velocity and the entanglement growth of
the bound states are measured for different interaction strengths.

A brief outlook discusses upgrades the experiment will undergo when a new
ion trap and a new vacuum chamber are going to be installed in the near future.

ZUSAMMENFASSUNG

In der vorliegenden Dissertation werden Quantensimulationen des Heisenberg-
Modells prasentiert. Die Experimente wurden auf einem ionenbasierten Quanten-
simulator durchgefiihrt, der bis zu etwa 50 einzeln adressierbare Ionen kontrollie-
ren kann. Quantensimulatoren dieser Grofie eignen sich zur Untersuchung kom-
plexer Quantensysteme, fiir welche klassische Rechnungen bereits sehr schwer
werden.



Zundchst werden lange Ionenkristalle charakterisiert und deren Kollisionsraten
und axiale Heizraten werden gemessen. Mittels Korrelationsspektroskopie bestim-
men wir die Positionen der Ionen mit einer Pridzision von wenigen Nanometern
und ermitteln daraus Anharmonizitaten im Fallenpotential.

Spin-Locking-Bewegungsspektroskopie (Motional Spin-Locking Spectrosco-
py) wird als Technik eingefiihrt, die es erlaubt direkt das Rauschspektrum der
Bewegungsmoden eines gefangenen Ions zu messen. Das Rauschspektrum wird
in einem Bereich von 200 Hz bis 5kHz aufgenommen, wobei sich sowohl in-
kohérente als auch kohérente Fluktuationen in der Fallenfrequenz nachweisen
liefsen.

Das Heisenberg-Modell wird mittels einer Trotter-Approximation implemen-
tiert. Dabei ist die Trotter-Sequenz in einer Form gestaltet, die die Reduktion von
Rotations- und Dephasierungsfehlern ermoglicht. Es wird von zwei Quantensi-
mulationsexperimenten des Heisenberg-Modells berichtet:

Ein Experiment beobachtet eine Thermalisierung innerhalb eines geschlossenen
Quantensystems unter dem Heisenberg-Modell. Das Heisenberg-Modell besitzt
Erhaltungsgrofien, welche zu untereinander nicht kommutierenden Observablen
gehoren. Dies fiihrt dazu, dass sich bisher existierende theoretische Vorhersagen
zum resultierenden thermischen Gleichgewichtszustand nicht auf das Heisenberg-
Modell anwenden lassen. Wir beobachten die Thermalisierung hin zu einem
nicht-Abelschen thermischen Zustand.

In einem zweiten Experiment wird die Bildung von gebundenen Zustinden
zwischen Quasiteilchen im langreichweitigen, anisotropen Heisenberg-Modell
beobachtet. Die zeitliche Dynamik von Pseudospins, welche durch die Ionenkette
gebildet werden, zeigt, dass sich die gebundenen Zustdnde Lichtkegel-artig
ausbreiten. Die Ausbreitungsgeschwindigkeit und das Verschrankungswachstum
der gebundenen Zustiande werden fiir verschiedene Wechselwirkungsstarken
gemessen.

Die Arbeit schliefit mit einem kurzen Ausblick auf ein anstehendes Upgrade des
Experiments, in Zuge dessen eine neue Ionenfalle und eine neue Vakuumkammer
installiert werden.

Vi
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INTRODUCTION

Nature is governed by the laws of quantum physics at its foundations. The
behavior of atoms, molecules, light, solid matter, and many other constituents
can only be understood by quantum physics. This makes it necessary to find
solutions to the underlying equations. As only for a small minority of problems
an analytical solution can be found, most practical problems need to be solved
numerically. While this is certainly possible for small systems, large quantum
systems are hard to compute numerically. The problem lies in the exponential
growth of the dimension of the mathematical space that describes a quantum
system. Consider a number of atoms where each atom can be in two states. Such
a two-state quantum system is referred to as qubit. Adding another qubit doubles
the dimension of the underlying mathematical space. Consequently, a system of
50 qubits has already a dimension of 2°° ~ 10'5, surpassing the capabilities of
classical computers.

Motivated by this situation, it was proposed in the 1980s to use a well-controlled
quantum system to simulate another quantum system of interest [1]. Such a well-
controlled quantum system is referred to as quantum simulator. One physical
system that is used to build quantum simulators are ions trapped by electromag-
netic fields. Trapped ions constitute a well-controllable system, with the ability to
manipulate and detect the quantum state of individual ions with high fidelity.

A quantum simulator is only of practical interest, if it can surpass the capabil-
ities of classical computers. In particular, this requires a quantum simulator to
be comprised of a large number of qubits. In recent years, there is considerable
experimental effort to scale quantum simulators to more qubits. For trapped-ion
systems, sizes of more than 100 site-resolved qubits have been realized [2—4]. The
experimental setup that was used for the work presented in this thesis holds
one-dimensional ion crystals of up to approximately 50 trapped calcium-40 ions.

Scaling to a large number of trapped ions aggravates a number of problems:
Increasing the number of ions increases the rate of collisions between ions and
molecules of the background gas in the vacuum chamber. Collisions heat up the
ion crystal, or, in the worst case, lead to a chemical reaction causing the atomic
ion of interest to get lost. The spatial extent of large ion crystals makes addressing
of individual ions difficult. Furthermore, the entangling interactions between the
ions depend on the mass of the ion crystal and become weaker with increasing
crystal mass.

However, scaling up the number of qubits is only one requirement for useful
quantum simulators. Additionally, a quantum simulator needs to be able to



INTRODUCTION

simulate interactions between qubits in order to be of interest. In our system, the
interactions are engineered with laser fields, that use the motional modes of the
ion crystal to couple the internal states of different ions. This creates spin-spin
interactions that are of the type of the transverse Ising model. Naturally, the
question arises whether other models can also be implemented on our quantum
simulator? A widely studied model is the Heisenberg model, an extension of the
Ising model that incorporates additional couplings. While the Heisenberg model
is not natively available in our experiment, it can be approximated by a Trotter
approximation.

A Trotter approximation splits the time evolution of a Hamiltonian into small
building blocks to get an approximation of the exact evolution [5]. In the case of
our experimental setup, we have access to the building blocks required to approx-
imate the long-range Heisenberg model. A first proof-of-principle demonstration
was done for a small ion crystal of up to six ions [6]. When working with larger
ion crystals, complications arise, such as the inhomogeneous coupling of the laser
light over the ion crystal which results in rotation errors. Care needs to be taken
when designing Trotter sequences to mitigate these rotation errors. The present
thesis describes Trotter sequences that exhibit certain robustness against rotation
errors and dephasing noise. The Heisenberg model is implemented for systems
of up to 21 ions and interactions between quasiparticles under the Heisenberg
model are observed.

The second part of this thesis presents two experiments that study physics
of the Heisenberg model. The first experiment observes thermalization under
the Heisenberg model to test the consequences of noncommutation of operators
of the Hamiltonian. The second experiment studies properties of bound states
between quasiparticles in the anisotropic Heisenberg model.

The main part of this thesis is structured as follows:

Chapter 2 gives an overview over the theoretical concepts used in this thesis. The
relevant energy levels of a calcium ion are presented and the Hamiltonians
governing the light-atom interaction are given.

Chapter 3 presents the experimental setup and characterizes the behavior of long
ion crystals. The implementation of a new beam shaping optics is described.
The technique of correlation spectroscopy is applied to long ion crystals to
precisely measure the ion positions in the crystal.

Chapter 4 gives an overview over the concept of Trotter approximation of Hamil-
tonians. Technical details on the Trotter approximation of the Heisenberg
model are given and the leading sources of error are investigated. Finally,
an example of a 21-ion quench dynamics under the Trotter-approximated
Heisenberg model is presented.

Chapter 5 introduces a method for noise spectroscopy on the motional state of a
trapped ion. The method is based on spin-locking spectroscopy and allows
one to directly measure the power spectral density.

Chapter 6 reports on the first experimental observation of the thermalization
under noncommuting charges. A subsystem of a closed quantum system of
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up to 21 ions is found to thermalize towards the theoretically predicted form
of the thermal state.

Chapter 7 studies the properties of bound states between quasi-particles in the
long-range, anisotropic Heisenberg model. The formation of bound states is
observed in dependence on the interaction strength between the magnons.
The dispersion relation of a single magnon and of a two-magnon bound state
is measured.

Chapter 8 provides a summary of the thesis and an outlook to future directions
of the quantum simulation experiment.






THEORETICAL FRAMEWORK

This chapter gives an overview over the theoretical concepts that are used in this
thesis. First, the concept of quantum simulation is introduced. Then, the notation
for describing qubits is defined. The relevant level structure of °Ca™ is presented
and discussed from the perspective of quantum optics experiments with trapped
ions. Some basic properties of the physics of ion trapping are recapitulated. Then,
the Hamiltonians that describe the interaction between a light field and trapped
ions are presented. Finally, the entangling interactions and their Hamiltonians
are given.

2.1 QUANTUM SIMULATIONS

Computation of large quantum systems is a difficult problem. The number of
parameters that are required to describe a quantum system scales exponentially
with its size. Only for a tiny fraction of problems analytical solutions could be
found. Most problems can practically only be solved by making approximations or
by numerical computation. The exponential scaling of the number of parameters
makes it practically impossible to predict the behavior of large quantum systems.
While classical computers can in principle solve every quantum physical problem,
the computation times become prohibitively large.

This was the motivation to propose a new kind of computer: quantum com-
puters, respectively quantum simulators [1]. A quantum simulator is a well-
controllable quantum system that is used to make predictions about a quantum
system of interest. The principle is sketched in Figure 2.1. A quantum system
of interest is initially in a state |¢(0)). The system evolves under a Hamiltonian
H to a final state |¢(t)). This final state might be hard to compute on a classical
computer. Thus, a quantum simulator is used to mimic the behavior of the system.
The initial state of the system is represented by a state |(0)). Then, the quantum
simulator undergoes a well-controlled evolution under a Hamiltonian H’ that
implements the behavior of the system. Finally, the time-evolved state | (t)) of
the simulator is measured. Properties of |i(f)) allow one to make predictions
about the system.

Applications range from simulation of condensed-matter physics [7-10], chem-
istry [11-13], and high-energy physics [14]. This small selection only includes
applications that have been demonstrated in proof-of-principle experiments. A
far more exhaustive list of demonstrated and proposed applications can be found
in Reference [15].
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Figure 2.1: Quantum simulation. A quantum simulator mimics the behavior of a quantum

2.1.1

system. The initial state |¢(0)) of the system is represented by an initial
state |¢(0)) of the simulator. The behavior of the system is governed by a
Hamiltonian H. In the simulator, the system Hamiltonian is realized by the
Hamiltonian H'. The well-controlled evolution of the simulator gives a final
state |(t)) that can be measured and allows one to study properties of the
system state |¢(t)). Figure based on [15].

Requirements for quantum simulators

An experimental apparatus needs to satisfy a number of criteria to qualify as a
quantum simulator. The following criteria for quantum simulators were suggested
in Ref. [16]. A similar list of criteria tailored for quantum computers was given
by Di Vincenzo [17]. The criteria below are commented from the perspective of
trapped-ion quantum simulators.

1.

Large quantum system. A quantum simulator is based on a well-control-
lable physical system. The system should be composed of a large number of
constituents, i.e. a large number of degrees of freedom, to offer an advantage
over classical computers. — Systems of trapped ions have reached sizes of
more than 100 site-resolved ions [2—4].

. Initialization. The quantum simulator needs to be initialized in a well-

defined initial state. — The state of an ion can be initialized with high
fidelity by optical pumping, see e.g. Ref. [18]. Creation of product states is
possible with individual-ion operations using a tightly focused laser beam.

. Hamiltonian engineering. The physical system has to be controlled accord-

ing to a target Hamiltonian of interest. — Hamiltonians that act on the
quantum state of ions can be realized with laser fields; Entangling opera-
tions may be mediated by the common motional modes of ion crystals.

. Detection. After the system has evolved under the Hamiltonian under

consideration, the resulting quantum state has to be detected. In most
cases, detection of the states of individual particles is required. — The
electronic state of an ion is detected with the electron-shelving technique
with efficiencies close to unity [19, 20].

. Verification. An important point is the verification of the result of a quan-

tum simulation. At the time of writing this thesis, the primary outcomes of
quantum simulations could still be calculated with classical computers, al-
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Figure 2.2: Visualization of a state |¢) of a qubit on the Bloch sphere. A basis is formed by
the states |1) and || ). States on opposite points on the sphere are orthogonal,
contrary to geometric intuition. The state |i) is parameterized by two angles 6
and ¢.

beit under the use of approximation methods. This, however, contradicts the
purpose of quantum simulators, i.e. having a tool that allows one to simulate
systems that are not accessible with classical computers. As the capabilities
of quantum simulators start to surpass those of classical computers, meth-
ods of verification become necessary. A number of ideas for verification
protocols have been proposed and tested, including self-verification of a
ground state via fluctuations [21], verification via Hamiltonian learning,
cross-platform verification [22], and time-reversal of Hamiltonians [23].

2.2 QUANTUM STATES

In this section, a few basic concepts of the description of quantum states and their
properties are recapitulated. In particular, the notation for qubits that is used in
this thesis is defined.

2.2.1  Qubits

The basic building block in quantum information is the quantum bit, the qubit.
The two base states of a qubit are |0) and |1) and are described by points in a
two-dimensional complex-valued vector space and are denoted by

= (1 an = 0 2.1
0= (1) wa = (7).

Further commonly used notations are’
) =[1)=|z4+) and |1) =) =]z-). (2.2)

The notation |1) (]})) refers to the two-level system (qubit) which is the same as a spin 1/2
system [24], whereas |0) (|1)) refers to the ion being dark (bright) during fluorescence detection.
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A qubit is equivalent to a spin-1/2 system [24] which allows one to describe the
state of a qubit by the states |uparrow), |downarrow) of a (pseudo-)spin.

The state of a qubit can be visualized on a Bloch sphere, as shown in Figure 2.2.
The basis states |[1) and |{) are usually depicted as the north and the south pole,
respectively. Two orthogonal states are on opposite points of the sphere, contrary
to geometric intuition. Further noteworthy states are

1 1
V2 V2

which lie on the equatorial plane. In general, a pure state on the Bloch sphere is
of the form

xt) = —=(IT) £ 1)) and |y£) = —=(I1)£il)), (2:3)

1) = cos (2) 1) + € sin (i) ny (2.4

where 6 is the angle between the state vector and the z axis, and ¢ is the angle
between the projection of the state vector onto the equatorial plane and the x axis.

A mixed state is a probabilistic mixture of pure states. A mixed state is written
as a density matrix, which is a convex combination of pure states,

p= sz’ i) (il , (2.5)

where p; > 0 are the probabilities of preparing |¢;) in an experiment and }_; p; = 1.
Pure states are located on the surface of the Bloch sphere, while mixed states
are located inside the sphere. In the extreme case, the fully mixed state is at the
center of the sphere.

2.2.2  Composite systems

The state of a composite system is constructed by a linear combination of tensor
products of states of the subsystems. If the states of subsystems are elements of
Hilbert spaces H1, Ha, ..., H,, then the state of the total system is an element of

H=H19H, ® - H,. (2.6)

This property of composite systems leads to the exponential scaling of the di-
mension of the Hilbert space of the composite system. For example, a composite
system of qubits doubles in dimension for every added qubit.

2.2.3 Entanglement

An important property of quantum systems of multiple particles is that they
can exhibit the phenomenon of entanglement. In an entangled system, separate
measurements on parts of the system are not sufficient to learn the state of the
total system. Consider a system AB that is composed of two subsystems A and B.
A pure bipartite state |i4p) is entangled if and only if it cannot be written as a
product state [25],

[WaB) # [Pa) |¥8), (2.7)
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where |4) and |¢p) are the wavefunctions describing only the subsystems A
and B, respectively. States that are not entangled are called separable. Examples
of entangled states are the Bell states

1 1

™) = N (10405) £ [1a1p)) and [p*) = N
In general, a mixed state of n systems is called entangled if it cannot be written
as a convex combination of product states [26],

pFE Y PiPL D @ P (2.9)

(|0A1B>i|1AOB>)- (28)

The creation of entanglement is a crucial aspect of quantum simulation experi-
ments. In the case of our trapped-ion quantum simulator, entanglement between
the internal quantum states of ions is created via mediation of the common
motional modes of an ion crystal. An important question is how the presence
of entanglement can be measured. For this purpose, a number of entanglement
measures were constructed, see for instance Ref. [27].

2.3 TRAPPED CALCIUM IONS

Trapped ions offer an attractive platform for quantum information experiments.
Ions can be trapped individually in electromagnetic traps and their motion can
be cooled close to the motional ground state. Ions with a single outer electron —
such as calcium ions — allow one to encode a qubit on two states of the outer
electron. The quantum state of the ion can be manipulated and detected with
high fidelity.

The following section gives a brief overview over the level scheme of calcium
ions, trapping of charged particles, and the motional mode structure of long ion
crystals.

2.3.1  Level scheme of a calcium ion

A single-ionized calcium atom has one electron in its outer shell, leading to a
simple hydrogen-like energy level scheme. Figure 2.3(a) shows the level scheme
of ¥Ca™. The relevant transitions for quantum information experiments lie in
the optical range. The dipole-allowed S;/, <+ P;/; transition has a wavelength of
397 nm and is used for Doppler cooling [28—30] of the ion and for detection [31, 32]
of the quantum state. The Py, <+ D3, transition at 866 nm needs to be driven for
repumping during Doppler cooling and detection. The optical qubit is encoded in
the subspace spanned by the levels Sy, <+ Ds,, which are coupled by an optical
quadrupole transition at 729 nm. This transition has a linewidth of only 1Hz [33]
as it is a dipole-forbidden transition. A fourth transition P3,, <+ D5/, at 854nm
is used for repumping during state preparation and sideband cooling.

More specifically, the qubit is encoded in the Zeeman sub-levels of the S; /; level
and the D5/, level, as shown in Figure 2.3(b). In a magnetic field, the first-order
Zeeman effect leads to a frequency shift between the Zeeman sub-levels [18],

Av = % [gj(D5/2)m’ —g]-(Sl/z)m] B, (2.10)
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Figure 2.3: Level scheme of °Ca™. (a) A dipole transition at 397 nm is used for Doppler
cooling of the ion and detection of the quantum state. Repumping during
Doppler cooling is done at 866 nm. The qubit is manipulated with a laser on
the quadrupole transition at 729 nm which has a linewidth of approx. 1 Hz.
The dipole transition at 854 nm is used for state preparation and for quench-
ing [34] during sideband cooling. (b) Zeeman levels. The qubit is encoded
in the Zeeman levels |S; /5, m; = 1/2) <> |Ds/p,m;j =5/2) for most of the
experiments presented in this thesis.

where pp is Bohr’s magneton, h Planck’s constant, g; are the Landé g-factors of
the respective levels, m’ (m) is the magnetic quantum number of the Ds 5 (S;/)
state, and B is the magnetic field strength. Numerical values for a “°Ca™ ion
are ug/h ~ 1.399MHz/G, gi(Ds/2) ~ 2, and g;(S1/2) ~ 1.2. This encoding
makes the qubit sensitive to magnetic field fluctuations, which are one of the
main contributions to decoherence. For most measurements presented in this
thesis, the qubit was encoded with the states [1) = []) = [S;/2, m; = 1/2) and
|0) = |1) = |Ds/2,m; = 5/2). While this qubit has the highest magnetic field
sensitivity, it is nevertheless attractive as it allows sideband cooling on a nearly
closed transition and high coupling strengths between the qubit states can be
achieved with the same laser beam [35, p. 40].

2.3.2  Trapping of charged particles

While a charged particle cannot be trapped with a constant electric field alone
(Earnshaw’s theorem), it is possible to trap it with an oscillating electric field [36—
38]. The potential of an ion trap is shown in Figure 2.4(a). Two pairs of electrodes
are supplied with oscillating voltages of opposite sign, creating a quadrupole
field between the electrodes. The movement of a charged particle in this potential
is described by the Mathieu equation. When operating the radio-frequency (r.f.)
trap in the correct regime, a stable trajectory of the ion can be achieved. A single
barium ion was first trapped in an r.f. trap consisting of a ring and two endcap
electrodes [38]. A linear r.f. trap was later introduced [39], the so-called linear Paul
trap, as sketched in Figure 2.4(b). Four r.f. blades create oscillating electric fields
that confine the ions radially. Two tip electrodes create a constant electric field, for
axial confinement. The linear Paul trap is particularly useful for confining long,
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Figure 2.4: Ion trap. (a) Potential of a quadrupole field. The two pairs of electrodes
are supplied with an oscillating voltage. (b) Linear Paul trap. Four radio-
frequency (RF) blades create the quadrupole field for radial confinement, two
tip electrodes supply a constant electric field for axial confinement.

linear crystals of ions. Details on the linear Paul trap used for the work presented
in this thesis and its characterization can be found in the thesis of C. Hempel [18].
In the context of this thesis, describing a trapped ion as a quantum harmonic
oscillator is sufficient. A quantum harmonic oscillator is described by the Hamil-
tonian
(m) _ PPl 55,
H"™ = > + Emw X, (2.11)

where m is the particle mass, w the trapping frequency, p the momentum operator,
and x the position operator. Using annihilation and creation operators a and a’,
the Hamiltonian of a quantum harmonic oscillator can be expressed as

H™ = hw <a+a + ;) . (2.12)
The eigenstates of the quantum harmonic oscillator are the Fock states |n). For
most experiments presented in this thesis, the ions are brought to the motional
ground state |0). If multiple ions are trapped and cooled into a crystalline ar-
rangement, their motion can be described by a set of collective motional modes
(for more information, see Ref. [40]).

Combining the internal degrees of freedom of an ion, the electronic states or
(pseudo-)spin states, with the external degrees of freedom, the motional states,
gives joint spin-motional states. Figure 2.5) shows this process: The Hilbert space
formed by the spin states and the Hilbert space formed by the motional states
are combined by a tensor product into the Hilbert space of spin-motional states.
The level scheme of spin-motional states is useful for the description of a trapped
ion interacting with a light field, as this describes processes where light adds
(removes) quanta of motional energy to (from) the system. An example of such a
process is resolved sideband cooling, which is later discussed in Sec. 3.1.2.

11
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Figure 2.5: Combined level picture. Pseudo-spin states are formed by a two-level system
of the electronic states of an ion (internal degrees of freedom). Motional states
are formed by a quantum harmonic oscillator (external degrees of freedom).
Combining both by a tensor product gives spin-motional states.

2.3.3 Motional mode structure of long ion crystals

The motional modes of an ion crystal are the result of the trapping potential and
the Coulomb interaction between the ions. The equilibrium positions, the axial
and radial mode structure and frequencies can be obtained from the Lagrangian
of the system [41]. One aspect that is important for quantum simulation experi-
ments with long ion crystals is the spatial arrangement of the ions. Ions arrange
in a linear crystal only if the axial confinement is sufficiently weak compared
to the radial confinement. For strong axial confinement, the crystal undergoes a
phase transition to a zigzag configuration. Such transitions have been studied nu-
merically [42, 43], analytically [44], and experimentally [45, 46]. For the quantum
simulation experiments presented in this thesis, it is necessary that the crystal
remains linear to realize a simple mode spectrum. In this section, numerical
values for the maximally allowed axial confinement are given.
The potential energy of a crystal of N ions can be described by [47]

m & 2.2 2.2 2.2 ‘12 N1
U= E lzzl ((Uxxl' —|—wyyi +CUZZZ‘> + 477'[60 i_12j>i1’i]' (2.13)

where m is the ion mass, wy, wy, and w, are the radial trapping frequencies, x;,
yi, and z; are the coordinates of the ions, g is the ion charge, €j is the electric
field constant, and r;; is the distance between two ions. The ratio between axial
and radial trapping frequencies (wy,qy = wy = wy) is described by the param-
eter & = (W;/Waq)?. The resulting motional mode spectrum [40] for a 50-ion
crystal with the (single-particle) trapping frequency wy,qg = 27 X 29MHz is
shown in Figure 2.6(a). For each axial trapping frequency, the eigenmode fre-
quencies Wrad eig are plotted, with the center-of-mass mode having the highest
frequency. The lowest-frequency mode occurs at a frequency that depends on the
axial confinement. The ion crystal remains linear as long as the lowest frequency
mode has a frequency greater than zero. With increasing axial confinement, the
radial mode spectrum spreads to lower and lower values, until the lowest radial
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Figure 2.6: Motional mode structure of long ion crystals (numerical simulations). A 50-ion
crystal is harmonically trapped with a radial (single-particle) trapping fre-
quency wy,q = 27 X 29 MHz. (a) The radial motional eigenmode frequencies
Wrad eig are shown as a function of the axial trapping frequency wax. With in-
creasing axial frequency, the radial mode frequency spectrum spreads to lower
values. At the transition frequency w}, ~ 27t x 154kHz, the crystal changes
from a linear to a zigzag configuration (gray region). The inset shows the axial
eigenmode frequencies. (b) Transition frequency vs. number of ions N (points).
The solid line is a power-law fit of w?, = (cNP)'/2w,,4q, where p = —1.78 and
¢ = 2.93. Furthermore, w}, scales linearly with the radial trapping frequency
(inset).
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mode frequency becomes zero. At this transition frequency w}, ~ 27 x 154kHz,
the crystal changes from a linear to a zigzag configuration.

The transition frequency w}, is evaluated as a function of the number of ions N,
as shown in Figure 2.6(b). The dependency is well described by a power-law
scaling, as first pointed out in Ref. [42] and experimentally observed with crystals
of up to ten °Ca™ ions [46]. A least-squares fit of the ansatz w}, = (cNPYY20,0q
to the numerical simulation yields the parameters § = —1.78 and ¢ = 2.93, in
agreement with Ref. [46] and rough agreement with Ref. [42].

The requirement of low axial confinement to achieve linear ion crystals makes
working with long ion crystals increasingly difficult. For example, a 100-ion
crystal at 2.9 MHz radial trapping frequency requires an axial trapping frequency
of less than 82kHz. However, with such low trapping frequencies, technical
difficulties such as axial heating rates become more problematic. Axial heating
rates df1/dt typically depend on the axial trapping frequency by a polynomial
function of the form d7/dt « wj}, with most experiments having an exponent
lying between a ~ 0.5...2 [48]. Therefore, if the axial trapping frequency is set to
low values, the axial heating rate can quickly become unacceptably high.

2.4 LIGHT-ATOM INTERACTION

In this section, some basic properties of light-atom interactions are given. First,
interactions of light with the free atom are described; then interactions of light
with the trapped atom. The structure of this section follows Ref. [19].

2.4.1  Free atom interacting with light

The Hamiltonian of a free ion that is interacting with a classical light field is
composed of a part H®) describing the electronic structure of the atom and a part
H® describing the interaction between light and atom,

H=H"® +H, (2.14)
For many cases, the relevant electronic structure is that of a two-level system,

H® = 7’1?0'2, (2.15)
where 03, is the Pauli z operator, wy is the transition frequency between the two
levels, and 7 is the reduced Planck’s constant. Here, the energy offset %(we +
wg)(|g) (8] + le) (e]) has been subtracted, where |g) is the atom’s ground level
and |e) is the atom’s excited level. The interaction Hamiltonian for a quadrupole
transition depends on the gradient of the electric field and is of the form [49]

HY = -Q- VE(r), (2.16)

where Q is the atomic quadrupole moment operator and E(r) the electric field
at position r. For an atom interacting with a traveling-wave laser field along the
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x-direction, this Hamiltonian can be brought into a simple form [19, 50] which
couples the ground state |g) and the excited state |e),

HO — ZQ(OHr —|—0’7) (ei(kxfwt+¢) + efi(kxfthr(P)) (2.17)
= hQoy cos (kx — wt + ¢), (2.18)

where Q) is the Rabi frequency, o™ = |e) (¢| (¢— = |g) (e]) is the raising (lowering)
operator, k the wavenumber, x the position operator, w the frequency of the light
field, t is time, and ¢ is a global light phase. The Rabi frequency contains the
information on the quadrupole transition, the light polarization and propagation
direction. A general expression for the Rabi frequency can be found in Ref. [40]
and its evaluation for the quadrupole transition in “°Ca™ in Ref. [51, 52]. A
geometric form factor takes the light’s polarization and propagation direction
into account [51].

Hamiltonian (2.17) can be transformed into the interaction picture with re-
spect to Hy = hwy /20, which yields, after a rotating-wave approximation, the
Hamiltonian describing the interaction between a free atom and a light field [18],

9
Hiye = hE [ cos(At + ¢)ox + sin(At + ¢)oy | (2.19)
_ % (e—i<At+¢>U+ n ei(At+¢>0_—> , (2.20)

Here, the detuning between the light field and the atomic transition has been
introduced, A = w — wy.

2.4.2  Single-qubit operations

On resonance (A = 0), Hamiltonian (2.19) leads to the time-evolution operator

(o, ¢) = < cos (§) —ie ¥ sin (g)) ' (2.21)

—ie'? sin (%) CoS (%)

This operator describes a rotation around an axis that lies in the equator, separated

by an angle ¢ from the x axis [Fig. 2.7(a)]. The rotation angle is given by 6 = ()t.

Such rotations of the state vector are referred to as Rabi flops. Consider a qubit

that is initially prepared in the state ||). Then the probability of finding the qubit

in the state |1) at time ¢ is py = | (1 |U(#)| J) |* and evaluates to

Ot 1 1

_an2 (22 _ 1 1

pt+ = sin < 5 ) 573 cos(Ot). (2.22)
In the limiting case of large detuning (A > ()), the light field gives rise to an

ac-Stark shift on the qubit transition,

QZ

Bae = —=—.
ac ZA

(223)
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Figure 2.7: Operations on a qubit. (a) Resonant operation. A resonant light field imple-
ments a rotation U(6,¢) around an axis ry in the equatorial plane. (b) Far
off-resonant operation. A far-off-resonant light field leads to a rotation U (¢pac)
around the z axis. The rotation angle ¢ac = dact is given by the detuning dac
and the interaction time t.

Then the atom-light interaction can be described by the approximate time-

evolution operator
: dac
e 20
Uae = ( 0 eilict) . (2.24)

This operator gives rise to rotations around the z axis [Fig. 2.7(b)].

An important application is the single-ion addressing with a tightly focused
laser beam. Consider a qubit in a pure state that lies in the equatorial plane,
described by |go) = (|1) +e'? |]))/+/2. The far off-resonant light field rotates the
state to [¢1) = Uyc o) = (e xct/2 |1) 4 el#F0ct/2) | 1)) /1/2. A global phase of a
quantum state has no physical relevance and can be suppressed. Thus, the final
state after an ac-Stark shift operation is

) = (|1) + €@ |1)) /2, (2.25)

describing a rotation around the z-axis by an angle ¢.c = dact.

2.4.3 Trapped atom interacting with light

A trapped ion has motional states that can take part in the interactions between
the ion and the light field. Eventually, motional states are used to mediate
entangling interactions between different ions. The total Hamiltonian of a trapped
ion, interacting with a light field is

H=H™ 4+ H® 4+ O, (2.26)

where in addition to (2.14) the motional Hamiltonian H™ appears. It is of
the simple form of a harmonic oscillator, H™) = hw(a*a + 3). By a number
of approximations [19], this Hamiltonian can be brought into a simple form.
First, the Hamiltonian is transformed into the interaction picture with respect
to Hy = H™ + H(®). Next, by applying a rotating-wave approximation, rapidly
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oscillating terms are neglected. Finally, the Hamiltonian can be conveniently
described by introducing the Lamb-Dicke parameter 77 = kxy and replacing the
position operator by a and a*, leading to

Hint(t) = gQOUJrei"(“efM*ﬂem)ei(‘P’At) +h.c (2.27)

The Lamb-Dicke parameter quantifies the extension of the motional ground-
state” xo = \/f/(2mw). This Hamiltonian can drive transitions between different
motional states. When resonantly coupling to one of the sidebands, A = mv, the
coupling strength is [19, 30]

_1 ne!
Qn,ner = Qn+m,n = (e 217217|m| T; L;(qtnl)<772)/ (2.28)

where n. (n-) is the lesser (greater) of n + m and n, LS{") is the generalized
Laguerre polynomial. The Hamiltonian simplifies further if the ion is in the Lamb-
Dicke regime, i.e. the wave packet extension is much smaller than the wavelength
of light #+/((a + a*)?) < 1. Then, the interaction Hamiltonian is approximated
by

Hine(t) = gQOUJr {1 + i;y(ae’i‘/t + aJrei‘/t)ei(‘f”At)} +h.c. (2.29)

This Hamiltonian gives rise to carrier and sideband transitions with a phonon-
dependent coupling strength:

e First red sideband transition (m = —1), |g) [n) <> |e) [n —1):
Qn,n — QOU\/E

e Carrier transition (m = 0), [g) |n) < |e) |n):
Qn,n = QO

e First blue sideband transition (m = +1), |g) |n) <> |e) [n +1):

Qun = Qonv/n +1

2.4.4 Entangling interactions

The electronic states (spins) of multiple ions can be entangled using the common
motional modes as a mediator. A light field creates a coupling between different
ions that depends on their spin states[53]. As the coupling is mediated by the
motional modes, the properties of the entangling interactions depend on the
motional modes’ structure. By changing the detuning of the light field from the
motional modes, the entangling interactions can be tuned from longer to shorter
range [54].

The scheme that creates spin-spin interactions is shown in Figure 2.8(a). A
N-ion crystal is radially confined with a trapping frequency wy,q. The two radial
axes x and y give rise to 2N radial motional modes. The interactions are mediated
via these radial motional modes: A light field couples the internal electronic
states of the ions to the motional modes of the ion crystal. As the motional

2 A single 40Ca” ion trapped at wy = 27r x 2.9 MHz has a ground-state extension of xy = 6.6 nm.
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Figure 2.8: Long-range spin-spin interaction. (a) Entangling interactions between ions
are mediated via the radial motional sidebands. A light field consists of two
frequency components, forming a bichromatic beam. Two components, Bic+
and Bic—, are detuned by a frequency A from the center-of-mass mode. The
radial trapping frequency is w,,q and the radial mode frequencies are wy,. A
third component, Comp, is used for compensation of the ac-Stark shift. (b) An
additional centerline detuning J. allows for tuning between the XX model
(0c = 0), the transverse field Ising model (|6.] > 0), and the XY model
(|6c| > 0). (c) The bichromatic light field gives rise to approximate power-
law interactions with coupling strength J;; between ion i and j [Eq. (2.37)].
Example of Jij for 21 ions with ) = 27t x 109kHz, A = 27t x 27kHz, w, =
27t x 293MHz, wy = 27t X 290 MHz, wax = 271 X 0.22MHz, and 6 = 45°.

modes are common motional modes, the internal states of different ions affect
each other, resulting in interactions between the spin states of the ions. The ion
crystal is illuminated with a light field that contains two frequency components
(Bic+ and Bic—) that are each detuned by a frequency A from the center-of-
mass (c.o.m.) mode frequency. This bichromatic light field couples to each of
the motional modes of frequency w,,. A third frequency component (Comp)
is used for compensation of ac-Stark shifts.> By shifting both frequencies of
the bichromatic light field by an amount J. from the carrier frequency wy the
interactions can be modified [Figure 2.8(b)]. This detuning & is called centerline
detuning. Three cases are particularly relevant:

dc = 0: The detuning of both frequency components Bic+ and Bic— of the
bichromatic light field is symmetric around the motional mode structure. This
setup gives rise to long-range spin-spin interactions that realize the XX model,

Hxx = Z]ijﬂagl)(fag]), (2.30)
i<j
where J[;; is the spin-spin coupling matrix, and Uﬁi) =1® - Q1IR0niLI - ®
1, with o, occurring at the it place of the tensor product, is the Pauli matrix that
acts on ion i.

3 Typical values in our experiment are wy,q ~ 27 X 29MHz, A ~ 27 x 20...40kHz, wcomp =
27 x 1.4MHz.
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|0c| > 0 and |d.] < A: An additional transverse field term leads to the trans-
verse Ising model,

HIsing = ZL‘]‘U}EZ)O}E]) + ZBio}Sl)/ (2'31)
i<j i
where the magnetic field term B; consists of the centerline detuning é. and
single-ion level shifts* B; = —%(& + ;).
|0c| > Jo and || < A: Setting the centerline detuning much larger than the
coupling strength realizes the XY model in the rotating-frame approximation,

1 0 (j 0 _(j
Hyy = 5 Y Jij ((795 )U,(C]) —|—ay( )O'y(])> . (2.32)

i<j
The coupling strength between two spins is described by the coupling matrix [53,

571
(9)

N
w
]i(]-q) = 0;Q); Z 771‘(,277](,2 @ m2 @D\ 2
i (a0~ ()
for the two transverse trapping axes g = x,y. The coupling strength (); is the
Rabi frequency of ion i when one component of the bichromat beam is driving
the carrier transition resonantly. The total coupling matrix is the sum over both

(2.33)

axes, [ij = ]i(jx) + ]lgy ), The Lamb-Dicke parameter for each ion i is

(9) _ @\ p@ | h
Uim k cos <9 )bl,m 2Mw§,?)/ (2.34)

where k is the wavenumber of the light, (%) is the angle between the k vector
of the light and the g = x axis (respectively the y axis), (b;,,) the normalized
eigenvector of mode m with eigenfrequency w;,, and M the mass of a single ion.
An example of the coupling matrix for a 21-ion crystal is shown in Figure 2.8(c).

The presence of the third tone for ac-Stark compensation alters the coupling
matrix J;; [58]. This effect becomes noticeable when the third tone is placed in
proximity to the lowest motional mode. For instance, for a 51-ion chain confined
at wy = 271 x 293MHz and w. = 27 x 128 kHz, the lowest radial mode is at
1.6 MHz. Placing the third tone at 1.4 MHz already creates a noticeable effect on
the spin-spin interactions, which needs to be taken into account by an additional
term in Eq. (2.33). The coupling matrix then becomes [58]

N W'D
I =iy Y it @ 2N (2:35)
B e a0) o)

(7)

W
(C))Z . (wﬁ,;”)y
(c)

where (), is the Rabi frequency of the compensation beam of ion i when driving
the carrier transition resonantly and w() is the detuning of the compensation
beam from the two-level atomic transition.

100 n0 v
200900 3 2 230
m=1 (w

4 For example quadrupole shifts [55, 56]
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For practical purposes, it is often enough to work with a power-law approxi-
mation of the spin-spin coupling matrix. The interaction strength between the
spins can be approximated by a (empirical) power-law decay [10],

Jo

—— (2.37)
i —j* 7

Jij =

where Jo = max(J;;) is the maximum coupling strength. The exponent & theoreti-
if

cally ranges from a = 0 (detuning A — 0) to & = 3 (A — o) [54]. In practice, the
range used in experiments is « ~ 0.7...1.4. Smaller values of « are problematic
as the bichromatic beam gets too close to the c.o.m. mode and starts to directly
drive transitions on the sidebands.> Larger values of a are problematic as the
coupling strength decreases and the accessible maximal evolution time drops.

5 See Fig. 4.8 for measurement data of the error rate.



CHARACTERIZATION OF LONG ION STRINGS

Parts of the work presented here is published in
Physical Review A 105, 052426 (2022)
Physical Review X 14, 011033 (2024)

Long crystals of trapped ions offer an attractive platform for quantum simula-
tions: Ions are identical quantum objects and can be manipulated and their state
can be detected with high fidelity. Entanglement between ions can be created.
System sizes of tens of ions can be realized — well beyond the limit that can be
simulated with classical computers. Experimental challenges arise when scaling
the system size from a few to tens of ions. The progress that enabled the extension
to 50 ions is described in the theses that the present work is built upon [18, 35, 59,
60].

In the present chapter, I give an experimental characterization of long ion
strings of up to 52 ions. First, an overview of the experimental setup is provided.
Then, collisions of background gas molecules with the ion crystal and axial
heating rates are measured. The error source of tilted wavefronts in light-ion
interactions is demonstrated and an optical setup that solves this problem is
presented. Correlation spectroscopy is used to measure ion positions with a
precision of a few nanometers and to investigate anharmonicity in the trapping
potential. Finally, the technical implementation of the Trotter approximation of
the Heisenberg model is discussed.

3.1 EXPERIMENTAL SETUP

The experimental setup that was used in this thesis has been set up and extended
by a number of PhD students and postdocs in the past ten years. Details on the
setup can be found in References [18, 35, 59, 60]. In this section, I will give a
short overview of the experimental setup. The Quantum Simulation experiment
is shown in Fig. 3.1. The setup spans over two optical tables. The main optical
table contains the vacuum chamber that is located inside a mu-metal shield.

21
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Figure 3.1: The Quantum Simulation experiment at IQOQI, Innsbruck (October 2024).
Top: Control station, main optical table containing the vacuum chamber, and
optical table containing cooling, repumping, and photoionization lasers (from
left to right). Bottom: Vacuum chamber containing the ion trap.
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Figure 3.2: Experimental setup. The ion trap is inside a vacuum chamber with optical
access. Cooling and state manipulation of the ion crystal is done by a number
of laser beams with wavelengths of 397 nm, 866 nm, 729 nm, and 854nm,
respectively. The magnetic field Bquant that defines the quantization axis
is created by permanent magnets, a compensation field Beomp by a pair
of coils. Global operations on the ions are performed by a global 729 nm
beam. This beam is shaped into an elliptical beam while maintaining plane
wavefronts by a global beam shaping optics (GBSO). Single-ion operations are
done by a tightly focused 729 nm beam that is controlled by an addressing
optics (ADDR). The quantum state after an experiment is detected by a
photomultiplier tube (PMT) and by a camera which images the ion crystal
through an objective.
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3.1.1 lon trap and magnetic field

The heart of the experimental setup is the ion trap situated in a vacuum chamber,
as shown in Figure 3.2. An ion crystal of up to 60 ions is trapped in a linear
Paul trap. The radial confinement is achieved with oscillating r.f. fields. The
electric radio-frequency (r.f.) signal has a frequency of 28.8 MHz with a power
of approximately 7W fed into a helical resonator, leading to a radial trapping
frequency of wy,q ~ 271 x 29MHz. The axial confinement is achieved by a
constant electrical field that is applied to the tip electrodes. The voltages at the
tip electrodes are in the range Uy, = 6V...500V, leading to axial trapping
frequencies between 90 kHz and 0.9 MHz. Details on the Paul trap used in our
setup and its characterization can be found in Ref. [18].

The ion trap is placed inside a vacuum chamber. The vacuum is maintained by
continuous pumping by an ion pump and a non-evaporable getter. The pressure
of the background gas is approximately 2 x 10~!! mbar at the location of the ion.’
The quantization axis is set by a magnetic field which is provided by a pair of
arrays of permanent magnets [60]. Using permanent magnets has the advantage
that they can provide a more stable magnetic field than the previously used
coil, as permanent magnets do not require a stabilized electrical current. The
permanent magnets are samarium-cobalt magnets and provide a magnetic field
strength of 4.18 G at the position of the ion crystal. The direction of the magnetic
tield defines the z axis of the coordinate system used in this thesis.

One pair of coils is still used to apply a magnetic field for compensation of
ambient time-varying magnetic fields [61, 62]. The ions are used as a sensor
to probe the magnetic field. Then, a compensation field of same strength but
opposite phase is applied to cancel magnetic field variations. This approach
is possible as the ambient time-varying magnetic fields are mainly caused by
currents of electric appliances in the laboratory oscillating at integer multiples
of 50 Hz that were found to remain constant over weeks.

3.1.2  Cooling of the ion crystal

The ions are cooled by three different laser cooling techniques: Doppler cooling,
polarization-gradient cooling, and sideband cooling.

1. Doppler cooling. First, the ions are cooled by Doppler cooling for typi-
cally 3ms. For a two-level atom, the temperature limit of Doppler cooling is
Tpoppler = y/ (2kg) for the maximum cooling rate that is achieved by set-
ting the laser detuning to half of the natural linewidth 7 [30]. Here, kg is the
Boltzmann constant. For ¥°Ca™, we use the dipole transition 42S; /, <+ 42Py ,
at 397 nm which has a natural linewidth of I' = 27t x 22.4MHz [63]. This
results in a temperature limit* of Tpgppler ~ 0.5 mK. In our experiments, we
observe slightly higher temperatures that we attribute to the multi-level

1 This pressure is estimated from the rate of collisions between background gas and a trapped ion.
2 The mean phonon number (7) at this temperature limit is (71) = kg Tpoppler/ (fiw), with a trapping
frequency w = 27 x 3MHz yielding (i) ~ 3.5.



3.1 EXPERIMENTAL SETUP

system coupled by the Doppler cooling beams. The cooling beam illumi-
nates the ion crystal at a 45° angle (Fig. 3.2). This direction overlaps with
all trap axes, and in combination with lifting of the degeneracy of the radial
trapping frequencies, ensures cooling along all three spatial directions.

2. Polarization-gradient cooling. As a second cooling step, polarization-
gradient cooling is applied to cool the ion crystal along the axial direc-
tion [64]. The motion is cooled to a few phonons. A typical mean phonon
number after polarization-gradient cooling of a 51-ion crystal at an axial
trapping frequency of 127kHz is (71) ~ 5 [64]. This cooling step typically
has a length of 1ms.

3. Sideband cooling. The radial motional modes of the ion crystal are cooled
close to the motional ground state by sideband cooling [65]. For small ion
crystals of around N = 10 to 20 ions, it is still practical to cool all 2N
radial motional modes. Each mode is cooled for 0.5 to 1ms, leading to
prohibitively long total cooling times for larger ion crystals. However, for
large ion crystals multiple motional modes can be cooled at the same time,
as the density of radial modes increases with increasing number of ions.
For a 51-ion crystal, the radial motional modes can be cooled by evenly
distributing up to 20 cooling frequencies. This cooling step is the longest,
taking up to about 15ms. For long ion crystals, a short period (approx.
100 ps) of polarization-gradient cooling is repeated after sideband cooling,
as sideband cooling heats up the axial motional modes.

3.1.3 Encoding of the qubit

For most experiments, the qubit is encoded in the states [4°S; 5, m; =1/2) and
32Ds 5, mj = 5/2), which are connected by an optical quadrupole transition. This
qubit is susceptible to magnetic field fluctuations and laser phase noise. The life
time of the qubit is limited by spontaneous emission to approximately 1s.

3.1.4 State preparation

Throughout this thesis, the ions were initially prepared in the |4?S; /5, m; = 1/2)
state. The state preparation is achieved by transferring unwanted population from
the [4%S;/,,mj = —1/2) state to the |3?Ds/y, mj = 3/2) state with the narrow-
linewidth 729 nm light. Population from this excited state is pumped out by
854 nm light to the |4?P3,,) state from where the population decays to the ground
state. After a few tens of microseconds, most of the population has been trans-
ferred to the desired state |45 5, m; = 1/2). This state-preparation scheme is
known as frequency-resolved optical pumping. A detailed description of the
process used in our setup can be found in Ref. [18].
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3.1.5 Coherent operations

Coherent operations on the quantum state of the ions can be carried out with
several different laser beams, as sketched in Figure 3.2. The qubit transition
S1/2,mj = 1/2) <+ |D5;,m;j = 5/2) is an optical quadrupole transition that is
driven with a sub-10 Hz-linewidth laser at 729 nm.

1. Global single-qubit rotations. An elliptically shaped laser beam illuminates
the entire ion crystal from a transverse direction, i.e. perpendicular to the z
axis ("729 global"). This global beam is used for single-qubit rotations that
are applied to all ions simultaneously.

2. Entanglement operations. The global beam can create entanglement be-
tween ions. The entanglement is created via the common radial motional
modes of the ion crystal by a bichromatic light field.

3. Individual single-qubit rotations. A tightly focused laser beam can be
steered onto single ions (729 addressing"). This addressing beam is used
for single-qubit rotations on individual ions.

Details on coherent operations on long ion crystals are given in Refs. [59, 62].
Worth mentioning are effects that limit the fidelity of coherent operations (nonex-
haustive enumeration): (1) Phase noise on the 729 laser, (2) magnetic field noise,
(3) qubit rotation errors due to inhomogeneous coupling, (4) motional heating
(in particular axially), and (5) collisions with background gas. The single-ion
addressing of long ion crystals suffers from nonlinear effects in the acousto-optic
deflector that create an additional laser spot at a position corresponding to twice
the set addressing frequency.

A laser system that drives the Raman transition between the ground state qubit
S1/2,mj = —=1/2) <+ |Sy/2,m; =1/2) has been set up at our experiment [60].
However, this system has not been put into regular use, as improvements on the
fidelity of operations are still required.

3.1.6  Detection

The quantum state of the ions is detected by state-dependent fluorescence: By
driving the dipole-allowed transition 42S; ,, <+ 42P3 ,, the quantum state collapses
either to the bright state |1) = 425, /, that fluoresces or to the dark state |0) =
32Ds, that does not fluoresce. This technique is known as electron shelving [31].
Our experiment provides two ways of detection: A photomultiplier tube (PMT)
measures the mean state population of all ions in the crystal. Additionally, an
EMCCD? camera images the ion crystal and allows us to detect the quantum
state of each ion individually. An example of a single camera detection result
is shown in Figure 3.2. The camera detection was used for most measurements
presented in this thesis.

3 electron-multiplying charge-coupled device
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3.1.7 Stabilization of the environment

A stable environment of the qubit is a prerequisite for coherent operations. In
particular, the magnetic field needs to be stable, as the qubit is encoded in Zeeman
sublevels of *Ca™ that are sensitive to changes in the magnetic field. The magnetic
field is stabilized both with passive and with active means. The passive shielding
is achieved with a mu-metal shield [18, p. 61]. The active stabilization is realized
by a feed-forward mechanism, which first measures the time-varying magnetic
field with the ions as a sensor and then applies a canceling field [61, 62].

Another source of error acting on the ions is caused by leakage light. If light
from unused beams is not shut off completely, this leakage light gives rise to
unwanted couplings that introduce errors. We observed this effect in our setup
for the coherent 729 nm beam from the axial crystal direction ("tip beam") and
for the 854 nm laser. In the case of the "tip beam", the leakage light is caused by
residual first-order light from an AOM. If not in use, this light is blocked by a
mechanical beam blocker. In the case of the 854 nm laser, a better alignment of
the aperture that blocks the zeroth-order light in a double-pass AOM setup was
sufficient.

Apart from error sources that act directly on the qubit, there is a number of
environmental factors influencing the experimental setup. A few examples are: (1)
Temperature changes in the laboratory lead to drifts in the laser cavities and the
optical setups. The laboratory temperature is kept constant to within a few tenths
of a Kelvin. (2) Mechanical vibrations in the setup mainly affect the frequency
lock of the sub-10 Hz-linewidth laser at 729 nm.*> (3) Drifts of the ion crystal. For
an axial confinement frequency of 217 kHz the ion crystal drifts by about 40 nm
in 10 minutes. This drift is compensated by a feedback to the axial tip electrode

voltage [59].
3.2 COLLISIONS WITH BACKGROUND GAS

Collisions with background gas heat up the ion crystal. Depending on the energy
transferred by the collision, this can deteriorate the fidelity of quantum operations
on the systems, or even melt the entire crystal. For our experiment, we have
evaluated the rate of such melting events. The analysis is based on time stamps
of the melting events that are logged by the experiment control system QFP. This
data was analyzed for an ion crystal of 51 ions and 25 ions, respectively. The

As an example, the Quantum Frequency Conversion experiment at the University observed a signifi-
cant impact of vibrations from the air conditioning (AC) of the laboratory on the laser lock of the
narrow-linewidth 729 nm laser system. The linewidth was measured to be Av = 165(2) Hz with
the AC on, and Av = 4.6(1) Hz with the AC off [66, p. 86].

At our Quantum Simulation experiment, we observed the strong impact of acoustic and mechanical
noise on the coherence time. Insulating the cooling water hoses and electrical cables that touch the
main optical table (housing the high-finesse cavity and the 729 laser) with foam plastic increased the
1/e-coherence time of a Ramsey experiment on the [Sy /5, m; = 1/2) <> |Ds /5, m; = 3/2) transition
from 92(15) ms to 172(12) ms. The coherence time on the |Sy/5,m; =1/2) <> |Ds/y,m; =5/2)
transition was increased from approx. 40 ms to 113(8) ms.
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Figure 3.3: Melting of the ion crystal. Shown is the probability that an ion crystal has not
melted after a certain time. The data points are measurements for a 25-ion
crystal and a 51-ion crystal, respectively. The lines are exponential fits of
Eq. (3.1), yielding survival times of 29.3(8) s for 25 ions and 27.4(7) s for 51
ions.

probability that an ion crystal has survived (i.e. has not melted) after a time ¢ is
described by

p=e /T, (3.1)

where T is the 1/e survival time. A time offset ty accounts for the delay until the
previous refreeze procedure has finished.

The measured survival time of the crystal is shown in Figure 3.3. A fit of
Eq. (3.1) leads to a survival time of 29.3(8) s for the 25-ion crystal and of 27.4(7) s
for the 51-ion crystal (axial trapping frequency 126 kHz; time offset tp = 8(3) s in
both cases). Interestingly, the survival time is similar in both cases, despite the
larger 51-ion crystal being expected to undergo twice as many collisions with
background gas molecules than the 25-ion crystal. This may be explained by a
distribution of the transferred collision energy over the entire crystal. While a
large ion crystal experiences more collisions than a small one, it also requires
a more energetic collision to reach the melting temperature. Importantly, the
measured survival time of long ion crystals does not pose a limitation for the
measurements presented in this thesis. The probability that an experimental data
point needs to be retaken due to a molten ion crystal is small enough that data
acquisition is still efficient.

3.3 AXIAL HEATING RATES

Cooling of the motional modes of an ion crystal close to the motional ground state
is important as the atom-light coupling strength depends on the phonon number.
This dependency creates unwanted effects for a number of operations on the
ions. For example, thermal motional states lead to damped Rabi flops or damped
ac-Stark flops. Even when the ion crystal is cooled close to the ground state at the
beginning of an experimental cycle, the crystal is heated continuously by sources
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Figure 3.4: Axial heating rates. (a) Decay of Rabi oscillations directly after Doppler cooling

and polarization-gradient cooling (left) and after a 5ms waiting time (right).

The solid lines are fits of Eq. (3.4). (b) When adding a waiting time before the

Rabi flops, the mean phonon number increases with the heating rate di/dt.

(c) Axial heating rate as a function of the axial trapping frequency, measured
for various ion numbers. The solid line is a fit according to a power law.

of electric noise. Experiments that take tens of milliseconds can be impaired by
such heating. Thus, it is important to characterize the heating rate of a trap. For
our trap, the radial heating rates of a 9-ion crystal have been measured for various
common modes [35]. The heating rates of the axial center-of-mass (c.0.m.) mode
have been measured as a function of the radial trapping frequency [18, p. 85].

In this thesis, a measurement of the axial heating rates as a function of the axial
trapping frequency is presented. The measurement is based on the damping rate
of a Rabi oscillation. The coupling strength to a motional mode depends on the
phonon number. The Rabi frequency (), , of a carrier transition on a Fock state
with phonon number 7 is [19, Eq. 70]

Qn,n = ()Oe_?]Z/2 Ln (172)/ (32)

where 7 is the Lamb-Dicke parameter and L, is the Laguerre polynomial. If the
ion crystal is in a thermal state, the probability p, of finding the phonon number
n is described by a thermal distribution [19],

1 i \" (3.3)
Pr=firi\a+1) >3
where 7 is the mean phonon number. In an experiment, an ion crystal is cooled

and prepared in the state ||). Applying a light pulse of duration ¢ on the carrier
transition brings the ion into the state |1) with probability

pr = an Sinz(Qn,nt)- (3-4)

n

Figure 3.4 shows the measured axial heating rate. First the ion crystal is cooled
by Doppler cooling and polarization-gradient cooling. Then, the ion crystal is
left idle for a waiting time, during which the ion crystal heats up. After the
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waiting time, Rabi oscillations are driven. Immediately after cooling, the Rabi
oscillations show little damping [Fig. 3.4(a)]. After a waiting time of 5ms, the
Rabi oscillations show stronger damping. Measuring the mean phonon number 7
as a function of the waiting time [Fig. 3.4(b)] yields the heating rate d7/dt =
3700(300) phononss~!ion™! for a 50-ion crystal and an axial trapping frequency
of 128 kHz. Additionally, the axial heating rate was measured as a function
of the axial trapping frequency [Fig.3.4(c)]. We found that the axial heating
rate can described by a polynomial function of the axial trapping frequency f,
dii/dt « f~19(2), in the accessible range of f ~ 100 Hz...1kHz. The heating rate
frequency exponent a found in other experiments varies over a large range, with
most experiments yielding & ~ 0.5...2 [48].

The high axial heating rate poses a problem for experiments that require
single-ion addressing after a long (tens of milliseconds) experimental sequence®.
This is typically the case when performing state tomography after entangling
interactions on long ion crystals. This problem will be hopefully solved by
replacing the current trap with a new trap that is manufactured by the company
Alpine Quantum Technologies and that is specified to a lower heating rate than we
currently have.

3.4 WAVEFRONT MEASUREMENT OF THE GLOBAL BEAM

The quantum state of the ions in an ion crystal is manipulated collectively with
a laser beam that illuminates the whole ion crystal. The laser is focused to
maximize the overall light intensity on the ion crystal. However, global operations
performed with such a laser beam can suffer from one particular source of phase
error: Uncontrolled phase modulation by tilted wavefronts. In this section, the
underlying mechanism is explained and a measurement technique is introduced
with which a tilt of the wavefronts can be detected. Finally, an optical setup is
presented that delivers parallel wavefronts and removes this source of error.

3.4.1 Errors caused by tilted wavefronts

Tilted wavefronts can cause errors in the atom-light interaction when the laser
beam has a focus whose focal plane does not coincide with the plane of the
ions. This situation was created by the previously used beam shaping optics [35]
and is shown in Figure 3.5(a). A Gaussian beam is focused by two cylindrical
lenses (lenses not shown), which creates a tight focus along the vertical axis at
the position of the ion crystal. However, the focus along the horizontal axis is not
centered on the ion crystal. As the wavefronts outside the focus of a Gaussian
beam are curved, the angle between wavefront and the longitudinal ion crystal
axis z varies.

A tilt between the wavefront and the longitudinal ion crystal axis leads to
a spatial phase modulation along the direction of the ion crystal. Figure 3.5(b)
shows a single ion illuminated by light with tilted wavefronts. The wave vector k
is tilted by an angle a with respect to the axis z. The phase modulation can be

6 An example is presented in C. Maier’s thesis [59, Fig. 4.10]



3.4 WAVEFRONT MEASUREMENT OF THE GLOBAL BEAM

(a) (c)

simple /2 pulses composite /2 pulses
n n n n n n
2, 2y 2,24 2x 2y
horizontal + +
Time |<—r|<—>l<—r|Tlme
(H) '\I\A Euait t twait t
Vical - 0.015 : . — . .
verti —— simple ax
z <&
(b) V) composite
¢ < 0.010
k, q 8
©
kya t----- 5
5 0.005 )]
: /\/\J\\ i
Time ALK WAL 7 WAV / N
—’Z 0 20 40 60 80 100
K, Waiting time (us)

Figure 3.5: Effect of tilted wavefronts. (a) In the previously used beam shaping optics [35],
the vertical focus Fy and the horizontal focus Fy of the laser beam do not
overlap. The ion chain is placed at the vertical focus, where the horizontal
wavefronts are already curved. (b) An ion is illuminated by a light field with
wave vector k and wavefronts that are tilted by an angle . If the ion oscillates
with an amplitude g, it experiences a modulation of the phase ¢. The period of
this modulation is given by the trapping period Tax. (c) This phase modulation
was probed with a Ramsey experiment, using simple or composite pulses.
The trapping frequency is w, = 27 x 108 kHz. The dotted lines are fits to

Eq. (3.6) and (3.7).

understood easily in a semi-classical picture: The ion has a nonzero temperature
which makes it oscillate with amplitude a along the weakly confining z axis.
During the oscillation, the phase ¢ between ion and light field changes. In the
semi-classical picture, the ion follows the trajectory z(t) = asin(waxt), where wax
is the axial trapping frequency and ¢ is the time. The phase between light field
and ion is then

(P(t) - kzz(t) =k.a Sin(waxt)/ (35)

where k; is the overlap between wave vector and z axis, k; = |k|sin(a). The
period of this modulation is the axial trapping period T,x. The maximum phase
change is ¢max = k4.

The effect of the phase modulation by tilted wavefronts can be detected by a
Ramsey experiment, as shown in Figure 3.5(c). First, the ion is prepared in an
equal superposition of 1) and ||) by applying a /2 pulse. In the absence of
any phase modulation, this rotation would be carried out around the —y axis
with phase 71/2. However, in the presence of phase modulation, the rotation axis
is shifted by a phase ¢;. Then, the ion is left for a waiting time t,i. After the
waiting time, the phase between light field and ion has changed to a value ¢x.
Finally, the phase difference ¢ — ¢; is analyzed by applying a second 7r/2 pulse
and measuring the ion’s excitation.

The signal of the Ramsey experiment is maximized when the initial 7t/2 pulse
is applied at one of the turning points of the ion motion and the final 77/2 pulse
is applied at the other turning point. This occurs when the two 77/2 pulses are
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separated by half a trapping period,  Tax. Additionally, this criterion is also met
when an integer multiple of the trapping frequency is added. Therefore, the peaks
in excitation occur when the waiting time of the Ramsey experiment is (5 + 1) Tax,
withn =0,1,2,.... The separation between two consecutive peaks is a trapping
period Tax.

In an experiment, the initial phase of an ion is determined by its thermal motion
and thus cannot be controlled. The average measurement outcome is the result
of averaging over all possible initial phases. For a Ramsey experiment that uses
simple 7t/2 pulses, the average excitation is described by (see A.1)

1 . 1
¢ = E(kza)z sin® <2waxtwait> ’ (3.6)

where ty,it is the time between the start of the first and the second /2 pulse.

Figure 3.5(c) shows the measured average excitation for a 51-ion crystal, axially
confined with a trapping frequency of wa.x = 108 kHz. The crystal is Doppler-
cooled and sideband-cooled along the radial axes. In a first experiment, a Ramsey
sequence with simple 77/2 pulses was used. The excitation is oscillating at the
trapping frequency, with a maximum excitation of emax ~ 3 X 1073. When using a
Ramsey sequence where the initial and the final rotation are realized by composite
7t/2 pulses, the average excitation is described by (see A.1)

1 . 1 1 . 1
e = E(kza)2 [sm2 (Zwaxtwait> + 4 cos? (2wax(twait + t/)> sin? <2waxt'>] ,
(3.7)
where #' is the time between the beginning of the first and the second pulse of the
composite 77/2 pulse. Depending on the timing ¢’ of the composite 71/2 pulses
the oscillation of the excitation becomes even more pronounced.

3.4.2 Design and implementation of a new beam shaping optics

Errors caused by tilted wavefronts can be avoided by focusing the laser beam in
such a way that the wavefronts are planar and parallel to the ion crystal. For this
purpose, I designed and implemented a new, suitable beam shaping optics. The
optics consists of two crossed, cylindrical-lens objectives. One cylindrical-lens
objective focuses the beam along the vertical axis, while the other cylindrical-lens
objective focuses the beam along the horizontal axis. The crucial point is that
both the vertical focus and the horizontal focus lie on the ion crystal, therefore
delivering plane wavefronts. While the basic design of the optical setup is simple,
a considerable complication was caused by a whole list of requirements:

1. The optics delivers an elliptically shaped focus with plane wavefronts.

2. The mechanical dimensions of the new optical setup have to fit into the
constrained space of the existing setup. The focal position is fixed by the
position of the ion crystal.

3. The vertical focus is as small as possible.

4. The size of the horizontal focus can be adjusted while maintaining plane
wavefronts.



3.4 WAVEFRONT MEASUREMENT OF THE GLOBAL BEAM 33

PD

Top view O

—

=Nl

2w,4=380...1000 um

Side view %
TP o e ——
1 \ ) t
PMF FC LV1 LH1L PBS P LV2 LH2  HWP 2Wo,=46(8) pm
el e st { |
11 43 17 25 90 42 500 mm

Figure 3.6: Global beam shaping optics. Two crossed cylindrical-lens objectives create a
elliptically shaped Gaussian beam that has plane wavefronts at the focus. PMF:
polarization-maintaining fiber, FC: fiber collimator, LV: vertical cylindrical
lens, LH: horizontal cylindrical lens, PBS: polarizing beam splitter, P: pellicle,
HWP: half-wave plate, PD: photo diode.

5. Possibility of fine adjustment of the vertical focus. Correction of the un-
avoidable beam rotation to maximally overlap the elliptical beam with the
ion crystal over its entire length.

The beam shaping optics that meets all these requirements is shown in Fig-
ure 3.6. The 729 nm light is supplied by a polarization-maintaining fiber PMF.
A fiber collimator FC” delivers a collimated beam. A first vertical cylindrical
lens LV1® enlarges the beam in the vertical direction. This lens is positioned
on a micrometer stage for fine adjustment of the vertical focal position. The
distance from the end of the beam shaping optics to the ion crystal is approx-
imately 500 mm. A first horizontal cylindrical lens LH1° focuses the beam in
the horizontal direction. The polarization of the light is defined by a polarizing
beam splitter cube PBS™. A pellicle P samples light for stabilization of the light
intensity via a sample-and-hold circuit. A second vertical cylindrical lens LV2""
focuses the light onto the ion crystal along the vertical axis. The resulting vertical
beam diameter was measured to be 46(8) um. This lens can be tilted by a piezo
stage around the beam propagation axis which allows us to correct the beam
rotation and to maximize the overlap between the elliptical beam and the ion
crystal. Finally, a second horizontal cylindrical lens LH2"* collimates the beam
along the horizontal axis. This lens is mounted on a linear piezo stage and can be
moved along the beam propagation axis. This allows us to adjust the horizontal
beam diameter between 380 um and 1000 pm. During the design process, care
was taken to ensure that the Rayleigh range is large enough, such that the ion
crystal always remains inside the focus during the adjustment.

7 Schafter+Kirchhoff 60FC-4-M20-10

8 Thorlabs LK1336L1-B f = —50mm

9 Thorlabs LJ1277L1-B f = 250 mm
10 Thorlabs PBS252 1” Polarizing Beamsplitter Cube
11 Thorlabs LJ1836L1-B f = 700 mm and LJ1653L1-B f = 200 mm
12 Thorlabs LK1743L1-B f = —100 mm
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Figure 3.7: Effect of parallel wavefronts. (a) The wavefronts of the old beam shaping
optics were curved which resulted in a variation of the wave vector k over
the ion crystal. The tilted wavefronts give rise to peaks in the excitation
[Eq. (3.8)] when probed with a CPMG sequence (N, = 20 pulses, axial
trapping frequency w; = 27t x 112kHz, ion crystal temperature T = 4.6 mK,
ion mass m = mMmc,40). The main peaks are separated by one axial trapping
period Tax = 271/ w;. The intermediate peaks are the result of the finite pulse
length. (b) After installation of the new beam shaping optics that delivers
plane and parallel wavefronts, the signal of the CPMG sequence vanishes. The
noise floor gives an upper bound for the wavefront tilt of # < 0.8 mrad.

3.4.3 Measurement of wavefronts using ions

The effectiveness of the new beam shaping optics was assessed by measuring the
wavefront tilt with the ions acting as the sensor. The underlying idea of probing
phase variations caused by tilted wavefronts with an ion in a Ramsey experiment
was discussed in Sec. 3.4.1 above. The sensitivity of such a measurement can
be increased drastically by inserting 7t pulses into the waiting period. If the 7
pulses are spaced equally in time, the resulting sequence is called a Carr-Purcell-
Meiboom-Gill (CPMG) sequence [67]. By matching the waiting time between two
subsequent 7t pulses with the trapping period, the phase modulation from tilted
wavefronts gets amplified. This results in a signal with clear peaks in the ions’
excitation. The height of the peaks is a measure for the wavefront tilt. The peak
excitation of an ion under a tilted wavefront, probed with a CPMG sequence

is [62]
1 ZkBTkg(Np + 1)2
Crmax = > 1—exp| —

, 8
M2 (3-8)

where N, is the number of 7t pulses in the CPMG sequence, k. the wave vector
component along the z axis, w, the axial trapping frequency, T the temperature
of the ion, m the mass of the ion, and kg is Boltzmann’s constant.

A measurement of the wavefront tilt using a CPMG sequence is presented
in Figure 3.7. In a first measurement, the wavefronts of the old beam shaping
optics were measured [Fig. 3.7(a)]. The measurement was carried out with a
long 51-ion crystal, allowing to probe spatial changes in the wavefront (N, = 20,
w; =271 x 112kHz, T = 4.6 mK, m = mca40). The excitation exhibits clear peaks
which vary in height, indicating a curvature of the wavefronts at the ion crystal.
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The inferred wavefront tilt changes from x; = 4.8 mrad at one end of the ion
crystal to a5; = 1.4mrad at the other end. This change of Ax = 3.4mrad over
the crystal length of Az = 269 um corresponds to a wavefront curvature of
R = Az/Aa = 79(2) mm. The parameters of the old beam shaping optics suggest
a smaller value of 36(2) mm. Possible explanations for this mismatch could be
deviations in the wavefronts of the old optics, or an inaccurate estimate of the
temperature after Doppler cooling. The main peaks in excitation are separated by
one axial trapping period, T.x. The weaker intermediate peaks are the result of
the finite pulse length. The emergence of the intermediate peaks is studied by
numerical simulations in Section 3.4.4.

After implementation of the new beam shaping optics, the wavefront measure-
ment was repeated [Fig. 3.7]. With the new optics, the excitation remains close to
zero, indicating plane and parallel wavefronts. The noise floor of the excitation
gives an upper bound for the wavefront tilt of &« < 0.8 mrad over the whole ion
crystal.

3.4.4 Finite pulse length effects — numerical simulations

Describing the effect of tilted wavefronts with a semi-classical model has the
advantage of giving a simple description at hand for practical use. However, it
does not capture fine details such as finite-pulse-length effects. These can be
studied by numerically solving the evolution of a trapped ion interacting with a
traveling light wave. A numerical study of this phenomenon is the content of this
section.

The evolution of a trapped ion that interacts with a traveling light wave is
described by the Hamiltonian

Hy = hw <a+a + ;) + %hﬂ (ei”(”+”+)(7+e_mt + h.c.) : (3.9)

The first term describes the free evolution of the quantum harmonic oscillator,
where w is the trapping frequency and a (a") denotes the annihilation (creation)
operator. The second term describes the interaction between a traveling light
wave and the states of the harmonic oscillator, where () is the Rabi frequency,
o is the raising operator, 77 the Lamb-Dicke parameter, A the detuning between
light and atomic transition, and t is time.

The problem is modeled by a 1-dimensional oscillator, consisting of a single
ion. The tilt of the wavefront is taken into account by incorporating it into the

Lamb-Dicke parameter,
n =cos(m/2 —a)y\/h/(2mw), (3.10)

with the tilt angle & and the ion mass m. For wavefronts that are parallel to the
oscillation axis of the oscillator, the tilt is zero, « = 0. The numerical simulation is
carried out as follows:

1. The initial state is assigned to the trapped ion.
2. The evolution of the trapped ion under a CPMG sequence is solved numeri-
cally by evaluating Eq. (3.9) in QuTiP [68].
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Figure 3.8: Effects of finite pulse lengths for interactions under tilted wavefronts. (a) Nu-
merical simulation of a trapped ion interacting with tilted traveling wave.
The excitation after a CPMG-10 sequence is evaluated for different ratios of
the Rabi frequency Q) to the trapping frequency w = 27t (detuning A = 0,
n = 0.01). If QO > w, only the mains peaks at times n + % are present. When
Q) = w, intermediate peaks emerge. (b-d) Comparison between experiment
and numerical simulation. The experiment was carried out for N, = 20 pulses,
axial trapping frequency w, = 27t x 112kHz and an ion crystal temperature
of T = 4.6mK. (b) The main peaks at times (n + %)Tax (n=0,1,2,...) are
well described by the semi-classical model and are in agreement with the nu-
merical simulation. (c) At intermediate times, only the numerical simulation
predicts the peaks that are observed in the experiment. (d) Scan over a larger
range of waiting times revealing the periodic structure of the CPMG signal.

3. The final state is used to calculate the excitation.

In a first step, the excitation is simulated for a set of initial Fock states, |/, n).
Then, in a second step, the excitation is averaged over the Fock state distribution
of a thermal state.

The results of this numerical simulation are shown in Figure 3.8. In a first set
of simulations, the influence of finite pulse length of the 7 (77/2) pulses in the
CPMBG sequence is studied. The trapping frequency is fixed, w = 27, while the
Rabi frequency () is varied from calculation to calculation. Consequently, the
length of the 7t (7t/2) pulses changes. Figure 3.8(a) shows simulations ranging
from short pulses ((2/w = 10) to long pulses ((2/w = 0.5). For short pulses, the
excitation after the CPMG sequence shows only the main peaks that occur at
times n + % (n=0,1,2,...). When the length of the pulses becomes comparable
to the trapping period, the semi-classical approximation becomes inaccurate and
intermediate peaks emerge. For () = w, the intermediate peaks are almost as
strong as the main peaks. When the length of the pulses is larger than the trapping
period, () < w, the main peaks even start to vanish and the intermediate peaks
become dominant.
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A comparison between experiment and numerical simulation is presented
in Figure 3.8(b-d). In the experiment, an ion crystal was probed with a CPMG
sequence consisting of N, = 20 pulses. The ratio of Rabi frequency to trapping
frequency was Q)/w = 1.1. At times (n + %)Tax, the experimentally observed
excitation is well described by both the semi-classical model and the numerical
simulation [Fig. 3.8(b)]. However, at intermediate times, the semi-classical descrip-
tion fails to predict the observed peaks, while the numerical solution predicts
them correctly [Fig. 3.8(c)]. A scan over a large range of waiting times reveals the
periodic structure of the CPMG signal [Fig. 3.8(d)].

3.5 CORRELATION SPECTROSCOPY

Correlations between qubits can serve as a useful resource for measuring magnetic
fields, spatial level shifts, or ion positions. The method of correlation spectroscopy
makes use of such correlations. It is possible to extract phase information from
two opposite sides: On the one hand, phase differences between ions can be
measured in the presence of collective phase noise — This allows us to determine
levels shifts or ion positions with high accuracy, even under the presence of laser
phase noise. On the other hand, global phase changes can be measured when
individual-qubit level shifts are taken into account — This allows one to measure,
for instance, magnetic field changes with single repetitions of an experiment,
making phase changes on time scales of a few milliseconds accessible with a
trapped-ion experiment.

The working principle of correlation spectroscopy was first demonstrated for
two ions [69]. Recently, it has been extended to up to 91 ions in two experiments
in our group [70]. The following chapter presents two applications of correlation
spectroscopy for characterization of a long ion crystal: First, the anharmonicity of
the trapping potential is determined from a precise measurement of ion positions.
Second, the transition between a linear to a zigzag configuration of the ion crystal
is observed.

3.5.1 Anharmonicity of the trapping potential

At equilibrium, the trapping force balances the electrostatic repulsion between
the ions. The trapping potential can be determined from a precise measurement
of the ion positions. The working principle of sensing ion positions by correlation
spectroscopy is depicted in Figure 3.9(a). A crystal is formed by N ions located at
positions r;. In a Ramsey experiment, two laser beams are used that illuminate
the N-ion crystal from different directions. The initial 77/2 pulse is done with the
first laser beam with wave vector k1. The phase between the first light wave and

ion i is 4)1.(1) = kq - r;. This first pulse initializes the phase of the superposition
(14)y + el 11))/+/2. Then, the analysis 7r/2 pulse is done with the second laser
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Figure 3.9: Correlations from radial-axial interrogation and measurement of ion positions.
(a) A Ramsey experiment uses two beams with different wave vectors ki and
k> for the initial and for the final rotation, respectively. Each ion at position r;
experiences a different phase relation ¢; between the light phase of the initial
and the final pulse. (b) Measured ion-ion correlations for a 52-ion crystal
trapped at 108 kHz when probed with a Ramsey experiment using the axial
and the radial beam. (c) From the correlations, the phase ¢; (orange squares)
can be extracted by fitting Eq. (3.12). Using an initial estimate of the ion
positions allows for a calculation of the exact ion positions (blue disks) from
the phases.

beam with wave vector k. The phase between the second light wave'> and ion
iis 4)1-(2) = ks - ri. The outcome of the Ramsey sequence depends on the phase

difference between the two light pulses'*, ¢; = 4)1-(2) — 4)1-(1). If the wave vectors of
both light fields are known, the phases

$i = ¢i(2) - <Pi(1) = (k2 — k1) - 1i (3.11)

can be used to extract the ion positions r;. To be more precise, one can determine
the component of the position difference vector between two ions that is not
perpendicular to k» — ki. The perpendicular component is negligible in our case,
as the radial confinement is much stronger than the axial confinement, restricting
the ion crystal along the axial axis.

In the simple case depicted in Fig. 3.9(a), the first light field is perpendicular
to the ion crystal and the second light field is oriented along the crystal. Thus,
the phases that are probed by the Ramsey experiment are ¢; = [(0,0,kz) —
(k1,0,0)]T - (0,0,z;)T = kpz;. For this special case it is crucial to have a laser beam

If the axial beam has a depth of focus that is not much larger than the extent of the ion crystal, the
Gouy phase has to be taken into account. While the value of the depth of focus is unknown for
the tip beam, a measurement of the axial trapping frequency [Fig. 3.10(b)] suggests that the Gouy
phase is negligible.

A Ramsey experiment can be carried out with different light fields from different directions. While
the coupling strength may vary between the ion and the two light fields, the resulting quantum
state does not "remember" from which direction the light field came.
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with wavefronts that are plane and parallel to the ion crystal. The optical system
that delivers this beam and its characterization is described in Sec. 3.4.

The phase ¢; for each ioni = 1,2,..., N can be extracted by measuring the
correlations in the measurement outcomes of (Tz(i) and (Tz(j Jina Ramsey experiment.
The correlation Cj; is [69]

Cii = (ool)y = %cos((pi —¢5). (3.12)
From the measurement, the correlations C;; = <(TZ(Z)U can be evaluated. The
phases can be determined by a fit, up to a constant offset and a global phase.
An example of such a correlation measurement is shown in Figure 3.9(b). A
52-ion crystal is trapped at 108 kHz trapping frequency. The ion crystal is
polarization-gradient cooled to increase the fidelity of the axial operation (in addi-
tion to Doppler and sideband cooling). The two 71/2 pulses (|Sy/2, m; = 1/2) <>
|Ds/5,mj = 5/2)) of the Ramsey sequence are applied immediately after one
another such that spatially varying level shifts become negligible.

For the example of the 52-ion crystal, the phases that were obtained from the fit
are shown in Figure 3.9(c). In a next step, the ion phases can be used to calculate
the ion position. This is, however, only possible up to an offset of an integer
multiple of the wavelength. It is therefore necessary to have a prior estimate of
the ion positions. Such an estimate can be the ion positions of a harmonically
trapped crystal.

The ion positions which are measured from correlations can be used to analyze
the anharmonicity of the trapping potential, respectively the trapping force. This
analysis is shown in Figure 3.10. For an ion crystal in an equilibrium state, the
trapping force Fiap,i that acts on ion i balances the electrostatic force from all
other ions, Fy ;, that is

(f)>

Fuapi + Feti =0 foralli=1,...,N. (3.13)

The electrostatic force is

(3-14)

where e is the elementary charge, ) the electric constant, and z; is the ion position
of ion i along the z axis. From these two equations and the measured ion positions,
the trapping force Fi,p; can be calculated for each ion. The result for our linear
Paul trap used in the Quantum Simulation experiment is shown in Figure 3.10(a).
Towards one end of the ion crystal, the trapping force deviates from a harmonic,
linear behavior, indicating a third-order term in the trapping force.

The trapping potential can be retrieved by fitting an anharmonic potential to
the measured ion positions. For the potential, the ansatz

2
1+ li + <lz> ] (3.15)
3 4

1
U(z) = Emw%zz
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Figure 3.10: Trap anharmonicity from correlation measurements. (a) Reconstructed trap-
ping force. The trapping force is calculated for a 62-ion crystal from the ion
positions with Eq. (3.13). The straight line is the harmonic part. Towards the
right end of the crystal, the trapping force exhibits anharmonic behavior.
(b) Measured and calculated c.o.m.-mode frequency. Sideband spectroscopy
of the axial c.o.m.-mode frequency wax = 277 fax is carried out for ion crystals
with varying number of ions. As a comparison, the c.o.m.-mode frequency
of the ion crystal is calculated from the ion positions that are obtained from
correlation spectroscopy (blue diamonds: for each ion number separately,
solid line: using the 62-ion crystal potential for all calculations). The gray
dashed line shows the harmonic part of the potential, which gives the single-
ion trapping frequency wy, Eq. (3.15). The shaded area shows the uncertainty
of wy (one standard deviation). (c) Reconstructed ion positions from the
trapping potential. The anharmonic trapping potential Eq. (3.15) is varied
in a least-squares fit to give the best description of the measured ion posi-
tions. The ion positions that are measured scatter by a standard deviation
of only 8 nm around the theory description, i.e. roughly by the size of the
ground state wave function of 7nm at 3 MHz radial trapping frequency.
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gives a convenient description in the length scale of the trap. For the 62-ion
crystal, the trap is characterized by'> the trapping frequency of a single ion wy =
27t x 109.74(2) kHz, the length scale of the cubic potential term I3 = 2.121(4) mm,
and the length scale of the quartic potential term 0.801(3) mm.

This analysis of the anharmonicity of the trapping potential was verified by an
independent measurement method: The axial trapping frequency was measured
with sideband spectroscopy and then compared with a calculation based on
the anharmonic trapping potential. For an anharmonic trapping potential, the
trapping frequency of long ion crystals depends on the number of ions. The
longer the crystal, the more of the anharmonic part of the potential is experienced
by the crystal, thus changing the trapping frequency. This comparison is shown
in Figure 3.10(b). The number of ions was varied by successively kicking'® ions
out of the trap, starting from a 62-ion crystal. For each ion crystal, the axial c.o.m.-
mode frequency was measured by probing the transition [Sy/,, m; =1/2)
|Ds /2, mj =3/ 2) with the axial beam. As a comparison, the c.0.m.-mode frequency
is extracted from the fitted potential [Eq. (3.15)]. In one analysis, this was done
for each ion crystal size individually (blue diamonds). In a second analysis,
the potential was evaluated once for the 62-ion crystal; then, the c.o.m.-mode
frequency was calculated for all ion numbers from 62 to 1 ion (solid line). The
measured c.o.m.-mode frequency shows a clear dependency on the number of
ions, as expected for an anharmonic trapping potential. Correlation spectroscopy
is in good agreement with sideband spectroscopy. Deviations between the two
methods might stem from the residual tilt in the wavefront of the global beam
(tilt < 0.8 mrad). Inaccuracies in the knowledge of the wavefronts directly transfer
into errors of the extracted phases.

Lastly, the precision of the position measurement with correlation spectroscopy
was analyzed. The fitted trapping potential (3.15) is used to calculate the equilib-
rium positions of the ions. The residuals between the measured and the calculated
ion positions is shown in Figure 3.10(c). The residuals have a standard deviation
of only 8 nm, demonstrating the precision of the correlation spectroscopy method.
As a comparison to other methods, the displacement of an ion was measured
with fits to the EMCCD image with an accuracy of 4nm [71], or with depletion
microscopy with 10 nm [72]. It should be noted, however, that these other methods
only measure displacements of an ion, whereas correlation spectroscopy is capable
of measuring distances between several ions.

3.5.2 Transition between crystal configurations

Another application of the correlation spectroscopy technique lies in the obser-
vation of the transition between different crystal configurations. Namely, the
transition from an ion crystal in a linear configuration to a "zigzag’ configuration.

The trapping potential can also be obtained from directly fitting the potential (3.15) to the correlation
data. This approach was used in Ref. [70], leading to different fit uncertainties. However, both
approaches give the same result within error bars.

Ions are kicked out of the trap by temporarily making the trapping potential highly anisotropic
(trap imbalancing approx. 28 to 30 V) and executing the refreeze procedure. This probabilistically
throws a few ions out of the trap.
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Figure 3.11: Transition from a linear to a zigzag configuration. The axial trapping fre-
quency of a 4o-ion crystal was varied by setting the (axial) tip electrode volt-
age. For each voltage, the phase differences between the ions were measured
with correlation spectroscopy. (a) Camera images show a linear configuration
at a low tip voltage. At the highest voltage, the zigzag configuration becomes
obvious. (b) Correlation spectroscopy data clearly shows a sharp transition at
22V, where the ion crystal goes from a linear to a zigzag configuration. The
contrast is obtained from a fit of Eq. (3.16) to the correlation data. However,
the camera image does not reveal this transition point. With increasing axial
confinement, the two points at which the lowest radial mode frequency
becomes zero move away from the center, leading to a parabola-like curve.
The radial trapping potential is anisotropic, which results in two curves for
the two radial trapping axes.

By increasing the axial confinement of an ion crystal, the radial motional modes
have less and less energy until the linear configuration becomes unstable and the
crystal rearranges in a zigzag configuration. At the transition point, the radial
confinement of the central ion becomes zero, leading to a large uncertainty in its
radial position. The measurement relies on the fact that correlation spectroscopy
not only enables a determination of ion positions but its outcome is also linked
to the stability of the ion positions.

The observed transition from a linear to a zigzag configuration is shown in Fig-
ure 3.11. A large ion crystal of 40 ions is first trapped at a low axial confinement
(fax = 150 kHz) which ensures a linear configuration of the crystal. Then, the axial
trapping frequency is increased step-by-step until the ions arrange in a zigzag
configuration (up to fax = 214kHz). For sufficiently large axial tip electrode
voltages, the zigzag configuration can be seen on the camera image [Fig. 3.11(a)].
For each axial trapping frequency, the phase differences between the ions are mea-
sured with correlation spectroscopy on the [S; /5, mj = 1/2) <+ |D5,p,m; = 5/2)
transition. In addition to Eq. (3.12), a contrast of the correlations is introduced in
the ansatz, leading to

Cij = <(7Z(i)a(j)> = %cicj COS(¢1' - ‘PJ‘)/ (3.16)

where the contrast c; of ion i ranges from o to 1. By fitting this ansatz to the
correlation data, both the phases ¢; and the contrast c; are obtained.
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Plotting the contrast c; over the ion string and against the axial tip electrode
voltage clearly shows the transition point as a loss of contrast at 22V [Fig. 3.11(b)].
At the transition from the linear to the zigzag configuration, the radial confine-
ment of the central ions becomes unstable; hence, the contrast drops for these
ions. For increasing axial confinement, this instability occurs at two points that
move away from the center. Due to the anisotropic radial trapping potential, a
second transition occurs for the second radial trapping axis. This description can
be substantiated by the experimental parameters: The ion crystal was confined
at radial trapping frequencies of wy = 27t X 293MHz and w, = 27 x 2.88 MHz.
The lowest radial mode frequency becomes zero for an axial trapping frequency of
wax ~ 186 MHz and wax ~ 189 MHz, respectively. These frequencies correspond
to tip voltages of approximately 22.0V and 22.8V, agreeing with the observed
behavior.
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TROTTER APPROXIMATION OF HAMILTONIANS

Quantum simulators try to replicate the Hamiltonian of a system of interest [1].
However, the number of Hamiltonians that are available in a specific physical
implementation of a quantum simulator is limited. One way to make more Hamil-
tonians available is the use of an approximation method [73]. If a Hamiltonian
of interest H = ) ; Hy consists of a sum of multiple Hamiltonians Hy that are
already available in the system, then the Hamiltonian H can be approximated by
splitting up the time evolution into small steps evolving under Hj. This method
is the so-called Trotter approximation.

The present chapter gives a brief theoretical overview over the Trotter approxi-
mations used in this thesis. Then, experimental details on the implementation of
the Trotter approximations are given. In particular, possible sources of errors are
discussed, such as unwanted coupling to spectrally broadened light. Finally, an
example of a quench dynamics is presented, in which a 21-ion system is evolved
under the Trotter-approximated Heisenberg model.

4.1 THEORETICAL BASICS OF TROTTER APPROXIMATIONS

Hamiltonians that can be implemented in our experiment with a single interac-
tion beam are the XX (YY) model, the transverse Ising model, and the XY model.
Further Hamiltonians can be realized by approximating the time evolution of
the desired Hamiltonian with a number of short, simple evolutions of available

L1
[ 11
\

L1
[ 11
\

— —

t t/n t/n t/n

Figure 4.1: Trotter approximation of a Hamiltonian. The time evolution under a Hamilto-
nian H = H; + Hj + - - - + H; is approximated by splitting the total evolution
time f into n smaller steps that evolve under Hamiltonian Hy, Hy,..., Hy.
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Hamiltonians. This is called a Trotter approximation. In a Trotter approxima-
tion, one uses the fact that the time evolution operator U = exp(—iHf) of a
Hamiltonian H = H; + Hp + - - - + H,, can be decomposed into 7 steps by [5, 73]

o—iHE _ (e*iHlt/n .. .e*ian/”>n +0O(t?), (4.1)

where O(t?) are terms of second order or higher in time ¢. Such a Trotter approxi-
mation is depicted in Figure 4.1. A well-readable, more mathematical treatment of
Trotter approximations can be found in Ref. [74—76]. In particular, this approach
allows one to approximate the time-evolution operator of Hamiltonians of the
form

Hxyz = aHxx + bHyy + cHzz (4-2)

by
oiFzt _ (efiaHXXt/Befinyyt/3eficHZZt/3)3 +LOA). (4.3)

As the error term scales with t?, it is favorable to split up the evolution into
smaller blocks. Replacing t — t/n and exponentiating both sides with n yields

3n
; ; t ; t ; t
e—leyzt ~ (e_mHXXEe_leYyﬁe_ICszﬁ) . (4.4)

Besides a decomposition of this simple form, there exist higher-order Trotter ap-
proximations. For a list of higher-order decompositions see for instance Ref. [77].

Trotter approximations are used for two main experimental results presented
in this thesis which are detailed in Sections 6 and 7. By settinga = b = ¢ = %, the

(isotropic) Heisenberg Hamiltonian is approximated,

Hheis = 3 Z]ij (UJEZ)UJ(C]) + (Ty(l)ffy(]) + (Tz(l)fT(])) : (4-5)
i<j
Setting a = b = 1 and ¢ = % realizes an approximation of the anisotropic

Heisenberg model or the XXZ model,

Hxxz = %ZL’]‘ (U;(cl)%g]) + Uy(l)ay(]) + AUZ(Z)UZ(])> : (4.6)
i<j

Experiments demonstrated the applicability of Trotter approximations for
quantum simulations in nuclear magnetic resonance systems [78], trapped ions [6],
and superconducting qubits [79]; further, experiments on ultracold quantum
gases [80] and Rydberg atoms [81]. In recent years, the engineering of error-robust
Hamiltonians has received increased attention [82-84]. In Section 6.2, a detailed
description of the design of a Trotter sequence is given that has some robustness

against detuning errors and pulse length errors.

4.1.1  Example: Trotter approximation of the XY model

The evolution under the XY model (2.32) can be approximated by the first-order
Trotter decomposition

Uny (£) ~ [u@”(m)]” — [Uyy (AD) Uxx (A1)]", (4.7)
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(a) XY model (b) Heisenberg model

Error d

Trotter steps n Trotter steps n
—— U(AL) = Uyy (At Uxx(AL) —— UV(At) = Uzz(At)Uyy(At)Uxx(At)
(rot) =
U.f.rOt)(Af) = R,Uyy(At)Uxx(At) UT;O (At) = R Uyy(At)Uzz(At)Uxx (At)
2 —~= USP(At) = Uyy(At/2)Uzz(AL/2)
—<— U7 (At) = Uxx(At/2) Uy (At) Uxx (At/2) Usx(At)Uzz(At2)Uyy (At/2)

Figure 4.2: Convergence of Trotter sequences. The error d [Eq. (4.8)] is measured by
the distance between the Trotter-approximated [Ut(At)]" and the ideal time-
evolution operator U(t) and is plotted against the number of Trotter steps .
First-order Trotter approximation Ug) (blue solid line), Trotter approximation
with rotation U%mt) (orange dash-dotted line) where R; is a 71/2 rotation
around the z axis, and second-order Trotter approximation LI%Z) (green dashed
line). The Trotter-approximation error decreases with increasing number of
steps. (a) XY model, Eq. (2.32), At = 1/(2n). (b) Heisenberg model, Eq. (4.5),
At =1/(3n). For all cases the numerical simulation is carried out for a system
size of 6 qubits, t =1, Jo =1, and a = 1.

with n Trotter steps U%l) and At = t/(2n). A Trotter step consists of the time-
evolution operators Uxx(At) = exp(—iHxxAt) and Uyy(At) = exp(—iHyyAt). In
order to match a decomposition that is analogous to Eq. (4.4), the number of
Trotter steps has to be even, n € 2IN.

The convergence of the Trotter approximation can be measured by the distance d
between the evolution of the Trotter approximation (Ur)" and the ideal evolution
U = Uxy,

d = [ [Ur(AD)]" = U(#) [|2, (4.8)

where ||A||2 = \/tr(ATA) is the Frobenius norm. A numerical example is shown
in Figure 4.2(a). A system of 6 qubits evolves under the XY model for a time t = 1
with coupling parameters Jo = 1 and a = 1. The evolution is approximated by a
Trotter sequence of n steps. The Figure shows the Trotter approximation error d
for different Trotter approximation schemes. With increasing number of Trotter
steps 1, the Trotter-approximation error decreases for all cases. The error d of
the first-order approximation LIS) scales as 17!, showing that the more Trotter
steps are used for a fixed evolution time, the better the ideal Hamiltonian is
approximated.
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Faster convergence with an error of order 772 can be achieved by a symmetrized
second-order Trotter decomposition [74]

U (AF) = Uyx (At/2)Uyy (At)Uxx (A£/2). (4.9)

Approximations of higher orders can be constructed [75] by decompositions of
the form
ex(A+B) — etlAetzBet3Aet4B . etMA 4 O(xm-i-l)’ (4.10)

with finite M. If complex time steps t; € C are permitted, there exists a third-
order decomposition with five terms’. The simplest real decomposition (¢; € R)
of third order is a product of seven factors*. However, for order m > 3, real
decompositions of this form always require negative time steps t; < 0 [76]. This
is not easily achieved in the experiment.

Interestingly, the numerical simulations in Fig. 4.2(a) suggest that introducing
a base rotation around the z axis after each Trotter step also creates a convergence

speed of n~2. This approach is possible as the XY Hamiltonian conserves the
total z magnetization (Tz(tOt), which implies [Hxy, UZ(tOt)] = 0. Consequently, a
rotation R, = exp <—i7r /4y 0}@) commutes with the time-evolution operator,

[Uxy(t), R;] = 0. This allows one to distribute rotations into the time evolution
and to approximate each time step by a Trotter decomposition of the form

Uxy(t) = (RD)"[R-Uxy (t/n)]" (4.11)
(RDn[RZUYY(Af)UXX(Af)]n, (4.12)

Q

where a Trotter step is given by
UV (At) = R,Uyy (A8 Uxx(AL). (4.13)

As can be seen in the numerical computation in Fig. 4.2(a), this sequence has the
same convergence speed of 172 as the second-order decomposition (4.9). This
behavior can be understood using the algebraic relations given in Appendix C.1
to pull all rotations to the left. As an example, n = 2 steps are considered,

Uxy () = (RD2[R, Uyy (At)Uxx (A1) [RUyy (A Uxx (At)] (4.14)
= Uxx(At)uYy(At)Uyy(At)UXX(At) (4.15)
= ul? (2a¢). (4.16)

This pattern repeats for n > 2. Hence, the rotations create a second-order Trotter
decomposition of step size 2At.

Complex third-order decomposition: e*(4+5) = 20X AenxBeyrAet xBeya’xA L 0(43) where a =
%(3 + 4/3i) and a* is the complex conjugate, see Ref. [75] and citation therein.
Real third-order decomposition: e¥(4+5) — 257 AesxBg3 (1-8)xAg(1-25)xBg ) (1-s)xAgsxBesyA

O(x3), where s = 2_1—%, see Ref. [75]. This decomposition is even correct up to fourth order.
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4.1.2  Example: Trotter approximation of the Heisenberg model

The time-evolution under the Heisenberg model (4.5) is approximated in first
order by

Upeis (1) =~ [Uﬂn = [Uzz(At)Uyy(At)Uxx (AL)]", (4.17)

with At = t/(3n). While Uxx and Uyy are native interactions in the experiment,

Uzz has to be realized by a base transformation’®, Uzz = RIUyyR,. Here, R,

)

denotes a global 71/2 rotation around the x axis, Ry = exp (—i% Y. (7,(: ) . Rotations

Ry and R; are defined analogously. Thus, in the experiment, a single Trotter step
can be implemented as

Ut = UzzUyyUxx (4.18)
= RIUyy Ry UyyUxx. (4-.19)

A numerical example of the convergence of this approximation is shown in
Fig. 4.2(b). A system of 6 qubits evolves under the Heisenberg model for a time
t = 1 with coupling parameters Jy = 1 and &« = 1. As in the previous example,
the Figure presents the Trotter approximation error for different Trotter approxi-
mation schemes. The first order approximation (4.17) again has an approximation
error d that scales with the number of Trotter steps n as n~!. As in the case of
the XY model, the convergence speed can be increased to second order n~2 by
introducing base rotations. The Heisenberg model conserves each component of
total magnetization, hence [Upeis(t), Rz] = 0. Distributing the rotations into the
evolution steps yields

Unteis (1) = (RT)"[R:Upseis (¢/1)]" (4.20)
~ (R;)n[RZUYy(At)UZz(At)UXx(At)]n (4.21)

with a Trotter step (substitute At — At/2)
U™ (Af) = RyUyy (At)Uzz (M) Uxx (AH). (4.22)

It is important to note that the sub-step Uzz has to be in the center of the three sub-
steps in order to achieve the convergence speedup. This behavior was tested with
numerical simulations, but the reason for it remains unclear. Again, this sequence
can be brought into the form of a symmetric second-order decomposition, as can
be seen for n = 2,

Upgeis = (RY)2[R,Uyy (At)Uzz(At)Uxx (At)][R.Uyy (At)Uzz (At)Uxx (At)] (4.23)

= UYy(Ai') UZz(Af) uXx (ZAf) UZz(Af) UYy(At) (424)
= ul? (2a¢), (4.25)

with a second-order Trotter step

U (AF) = Uy (At/2)Uzz(At/2)Uxx () Uzz (AH/2)Uyy (AE/2).  (4.26)

3 A list of base transformations is given in Appendix C.1.
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The second-order Trotter approximation has an error d that scales with the number
of Trotter steps n as n~2, as is shown in Fig. 4.2(b).

While a simple second-order Trotter approximation (4.26) has the same con-
vergence speed as the Trotter sequence using base rotations (4.22), the use of
additional base rotations in a Trotter sequence helps to mitigate experimental
imperfections as detailed in Sec. 6.2.1:

1. Base rotations can be used to incorporate dynamical decoupling into the
Trotter sequence.

2. The number of base rotations can be reduced by algebraic manipulations.
Having fewer base rotations helps to circumvent limitations of the experi-
mental pulse control hardware.

Examples of such Trotter sequences are given in Sections 6 and 7.

4.2 TECHNICAL DETAILS ON THE TROTTER APPROXIMATION

While in theory the implementation of a Trotter sequence is straightforward, in
practice, a number of technical issues have to be considered:

1. The phase of the XX interaction has to be calibrated and the ac-Stark shift
during the XX interaction has to be compensated at the Hertz level,

2. ac-Stark shifts during the qubit rotations can become relevant,

3. switching on and off the laser light leads to spectral broadening that gives
rise to unwanted resonant coupling, and

4. decoherence is caused by magnetic-field fluctuations and laser noise.

In this section, I give a description of how to set up the experiment for the
application of Trotter sequences and how to identify and avoid the listed problems.
Finally, I give an example of an experimentally observed quench dynamics in a
21-ion crystal under the Trotter-approximated Heisenberg Hamiltonian.

4.2.1  Setting up the XX interactions

The basic building block for the Trotter sequences used throughout this thesis is
an interaction of the XX type. This entangling interaction has to be set up with
the correct light phase and the ac-Stark shift has to be compensated correctly. A
procedure for setting up the ac-Stark compensation is given in Ref. [35, Sec. 5.3.1]:
An initial state, o = ||| ... ), is evolved under the entangling interactions. If the
ac-Stark shift is not compensated, the frequency shift leads to a transverse compo-

nent B; # 0 in the interaction Hamiltonian Hising = Yicj ]ija§i)a£f ) + 3 BiO'Z(i). For

|Bi| > Jij, the total magnetization (ziot) = Y ((72(1)> is conserved and the initial
state ¢ = || ... ]) remains unchanged. If the ac-Stark shift is compensated,
i.e. B; =0, the interaction Hamiltonian Hxx = ), : ]ijo,gl)mg] ) does not conserve
(ztot), which can be observed as a rising excitation in the experiment. This rising
excitation can be used as a measure in the experiment to set up the ac-Stark

compensation and consequently to set up a Hamiltonian of the XX type.
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Figure 4.3: Setting up an XX-type Hamiltonian. An XX-type Hamiltonian can be obtained
from a transverse-field Ising Hamiltonian Higing = Y« i ]ij(TJEZ)U;E] ) + Y Biaz(l)
by setting the transverse field B = 0. (a) Time evolution for different transverse
fields B. Maximizing the magnetization of the time-evolved state 1y = ||)®'?

as discussed in Ref. [35] does not always lead to an XX-type Hamiltonian,

as the magnetization rises faster for a negative value of B = —27 x —30Hz
than for B = 0. The parameters used in the simulation are Jo = 220rad/s and

a = 0.96 with J;; = Jo/|i — j|*. (b) Magnetization after a fixed evolution time

vs. transverse field. For the initial state 1y = \¢>®12, the peak magnetization

after 2ms occurs at Bpeax = —27 X 29Hz. For ¢ = |T)®12, the sign of

Bpeak changes. Simulations (solid lines) and experimental data (points) are in

agreement. (c) Dependence on the power-law exponent a. The shift Byeai of

the peak magnetization depends on the extent of the long-range interactions,

i.e. on the exponent a. The shift becomes maximal for long-range interactions

at « = 0.68 but becomes negligible as the interactions become more and more

short-range, i.e. « — 0. (d) The shift of B,ea can be avoided by probing
the magnetization (Xiot—) = — ) <0’,((Z)> with a Ramsey-type experiment
that evolves |¢p) = |x)¥? = (|4) 4 |1))®'2, as the two components of the
superposition have shifts of same magnitude but opposite sign. In this Ramsey-
type experiment, the minimum magnetization occurs at B = 0.
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However, numerical simulations and experimental data show that simply
maximizing the observed magnetization can lead to an erroneous ac-Stark com-
pensation for which the resulting Hamiltonian is not the XX Hamiltonian. The
results of these simulations and experiments are presented in Fig. 4.3. First, the
time-evolution of the initial state o = || ... |) under the Ising Hamiltonian
is simulated. Fig. 4.3(a) shows a numerical simulation of the total magnetiza-
tion (zt) as a function of time for three different transverse field strengths B.
This simulation is carried out for a 12-qubit system with long-range interactions
Jij = Jo/|i — j|* (where & = 0.96, Jo = 220rad/s). An important observation is
that the magnetization for a negative transverse field B = —27t x 30 Hz initially
increases faster than for B = 0. Therefore, if one maximizes the magnetization at
a time of e.g. 2ms, the ac-Stark shift would not be compensated and the resulting
Hamiltonian would not be of the XX type, but instead of the type of a transverse
Ising Hamiltonian with B # 0.

A solution to this problem can be found by noticing that this shift of maximum
magnetization takes an opposite sign when starting from the initial state 1y =
|11 ... 1), as shown in Fig. 4.3(b). The magnetization after a fixed evolution time
of t = 2ms is evaluated as a function of the transverse field B. For the initial
state |/ ... ]) the maximum magnetization (zi) occurs at a transverse field of
B = —27 x 29 Hz, whereas for the initial state |11 ... 1) the maximum occurs at
+27 x 29 Hz. Numerical simulations (solid lines) agree with experimental data
(points). In this experiment, the transverse field B was varied by changing the
centerline detuning J. = 2B of the laser.

The magnitude of the shift Bpea of the maximum magnetization depends on
the extent of the long-range interactions, i.e. on the exponent « in the spin-spin
coupling strength J;; = Jo/|i — j|*. Numerical simulations of this dependency are
shown in Fig. 4.3(c). The shift gets maximum at a power-law exponent of « = 0.68
for the studied example of a 12-ion chain. For interactions that become more and
more short range, i.e. « — oo, the shift vanishes.

The solution of setting up XX-type interactions without suffering from er-
roneous shifts in the peak magnetization consists of using a superposition of
|x) = (|4) +|1))®"? as an initial state and probing the magnetization in a Ramsey-
type experiment. Numerical simulations showing this case are presented in
Fig. 4.3(d). The system is initially prepared in the state |x) and then evolved un-
der the Ising Hamiltonian for a time ¢ (instead of a free-evolution period). Finally,
the magnetization (xit—) = — Y (o) is measured. Using this superposition
as initial state leads to a signal that takes its minimum at B = 0, as the two
components of the superposition have shifts of same magnitude but opposite
sign, allowing to accurately set up the ac-Stark compensation and interactions of
the XX type.

The reason why the superposition |x) is a good choice for setting up XX-
type interactions can be understood from conservation properties of the XX
Hamiltonian Hxx = Y ; ],-]-(7,((1)(7(]). The state |x>®N (with N being the system
size) is an eigenstate of Hxx. Therefore, a system that is initially prepared in
|x>®N does not evolve under Hyx (up to a global phase) and the magnetization
(xtot—) remains constant. A Ramsey-type experiment as shown in Fig. 4.3(d) tests
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Figure 4.4: Setting up the XX interaction. (a) Phase scan, in which the light phase between
the state preparation pulse R; and the entangling pulse Uentang, is varied in a
Ramsey-type experiment. When the value of the light phase realizes the Hxx
Hamiltonian, the initial state |x) is an eigenstate and does not evolve. At this
phase ¢ = ¢xx, the measured excitation becomes minimal. (b) Time evolution
of the initial state |x) under the entangling operation Uentang.. A time evolution
at ¢ = ¢xx realizes Hxy, which keeps the initial state |x) constant. When the
phase is set differently, ¢ # ¢xx, the initial state is no longer an eigenstate of
the realized Hamiltonian H # Hxx and the state changes.

for such a conservation of magnetization. If the Hamiltonian is of the XX type,
the magnetization (xyt—) is conserved throughout the time evolution.

4.2.2  Phase calibration of Hxx

By setting the light phase (with respect to the first light pulse in an experiment),
the interactions can be tuned between Hxx and Hyy. The light phase can be
calibrated to implement Hxx with a Ramsey-type experiment as shown in Fig-
ure 4.4(a). The experiment uses the fact that the |x) state is an eigenstate of
the XX Hamiltonian and thus remains constant during time evolution, up to a
global phase. An initial 77/2 pulse prepares the 12-ion crystal in |x). An entan-
gling period of typically 1ms (Jo ~ 220rad/s) evolves the initial state under the
Hamiltonian [35, Eq. (3.72)]

H=T) <Uz*(7]*e_21‘/’ - (Ti+(7]~_ + Ui_a]* + (Tl-_cf-_eZi‘/’) , (4.27)

— ]
i<j
where ¢ is the light phase. Two important cases are
H(gb = 0) = HXX and H(4) = 71'/2) = Hyy. (428)

A final analysis 77/2 pulse measures (x() ). The phase is set correctly, when the
excitation is minimized. At the minimum, the excitation that is reached in our
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experiment is around 1072 or below. Residual excitation can be caused by an
improperly compensated ac-Stark shift. In that case, a new repetition of both the
ac-Stark shift compensation and the phase calibration should be carried out.

After setting the phase* ¢ = ¢xx for the Hxx interactions, the time evolution
can be tested [Fig. 4.4(b)]. The |x) state is evolved for a few milliseconds. For
¢ = ¢xx, the excitation remains constant, as expected for an eigenstate of Hxx.
For a different phase, the state time-evolves and the excitation changes.

4.2.3 Rotation errors caused by ac-Stark shifts

The ac-Stark shift on the qubit transition |S;/,, m; =1/2) ¢ |Ds/,m;j =5/2)
causes noticeable rotation errors when driving the transition with full laser power.
A light field that couples to a two-level system and to further, far-detuned levels

creates an ac-Stark shift )

5ac,t0t == _ﬁ + 5ac, (429)

where A is the detuning from the resonance, () the Rabi frequency of the resonant
interaction, and J, is the ac-Stark shift from coupling to the far-detuned levels.
Even when the transition is driven resonantly, coupling to far-detuned levels can
cause a frequency shift.

A Ramsey experiment [85] was used to measure the ac-Stark shift [Fig. 4.5(a)].
An initial 77 /2 pulse brings the ion into the state (|1) 4 |{))/+/2. Then a light field
illuminates the ion and causes an ac-Stark shift J,ctor. During the probe time T,
the shift of the energy levels changes the superposition to (|1) +e™||))/v/2
with phase ¢ = Jact0tT. A final analysis 71/2 pulse measures the accumulated
phase ¢, allowing us to extract dac tor- The measurement is repeated for different
detunings A and a fit with Eq. (4.29) is used to extract J,c. When the qubit
transition is driven resonantly with a Rabi frequency of () = 27t x 230(2) kHz,
the shift is d,c = 271 x 2.76(7) kHz.

This frequency shift was found to become problematic when multiple alternating
7t pulses are used in a sequence. Figure 4.5(b) shows the underlying mechanism:
Consider a qubit that is initially prepared in the state |x) = (|1) + |1))/V/2 (step
1). Ideally, a 7t pulse of phase ¢ = 0 rotates around the x axis leaving this state
unchanged. However, the (ac Stark) frequency shift tilts the rotation axis by an
angle a = arctan(d,c/Q2). A 7 pulse of phase ¢ = 0 around this tilted axis brings
the state |x) below the equator (step 2). For small detunings, d,c < (), the error is
described by an effective rotation around the y axis by an angle 2a. Application of
a 7t pulse with opposite phase accumulates this error and brings the state above
the equator by an angle 4« (step 3). In general, the error caused by an ac-Stark
shift during an alternating 7t pulse sequence of n pulses is

Oac = (—1)”211% for dac < Q. (4-30)

The phase offset between the light used for global rotations and the bichromatic light is initially
unknown. Therefore, a phase scan needs to be carried out. The phase offset originates from using
two different RF sources for global rotations and entangling operations, respectively. Once the
phase is set it remains stable, as the RF sources are supplied with a common reference.
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Figure 4.5: Ac-Stark shifts and rotation errors. (a) Ac-Stark shift on the qubit transition.
The ac-Stark shift on the [Sy /5, m; = 1/2) <> |Ds/5,m; = 5/2) transition was
measured with a Ramsey experiment. The ac-Stark shift d,c was extracted
from the data by a fit with Eq. (4.29). The error bars are too small to be
visible. For a Rabi frequency of () = 27t x 230(2) kHz the ac-Stark shift was
found to be dac = 271 x 2.76(7) kHz. (b) Rotation errors introduced by ac-Stark
shifts. The presence of a frequency shift tilts the rotation axis, causing an error
when applying a 7 pulse (1 — 2). Using alternating 7t pulses leads to an
accumulation of this error (2 — 3). Alternating 7 pulses are routinely used
to mitigate rotation errors caused by inhomogeneous coupling to the global
laser beam.

For the measured ac-Stark shift this leads to a rotation error of § = —2 x
(2.76/230) = —2.4 x 1072 after a single 7w pulse. In a Trotter sequence tens of 7t
pulses are applied, leading to a significant total error.

This error source can be weakened easily by reducing the Rabi frequency of
the 7t pulses. The ac-Stark shift scales quadratically with the Rabi frequency,
Sac = —QO2/(2A). For the Trotter sequences used in this work, the Rabi frequency
of the rotations was set to () ~ 27 x 2.5kHz, resulting in an ac-Stark shift of
Jac = 27 x 0.3 Hz, which leads to a rotation error of only 6 = —2 x 10 # after a
single 7t pulse. This approach is sufficient for the Trotter sequences used in this
thesis, as the total duration of such weak rotations is still small compared to the
entangling operations. Using weak rotations also comes with the advantage of
reducing the impact of spectral broadening that is created by turning on and off
the light. This effect is described in more detail in Section 4.2.4.

4.2.4 Resonant coupling to spectrally broadened light

When a Hamiltonian is approximated by a Trotter sequence, light fields must
be switched on and off repeatedly for each Trotter step. The finite duration of
each light pulse in the order of 100 us leads to a spectral broadening of the light
spanning tens of kilo-Hertz. This becomes a problem for the bichromatic light
field used in our experiment for creating entangling interactions. Despite the
components of the bichromatic light field being detuned by approx. 20 to 40 kHz,
the spectrally broadened light still causes resonant excitation of the motional
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sidebands of the ion crystal. This erroneous excitation was found to be as large
as py ~ 0.4, completely dominating over other sources of error. This problem
becomes more prominent with increasing number of motional modes of large ion
crystals.

The resonant coupling of spectrally broadened light can be demonstrated in an
experiment that uses a single light field instead of a bichromatic field, as shown in
Figure 4.6. Figure 4.6(a) details the light pulses used in the experiment: In a train
of 20 light pulses, each light pulse has a finite duration f,eri04 = 147 ps. The rise
(fall) time #41ope Of the pulses is controlled by pulse shaping (segmented Blackman
window [86, p. 25]). The periodic pulse repetition, the finite pulse duration,
and the pulse shape leads to a spectral broadening of the light, as qualitatively
depicted in Fig. 4.6(b). Even if the central light frequency v is detuned by
a frequency A from the qubit transition frequency vy, there are still spectral
components that resonantly couple to the carrier transition. Figure 4.6(c) shows a
quantitative analysis of this coupling. By scanning over the detuning A, the overlap
of the broadened light spectrum with the carrier transition can be observed. In this
first measurement, pulse shaping was turned off (fsope = 0p1s), leading to a series
of peaks where resonant coupling occurred. The peaks occurring at frequencies
n/147ps = n x 6.8kHz = 6.8kHz, 13.6kHz, 20.4kHz,... are the result of the
periodic repetition of the light pulses with period 147 ps. The position and height
of the peaks are found to be in good agreement with numerical simulations. In
the experiment, the Rabi frequency was set to () = 27t x 4kHz to avoid power
broadening. In a second measurement shown in Fig. 4.6(d), pulse shaping was
used to reduce spectral broadening. A rise (fall) time of f5ope = 60 ps is sufficient
to diminish most of the peaks. The strengths of the remaining peaks depend on
the details of pulse shaping and detuning.

The situation becomes worse, when considering a bichromatic light field that
is set close to the radial motional modes. Figure 4.7(a) shows the calculated
light spectrum of the Trotter sequence for the Heisenberg model® overlaid with
the numerous radial modes. Without pulse shaping (tsope = Ons), the light
spectrum has overlap with the radial modes over tens of kilohertz. This overlap
can be reduced by fine-tuning the slope (fsjope = 42118). In the experiment, the
influence of pulse shaping on the sequence error can be observed [Fig.4.7(b)]. A
crystal of 21 ions is prepared in the || ) state and evolved under the Trotterized
Heisenberg model. The || ) state is an eigenstate of Heisenberg model and the
excitation ideally remains constant. Any rise in excitation indicates an error in
the realized Hamiltonian. The light spectrum is varied by changing the total
duration of the Trotter sequence while keeping the number of pulses constant.
Without pulse shaping, the excitation peaks at several sequence lengths, pointing
towards coupling between the broadened spectrum and one of the radial modes.
With pulse shaping, the peaks vanish. For comparison, a third measurement was
taken for which the intensity of the entangling light was set to zero, leaving only
rotation and dephasing errors. The operating point is the Trotter sequence length
at which the main measurements were later taken.

5 For the details of the Trotter sequence see Fig. 4.9(a).
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Figure 4.6: Spectral broadening of a pulse train. (a) A pulse train consists of 20 pulses
where each pulse has a duration of fyeri04 and a rise and fall time of tgjope,
respectively (segmented Blackman window [86, p. 25]). (b) The light is detuned
by a frequency A from the carrier transition vy. The finite duration of the
pulses leads to a spectral broadening of the exciting light. This results in some
resonant coupling of the spectrally broadened light with the carrier. (c) In an
experiment, 20 off-resonant pulses of period fperioq = 147 ps (6.8 kHz spectral
width) illuminate a crystal of 21 ions (Rabi frequency () = 27t x 4kHz). Pulse
shaping is turned off in this first measurement (fsjope = Ops), leading to
a spectrum with a series of peaks that couple to the carrier. A numerical
simulation (grey line) predicts this behavior. (d) In a second experiment, pulse
shaping was set to fgope = 60ps. The shaped pulses have a spectrum that
leads to significantly less unwanted coupling to the carrier.
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Figure 4.7: Spectral overlap of the Trotter sequence with radial modes. (a) Calculated
spectrum of the Trotter sequence (32 Trotter steps) for rectangular pulses
(slope Ops). The spectrum shows significant overlap with the radial motional
modes along the x (y) direction. Pulse shaping (slope 42ps) reduces the
strength of the peaks in the spectrum of the light pulses. (b) The overlap of the
spectrum of the Trotter sequence with the radial motional modes is measured
by varying the total length of the Trotter sequence.

Resonant coupling from spectrally broadened light constitutes one of the
leading error sources for the Trotter sequences presented in this thesis. It becomes
more and more problematic for ion crystals of growing ion number, as the number
and density of radial modes increases as well. For example, a crystal of 21 ions
has already 2 x 21 = 42 radial modes, with a spacing of around 10kHz in the
vicinity of the c.o.m. mode (for wax ~ 27t x 200kHz). Placing the peaks of the
light spectrum of the Trotter sequence in such a way that no radial motional mode
is hit becomes increasingly difficult, even with pulse shaping. Furthermore, the
frequencies of the radial modes fluctuate over time, as the power of the trap drive
cannot be perfectly stabilized — placing a spectral peak too close (few hundred
hertz) to a radial mode can lead to unpredictable increases in the error rate, as
was observed in our experiment®.

4.2.5 Resonant coupling to laser noise

The entangling interactions are created by light fields that are detuned by a few
tens of kilohertz from the motional modes of the ion crystal. If the light has noise
components at those frequencies that coincide with a motional mode, the noise
will couple to the motional mode and cause an error. When setting up the new
729 nm Ti:Sa laser in our experiment, we found strong noise components created
by the servo bumps of the laser lock. This leads to increased error rates in the
entangling interactions and will require further improvements on the locking
scheme.

The effect of laser noise on the entangling interactions can be probed with a
simple experiment, as shown in Figure 4.8. A 12-ion crystal is initially prepared

6 In such a case, it can be sulfficient to change the axial tip electrode voltage by a few tenths of a volt,
shifting radial motional modes in the order of 1kHz.
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Figure 4.8: Spectral overlap with laser noise. In an experiment, the initial state H>®12
evolves under the XY Hamiltonian (rotating-wave approximation), which
conserves total magnetization. Any rise in magnetization implies an error. The
experiment was repeated for two different 729 nm Ti:Sa lasers (Coherent 899
Ti:Sa ring laser, MSquared SolsTiS SA PSX R). The error rate [Eq. (4.31)] peaks
when the lasers noise peak couples to a radial mode (vertical lines). The laser
noise frequency power spectral density Sy was measured with spin-locking

spectroscopy (inset), see Sec. 5. The MSquared laser exhibits a noise peak at
70 kHz.

in the |]) state (axial trapping frequency wax = 27 x 217 kHz, Rabi frequency
of each bichromatic beam component QOF = 27 x 107kHz). Then, the system
is evolved under the XY Hamiltonian and the final state is measured in the z
basis. The XY Hamiltonian is realized as a rotating-wave approximation (without
Trotter approximation) [35]. As Hxy conserves the total magnetization, any rise
in magnetization implies an error during the evolution. Under the presence of
laser noise, the mean excitation is described with the empirical model

e(t) = % <1 - e_Rt) , (4-31)

where R is the error rate and t is the evolution time under Hyy.

The measurement was carried out for two different 729 nm Ti:Sa lasers. First,
for the Coherent system’”, which was used for the measurements presented in
this thesis. Second, for the MSquared system® which has been set up recently at
our experiment but is not yet in use due to its high noise level. The error rate
for the Coherent system is R &~ 107> ms™! for all bichromatic detunings from 20
to 150 kHz. Only when the bichromatic detuning is less than 20 kHz, the error
rate increases drastically. In this regime, the weak-coupling condition, 7} < A,
starts to be violated, as for instance #()/A = % x 107kHz/20kHz = 0.06. In
contrast, the error rate for the MSquared system shows a series of strong peaks
in the range from 20 to 150 kHz. These peaks can be explained when comparing
with the noise spectrum of the laser [Fig. 4.8(inset)]. The noise spectrum exhibits

7 Coherent 899 Ti:Sa ring laser [87]
8 MSquared SolsTiS SA PSX R
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a peak around 70kHz which is caused by the servo bump of the slow locking
branch feeding back to the intra-cavity piezo. If the bichromatic detuning has a
value such that this noise peak coincides with a radial mode, the noise couples to
the radial mode, leading to an error in the XY interactions.

This measurement has an important implication for the laser that is used for
implementing the XY model: To allow for low error rates, the laser has to have
low noise at the frequencies that overlap with the motional modes of the crystal.
In particular, the servo bump, which necessarily shows up in the noise spectrum
of the laser, has to be at the highest frequency possible. The MSquared system
currently uses an intra-cavity piezo in combination with an external acousto-
optic modulator (AOM). The delay time of the AOM limits the servo bump to
a maximal frequency in the order of 100 kHz. In contrast, the Coherent system
uses an intra-cavity electro-optic modulator (EOM), leading to a servo bump at
approx. 1 MHz. A possible solution for the MSquared system could be the use of
an external EOM instead of the AOM.

4.2.6  Example: Quench dynamics in the long-range Heisenberg chain

As an example of an evolution under the Trotter-approximated long-range Heisen-
berg model, a quench dynamics was observed in the experiment. A 21-ion crystal
was confined at a radial trapping frequency of wy = 27t X 2.930 MHz and an
axial trapping frequency of wax = 271 x 217kHz. The bichromatic light field
was detuned by A = 271 x 27 kHz from the radial c.o.m. mode. A third beam at
27 x 1.4MHz was used to compensate ac-Stark shifts. The resulting approximate
power-law interaction Hxx ~ Y_;j Jo/|i —j \"‘(TJEZ)(TJ(C] ) is described by Jo = 468rad/s
and « = 0.86. The bichromatic light field is created by the global beam which had
a variation of the Rabi frequency of 10% over the ion crystal in this case (crystal
length 136 um). The temporal magnetic-field variations were reduced with a feed-
forward compensation [61, 62]. The magnetic field was compensated for 50-Hz
harmonics from 50 to 900 Hz. The remaining magnetic field resulted in variations
of the transition frequency of the qubit [S; /5, m; = 1/2) < |S5/5,mj = 5/2) of an
amplitude of less than 3Hz per 50-Hz harmonics frequency component of the
magnetic field.

The Heisenberg model is implemented via Trotter approximation. To approxi-
mate the Heisenberg model, steps of the form XX, YY, and ZZ are required. As
only interactions of the form XX and YY can be implemented directly in our
experiment by changing the light phase, the ZZ interaction is realized by a base
rotation. The Trotter sequence follows the scheme discussed in Sec. 4.1.2, which
would involve a global rotation around the z axis. To avoid this z rotation that
is not available as a global operation in our experiment, the Trotter sequence is
transformed into a sequence that uses global x rotations. The derivation of this
transformation is simple but lengthy and can be found in Ref. [83], resulting in a
Trotter approximation of the Heisenberg model of the form

Unas (1) ~ RIRA(E-)(E0)VRIR, 432)
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Figure 4.9: Quench dynamics in a Heisenberg chain. A 21-ion crystal evolves in time un-
der the Trotter-approximated isotropic Heisenberg model (Jy e = 398rad/s,
a = 0.86). (a) Trotter sequence for the isotropic Heisenberg model. After initial
base rotations, a Trotter step E is repeated four times, followed by a Trotter
step E_ that is also repeated four times. These eight steps are repeated N times.
Final rotations restore the original basis. (b) Time evolution. The initial state
|z—1,...,2—10,X+11,2—12, - . ., 2—21) evolves under the Trotter-approximated
Heisenberg model. The excitation spreads in a wave-like manner in two of
the three bases.

where E_ = UyyUxxRiUyy and E; = UyyUxxR,Uyy is a Trotter step, respec-
tively. The block of eight Trotter steps is repeated N times. A Trotter step consist
of the evolution operators U, = exp(—iH,,At) for v = x,y with time At and a
global rotation R, = exp (—i?‘[ /4y U,Sl)) around the x axis by an angle of /2.

The Trotter sequence is depicted in Figure 4.9(a). Initially, global rotations are
applied to the system. Then, the Trotter step E. is applied four times and the
Trotter step E_ is applied four times as well. This block of eight Trotter steps is
repeated N times. The Trotter sequence finishes by another set of global rotations.

In the experiment, a total of 36 Trotter steps is used. ¢ ' Each of the three
entangling interactions Uxx(yy) has a duration of 139 ps. Pulse shaping is used
to slowly turn on and off the light pulses to avoid spectral broadening of the
light, as described in Sec. 4.2.4. The effective pulse duration is measured by
fitting a rectangular pulse that has the same area under the intensity curve
as the shaped pulse, leading to an effective duration of approx. 115ps. This
effective pulse duration reduces the spin-spin coupling rate to an effective value
of Joert = 398rad/s. The base rotations are carried out with attenuated light
power to avoid ac-Stark shifts (Rabi freq. 12 kHz).

For observation of a quench dynamics, the system is initially prepared in the
product state where all ions are initialized in |z—) = ||), except for the central

The fact that the number of Trotter steps is not an integer multiple of 8 is corrected by modifying
the final base rotations, as listed in Appendix C.2.

The maximum number of Trotter steps is limited by the currently used hardware for generation of
r.f. pulses (Pulsebox [88]).
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ion 11 which was prepared in |x+) = (|1) + |[1))/V/2. Figure 4.9(b) shows the
experimental result of the quench dynamics. In the x and in the y basis, the
magnetization spreads in a wave-like manner. Coherent oscillations are clearly
visible over the entire ion crystal and until late times. In the z basis, the evolution
is dominated by a drop of the initially prepared single-ion magnetization.
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Manuscript for publication in preparation.

The ability to coherently control a quantum system is a prerequisite for any
quantum experiment. A limited degree of control or an unstable environment
can be described by noise and manifests as decoherence. Noise can be probed
by interference experiments in which laser pulses coherently transform a qubit’s
quantum state to make it sensitive to the influence of noise. A well-known type
of experiment is a Ramsey experiment, in which noise is picked up during a free-
evolution period. If the free-evolution period is replaced by a continuous rotation
around a fixed axis on the Bloch sphere, a so-called spin-locking spectroscopy ex-
periment is realized. Spin-locking spectroscopy was first used in nuclear magnetic
resonance experiments [89, 9o] and later applied to nitrogen-vacancy centers [91]
and superconducting qubits [92] to probe noise spectra. An extension of this idea
is presented in the following chapter: Spin-locking spectroscopy is applied to
measure the motional noise of a single ion trapped in a linear Paul trap. While a
Ramsey experiment on a superposition of motional states allows one to measure
the motional coherence time, spin-locking spectroscopy gives detailed information
about the motional noise spectrum. Characterizing motional noise is important
for trapped-ion based quantum simulators, as entanglement between the ions is
mediated by motional modes of an ion crystal. The work that is presented in this
chapter was carried out together with an intern student, A. Rospars from Ecole
Normale Supérieure de Lyon. Parts of the results are presented in A. Rospars’
internship report [93].

In this chapter, first an introduction is given on how to calculate the time
evolution of a quantum system that is governed by a noisy Hamiltonian. Examples
of a few important noise spectroscopy protocols are provided. Then, spin-locking
spectroscopy and its experimental protocol is introduced. Measurements of the
noise spectrum of several narrow-linewidth 729 nm lasers, both at IQOQI and the
University, are presented. Finally, motional spin-locking spectroscopy is described
in detail and the measured motional noise spectrum is discussed.
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5.1 NOISE SPECTROSCOPY

While the outcome of an individual experimental run that is affected by noise
cannot be predicted, there are a number of statistical quantities which can be
calculated and measured. Since the evolution of a noisy quantum system is
described by a Hamiltonian that includes a stochastic part, a stochastic differential
equation needs to be solved. This can be done by solving a stochastic Liouville
equation as described by Kubo [94]. A helpful description of this approach and
the underlying idea can be found in Ref. [95]. The brief theoretical introduction
below follows these two references.

5.1.1  Evolution under noise

Let a system be described by the Hamiltonian
H(t) = Ho + Hi(t), (5.1)

where Hj is time-independent and the time-dependent part H; (t) is regarded
as a stochastic process. Consequently, the state p(t) of the system is a random
variable. The state evolution is described by the von Neumann equation

Sp(t) =~ [H(),p(1)]. (52)

This equation can be rearranged such that it is expressed by the action of a single
operator: First, the rows of the density matrix are stacked in a single vector. For
a 2 x 2 density matrix this is p = (011, 01,2, p2,1,p2,2)T. Second, the action of the
commutator is described by the Liouville operator

1
L:E(H@)ﬂ—]l@HT). (5.3)
This leads to the Liouville equation
d .
S0 = L), (54)

In general, the Liouville operator does not commute with itself at different times,
[L(t1),L(t2)] # 0, which means that the solution has to be expressed by the
time-ordered exponential exp, [-],

t
() = expo | [ L) | p(0) 53)
The time-evolved state can be evaluated as

5(0) = (ewo | [ LN ) 5(0) = @(0)p00), 66

=o(t)

where the expectation value (-) is the ensemble average of the random vari-
able p(t). Here, the decay function ®(t) was introduced. The initial state p(0) was
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pulled out from the expectation value as §(0) is assumed to be the same in each
realization of the experiment.
Next, the decay function is written in terms of a cumulant function K(t),

®(t) = exp[K(#)]- (57)
The crucial step now is to express the cumulant function as an expansion K(t) =
Y 1 Ky (t). In this expansion, the n" cumulant K, (t) of the cumulant function
depends on a combination of n evaluations of the Liouville operator at different
times, L(t1), L(f2),..., L(t;). Cumulants of higher order are difficult to compute
in general. However, the first two cumulants are sufficient for most applications,
as they fully characterize Gaussian noise, a type of noise that describes a large
number of processes. In Appendix B.1, a derivation is given of how to compute
the cumulants.

Using a cumulant expansion has the advantage that higher cumulants can be
neglected if the noise has a sufficiently small correlation length.” Additionally,
if the Liouville operator vanishes on average, (L(t)) = 0, the first cumulant is
zero, Ki(t) = 0, and the decay function can be approximated by the second
cumulant K(f), yielding

(p(0) = explia(]p0) = exp | [ dt [Mdta (L)L) 501 59)

The autocorrelation function (L(t1)L(t2)) can be related to the power spectral den-
sity by the Wiener-Khinchine theorem. The Wiener-Khinchine theorem states that
for a random variable x(t) the autocorrelation function C(7) = (x(t)x(t 4+ 7)*) is
connected to the power spectral density S,(w) by C(7) = & [ dwe“TSy(w).
Then, Eq. (5.8) can be written as

oy ~exp | [~ dwsi@)r(tw)] 50, 59
with the operator-valued filter function
1 t 51 . _
F(t,w) = E/o dty '/0 dty e“=R) (L (1) L(ty)) . (5.10)

All quantities of interest can be calculated from the ensemble average of the
density matrix, (p(t)). For instance, the evolution of the magnetization (o (t)) of
a qubit can be computed from (oy(t)) = Tr[(p(t)) o).

5.2 EXAMPLES FOR NOISE SPECTROSCOPY PROTOCOLS

The effect of noise on an experiment depends on the details of the experimental
sequence, for example on the timing of the applied operations. By tailoring the
timing of the light pulses in the right way, noise can be probed at one frequency
and suppressed at other frequencies. In Figure 5.1, an overview over a few
important noise spectroscopy protocols is given. The left column presents an
example for the filter function and the right column presents experimental data
for the decay of contrast with increasing probe time. In the following subsections,
these examples are discussed.

1 For more details, see [95, Sec. 6].
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Figure 5.1: Filter function and typical experimental data for various noise-spectroscopy

experiments. The filter functions are given in Tab. 5.1. (a) Ramsey experiment.
The filter function predominantly senses low frequencies (t+ = 10ms). The
contrast is approximately described by an exponential decay in time ¢. (b) Carr-
Purcell-Meiboom-Gill (CPMG) sequence. The filter function has one main
peak that is accompanied by higher harmonics (n = 10, t = 5ms). The decay
of contrast shows a complicated dynamics, as the peaks of the filter function
coincide with different noise components during the scan. (c) Spin locking.
The filter function is a single, sharp peak with a center frequency that is equal
to the driving Rabi frequency () = 271 x 1kHz, t = 10ms). The contrast
drops in a simple exponential decay. More interesting is the frequency noise
power spectral density, as it gives a detailed characterization of the present
noise.
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Table 5.1: Filter functions of spectroscopy experiments. The scalar part of the filter func-
tion (5.10) is given for various important spectroscopy experiments: Ramsey
experiment, Carr-Purcell-Meiboom-Gill sequence (CPMG), and spin-locking
spectroscopy. Here, sinc(x) = sin(x)/x denotes the non-normalized sinc func-
tion, t the duration of the experiment, w the angular frequency, and (2 the Rabi
frequency. For the CPMG sequence 7 is the number of 7t pulses which occur at
relative times 6; = (j — ) /nforj=1,...,N.

Experiment Filter function Ref.
Ramsey % sinc? (4t) [96]2
Spin echo % sinc* (1) [96]°

. 2
CPMG 4nlw2 1+ (_1)n+1e1wt +2 27:1(_1)]e1§]wt‘ [96, 97]c
Spin locking % {sinc2 (%t) + sinc? (%tﬂ [98]

2 Ref. [96] and calculated from Eq. (5.10)
b Ref. [96] and calculated from CPMG with n = 1.
¢ An additional factor % had to be added to Ref. [97] for consistency with Ref. [96].

5.2.1 Ramsey experiment

A Ramsey experiment consists of an initial 77/2 pulse that prepares the qubit in
|x), followed by a waiting time f and a final 77/2 pulse that measures (0x(t)). The
spectroscopy signal is the magnetization measured in x. This type of experiment is
used to measure the coherence time of a qubit under noise J(t) of a Hamiltonian
H(t) = 16(t)0:. The Liouville operator (5.3) is

00 0
01 0
L(t) =6(t (5.11)
®) ) 00 -10
00 0 O
and the decay function in second order evaluates to
0000
o0 2 wtY [0 1 0 0
exp|Ka(t)] = ex —/ dw S(w)— sinc? () (5.12)
plo(] = exp | = [ dws(w) sine (F) | 0
0000
0 0
= ’ (5.13)

o o o ~
o
=

?
=
_ o o O
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where sinc(x) = sin(x)/x,

x(t) = [~ dws()E(tw), (5.14)
and 2 t
F(t,w) = Esinc2 <a£> . (5.15)

The decay function can directly be used to calculate the ensemble average of the
density operator, (f(t)) ~ exp[Kz(t)]po. For a qubit initially prepared in |x), this
leads to the magnetization (o, (t)) = Tr[(o(t)) 0] = e X(),

The filter function F(t,w) probes noise predominantly at low frequencies?,
as shown in Fig. 5.1(a). For a simple type of noise, such as white noise where
S(w) = Sy, the effect of noise can be characterized by a single number. The decay
of magnetization is exponential in time for white noise,

(ox(b) = e X = e7fe, (5.16)

with the coherence time t. = 2/Sy.

5.2.2 CPMG sequence

A modification of the Ramsey experiment introduces additional 7t pulses dur-
ing the free-evolution time. If the 7 pulses are temporally equally spaced
and have equal phase, this results in a Carr-Purcell-Meiboom-Gill (CPMG) se-
quence [Fig. 5.1(b)]. The filter function has a series of peaks with the highest peak
occurring at the frequency fmax = 1n/(2t) for a sequence of n 7t pulses and total
duration t. Due to the frequency sensitivity of the CPMG sequence, the decay of
contrast shows a more complicated behavior. In our experiment, we use CPMG
sequences for sensing oscillating magnetic fields in the frequency range of 50 to
1000 Hz. Furthermore, a CPMG sequence was used in our experiment to probe
noise and optimize locking parameters of the 729 nm laser. For the optimization,
a CPMG sequence with fixed duration was applied to the ions and the loss of
contrast was used as a measure for optimization.

5.2.3 Spin-locking spectroscopy

In a spin-locking experiment, the free-evolution time of a Ramsey experiment
is replaced with continuous Rabi flops around the x-axis [Fig. 5.1(c)]. The ex-
perimental sequence of a spin-locking experiment will be described in detail in
Sec. 5.3.2. As the qubit is initially prepared in the |x) state, a continuous rotation
around the x axis ideally leaves the initial state unchanged. However, if there are
phase fluctuations in the driving light field, the state no longer remains constant
but starts to evolve. The filter function of a spin-locking experiment is particularly

In our experiments, we do not measure (oy(f)), but perform a full phase scan over
(cos(¢)ox(t) +sin(¢)oy(t)) and measure the contrast. This approach removes the effects of the
deterministic part of the Hamiltonian H(t) (e.g. detunings) from the measured contrast and allows
us to measure only the influence of the stochastic part of H(f).
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simple and is approximated in the long-time limit by a single é-function peak.
The noise frequency that coincides with the Rabi frequency is probed by the
spin-locking sequence, while all other frequencies are suppressed. If the phase
fluctuates around zero, the decay of contrast is described by a simple exponential.
The rate of decay is linked to the noise power spectral density at the driving
frequency. The details will be given in the following Section 5.3.

5.3 SPIN-LOCKING SPECTROSCOPY

Spin-locking spectroscopy relies on the frequency-selective response of a con-
tinuous drive. The underlying pulse sequence is known as a Hartmann-Hahn
sequence and was first used to measure spin-relaxation times in nuclear mag-
netic resonance systems [89, 9o]. The Hartmann-Hahn sequence is sensitive to
one frequency while all other frequencies are suppressed. This can be used in
two ways: On the one hand, the broad suppression of frequencies can be used
to decouple a qubit against environmental noise (spin locking). A number of
experiments demonstrated the application of the Hartmann-Hahn sequence for
continuous dynamical decoupling of a qubit from environmental noise [99, 100].
On the other hand, the sensitivity to a single frequency can be used to probe
noise. Spin-locking spectroscopy has been used to measure magnetic fields with a
single nitrogen-vacancy center [91], to measure noise acting on a superconducting
qubit [92], or to characterize laser noise with a single ion [101].

5.3.1 Hamiltonian and spectroscopic signal

The light-atom interaction is described by the Hamiltonian

O . .
Hie = 122 (e’“”(t)ﬁ + el"”(t)a—) , (5.17)
2
where () denotes the Rabi frequency, ¢ () the phase between the light field and
the qubit, and oy (0_) the raising (lowering) operator. For small phases |¢(t)| < 1,
the interaction can be approximated in first order by

Hint =~ hTQ (04 +0-) — ihg [p(t)or —p(t)o-]. (5.18)

Hy Hy(t)

Going into the interaction picture with respect to Hy yields
H=U®"HU) = hé)qb(t) [cos(Q)oy — sin(Qt)o] . (5.19)

This Hamiltonian can be solved by applying the stochastic Liouville equation
approach [Eq. (5.8)]. The Liouville operator of (5.19) is

0  —ic(t) —ic(¢) 0
(t) —2s(t) 0 —ic(t)

ic(t) 0 2s(t)  —ic(t)
0 ic(t)  ic(t) 0

1C

Q
L(H) = & 2 9(0) (5.20)
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with the abbreviations c(t) = cos(Q)t) and s(t) = sin(Q¢). The phase noise ¢(t) is
assumed to have zero mean. Then, the decay function ®(t) can be approximated
in second order by

D(t) ~ exp[Ka(t)] = exp [/Otdtl /0t1 dty (L(t1)L(t2)) ] - (5.21)

The correlation function (L(t1)L(t)) leads to products of cos and sin functions.
When carrying out the integration using the power spectral density (5.9), terms
with some of the products can be neglected in the long-time limit t — oo, and
some can be approximated by a single peak at the driving frequency, leading to
the scalar part of the filter function

2 _
Ft,w) = g—n [sinc2 (aHZ—Qt> + sinc? (a) 5 Qtﬂ , (5.22)

where sinc(x) = sin(x)/x. This leads to the approximation of the decay function
in the long-time limit,

1 00 -1
0 31 0

O(t) ~exp | —x(t , (5.23)
(t) = exp | —x(t) 0 13 0
-1 0 0 1

where x = %254,(0)1‘ and Sy(w) is the power spectral density of ¢(t). The matrix
exponential in (5.23) can be evaluated by diagonalization of the matrix and one
finds

14 e 2x(®) 0 0 1—e 2
(1) ~ 1 0 e 2x(1) L e—4x(t)  _e=2x(t) 4 o—4x(1) 0
2 0 —e2x(t) pe—ax()  o2x(H) 4 o—4x(t) 0
1—e 2 0 0 14+e 20
(5-24)

The evolution of the expectation value of the density operator is

)
; : (5.25)
)

Using this expression, the spectroscopic signal in a spin-locking experiment can
be evaluated. Consider a qubit initialized in |x), respectively p(0) = 3(1,1,1,1)T.
Then, the qubit is driven with a Rabi frequency () for a duration t. The density

matrix evolves as
1 1 e~ 4x(®)
(p(t)) = 5 ( ) . (5.26)
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Figure 5.2: Spin-locking. (a) Experimental protocol. The qubit is initialized in |x). Then,
the qubit is evolved under a continuous drive with Rabi frequency () around
the x axis. Finally, the magnetization (x(t)) is measured. (b) Spectroscopic
signal. The measured magnetization (x(t)) decays exponentially in time. The
exponential decay constant is proportional to the noise spectral density, as
described by Eq. (5.29).

The spectroscopy signal is the magnetization measured in x,

(ox(£)) = Te[(p(t)) 0] = =) (5.27)
= e~ 2SOt (5.28)

The factor )% is present as the phase noise power spectral density Sy is used.
Alternatively, the noise can be expressed by the frequency noise power spectral
density S, = Q?S;.

The spectroscopy signal (5.28) reveals important properties of the spin-locking
protocol: First, the magnetization evolves as a simple exponential decay in time.
Such a decay is easily accessible in an experiment. Second, the decay rate is
proportional to the power spectral density, evaluated at the driving Rabi frequency.
Hence, spin-locking spectroscopy probes noise at only a single frequency. This
makes this technique very convenient for measuring a noise spectrum.

5.3.2  Experimental protocol

For a spin-locking spectroscopy measurement the following experiment is carried
out, as shown in Figure 5.2: First, the qubit is initialized in the state |x) by
applying a 71/2 pulse. Then, the qubit is continuously rotated around the x axis
with a Rabi frequency () for a duration ¢. During this spin-locking pulse, the state
picks up noise that is present at the frequency (), resulting in a depolarization of
the spin. The rate of depolarization is proportional to the noise power spectral
density S,(€2). Finally, a 71/2 pulse is applied to measure the population in (x(f)).
The experiment is repeated for a number of different evolution times t. The decay
of magnetization is [92, 98]

(x(1)) = e 2SO, (5.29)
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where t denotes the duration of the spin-locking pulse, () the Rabi frequency of
the spin-locking pulse, and S4(()) the noise power spectral density. The value
of S4(Q)) is extracted by an exponential fit. Again, it is important to note that
the noise power spectral density gets probed only at the frequency that matches
the Rabi frequency. By scanning the Rabi frequency, a full noise spectrum can be
obtained.

5.3.3 Comparison of laser noise spectra

The noise spectrum of three different lasers was measured with spin-locking
spectroscopy, as shown in Figure 5.3. The first laser was the laser used for the
measurements presented in this thesis (Coherent?, QSim). The second laser is
a new 729 nm laser that was set up at our experiment (MSquared*, QSim). The
third laser (MSquared®, AQTION) is of the same type as our new 729 nm laser
and served as a template for setting up our new laser. The measurements with the
third laser were carried out by I. Pogorelov with the AQTION experiment at the
University. Interestingly, all three lasers show very similar noise spectra. At low
frequencies, the noise drops with the same power-law behavior. This is remarkable,
as either the laser system was different (Coherent, QSim), or the measurements
were carried out in different experimental setups (MSquared, AQTION). At higher
frequencies, the noise spectrum is dominated by the servo bumps of the laser
lock. Our current laser system (Coherent, QSim) has a prominent servo bump
at 60 kHz. The new 729 nm laser in our experiment (MSquared, QSim) has strong
servo bumps spanning from 1kHz to 100 kHz which are prohibitively high and
require further improvements on the locking system before this laser can be
used in quantum simulation experiments. The laser at the University (MSquared,
AQTION) has two servo bumps, one at approx. 50kHz (slow lock acting on
intracavity piezo) and one at approx. 250 kHz (fast lock acting on external AOM).

5.3.4 Finite-lifetime limit

The lowest level of noise that can be detected by spin-locking spectroscopy is
limited by the finite lifetime of the upper level used in the superposition of the
initial state |x) = (|1) + |))/V/2. The finite-lifetime limit for the phase noise

spectral density is (B.2.3)
r

S(p,lim = a2’ (5.30)
where I is the decay rate from the upper to the lower level and () is the Rabi
frequency of the spin-locking pulse. For °Ca™, the decay rate from the Ds, level
to the Sy, level is T & 0.957! [33]. As can be seen in Figure 5.3, the finite-lifetime
limit is close to being a limiting factor in the frequency range around 1kHz,
where the lasers have low noise.

3 Coherent 899 Titanium Sapphire ring laser
4 MSquared SolsTiS SA PSX R
5 MSquared SolsTiS-PSX, located at the University; Characterized in [102].
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Figure 5.3: Phase noise spectra of different 729 nm lasers measured with spin-locking
spectroscopy. Two of the lasers were operated in our Quantum Simulation
experiment at IQOQI (Coherent and MSquared, QSim) and one laser was
operated at the University (MSquared, AQTION). The measurement at the
University was carried out by 1. Pogorelov in the AQTION experiment. The
smallest detectable phase noise power spectral density under a finite lifetime
of the excited level is shown as a dotted gray line [Eq. (5.30)].

5.4 MOTIONAL SPIN-LOCKING SPECTROSCOPY

Instabilities in the trapping potential lead to fluctuations of the trapping frequency
and consequently to noise on the motional state of a trapped ion. This motional
noise reduces the fidelity with which operations that rely on the motional degree
of freedom can be carried out. For example, the entangling interactions in our
experiment are mediated by the motional modes of the ion crystal. Hence, mo-
tional noise needs to be characterized and minimized. The motional coherence
of a trapped ion can be probed by a Ramsey experiment on a superposition of
two motional states. While a Ramsey experiment enables a measurement of the
coherence time, one does not obtain any information on the structure of noise
acting on the motional state.

In recent years, a number of experimental techniques were introduced to mea-
sure motional noise of trapped particles. Ramsey experiments were conducted
on Fock-state superpositions up to large phonon numbers [103]. Spin-echo ex-
periments with coherent r.f. drives were used to test for noise components [104].
Displaced cat states were probed with CPMG-type experiments, allowing for
reconstruction of the motional noise spectrum [105]. The response of a trapped
particle to a modulated periodic drive was used to measure the motional noise
spectrum [106]. However, these techniques either give only indirect information
about the motional noise spectrum [103-105], or require the measurement of an
experimental response function for reconstruction of the spectrum [106].

Motional spin-locking spectroscopy is an interesting addition to these existing
techniques, as it allows one to directly measure a noise spectrum with a sim-
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ple experimental protocol. Applying spin-locking spectroscopy on a motional
transition gives access to the full motional noise spectrum of a trapped ion.

The experimental protocol of motional spin-locking spectroscopy is in principle
the same as for the usual case of probing the carrier transition. However, care
has to be taken to avoid ac Stark shifts while driving the sideband transition.
The ac Stark shift from off-resonantly coupling to the carrier transition can
be significantly reduced by using a coherent motional state. This approach is
described in the following section.

5.4.1 Avoiding ac-Stark shifts by using coherent motional states

Applying the continuous drive of the noise spectroscopy sequence on the blue
sideband of a ground-state cooled ion comes with a problem: The coupling
strength to the blue sideband, (g, = 7, is considerably weaker than the
coupling to the carrier, as the Lamb-Dicke parameter in our experiment is small,
n = 0.04. First, this reduces the maximal noise frequency that can be probed
with spin-locking. Second, this results in a noticeable ac-Stark shift A,. caused by
coupling to the carrier transition, despite a detuning of A ~ 27t x 3.2 MHz. The
ac-Stark shift of a ground-state cooled ion is Ape = —(Qep /77)2/ (28) ~ —0.1 ¥
(27t x kHz) 1 x O, . Spin-locking spectroscopy can only suppress constant
frequency detunings if the detuning is small compared to the Rabi frequency,
Nac/ Qpgp K 1, which leads to the condition (g, < 271 X 10kHz. This condition
is not satisfied, as the Rabi frequencies of a ground-state cooled ion are of similar
order, O, = 0.1...10kHz.

This problematic ac-Stark shift can be reduced significantly by performing the
spin-locking experiment on a coherent motional state with high mean phonon
number. A high mean phonon number increases the coupling to the blue sideband.
The coupling strength between the Fock states |n) and |n + m) is [19, 30]

1 n!
O = Qe 3y b o), (5:31)

where n. (n-) is the lesser (greater) of n + m and n, L,(f‘) is the generalized

Laguerre polynomial. The coupling to the first blue sideband is maximized for
fimax = 529 phonons (7 = 0.04). For a mean phonon number 7, the coupling
strength to the first blue sideband is Opgp, = 77 + 1Qcar. The ac-Stark shift
reduces to
Q%sb 1

T2 )
which is a (71 4+ 1)-fold decrease with respect to the ground-state cooled case.
Compared to directly using a Fock state of high phonon number, the coherent
state has the advantage that it can be created easily in the experiment with a
resonant r.f. drive.®

Aac =

(5-32)

For the r.f. drive, we simply connected a signal generator (SRS DS 345 at 8.49 Vppp) to our loading
oven. A drive of approx. 170 s created a coherent state with mean phonon number 7 ~ 529,
maximizing the coupling to the first blue sideband.
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Figure 5.4: Relative coupling strength for a coherent motional state. (a) The harmonic
trapping potential with trapping frequency v gives rise to Fock states |n).
A transition between the state |],#) and the state |1, 7+ m) has the Rabi
frequency Q) y4m. (b) The relative coupling strength O, ,1n/Qop for the
carrier (m = 0), the first blue sideband (m = 1), and the second blue sideband
(m = 2) transition. In the experiment, a coherent motional state with mean
phonon number 7 was created by exciting the ion motion with a resonant
r.f. drive. The coupling strength (), , 1, was measured by driving Rabi flops
on the transition ||,n) <> |1,n+ m). Points are experimental data, lines
are theory curves for a Fock state [Eq. (5.31)]. The coupling strength of the
coherent state is approximated by the coupling strength of a Fock state, as 7i
is large.

Using a coupling-maximized coherent state has another important aspect:
A coupling-maximized coherent state with high mean phonon number can be
treated as an effective two-level system, allowing one to abstract from the motional
states. The mean phonon number 7y, that maximizes the coupling is large for
small values of the Lamb-Dicke parameter 7. For such large fimax, the phonon
population is limited to a narrow band [fimax — v/7imax, imax + V/7imax), as its
width /7fimax/ fimax becomes small. In this narrow band around the maximum,
the coupling strength to the sideband is approximately equal for all populated
states, as it is in first order insensitive to n. Therefore, when driving the sideband
transition, the two-level systems of all populated states experience the same
coherent rotation.

For creating a coherent motional state, the ion is first cooled to the motional
ground state. Next, a coherent motional state is produced by applying an r.f. drive
that is resonant with the c.o.m. mode (3.167 MHz). The relative coupling strength
for the carrier and the first two sideband transitions is shown in Figure 5.4. For
a mean phonon number of 7i = 529, the coupling of the first blue sideband is
maximized, reaching a value of Qyax = 0.58 x ()g. This is a 15-fold increase of
the coupling strength compared to the ground-state cooled case.

5.4.2 Experimental protocol

The measurements of the motional noise spectrum are carried out with a single
ion. The trapping potential is made anisotropic in the two radial directions to
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separate the two c.o.m. modes (v, = 27 x 3.167 MHz and vy = 27 X 2.909 MHz).
This ensures that only the motional mode along the x axis gets probed by the
spectroscopy.

The experimental protocol is the following [Fig. 5.5(a)]: First, the ion is cooled to
the motional ground state along the x axis by sideband cooling. Then, a coherent
motional state is created by a resonant r.f. drive. The coherent motional state |«)
with & = /i & /529 is the state with maximum sideband coupling strength.
Application of a 71/2 pulse on the first blue sideband prepares a superposition
of two coherent motional states with mean phonon number 7 and 7 + 1, i.e.
|x(t =0)) = ||, aa) + |1, an+1). Then, the sideband transition between these two
motional states is continuously driven around the x axis for a time ¢. During this
period, both noise on the transition frequency and laser noise is picked up. Finally,
the remaining magnetization (x(¢)) is measured. Likewise as in the previous case
(carrier transition), the rate of decay of (x(t)) is a measure for the noise spectral
density at the driving Rabi frequency.

As depicted in the level scheme in Figure 5.5(a), the sideband transition between
the two motional states is sensitive both to changes in the trapping frequency Virap
and to changes in the qubit transition frequency vp. Furthermore, noise on the laser
light itself also impacts a measurement on the sideband transition. In contrast
to this, the carrier transition is unaffected by motional noise. To identify the
contribution of motional noise Virp, the spin-locking spectroscopy measurement
is performed on the sideband transition as well as on the carrier transition. A
comparison of the two signals is presented in Figure 5.5(b) and 5.5(c). For low
frequencies up to 5kHz, noise on the blue sideband is dominated by motional
noise, as the signal on the carrier is small in comparison. Interestingly, the
motional noise is exhibiting a series of distinct peaks. This feature will be analyzed
in the next section in more detail. Above 5kHz, laser noise becomes the limiting
factor in the measurement and motional noise cannot be identified anymore.

5.4.3 Motional noise spectrum

In this section, the noise measurements presented in Figure 5.5(b) are discussed in
detail. The motional noise is analyzed in two steps: In a first step, an estimate for
the noise spectral density is obtained while ignoring possible coherent properties
of the data. In a second step, detailed scans of the observed coherent features of
the spectrum are analyzed.

Figure 5.6(a) shows the estimate for the incoherent part of the motional noise
spectrum. The data was measured as described in the previous section 5.4.2. The
temporal evolution of the magnetization during a spin-locking experiment is
described by a simple exponential decay for the case of zero-mean noise,

(x(1)) = e 25O, (5.33)

where t is the duration of the spin-locking pulse and S, (Q) is the frequency noise
spectral density at the Rabi frequency () of the spin-locking pulse. For each set
Rabi frequency of the spin-locking pulse, the noise spectral density S,(Q) is
obtained by a least-squares fit to the measured (x(t)). The measured motional
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Figure 5.5: Motional noise spectroscopy. (a) Experimental protocol for motional spin-
locking spectroscopy. A resonant radiofrequency pulse (RF) creates a coherent
motional state of a single trapped ion. A /2 pulse around the —y axis
creates an equal superposition of two motional states, |x(t = 0)) = ||, a(71)) +
|1, a(fi+1)). A continuous rotation R, with Rabi frequency Q) around the
x axis probes noise on the sideband transition for a pulse length t. A final
71/2 pulse measures the remaining magnetization (x(t)). (b) Spectroscopy
on the blue sideband shows motional noise at low frequencies up to 5kHz.
The noise is dominated by a series of distinct peaks. The frequency axis is
scanned by varying the Rabi frequency (2 of the continuous rotation Ry. (c) A
measurement on the carrier reveals that laser noise becomes dominant at high
frequencies, as noise shows up both on the carrier and the blue sideband
transition. The strong peak around 60 kHz is a servo bump of the laser lock.
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Figure 5.6: Motional noise spectrum. (a) The frequency noise spectral density S, is probed
by spin-locking spectroscopy on the blue sideband transition. The spectrum
shows a series of distinct peaks. For comparison, noise on the carrier transition
was measured. Above approx. 5kHz, laser noise becomes dominant, as the
noise on the carrier becomes as large as on the blue sideband. The dotted
line is a power-law function & w ™! indicating the overall drop of S,. The
noise is extracted from Eq. (5.33), ignoring coherent evolution in this first
coarse analysis. (b) In a more detailed analysis, it can be seen that the peaks in
the motional noise spectrum exhibit considerable coherence. This coherence
can be probed by observing the time-evolution of a spin-locking experiment.
The solid lines are least-squares fits of Eq. (5.35) to the experimental data.
The two plots show the oscillatory behavior pertaining to two peaks at 420
and 587 Hz, respectively. (The frequencies given inside the plots are the peak
positions.) (c) The analysis of damped oscillations that was exemplified in
subfigure (b) was carried out for all peaks between 420 and approx. 1300 Hz.
This analysis reveals the strength of the frequency modulation at each peak
and the damping rate that is related to the noise spectral density S,, as
described by Eq. (5.35).

noise spectrum shows a series of distinct peaks in the frequency range from 200 Hz
to 5kHz. The peaks are multiples of approximately 200 Hz. The background of
the noise spectral density drops over the measured range as approx. « 1/w!?, as
indicated by the dotted line.

The spin-locking signal shows considerable coherence at frequencies for which
peaks occur. The coherent behavior of the spin-locking signal is analyzed in
Fig. 5.6(b) and (c). Two examples of damped oscillations that the spin-locking
sequence exhibits at peaks is presented in Fig. 5.6(b). The observed damped
oscillations can be modeled by assuming that the trapping frequency is the sum
of a coherent modulation part v. and a zero-mean noise part vy,

V(t) = ve(t) + vn(t) = wmPBsin(wmt + ) + vn(t), (5-34)

where wp, is the modulation frequency, B is the modulation index, and ¢ is the
phase of the modulation. The noise part v(t) is related to the power spectral
density by the Wiener-Khinchin theorem, S,(w) = [ C,(t)e!!, with the au-
tocorrelation function C,(t; — t2) = (v(t1)v(t2)). For this ansatz, the coherent
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evolution and the incoherent decay separate into a product, as detailed in Ap-
pendix B.2.2. The magnetization then evolves according to damped oscillations of
the form

(x(t)) = e 250t cog (;ﬁﬂt) ) (5.35)

These damped oscillations are observed when non-zero mean noise is probed at
the modulation frequency, () = wm.

By fitting damped oscillations to the measured evolution (x(t)) at several
noise peaks, the modulation index B and the noise spectral density S,(Q2) is
obtained. The results are presented in Fig. 5.6(c) for peaks between approx. 400 Hz
and 1400 Hz.

5.5 CONCLUSION

Motional spin-locking spectroscopy represents a method to measure the motional
noise spectrum of a trapped ion. A transition between two motional states is
probed by a continuous drive, resulting in a sharp filter function which rejects all
but a single frequency. The coupling strength between the two motional states
can be increased by an order of magnitude, compared to the ground-state cooled
case, by the use of a coherent motional state. A measurement of the motional
noise spectrum of a single trapped ion in our linear Paul trap was presented,
revealing both incoherent and coherent perturbations of the trapping frequency.
The coherent perturbations occur at multiples of 200 Hz, indicating a noise source
that creates a series of higher harmonics. Motional spin-locking spectroscopy
provides a tool that allows for further future investigations of the stability of the
trapping potential in ion traps.
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NON-ABELIAN THERMAL STATES

The work presented here is published in
Physical Review X Quantum 4, 020318 (2023)

How do we understand "thermalization" of a quantum system? It is experience
from everyday observation that systems tend towards an equilibrium: hot bodies
cool down until they reach the same temperature as their environment, concen-
trations of solutions equalize, or directed motion is turned into the disordered
motion that is associated with heat. For classical systems this process of thermal-
ization is well studied and explained by a statistical argument: In equilibrium, a
system takes the macroscopic state that has the highest probability of occurrence.
The underlying idea is to count the number of points in phase space that realize
a particular macroscopic state. This approach only works if a system is ergodic, i.e.
a trajectory evenly covers the full allowed energy shell" in phase space, because
then the area of the energy shell is a measure for the probability of realizing a
particular macrostate.”

The concept of ergodicity cannot be directly applied to states in the Hilbert
space of quantum mechanics.? The problem is that in quantum mechanics not only
energy is conserved but also the energy distribution, as was realized early [111].
Consider some initial state |p) = Y., cx |$n) that is expressed by the eigenstates

/) of some Hamiltonian H. During time evolution |c,(t)|*> = |c,|* remains
constant. Therefore, the time average
(lp(®) @), = Llenl lon) (@l (6.1)
n

usually does not equal the microcanonical ensemble average, as this time average
depends on the details of the initial state. One solution is to consider a sufficiently

=

The energy shell is the set of points in phase space with energy between E and E + JE. As 0E is

assumed to be small, the points lie on a (multidimensional) shell.

2 Remarkably, only very few classical systems have been proven to be ergodic. One example is N
hard spheres confined in some volume, the "Sinai Billiard" [107]. Another example is a single point
particle in a stadium with hard walls, the "Bunimovich Stadium" [108], where two semicircular
sides are connected by two straight mid-sections.

3 The following overview is based on the well-readable review articles [109, 110].
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small subsystem of a total system. Even when the state of the closed, total system
is pure, the subsystem is found to be in a canonical state after tracing out the
rest of the total system [112, 113]. The other solution is to consider macroscopic
observables instead of the quantum states themselves. Then the property of
ergodicity can be defined for quantum systems by demanding that the time
average of a macroscopic observable M equals the expectation value of the
microcanonical ensemble,

(@O Mp(t)) ), = Tr[Mpme] = (M), (6-2)

where the microcanonical ensemble pmc(E) = Yyep(g) 1/N [¢a) (@] contains all
eigenstates with energy between E and E + JE with equal weight. Here, #(E)
denotes the set of all eigenstates in the energy shell between E and E + JE, and
N is the total number of states in the energy shell.

Thus, using macroscopic observables allows one to define the notion of ergod-
icity for quantum systems. However, it still remains not fully understood under
which conditions quantum systems are ergodic and thermalize. For instance,
integrable systems hinder thermalization. In an integrable system there is a large
number of conserved quantities that restrict the area in the energy shell that is
accessible. It was conjectured that the resulting thermal state is of the form [114]

e = Z~ e B tnln, (6.3)

the so-called generalized Gibbs ensemble (GGE). Here, {I,,} is the set of integrals
of motion, Z = Trlexp(— ¥, Amln)] the partition function, and {A,} are the
Lagrange multipliers that are fixed by the initial conditions Tr[[,,0] = (I,) (t = 0).
The structure of the GGE becomes clear when comparing it to the canonical
thermal state. In the canonical thermal state only the energy determines the form
of the thermal state, resulting in pcan = Z le=PH In the GGE, the additional
conserved quantities from the integrals of motion show up in the thermal state
as well. Integrability can even prevent a system from thermalizing at all. In
an experiment, the absence of thermalization was observed for an integrable,
one-dimensional Bose gas [115].

One set of macroscopic observables that is important in classical thermodynam-
ics is position and momentum, which form classical phase space. In quantum
mechanics, using the concept of phase space to describe a thermal state comes
with the difficulty that position and momentum are described by noncommuting
observables and therefore cannot be determined simultaneously. One approach
to this problem is to approximate the noncommuting observables with a set of
commuting observables. However, it is not clear whether such an approximation
is possible [116].

From this point of view, the question was raised how noncommuting operators
affect the resulting thermal state. Consider a system that is described by a
Hamiltonian with operators that do not commute with each other. Will such
a system still thermalize towards a state of the form of a generalized Gibbs
ensemble? Theorists have predicted that this will be the case and termed the
state "non-Abelian thermal state", referring to its underlying noncommuting
operators [117]. The following chapter presents the results of an experiment that
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Figure 6.1: Thermalization of a closed quantum system. (a) Initially, a system is brought
out of equilibrium with its environment. A Hamiltonian Hyt creates an
interaction between system and environment which leads to an exchange of
globally conserved quantities Qy, ..., Qy (e.g. energy or magnetization). After
some time, the system is in an equilibrium with its environment and reaches
a thermal state. (b) Experimental realization. A crystal of up to 21 ions forms
both system and environment. The interactions are created by the long-range
Heisenberg model, which conserves energy E, and the three components of
magnetization Sy, Sy, S.

observed the thermalization of a closed quantum system under the Heisenberg
Hamiltonian, following the proposal of Ref. [118].

6.1 EXPERIMENTAL SETUP

The thermalization of a closed quantum system is studied by observing the
dynamics of a quench, as shown in Figure 6.1(a). A closed quantum system is
divided into two parts: One part forms the system, the other part the environment.
Initially, the total system (system and environment) is prepared in a pure state.
At this initial state, the system is out of equilibrium. For instance, it may have
more energy than the environment. Then a Hamiltonian Hi lets the system
interact with the environment under unitary evolution. During the interaction,
the system can exchange energy with the environment (and other quantities such
as magnetization). Eventually, the state of the total system reaches an equilibrium
and the system is in a thermal state.

In an experiment, this setup can be realized by a crystal of ions interacting with
each other under the (isotropic) Heisenberg model [Fig. 6.1(b)]. The ion crystal
forms a closed quantum system that is initialized in a pure state at the start of the
experiment. The interactions are realized by a long-range, isotropic Heisenberg
model. The long-range nature of the interactions breaks the integrability of
the system, which facilitates thermalization. A nonintegrable system has fewer
conserved quantities than an integrable system. Hence, the evolution of the
system is less restricted and can more easily explore the full energy shell, as
in the case of ergodic, classical systems. The long-range Heisenberg model still
globally conserves energy E and the three components of total magnetization
Sy, Sy, and S;. In the context of this work, globally conserved quantities are
called charges. During the time evolution of the experiment, these quantities are
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exchanged between a subsystem (or simply "system") and the total system (the
"environment"). It has to be highlighted at this point, that the operators of the
total magnetization components do not commute with each other. This property
is referred to as non-Abelian* in the context of this work. The central question is
what impact the noncommutative character of the operators have on the process
of thermalization. After the system had enough time to reach an equilibrium state,
it is in a thermal state. The globally conserved quantities give rise to a thermal
state that was conjectured to be of the form of a generalized Gibbs ensemble [118],

05 = Z 1o B(Hs=Ly1Sy) (6.4)

where Z = Trlexp(—B(Hs — L, #15S,))] is the partition function, p = 1/T the
inverse temperature, Hs the Hamiltonian of the system, p, the generalized
chemical potential, and S, is the magnetization of the system for v = x, vy, z.

In the following sections, the setup, the creation of the interactions by Trotter
approximation, and the analysis of the thermal state are described in detail.

6.2 IMPLEMENTATION OF THE HEISENBERG MODEL
6.2.1 Trotter approximation of the Heisenberg model

The Heisenberg model is not directly implemented by the bichromatic light field
in our experiment. Instead, the model is approximated by a Trotter approximation
using the available interactions of the XX and YY type. The Hamiltonian of the
long-range Heisenberg model is

1 i (j i (i i _(j
Hus = 3 Ly (040 + 0] +-oVa)) (6:5)
i<j
1
=3 (Hxx + Hyy + Hzz), (6.6)

(i)

where Jj; is the spin-spin coupling matrix and oy’ etc. is the Pauli matrix acting
on ion i. In the second line, abbreviations for the three parts of the Hamiltonian
have been introduced, Hxx = Yic ]ija§’)a£] ) etc. The Trotter approximation of the
time evolution U = exp[—iHpeist] is shown in Figure 6.2(a). In the simplest case,

the evolution is approximated by the first-order sequence
U = [UzzUyyUxx]", (6.7)

where N is the number of Trotter steps and Uxx = exp[—iHxxt] is the time
evolution operator under Hxx. The first term Uxx is directly implemented in the
experiment by interactions created by the bichromatic light field. The second term
Uyy is also directly obtained by adjusting the phase of the light field. The third
term Uzz, however, is generated by a base rotation utilizing the identity Uzz =
R; UxxRy.

The number of required base rotations can be reduced to a single rotation
per Trotter step. This reduction is achieved by introducing a base rotation

4 Compare to an Abelian group in group theory, i.e. a commutative group.
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Figure 6.2: Trotter approximations of the Heisenberg model. (a) First-order sequence U(!)

with N Trotter steps. Second-order sequence U?) incorporating dynami-

cal decoupling with base rotations Ry = exp {—in/ 4y U,(ck)]. Second-order
sequence U(?1Y) with alternating base rotations R, and R that mitigate sys-

tematic rotation errors. (b) Evolution of the |S) state under different Trotter
sequences. Ideally, the mean excitation is conserved (dashed line). The second-
order sequences have a significantly lower error. Points are experimental
data using 12 ions, lines are numerical simulations. (c) Numerical simula-
tions showing the Trotter-approximated state fidelity after 32 Trotter steps
under detuning and pulse length errors, respectively. Here, the initial state is

(Iy) |x) [2))%%.
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R, = exp [—ir( /4Y % O'Z(k)} in each Trotter step and mathematically simplifying
the resulting sequence, finally yielding the second sequence in Figure 6.2(a). A
derivation can be found in the Appendix of Ref. [83]. The approximation is a
second-order sequence,

U® = RIR, [UyyUxxRyUyy] " RIR,. (6.8)

Here, additional initial and final 77/2 rotations are required, Ry = exp | —irt/4 ) (795

and Ry, = exp [—in /4 O'y(k)]. If the number of Trotter steps is not an integer
multiple of 4, the final base rotation needs to be adapted, see Appendix C.2. In
addition to faster convergence, the repeated base rotations Ry realize a dynamical
decoupling.

Systematic rotation errors can be mitigated by alternating the direction of
rotation, as shown in the last sequence of Figure 6.2(a). After four steps, the base
rotation Ry is replaced by RY.

In an experiment, the different behavior of these three Trotter sequences can
be observed [Fig. 6.2(b)]. The ions are initially prepared in the |S) state. The
total magnetization is conserved under the Heisenberg model, hence the |S) state
ideally remains unchanged. The first-order sequence U!) accumulates a large
error over the evolution time, both in the measurement (points) and the numerical
simulation (line). In contrast, the second-order sequences U® and U exhibit
a lower error rate. The experiment was carried out for 12 ions and an approximate
power-law spin-spin coupling of Jmax = 540rad/s and & = 1.0. The maximal
evolution time was 13.6 ms, divided into up to 36 steps.

The different behavior between these three Trotter sequences is further eval-
uated by a numerical simulation [Fig. 6.2(c)]. Both dynamically decoupled se-
quences U2 and U2 mitigate detuning errors. Furthermore, by using alternat-
ing rotations in U(>?!Y) the fidelity remains high for rotation errors up to +10%.
The numerical simulation was carried out for the initial state (|y) |x) |z))®*, which
is the state that is used to create a non-Abelian thermal state in the present study.
The number of Trotter steps was 32, as the alternating pulse sequence has a period
of 8 steps. If a different number of Trotter steps is used, mitigation of rotation
errors remains incomplete.

There are two important technical remarks on the implementation of the Trotter
steps: First, the light pulse of each Trotter steps needs to be switched on and
off gradually. The effect of pulse shaping is explained in detail in Section 4.2.4.
Second, the base rotation pulses are carried out with reduced light intensity to
avoid ac-Stark shifts, see Section 4.2.3.

6.2.2  Quantum tomography on long ion crystals

When performing quantum state tomography (QST) on long crystals of trapped
ions systematic errors become eminent. In particular, QST requires base rotations
of the individual qubits. Part of these rotations are realized as global rotations
generated by the global laser beam. Due to the large spatial extent of ion crystals
with many ions, the global laser beam inhomogeneously couples to the ions. Ions
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Figure 6.3: Quantum state tomography under imperfections. Here, a 21-ion crystal was
used. (a) Effect of rotation errors during tomography. Top: The global laser
beam couples inhomogeneously to the ion crystal, causing over- and under-
rotations. At two points, the rotations have the correct value (dotted lines).
Bottom: Fidelity of the experimentally reconstructed 2-qubit state with and
without correction of the rotation errors. The ions are prepared in the |S)
state with negligible preparation error. (b) Effect of axial heating. The ions are
prepared in the |S) state and after a waiting time, quantum state tomography
is carried out. The fidelity drops due to axial heating of the crystal, which
compromises the single-qubit operations.
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in the center are overrotated, ions at the edges are underrotated. If these errors
are not taken into account, QST reconstructs the quantum state erroneously.
The QST is based on a maximum-likelihood estimation [119]. In the tomo-
graphic measurements positive operator-valued measures (POVM) I1; are ob-
served. For example, measuring all n qubits in the x basis is represented by

n .
I, = ® ol (6.9)
i=1

The measurement in the x basis requires a global rotation R; = exp [—HT( /4% Uy(k)] .
In practice the laser beam has an inhomogeneous profile with Rabi frequencies
Ok = a0y, with «®) =1 for perfect rotations. The error of the rotation angle
is 6 = o — 1. For such an inhomogeneous rotation the actual measurement is
carried out in

Il = é [COS ((5(7‘)%) J(Ci) — sin <(5(k)§> 7@} . (6.10)

The exact form of these corrected POVMs depends on the details of how global
rotations are used in the tomographic measurements.

An example of the impact of systematic rotation errors on quantum state
tomography and its correction is shown in Figure 6.3(a). A crystal of 21 ions
is prepared in the |S) state. The |S) state was chosen as its preparation error is
negligible in this context. The global rotation suffers from systematic errors of
up to 20% (top panel). When these rotation errors are not taken into account,
the tomographically reconstructed state is affected. The 2-qubit fidelity F =
(Tr \/W)Z drops as low as 0.995. At the two points on the ion crystal
where the rotation has the correct value (dotted lines), the fidelity reaches its
maximum. In contrast, when the information on the rotation errors is incorporated
into the maximum-likelihood estimation, the fidelity of the tomography process
is close to 0.999 or above over the entire ion crystal.

Another effect that compromises quantum state tomography is axial heating
(see Sec. 3.3) of the ion crystal. Single-qubit addressing operations with the tightly
focused laser beam have a reduced fidelity if the ion is axially hot. A simple
experiment addresses the question of whether QST still can be carried out with
a fidelity that is sufficiently high for observations of the non-Abelian thermal
state. Initially, the ions are prepared in the |S) state. Then the ions are left idle
for a wait time, during which they can heat up. Finally, QST is carried out. The
measured 2-qubit fidelity is shown in Figure 6.3(b). During the relevant times of
up to 15ms, the 2-qubit fidelity does not drop lower than 0.994(3). This value is
not limiting for observations of the non-Abelian state.

6.2.3 Hiding of ions — Computational and physical qubits
When studying thermalization of a quantum system it can be of interest to vary

the size of the system to study finite-size effects. In a trapped-ion experiment
this can be done by trapping a different number of ions for each system size.
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Figure 6.4: Hiding operation on a 21-ion system. (a) Qubits in the |Ds5/,, m = 5/2) state

participate in the interactions, while ions in the |Ds/,,m = —3/2) state are
hidden from the interactions. Qubits that are used for operations are initially
prepared in a product state. (b) Fidelity of the hiding operation. For a crystal
of 21 ions, the average 1-qubit fidelity of the product state (|y) |x) |z))®”

was measured as a function of the number of qubits (i.e. non-hidden ions).

(c) Fidelity of the total product state.
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However, this approach makes it time-consuming to change between system
sizes. It is much more convenient to keep the size of the ion crystal constant and
hide unused ions in a quantum state that does not participate in the interactions.
In our experiment, the operations are carried out on the Sy, m =1/2) <
|Ds,5,m = 5/2) transition. Unused ions can be hidden in the |Ds,,, m = —3/2)
state, as depicted in Figure 6.4(a). In the following, only the non-hidden ions are
referred to as "qubits".

The fidelity of the hiding operation was assessed for a 21-ion crystal. Some
of the ions are hidden, the rest is kept as qubits. The qubits are prepared in the
product state (|y) |x)|z))®™ (M = 7 for N = 21 qubits). The average 1-qubit
fidelity remains constant for up to 21 qubits [Fig. 6.4(b)]. Consequently, the
tidelity of the total product state varies between 0.976(4) and 0.90(2) for 6 to 21
qubits [Fig. 6.4(b)]. The fidelity of the hiding operations is not a limiting factor
for the experiments on the observation of the non-Abelian state.

6.2.4 Quench dynamics under the Heisenberg model

A quench dynamics was observed as a test of the fidelity of the Trotter-approximated
Heisenberg interaction. The Heisenberg Hamiltonian

Higs = 3 L s (o800 + ooy + of0ol0) (641)

i<j

is approximated as described in Sec. 6.2.1. The J;; matrix can approximately be
described by the power law J;; = Jo/|i — j|* with Jo = 508 rad /s, « = 1.0. A 12-ion
crystal® was initially prepared in the product state |z—, - -+ ,z—,x+,z—,- -+ ,z—).
Then the system was time-evolved under the Trotter-approximated Heisenberg
Hamiltonian. Finally, the single-qubit magnetization (U§Z)> was observed in all
three bases v = x, v, z.

The measured quench dynamics is shown in Figure 6.5(a). The magnetization of
the central, flipped spin spreads in a wave-like manner through the entire system.
For three of the qubits the evolution is compared with numerical simulations
individually, as shown in Figure 6.5(b). The numerical simulation is carried
out for both the Trotter-approximated Hamiltonian (solid line) and the exact
Hamiltonian (6.11) (dashed line). The Trotter approximation is implemented
with up to 36 steps® and closely follows the exact simulation. The fidelity of the
Trotter approximation will be evaluated later quantitatively (Fig. 6.7). The largest
experimental error is observed in the z basis: Ideally, each component of the total
magnetization is conserved under the Heisenberg model. However, the mean

magnetization per ion 1/N YN, <(Tz(i)> changes by approx. 0.02ms ™.

A small 12-ion crystal was chosen to allow for easy numerical computations as a comparison.
The total number of Trotter steps is limited by the experiment control hardware, the Pulse Box, to
approx. 36 steps with 4 pulses each. The hardware supports at most approx. 200 individual pulses.
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Figure 6.5: Evolution under the Trotterized Heisenberg model. A quench of the initial

state |z—, -+ ,z—,x+,z—,--- ,z—) is observed in the experiment for a 12-
ion crystal (approx. power-law interactions with Jo = 508rad/s, &« = 1.0,
Eq. (6.11), 36 Trotter steps max.). The single-qubit magnetization (UA(;)) is
measured in the v = x, y, z basis, respectively. (a) In each basis, the excitation
propagates through the crystal in a wave-like manner. (b) The measurements
are in good agreement with numerical simulations. For the central and the
two outermost ions, the measured excitation (points) is compared against the
numerical simulation of the Trotter approximation (solid line) and against
the numerical simulation of the exact Hamiltonian (dashed line). Only the
magnetization in the z basis shows a noticeable increase over time.
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Evolution under the Trotterized XY model. A quench of the initial state
|z—,---,z—,x+,z2—,--- ,z—) is observed in the experiment for a 12-ion crys-
tal (Jo = 491rad/s, « = 1.0). The single-qubit magnetization ((79) is mea-
sured in the v = x,y, z basis, respectively. (a) In each basis, the excitation
propagates through the crystal in a wave-like manner. (b) The measurements
are in good agreement with numerical simulations. For the central and the
two outermost ions, the measured excitation (points) is compared against the
numerical simulation of the Trotter approximation (solid line) and against
the numerical simulation of the exact Hamiltonian (dashed line). Only the
magnetization in the y basis shows a considerable Trotterization error for the
outermost ions. This error is caused be the inhomogeneous coupling of the
global laser beam to the ion crystal.
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6.2.5 Quench dynamics under the XY model

The quench dynamics was also observed for the Trotter-approximated XY model.
The time-evolution operator Uxy (t) of the Hamiltonian

1 i i
Hxy = 5 Y Ji (U;(c ol + Uy( )Uy(])> (6.12)
i<j
is approximated by
2]V (2 N
Uxy(t) = [(Rx) } (RxUyyUxx)™, (6.13)

where N is the number of Trotter steps and Ry = exp {—in/ 4y, a,(f)} isa /2
rotation around the x axis. After four Trotter steps each, the base rotation is
alternated and R, is replaced with RY. As was the case for the Heisenberg model,
additional final base rotations are required if the number of Trotter steps is not
an integer multiple of 2 (see Appendix C.2).

The measured quench dynamics is shown in Figure 6.6. Again, the 12-ion
crystal is initially prepared in the product state |z—, -+ ,z—, x+,z—,- -+ ,z—).
The y basis shows the impact of systematic rotation errors at the ends of the ion
crystal. Due to the alternating base rotations, the rotation error has a period of 4
Trotter steps.

6.2.6  Fidelity of the Trotter approximation

The fidelity of the Trotter approximation was evaluated both for the Heisenberg
and for the XY Hamiltonian. Figure 6.7 shows two cases: First, the fidelity of the
numerically computed Trotter approximation is evaluated with respect to the
exact evolution (lines). Second, the fidelity of the experimentally observed Trotter
approximation is evaluated with respect to the exact evolution (markers). The ions
were initially prepared in the product state (|y) |x) |z))®*. After an evolution for a
time ¢, the final state is measured by performing quantum state tomography on all
2-qubit subsystems. The fidelity is computed as F = (Tr y/\/PexactPexp /Pexact) - At
the initial time, the mean 2-qubit fidelity is limited by the state preparation error
to Finitial = 0.995(4). At the end of the time evolution the mean fidelity drops to
Fiina1 = 0.97(1). This value is close to the limit given by the Trotter approximation
itself, Fenal, theor. = 0.98. When looking at the fidelity of the individual pairs of
qubits, a drop towards the ends of the ion crystal becomes apparent. This drop is
caused by systematic rotation errors, caused by the Gaussian shape of the laser
beam.

The experimentally observed points were taken for two cases: In one case the
measurements were carried out for a crystal of 12 ions. In the other case, a crystal
of 21 ions was used where all but 12 ions were hidden from the interactions (see
Sec. 6.2.3). The data shows that the evolution that makes use of hiding of unused
ions in a large ion crystal has a fidelity that is close (approx. within one standard
deviation) to the one when working directly with a small ion crystal.
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Figure 6.7: Fidelity of the Trotter approximation of the Heisenberg model and of the XY
model. The system is initially prepared in the product state (|y) |x) |z))=*.
After an evolution for a time £, the density matrices of all 2-qubit subsystems
of neighboring qubits (1-2, 2-3, 3-4, ...) were measured with quantum state
tomography. The evolution was observed experimentally (markers) and sim-
ulated numerically (lines). On the left column, the average 2-qubit fidelity
F=(Tr \/ V/PexactPexp/| pexact)z is shown for the (a) Heisenberg model and
for the (b) XY model. On the right column, the 2-qubit fidelity is evaluated
for individual pairs at the initial and the final time. Coupling parameters for
Hamiltonian (6.11) respectively (6.12) for 21 ions: o = 357rad/s, « = 0.7; and
for 12 ions: Jy = 508rad/s, « = 1.0
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The observation of thermalization under noncommuting charges is carried out
in the following steps: Initially, the total system is prepared in a state from the
microcanonical subspace. Then, the total system is evolved under the Heisenberg
Hamiltonian. During the evolution, the subsystem exchanges noncommuting
globally conserved quantities with its environment (i.e. the total system). Finally,
the state of the subsystem is measured and compared to the predicted thermal
state.

The total system is realized with a 21-ion crystal. The Trotter-approximated
spin-spin coupling (6.11) has an effective coupling strength of Jo = 357 rad/s. For
some of the measurements smaller total systems were required. Then, the size of
the total system was varied by hiding unused ions, as described in Sec. 6.2.3.

Preparation of the system in a microcanonical subspace comes with a difficulty:
The microcanonical subspace consists of all states that have given expectation
values for the observables H, Sy, S, and S.. However, as the components of the
total magnetization components do not commute with each other, [SAY, Sy] # 0,
they cannot be determined simultaneously. An approach to this problem is to
approximate the microcanonical subspace with states that have a high probability
of yielding the expected values for the observables H, S, Sy, and S. This leads to
the approximate microcanonical subspace [117]. In particular, each tensor product
of single-qubit pure states lies in the approximate microcanonical subspace. For
the present experiment, the product state

o) = |y, x,2)"""° (6.14)

is chosen as the initial state, where N denotes the number of qubits in the
total system. The alignment of the individual qubits along the three axes leads
to large chemical potentials y, in the thermal state. The chemical potentials
distinguish the thermal state from the usual (grand) canonical thermal state. The
conjectured equilibrium state of the total system is the so-called non-Abelian
thermal state[118]

phs = e PUTLa Sy / 7y s, (6.15)

where the inverse temperature  and the chemical potentials ., (Y = x,vy,z) are
determined by the initial state by the conserved quantities

E*" = (o| H [po) = Tr(Hpats) (6.16)
and
Q" = (yol SY" o) = Tr(SY"pNars) for v =x,y,z. (6.17)

When considering a small subsystem that has a high temperature and low chemi-
cal potentials, the energy and chemical potentials can be approximated as [118]

Etot

ﬁz_iﬁ?ﬁﬁg (6.18)

and ( ) Qtot 2
3(2N -3 J
Py =~ N EtotO’ (6.19)
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Figure 6.8: Thermalization under noncommuting charges. The initial state [¢p) =
ly, x,2)%” is time-evolved under the Heisenberg Hamiltonian (6.11), approach-
ing an equilibrium. The relative entropy (6.20) of the measured quantum state
is plotted as a function of the evolution time (points). The measured quantum
state is compared against the non-Abelian thermal state (NATS), the grand
canonical state and the canonical state. The observed state is best described
by the NATS, as the relative entropy has the smallest value. Each data point
consists of 250 repetitions. The error bars are evaluated by bootstrapping.
Solid lines are numerical simulations.

where N is the number of qubits in the total system and Jj is the spin-spin cou-
pling strength. The condition for this approximation is vN|B|Jo < 1, /N Y, 12 1Bl

1, and |85, 42 /Jo < 1.

In general, the inverse temperature and the chemical potentials are calculated
from Eq. (6.16) and (6.17) numerically. For small total system sizes N < 12
the equations can be solved directly by a least-squares minimization. For the
large N = 21 system that was used for observing the thermalization dynamics,
the solution can be obtained from a maximum-entropy problem [83], yielding
B=13x10"%s/rad and iy, = —1046rad/s.

The experimentally observed thermalization dynamics is presented in Fig-
ure 6.8. The initial state 6.14 is time-evolved under the Heisenberg Hamilto-
nian (6.11) for a time f. Finally, the states p;(f) of all pairs i = 1,.., N — 1 of
neighboring qubits are measured by quantum state tomography. After an evo-
lution time of up to Jot = 357rad/s x 15ms ~ 5.4 the total system has largely
approached its equilibrium state. The observed state of the system is compared
to the predicted non-Abelian thermal state by the relative entropy. The relative
entropy is a measure for the distance between two quantum states. The smaller
the relative entropy, the closer two states are. The relative entropy between two
states (density operators) x and ¢ is [120]

D(x|lg) = Tr[x(log x —log{)]. (6.20)

For each pair of qubits, the relative entropy is evaluated, D(p;(t)| pnars)- Then,
the average (D(p;(t)||pnars)) over all pairs is computed to average over spatial
fluctuations.

<
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Figure 6.9: Thermalization for different system sizes. The relative entropy at late times
(ty = 12...15ms) is plotted against the size of the total system. The exper-
imentally observed state is predicted best by the non-Abelian state for all
system sizes (blue filled markers). As a comparison, thermalization under the
XY model with commuting charges was measured (open triangles). Solid lines
are numerical simulations. Each data point consists of 250 repetitions. The er-
ror bars are statistical uncertainties which are calculated from bootstrapping.

As a comparison, the distance to two other thermal states is evaluated as
well, namely the canonical state pcan = exp(—BH)/Zcan and the grand canonical
state pgc = exp(—B[H — 4zS:])/ Zgc- The state is normalized by the partition
function Zcan, respectively Zgc. Of the three thermal states, the non-Abelian
thermal state is the closest to the experimentally observed state at all times.
This supports the claim that the system thermalizes towards the non-Abelian
thermal state. Thus, the thermal state is of the form of a generalized Gibbs
ensemble, even if the thermalization is governed by a Hamiltonian that gives rise
to non-commuting conserved quantities.

The measurements are compared against numerical simulations (solid lines).
The plotted simulation curves were carried out for the ideal evolution, ignoring
decoherence. Additional simulations (not shown) tested the effect of decoherence:
Dephasing noise increases the relative entropy of the non-Abelian state and
decreases the relative entropy of the grand canonical and of the canonical state. If
dephasing noise is present in the experiment, it closes the gap between the non-
Abelian state and the competitor states. In other words, a decoherence-affected
experiment will give a lower bound for the separation of the non-Abelian state.

In a second measurement, the influence of the size of the total system was
studied. The number of qubits was varied between N = 6 to 21 by hiding unused
ions. The result is shown in Figure 6.9. The relative entropy was calculated as
the average over the last three time steps t; = 12...15ms in order to reduce the
effect of temporal fluctuations. For all system sizes, the non-Abelian thermal state
is the best prediction for the observed state. More detailed theoretical questions
cannot be answered with the present experimental data: It has been shown
theoretically [83] that the distance between the state of the system and pnars is
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nonzero even in the thermodynamic limit N — co. However, the thermodynamic
limit is out of reach for a few-body system in a trapped-ion quantum simulator.
Furthermore, the scaling behavior of the long-time distance to the thermal state
was conjectured to decrease as N ~1/2 [117]. For determining the scaling behavior,
smaller systematic errors and a wider range of system sizes would be required.

Finally, a comparison was carried out between thermalization under noncom-
muting charges and thermalization just under commuting charges. A Hamilto-
nian that realizes thermalization under commuting charges is the XY Hamilto-
nian (6.12). The XY model conserves the energy and the z component of the total
magnetization. Thus, the expected thermal state is of the form of the grand canoni-
cal state pgc = exp(—B[H — }42S:])/ Zgc. The system was initially prepared in the
same product state 6.14 as for the previous measurements and time-evolved for
10 ms with Jo = 398rad/s. The measured relative entropy is shown in Figure 6.9
as open markers. The observed state in the commuting case lies consistently closer
to the predicted thermal state than the corresponding state in the noncommuting
case. This is consistent with the theoretical conjecture that thermalization under
noncommuting charges hinders thermalization [118].

6.4 CONCLUSIONS

In this work, thermalization of a closed quantum system under noncommuting
charges was observed. The interactions in the system were governed by a long-
range Heisenberg model which conserves energy and the three components of
total magnetization, resulting in four noncommuting charges. The Heisenberg
Hamiltonian was implemented by a Trotter approximation. The Trotter sequence
was designed in such a way that the number of base rotations was minimized.
Furthermore, the sequence mitigates dephasing errors by dynamical decoupling
and systematic rotation errors by alternating base rotations. Observation of a
quench dynamics showed that the system thermalizes towards the predicted
non-Abelian thermal state. This behavior was observed for different system sizes
of up to 21 qubits.

Trapped-ion quantum simulators offer a platform to study thermalization.
They constitute a fully controllable, closed quantum system and interaction
Hamiltonians can be engineered to some degree. The current system size of
approximately 20 ions is large enough to keep finite-size effects small. One
limitation is the finite evolution time determined by decoherence. In order to
observe the thermalization of larger quantum systems — which require longer
times to thermalize — the effect of decoherence needs to be decreased. One, if
not the, leading cause of decoherence in a Trotterized experiment is resonant
excitations from spectrally broadened light. This error source depends on the
particular timing of the light pulses and the motional mode frequencies of
the ion crystal, making it hard to control. If Trotterization should be scaled
to larger system sizes, a simple and robust solution is needed to handle spectral
broadening.
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7.1 INTRODUCTION

The behavior of quantum systems is difficult to compute when they are governed
by strong interactions. Perturbative approximations fail and for large system
sizes direct computation becomes intractable. In such cases, quantum simulators
may provide a tool to study the interactions between excitations in the system.
Excitations in a spin chain have already been studied theoretically early in the
1930s [121]. Excitations of elementary spin waves can be considered as quasi-
particles, the so-called magnons. For short-range interactions, the formation of
bound states between two magnons has been observed experimentally in a one-
dimensional chain of bosonic Rb atoms [122]. In a recent experiment, the bound
states of up to five magnons have been studied in a superconducting 24-qubit
device [123].

For long-range interactions however, the situation is more complicated, as mag-
nons can have unbounded group velocity. The question is whether in this case
the formation of stable bound states is still possible. The impact of long-range
interactions on magnon dynamics has first been studied for single magnons in
a long-range Ising chain [124, 125]. Depending on the long-rangeness of the
interactions, the spread of the excitation is bounded by a light cone, or is un-
bounded and instantaneous. The case of two magnons was analyzed theoretically
for the long-range anisotropic Heisenberg model [126]. The spin-spin interactions
were described by a power-law 1/ |i — j|* with exponent a. Two regimes were
identified: For long-range interactions with & > 1, bound states were dynamically
populated. For long-range interactions with & < 1, magnons were unbound with
almost instantaneous propagation.

The question that was addressed in the work presented in this chapter is
whether the predicted formation of bound states under long-range interactions
can be observed experimentally. For this purpose, interactions of the long-range,
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anisotropic Heisenberg model were engineered by a Trotter approximation. By
variation of the Trotter step length, the anisotropy could be adjusted. The bound
states were analyzed experimentally in a number of ways: First, the dispersion
relation of single-magnon and two-magnon states were measured. Second, the
formation of two-magnon bound states was observed via spin-spin correlations.
And third, entanglement entropy was quantified to study the impact of bound
state formation on the spread of entanglement in the system.

7.2 BOUND STATES

The XY model supports the propagation of individual quasiparticles (magnons)
in a spin-3 chain. Adding a Z term introduces interactions between the magnons
and leads to the anisotropic Heisenberg model. The Hamiltonian is

ZL] (e + 00 + aotol?) (7.1)

1<]

where A determines the overall strength of Ising interaction and oy, are the
Pauli matrices. The spin-spin coupling matrix J;; is described by a power law,
Jij = |i — jI=* with 0 < a. This Hamiltonian can also be written in terms of the
raising and lowering operators o} and o as

Z]l]|: <0+a +0'()0'())+A0'Z()0'Z():|. (7.2)
Z<] long-ranged hopping interactions

The first term describes long-ranged hopping of an excitation: An excitation is
created (destroyed) at site i and destroyed (created) at site j. The second term
gives rise to interactions between two magnons at site i and j. This Hamiltonian

conserves the total z magnetization, as can be seen from [H, YN, Uz(i)] =0.

7.2.1 Short-range interactions

The basic mechanism that is responsible for the formation of bound states can
be illustrated in the short-range case &« — 0. In the short-range case only the
interaction between neighboring spins contributes to the interaction energy. The
interaction energy between two parallel spins is (11 |H| 1) = (JJ |H| J) =
JA/3 and between antiparallel spins (1| |H| 1)) = —JA/3. For N spins, the total
interaction energy is given by the number of pairs N — 1. Thus, the configuration
in which all spins are pointing down has the energy E(|y)) = (¢|H|y),

JA

E(4 1) = S (N-1). 73

The configuration in which two flipped spins are placed next to each other (but
not at the edges) has the energy

B(L - 110 1) = (N = 1) 4] (7.9



7.2 BOUND STATES

In contrast, placing the spins further apart leads to the energy

JA

E(L - WL 1)) = 22 (N 1)~ 8] 7.5

Separating two neighboring spins is only possible if the energy difference between
the configurations can be absorbed by the rest of the system. For short-range
interactions there is a gap in the spectrum between the bound state and the
bottom of the band [127]. This gap stabilizes two neighboring spins, resulting in
a bound state.

7.2.2 Long-range interactions

In the long-range Heisenberg model, the formation of bound states depends on
how fast the interactions decay over the spin chain. To illustrate this point, we
first consider the dispersion relation of a single quasiparticle. A single flipped
spin is embedded in spins pointing down, || --- [T} --- | - - -). The dispersion
relation of this single-magnon state in the thermodynamic limit N — oo [128] is
obtained from solving the eigenvalue problem

W =3 L 7 [0+ +9(n = D). 76)
>0

A transformation into Fourier space gives the single-magnon dispersion relation

e1(k) = 4 i M, (7.7)

where k is the momentum of the magnon." The anisotropy A only creates an offset
in energy but does not change the dependency on the momentum k. Fig. 7.1(a)

shows the dispersion relation for different values of the power-law exponent «.
For o < 1, the dispersion relation diverges in the long-wavelength limit k — 0.

For 1 < a < 2, the dispersion relation is finite but shows a cusp at k = 0. For
x > 2, the dispersion relation is smooth at k = 0. The different behavior has
implications for the single-magnon velocity which is given by the group velocity

o(k) = %1 (k). 78)

The single-magnon group velocity is unbounded” in the range 1 < a < 2. As a
consequence, parts of the wave function of a single magnon can propagate with
an arbitrary velocity.

As a consequence of this unbounded group velocity, it is not obvious whether
bound states can form between two magnons. The behavior of a potential bound
state is described by the two-magnon dispersion relation. The dispersion relation

1 The sum ¥ ;2 Cosakl) = Re[Liy ()] can be expressed in terms of the polylogarithmic function
Liq [129].
2 The region of bounded group velocity v(k) = — Im[Li,_1 ()], for k — 0, can be derived from the

defining series of Lis(z) that converges for |z| = 1 provided that Re[s] > 1 [129]; hence a > 2 for
finite group velocity.
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Figure 7.1: Dispersion relation of the long-range, anisotropic Heisenberg model. (a) Single
magnon (A = 1). The dispersion relation (7.7) in the thermodynamic limit is
evaluated for | = 1rad/s for various a. The plotted energy is €1 () — €1 (k)
for each « to get a common energy origin. For a < 2, the dispersion relation
exhibits a cusp at k — 0, indicating a divergent group velocity v(k) = dre1 (k).
(b) Two-magnon bound state (A = 3.5). For 1 < a < 2, the bound states
become unstable at low momenta, which is visible by the gap in the dispersion
curves.

is obtained from solving the eigenvalue problem (already transformed into Fourier
space)

2 cos(kl) 4]A

E(pn) = 3 T 2 D+ D+ o= D]+ o). (o)

>0
The numerically computed bound-magnon dispersion relation is shown in
Fig. 7.1(b). For @ < 1 the kinetic energy is unbounded (not shown). For long-range
interactions with 1 < a < 2, the bound state exists, but becomes unstable at small
momentum k. An unstable bound state is indicated by the gap in the dispersion
relation. For & > 2, the short-range nature of the interactions dominate and the
bound state is stable over the entire Brillouin region.

7.3 IMPLEMENTATION OF THE ANISOTROPIC HEISENBERG MODEL

The anisotropic Heisenberg model was implemented by a Trotter approximation,
similar to Sec. 6. The anisotropy in the Heisenberg model (7.1) was realized by
Trotter steps of different length. The Trotter sequence is depicted in Figure 7.2.
The basic building blocks are interactions of the XX and the YY type, while the
77 part of the Hamiltonian (7.1) is implemented using global base rotations. Each
Trotter step (dashed boxes) consists of four substeps. For anisotropies A > 1, the
long duration of the ZZ substep makes the sequence susceptible to dephasing
errors. To mitigate the impact of dephasing errors, the ZZ substep is split into
two parts that are separated by a spin-echo pulse. The base rotations make the
system return to its original basis after 8 Trotter steps. If the number of Trotter
steps is not an integer multiple of 8 an additional base rotation is required, as
listed in Fig. 7.2(b).
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Figure 7.2: Trotter sequence of the long-range, anisotropic Heisenberg model with
anisotropy A. (a) Basic Trotter approximation. The ZZ-type interaction of
length At is implemented by a XX-type interaction closed by two base rota-
tions. (b) Four Trotter steps (dashed boxes) are combined with alternating
base rotations (71/24,) to mitigate rotation errors. Between the Trotter steps,
spin-echo pulses (77+,) reduce the impact of dephasing errors. The sequence
repeats after n = 8 Trotter steps. If the number of Trotter steps is not an
integer multiple of eight, the final 77/2 pulse is replaced by rotations R¢,,.

An additional complication arises from the requirement to realize a large value
of & > 1. A large power-law exponent can be achieved in two ways: First, the
bichromat detuning can be increased. This has the disadvantage of reducing the
spin-spin coupling strength. Second, the radial modes can be compressed to a
smaller range by relaxing the axial confinement. This has the disadvantage of
increasing the size of the ion crystal which leads to larger global rotation errors;
furthermore the axial heating rate increases. As a compromise, the largest value
that could be realized was a = 1.4 by setting the radial trapping frequencies to
approx. 2.93MHz and 2.90 MHz, the axial trapping frequency to values as low as
92kHz and choosing a bichromat detuning of 40 kHz.

The quality of the Trotter approximation was assessed with a quench dynamics.
A crystal of 20 ions was prepared in the 11)¥% state. Then the central spin
was flipped and the dynamics of the system was observed. The experimental
observations are shown in Figure 7.3, including numerical simulations [Fig. 7.3(a)].
The experiment was carried out for the edge case A = 0, realizing the XY
model. This allowed us to observe the dynamics for two independent cases: First,
the interactions were directly realized with the center-line detuned bichromat
beam in the rotating-frame approximation [Fig. 7.3(b)]. Second, the interactions
were Trotter-approximated [Fig. 7.3(c)]. The Trotter approximation suffers from
more errors than the direct implementation. Two effects are clearly visible: The
mean excitation increases with progressing evolution time, indicating a violated
conservation of total z magnetization. This increase in mean excitation is mainly
driven by coupling to spectrally broadened light. This error can be reduced by
pulse shaping, and fine-adjustment of the temporal spacing of the Trotter steps,
see Sec. 4.2.4. Furthermore, rotation errors from the global base rotations are
apparent towards the edges of the ion crystal. The periodicity in the rotation error
is caused by the alternating pulses used in the Trotter sequence.
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Figure 7.3: Implementation of the anisotropic Heisenberg model (7.1) for the edge
case A = 0. (a) Numerical simulation. (b) Experimental rotating-frame ap-
proximation using a center-line-detuned bichromat beam. (c) Experimental
Trotter approximation with up to 36 Trotter steps. The maximal experimental
evolution time was t = 17 ms with the parameters | = 348rad/s and & = 1.4.

7.4 SPECTROSCOPY OF SINGLE- AND TWO-MAGNON BOUND STATES
7.4.1 Single-magnon dispersion relation

The dispersion relation of a single-magnon excitation was measured by the
spectroscopic technique described in [130]. The dispersion relation connects the
wave number k of a standing wave with its energy. The system is first prepared
in a standing wave and then time-evolved under its Hamiltonian. The standing
wave oscillates with a frequency that is given by its energy, which enables a
measurement of the dispersion relation. It is important to note that the standing
wave has to be at least an approximation of an eigenstate. Only then its oscillation
frequency directly relates to the energy €;(k) of the mode.

In the experiment, the system is initialized in |0) = || ... }}). Single-ion
addressing prepares a standing wave with momentum k of the form

i a® a0 ' NG
) = 5% j0) = J0) +ir Y A6 J0) + O(+?) (7.10)
j

with amplitudes A](-k) = \/%sin(kj) and k = ntn/(L+1) forn = 1,...,L. The
contributions in second order 2 or higher are kept small by setting v = 0.7. Then
the system is evolved under its Hamiltonian. For this measurement, the directly
implemented XY model in the rotating-frame approximation was used, as it has
a higher fidelity than the Trotter approximation. The anisotropy A = 0 does not
have an impact on the measured single-magnon dispersion relation, as it only
adds a constant offset.

To reduce the impact of dephasing noise on the measurement precision, the
initial standing wave is prepared as a superposition of two momenta k and 4.
This allows one to measure the relative energy €1 (k) — €1(g) in a decoherence-free
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Figure 7.4: Plane-wave spectroscopy. (a) One-magnon spectroscopy. The dispersion rela-
tion (7.12) shows a clear signal over the entire Brillouin zone. The dashed line
is the theoretical calculation. A cusp at low momentum indicates a diverg-
ing group velocity, which is expected from theory (inset). (b) Two-magnon
spectroscopy. The dispersion relation (7.15) exhibits a broadened signal at low
momenta, indicating an unstable bound state (region with missing dashed
line).

subspace with fixed excitation number. To this end, the standing wave used in
the experiment had the amplitudes

A](.k) = \/%[sin(kj) +sin(q7)], (7.11)

where the reference momentum is g = 1.

After time evolution under the long-range, anisotropic Heisenberg model
(A = 0) a measurement in the z basis was carried out to obtain the expectation
value of the magnon projector P].T = %6’1(] )

<l/71 (f)’ P]T wjl(t)) _ ,)/2 2Re [e—it(€1(k)—€1(‘1))( <q’ P]T ‘k) + <—q’ P].T ‘k) )] + 0(73)‘

(7.12)
The experimentally observed energy difference €1 (k) — €1(g) is shown in Fig-
ure 7.4. A clear signal is observed in the whole Brillouin zone, pointing towards a
well-defined single-magnon excitation. The theoretical dispersion relation (dashed
line) is in good agreement with the measurement. At low momentum, the dis-
persion relation exhibits a sharp cusp, which leads to a diverging group velocity
(inset).

7.4.2  Two-magnon dispersion relation

Spectroscopy of the two-magnon dispersion relation requires a wave of pairwise
excitations. Direct creation of such a plane wave would require two-qubit oper-
ations, which are not available in the current setup. However, it is possible to
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create a plane wave consisting predominantly of two-magnon states with the help
of the global entangling operations. The strength of the entangling interactions
Yici] j]v(TJE] Joll) drops with distance |j — j'| by a power law. Thus, for short times
the creation of neighboring entangled pairs is dominant and farther-reaching
contributions can be neglected. In a first step, the global entangling interactions
act on the state |0) for a time t] = 0.19, where | = max;;(J;;). For this time the
probability of creating two excitations first reaches its maximum. In a second step,
a phase ¢; is imprinted on each ion. The resulting two-magnon initial state is

) () A (7))
lyn) = e 1L 20 o Ty [0 0 0) (7.13)

Ny .
~elliz ( 10) — ] Y e i) | 444 >) +O(MA).  (7.14)
]

In the second line, the two-magnon states have phase ¢; + ¢;,1. The sum of
two phases shows up as both ion j and ion j + 1 of the pair are addressed. In
the experiment, the pairs are imprinted with a phase ¢; + ¢;1 = jk for a given

momentum k.
The initial state is evolved under the long-range, anisotropic Heisenberg Hamil-

tonian. After the time evolution the expectation value of 56U is measured.

The lowering operators map the two-magnon state back to the ground state. This
allows one to compare the energy of the two-magnon state e;(k) with the energy

of the ground state €y. The spectroscopic signal of the two-magnon state is

(a(t)| 0767, [9a(1)) = —inTJe TheTlabi—all L O(42),  (7.15)

where the probability amplitude I' takes the measurement contrast into account.

The energy difference e, (k) — €9 between the two-magnon state and the ground

(1) (AT(,jH) is obtained

, and &y(j)ﬁ,(cjﬂ)

state gives rise to the temporal evolution. The operator &

from performing measurements of (7,((] )?73((] H), @'y(] )&y(] H), (ATJE] )&y(] +1)

by making use of the relation o) = (&(j ) — iffy(j ))/ 2.

The dispersion relation is obtained from a Fourier transform of the mean
spectroscopic signal. The spatial modulation e /¥ is taken into account before
averaging. In order to avoid finite-size effects from the edges of the ion crystal,
the analysis is carried out for the central ions 8 to 13. The resulting two-magnon
dispersion relation is shown in Figure 7.4(b). In contrast to the one-magnon
dispersion relation, the dispersion relation exhibits a clear peak only in one part
of the Brillouin zone. For low momenta, the signal becomes broadened. A broad
signal indicates unstable bound states, which is depicted by the grayed-out area
in the theory plot (inset). In this region, a single bound state can redistribute its
energy into two separate magnons. Another feature of the dispersion relation is
that the group velocity always stays finite. This has implications for the dynamics
of a bound state, as discussed in the next Section.

7.5 DYNAMICS OF MAGNON BOUND STATES

The bound state of the long-range anisotropic Heisenberg model has a finite
group velocity in the whole stable region [Fig. 7.4(b)]. This should lead to a
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Figure 7.5: Dynamics of magnon bound states under the anisotropic Heisenberg model.
The evolution was measured for different values of the anisotropy A, i.e.
different interaction strengths. (a) Snapshots of the ion crystal at different times
of the evolution t = (0, %, 1) X tmax. For low anisotropy, the magnons (white
boxes) appear separately, whereas for large anisotropy the magnons typically

group at neighboring sites. (b) With increasing interactions, the spread of the

T
Pijn
decays quickly for weak interactions. With increasing interactions, the bound-

state projector starts to spread within a light cone. (d) Spatial cuts of the
bound-state projector. The experimental points are in good agreement with
theoretical calculations (lines).

one-magnon projector P].T slows down. (c) The bound-state projector

quench dynamics of a two-magnon state that is characterized by a propagation
inside a light cone. This prediction is tested in the experiment. A crystal of 20 ions
is prepared in the ground state || ... |). Then, the central two spins are flipped,
creating the initial state || ... {71} ... ]). The system is time-evolved under the
Trotter-approximated long-range anisotropic Heisenberg model (7.1). After an
evolution time ¢, the single-qubit magnetizations ((T]:Z ) are measured.

The experimental results of the quench dynamics are shown in Figure 7.5.
The evolution is shown for different values of the interaction strength A =1
(left), A = 2 (middle), and A = 3.5 (right). The different behavior of magnons is
illustrated by snapshots of the ion crystal during the evolution [7.5(a)]. For small
interactions, the magnons appear separated over the crystal. When the interactions
are increased, the magnons start to group at neighboring sites. The formation of
bound states is quantified with the one-magnon and the two-magnon projector.
The spread of the one-magnon projector P]T gives the probability of finding a
magnon at site j and slows down with increasing interactions [Fig. 7.5(b)]. The
two-magnon projector P]T]'TH gives the probability of finding two magnons at
neighboring sites j and j + 1. On the one hand, for weak interactions no bound
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Figure 7.6: Bound states for different interaction strengths. (a) The bound-state (BS)
participation (7.16) decays quickly with time for weak interaction A = 1, as no
bound states are formed. For strong interactions, the BS participation remains
high during time evolution, indicating the formation of bound states. Points
are experimental data and lines are theory calculations. (b) At time t] = 2
[dashed line in (a)], a transition from a regime of weak interactions with no
bound states to a regime of strong interactions that leads to bound states
can be observed. For large system sizes L — oo the bound states become
unstable below A ~ 2.2 (grey region). (c) The bound state velocity decreases
with increasing interaction strength. The experimental data is formed from
approx. 1000 repetitions and post-selected for magnetization-conserving two-
magnon data, retaining 22% of the repetitions (latest time). Error bars are
obtained from bootstrapping.

state is formed and the two-magnon projector decays quickly. On the other hand,
for strong interactions two magnons form a bound state and the observed two-
magnon projector remains large. Furthermore, the spatial spread of the bound
state is contained within a light cone [Fig. 7.5(c)]. For each experimental data
point approximately 1500 repetitions were taken. The data is post-processed to
keep only the repetitions that conserved the number of magnons, keeping 20-25%
of the data. The error bars are obtained from bootstrapping.

The formation of bound states was analyzed for a large range of interaction
strengths. The formation of bound states was quantified by the bound-state partic-
ipation ratio. This quantity measures the probability of finding two neighboring
magnons in the system while correcting for the probability of randomly finding
two single magnons next to each other. When two single magnons are placed in a
system of L sites there is a probability of # of finding the magnons at neighboring
sites.” The bound-state participation (BS) ratio is

I 1= 2
BS participation = Z; < (P]T].Tﬂ(t» -1 > . (7.16)

The measured BS participation ratio is shown in Figure 7.6. For weak interactions,
the BS participation decays fast during the time evolution, indicating the absence

3 Total number of configurations of placing two magnons = L(L — 1). Number of configurations
with neighboring sites = 2(L — 1).
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of bound states [Fig. 7.6(a)]. In contrast, for strong interactions bound states
are formed and the BS participation remains at a high level during the entire
evolution. This behavior is well described by theoretical calculations (lines). The
transition from a regime without bound states to a regime where bound states
are formed can be observed by analyzing the BS participation at a fixed time
(vertical dashed line). The BS participation is plotted against the interaction
strength [Fig. 7.6(b)]. Around A ~ 2.2, bound states start to form. Due to the finite
size of the system, the transition occurs gradually. A numerical simulation for
a large system size (dashed line) shows a steeper transition. The velocity of the
bound state is extracted from the propagation front of the light-cone [Fig. 7.6(c)].
With increasing interaction strength, the BS velocity decreases.
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Bound states have an impact on the spread of entanglement in a system. Consider
a subsystem with two strongly interacting quasiparticles. On the one hand, if the
quasiparticles are situated next to each other the entanglement grows slowly, as
the bound state restricts the movement of the magnons. On the other hand, if
there is a gap between the quasiparticles the magnons are mostly free to move
and the entropy grows faster. This behavior can be studied by measuring a proxy
of the entanglement between subregions.

The entanglement between two separated subregions A and B of a larger system
can be quantified by the mutual information I = S4 + Sp — Saup, where S4 is
the von Neumann entanglement entropy between the interval A and the rest of
the system A. For large systems it is time expensive to measure the entanglement
entropy directly by quantum state tomography or by randomized measurements.
However, for systems that conserve the number of excitations and for short times
and small correlations it is possible to use the mutual configurational entropy
between A and A as an approximation for the mutual information. The mutual
configurational entropy is [131, 132]

Sca=) p(n) Y [p(A®A,) —p(Ad)p(Ad)], (7.17)
n {Anb A An)

where the summation takes place over all the possible magnon configurations
{A,} and {A,} in the local basis of the subsystems A and A, p(n) is the prob-
ability of having n magnons in the subsystem, and p(A;) is the probability of
finding configuration A,. The mutual configurational entropy is a proxy for the
mutual information 1.

In the experiment, two configurations for placing two magnons were tested.
In one case, the two magnons were placed directly next to each other at the
beginning of the experiment [Fig. 7.7(a)]. In the other case, the two magnons were
separated by one site [Fig. 7.7(b)]. The initial configuration was evolved under
the long-range anisotropic Heisenberg Hamiltonian. At the end of the evolution
the system was measured in the z basis and post-selected for magnetization-
conserving data, retaining approximately 19% of the data. The growth of mutual
information was measured both for weak interactions and for strong interactions.
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Figure 7.7: Entanglement growth for magnons. The growth of entanglement is quantified
by the mutual information (7.17) and measured for two different initial con-
figurations. (a) Initial configuration with two magnons placed next to each
other and (b) initial configuration where the two magnons are separated by
one site. (c) For weak interaction strength, the mutual information dynamics
is similar for both configurations. The mutual information is approximated
by the mutual configurational entropy (7.17). (d) For strong interactions, the
neighboring configuration leads to the formation of bound states, hindering
the growth of entanglement. Points are experimental data, lines theory curves.
The insets show numerical simulations up to long times, with the gray region
indicating the experimentally accessible times. The error bars were obtained
from jackknife analysis.

In the case of weak interactions [Fig. 7.7(c)], bound states cannot form and the
mutual information grows with similar speed for both magnon configurations.
This changes when increasing the interaction strength. In the case of strong
interactions [Fig. 7.7(d)], the two configurations show different dynamics. When
the magnons are placed next to each other, a bound state forms which hinders
the growth of entanglement. Numerical simulations confirm that the evolution
of the mutual information at early times is representative of the late time state
[insets in Fig. 7.7(c) and (d)].

7.7 SUMMARY AND CONCLUSION
In this work, the formation of bound states of quasiparticles was observed in the
long-range, anisotropic Heisenberg model. The anisotropy of the model gives rise
to interactions between quasiparticles, the magnons. Depending on the strength of
interaction the bound states were observed to either be stable or become unstable.
In the experiment, the long-range, anisotropic Heisenberg model was engineered
by Trotter approximation. When designing the Trotter sequence care was taken
to reduce the impact of dephasing errors and rotation errors by incorporation of
dynamical decoupling pulses and rotations of alternating direction.

A number of properties of bound states were observed in the experiment: First,
the dispersion relation was measured for single-magnon and for two-magnon
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states. For the two-magnon case, the dispersion relation was observed to become
broadened at low momenta indicating unstable bound states. Second, the dynam-
ics of magnon bound states was measured in a quench dynamics. Measurements
at different interaction strengths revealed a transition from unstable to stable
bound states. Third, the impact of bound states on the growth of entanglement
was studied. Measurement of mutual information between two subsystems — one
of which contains two magnons — revealed a hindered growth of entanglement
in the presence of magnon bound states.

The measurements faced a number of challenges: The bound-state formation
required long-range interactions that decay fast enough with distance. In particu-
lar, a power-law exponent « ~ 1.4 was required. Setting such a high value comes
with the downside of low spin-spin coupling rates and weak axial confinement
of the ion crystal. The low coupling rates lengthened the experiment, making it
more prone to decoherence. The weak axial confinement increased axial heating
rates and drifts of the crystal position. For the present work, this problem could
be overcome by fine-tuning the detuning of the entangling light fields and the
axial confinement. However, such an approach is hardly scalable to larger system
sizes. One possible solution would be to increase the ratio of spin-spin coupling
strength to dephasing rate, i.e. increase the power of the entangling light or
increase the coherence time. An increase in light power is the objective of the new
729 nm laser that is being set up at the time of the writing of this thesis.

Approximating the Hamiltonian by a Trotter sequence leads to errors in the
interactions. The leading sources of error are of technical nature. First, the en-
tanglement beam creates inhomogeneous coupling. The entanglement beam has
an inhomogeneous intensity profile, leading to systematic rotation errors over
the ion crystal. While this kind of error was reduced by the use of alternating
rotations, the outermost ions still were significantly affected. If the system size
should be increased in the future, the entanglement beam needs to be enlarged,
which comes at the expense of light intensity. Second, the switching of light
pulses during the Trotter sequence broadens the light spectrum, as discussed in
Sec. 4.2.4. This problem is harder to overcome, as large ion crystals have a densely
packed motional mode spectrum that can overlap with spectral components. A
possible solution could be pulse shaping to a sinusoidal profile to reduce the
spectral broadening to a single frequency.
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In recent years, much work has been spent on scaling quantum simulation exper-
iments to larger and larger number of qubits. Our experiment is now capable of
performing experiments with up to approximately 50 ions. The work presented in
this thesis investigates an additional option of enhancing the capabilities of quan-
tum simulators: Making new Hamiltonians available by Trotter approximation.
The two main results of this thesis are on quantum simulations of the Heisenberg
model. The first experiment studied thermalization under conditions given by the
Heisenberg Hamiltonian. The second experiment observed properties of bound
states in an anisotropic Heisenberg model.

Chapter 2 gave a brief overview over the theoretical concepts used in this thesis.
Chapter 3 presented the experimental setup and a characterization of properties
of long crystals of trapped ions of up to 50 ions. It was found that the axial heat-
ing rate of our current trap has a rather high value of 4000 phonons/ (s - ion) at
130 kHz axial trapping frequency. Such a high heating rate poses a problem when
working with ion crystals, as the fidelity of individual-ion addressing operations
decreases for hot ions. This problem should be fixed with the next generation
of trap that is to be installed at a time after completion of this thesis. Tilted
wavefronts of the radial global beam were identified as one source of error which
becomes noticeable for axially weakly confined long ion crystals. Implementa-
tion of a new beam shaping optics that delivers plane and parallel wavefronts
eliminated this error. Lastly, correlation spectroscopy was demonstrated to be a
useful tool for measuring phase differences between ions in large ion crystals.
This method was applied to measure ion distances with an accuracy of only a
few nanometers.

Chapter 4 gave an overview over the concept of Trotter approximation of
Hamiltonians. Technical details on the Trotter approximation were given in the
second part of the chapter. While in theory a Trotter approximation is straight-
forward, in an experiment caution is required to avoid errors from a number
of sources: Base rotations introduce undesired ac-Stark shifts if the light power
is too high. Light gets spectrally broadened when light pulses are of short,
finite duration, which can give rise to unwanted coupling to motional modes.
Decoherence is caused by magnetic-field fluctuations and laser noise. These
errors can be reduced to some extent by careful adjustment of the experimental
parameters. A quench under the Heisenberg Hamiltonian was demonstrated for
a crystal of up to 21 ions.
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Chapter 5 introduced the technique of motional spin-locking spectroscopy for
directly measuring the motional noise spectrum of a quantum harmonic oscillator.
To this end, spin-locking spectroscopy is applied to the blue sideband transition,
revealing phase noise on the harmonic oscillator. Key to efficiently utilizing this
technique is the preparation of a coherent motional state. A coherent motional
state increases the coupling strength and makes the technique insensitive to
changes in the phonon number, as caused by motional heating. The motional
noise spectrum was measured in a range from 200 Hz to 5kHz, while being able
to resolve the noise spectral density over two orders of magnitude.

Chapter 6 reported on the experimental observation of the thermalization
within a closed quantum system under noncommuting charges. The question
was to what thermal state a quantum system would thermalize if a system
has multiple conserved charges connected to operators that do not commute
with each other. It was conjectured theoretically that such a system should still
thermalize to a state of the form of a Gibbs ensemble, which is referred to as
non-Abelian thermal state in this context. By implementing the Heisenberg model
in a crystal of up to 21 ions with a Trotter approximation, we were able to show
that the experimentally observed state is of the predicted form.

Chapter 7 presented an observation of bound states in the long-range, an-
siotropic Heisenberg model. So far, the formation of bound states has been
studied for short-range systems. However, the long-range nature of interactions
between spins qualitatively alters the properties of quasiparticles, the magnons.
Specifically, the group velocity of a single magnon can diverge. From this back-
ground it was unclear, whether bound states can form between two magnons,
despite a diverging group velocity. Motivated by theoretical predictions, we were
able to experimentally demonstrate the formation of two-magnon bound states
in the long-range case. To enable this observation, the anisotropic Heisenberg
model was implemented by a Trotter approximation. The anisotropy determined
the interaction strength between the magnons. Depending on the interaction
strength, the magnons were observed to propagate with different velocity. The
dispersion relation was measured for a two-magnon bound state, revealing an
unstable bound state for low momenta in the Brillouin zone. Finally, the growth
of entanglement between two magnons was quantified by measuring the mu-
tual information. A bound state between two magnons was found to hinder the
growth of entanglement.

These two experiments demonstrated the feasibility of approximating the
Heisenberg model in large systems of trapped ions with Trotter sequences. At the
same time, the Trotter sequences were designed in a way to exhibit some degree
of robustness against dephasing and rotation errors. One leading type of error
was found to be caused by coupling of spectrally broadened light to the radial
motional modes of the ion crystal. This error could be reduced by pulse shaping
and careful adjustment of the pulse timing to reduce spectral overlap. However,
such an approach is hardly feasible when scaling to larger number of ions, as
the number of motional modes increases with the number of ions. A possible
solution could be to use pulse shaping to realize a sinusoidal modulation of the
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light intensity. While this reduces the average light power, the resulting spectrum
only has two narrow sidebands that can be placed between motional modes.

In the near future, our experiment will undergo a major upgrade. The ion trap,
the vacuum chamber, and the experiment control system will be replaced by
new versions. This upgrade should allow us to work with up to 100 ions. The
ion trap is provided by Alpine Quantum Technologies and should feature lower
axial heating rates than our current trap. The vacuum chamber will contain a
target for ablation loading, reducing the time to reload ions. The quantization
axis will be newly aligned with respect to the laser fields, allowing to drive a
Am = 0 transition which is less sensitive to magnetic field fluctuations than the
currently used Am = 2 transition. Furthermore, the experiment control system for
control of the laser pulses will be replaced with the "Sinara" system developed by
M-LABS. This will increase the number of laser pulses that we can apply to our
ions, which is currently limited to less than 200 pulses. In particular for Trotter
sequences, a larger number of operations will be of great use.
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COUPLING TO AXIAL MODES DUE TO TILTED WAVEFRONTS

A trapped ion is manipulated with a radial beam. The wavefronts of the radial
beam are tilted, such that the wave vector has an overlap with the axial trapping
direction. In this case, an axial ion motion will affect the outcome of experiments
performed with the radial beam. This section gives a derivation of the result of a
Ramsey experiment under tilted wavefronts. The case of a CPMG experiment is
treated in the Appendix of Ref. [62].

A.1 RAMSEY EXPERIMENT WITH SIMPLE PULSES

The motion of a trapped ion is approximated by the classical trajectory
r(t) = azsin(w,t), (A1)

where 7 is the oscillation amplitude, Z is the unit vector pointing along the z axis,
w; the frequency, and t is the time. If the light field that interacts with the ion
is tilted, the light’s k vector has a nonzero overlap with the z axis and the light
phase is changing with time,

p(t) = k- r(t) = kasin(w;t). (A.2)

In this case, the outcome of a Ramsey experiment depends on the timing of the
pulses.

The pulse sequence of a Ramsey experiment that uses simple 77/2 pulses is
sketched in Fig. A.1(a). The action of a 7/2 pulse with phase ¢ is described by

s 1 1 —ie i
Ho (5) 2 (—iei¢ 1 ) ' (A3)

The duration of the 77/2 pulse is assumed to be negligible. Consider a Ramsey
experiment that ideally applies the first pulse with phase 7 and the second pulse
with phase 7 + 7. Let ¢ and ¢, denote the deviation from these ideal phases.
Then, the Ramsey sequence is described by the matrix

U=Uzirig,Uzigy (A.g)

If the qubit is initially in || ), the probability of finding the qubit in the final state
|1) is given by a single matrix element and evaluates to

pr=[(T[Ul )P (A.5)
= 2 [ —cos (g2~ ¢1)] ~ 3 (02— )2 (A.6)

I,
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Figure A.1: Ramsey experiment under phase variations. The phase deviations ¢, ..., ¢4
depend on the timing of the pulses #4,...,ts. (a) Ramsey experiment with
simple 7t/2 pulses. (b) Ramsey experiment with composite 7t/2 pulses.

In the last step it was assumed that the phase deviation is small, |¢p, — ¢1| < 1.
The change in the light phase at the beginning of the pulses is

¢1(t1) = kzﬂ sin(wztl) (A7)
$a2(t2) = kzasin(wztr) = kasin(w,(t1 + T)). (A.8)

These phases give the deviation from the light phase that is ideally set in the Ram-
sey experiment. The ion motion is not controlled. Thus, the measured excitation e
is the average over all initial times t1,

:%mm~<h@m+n—%mw> (A.9)

ty

_ Lo ool
= 2(kza) sin <2wZT> (A.10)

A.2 RAMSEY EXPERIMENT WITH COMPOSITE PULSES

The pulse sequence of a Ramsey experiment that uses composite 7t/2 pulses is
sketched in Fig. A.1(b). Analogous to the previous case, the Ramsey experiment
is described by

U = Uz iUt gy Ug, Uz 4, - (A.11)

The probability of transferring the qubit from |/) to the final state |1) is approxi-
mated by

pr = (T Ul )2 (A.12)
1
~ 7193 = 92)" + (91— d2 + 5 — ¢u)?]. (A13)
The change in the light phase at the beginning of the pulses is
$1(t1) = kzasin(w;tq) (A.14)
$2(t2) = kzasin(w:(t; + T')) (A.15)
¢3(t3) = kasin(w-(t + T + T)) (A.16)
¢a(ts) = keasin(w: (t + 2T+ T)) (A.17)
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Averaging over the initial time t; yields after a lengthy but simple calculation

€= <PT>t1 ~ <i[(4’3 —2)*+ (1 — P2+ 3 — 474)2]> (A.18)

f

= %(kza)2 [sin2 <;sz) + 4 cos? <;wZ(T—|— T’)) sin’ (;wZT’>] . (A.19)
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SPIN-LOCKING SPECTROSCOPY

B.1 STOCHASTIC LIOUVILLE EQUATIONS

Solving the time evolution of quantum systems that are governed by stochastic
Hamiltonians is a difficult task. The random nature of the Hamiltonian only
allows one to make predictions about average values of the solution. The concept
of stochastic Liouville equations makes it possible to express the average time-
evolved state in a simple form. The following short introduction into stochastic
Liouville equations is based on Refs. [94, 95].
Let a quantum system be described by the von Neumann equation

d i

ol =~ [H(0),p(0)], (B.1)
where the Hamiltonian H(t) is regarded as a stochastic process. The von Neu-
mann equation can be written in the form of the Liouville equation

o) = L), (B.2)

where ¢ = (011,012,021, pz,z)T is the state vector that is obtained from stacking
the elements of the density matrix p, and

1
L= (Hol-10H"), (B.3)

is the Liouville operator.

In general, L will not commute with itself at different times, [L(t1), L(t2)] # 0.
Therefore, the solution of the differential equation requires the time-ordered
exponential expg [+],

t
1) = expo | [ rL(r)] 500) = (B.4)
= [1 + /Ot dtlL(tl) + /Ot dty /Otl dtzL(tl)L(tz) + ... (B.5)

t f toy
+/0 dt1/0 dtz---/o dtnL(tl)L(tz)---L(tn)—k...}p(o). (B.6)

The expected value of this solution can be expressed by introducing the decay
function ®(t),

(0) = (ewo | [ arLir)] ) 00) = @00, ®7)
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where (-) denotes the ensemble average. The task is to determine the decay
function ®.

The first thought might be to approximate ®(t) by the first elements of the
series expansion of the time-ordered exponential,

O(t) = 1+/Otdt1 <L(t1)>+/0tdt1 /Otl dty (L(1)L(t2)) +.... (B8

The problem with this approach is that the higher-order moments (L(t1) - - - L(t,))"
do not vanish fast and therefore, the first few orders give a poor approximation
for long times. The idea is to approximate the time evolution with a cumulant
expansion. The cumulants are constructed in such a way that they vanish quickly
if the correlation time is short.

The cumulant expansion is obtained by noting that the decay function ® is
itself again described by a differential equation [94],

d

ELIORRIOLIO) (B.g)

Again, the solution is written formally by using the time-ordered exponential,

D(t) = expg [ /0 t dt/F(t’)] . (B.10)

Next, F is expanded in powers of an expansion parameter «,
[e0]
F = Z «"F,. (B.11)
n=1

This ansatz is plugged into the series expansion of the time-ordered exponential,

O(t) = 1+/0t dty [aFy(t) +&?Fa(t) +...] + (B.12)
+ /Ot dty /Otl dt, [[XFl(tl) + chFZ(tl) =+ .. } [DCPl(tz) + Oézpz(tz) +.. ] + ...

(B.13)

_ 1~|—1x{/0tdt1P1(t1)}+ (B.14)

062 {/)t dtle(tl) —+ /Ot di /Ot1 dtzFl(tl)Fl(tz)} -+ O((X?)). (B.15)

When the same expansion parameter « is used in Eq. (B.8), we get

t t t
D(t) =1+ oc/o dty (L(t1)) + 0&2/0 dty : 1 dta (L(t1)L(t2)) + O(a®).  (B.16)

Comparing the powers of a defines the functions F,, recursively,
(L(t)) = Fi(h) (B.17)

' dtz (L(t1)L(t2)) = Fa2(t1) + /t1 dt2F1 (t) F (t2) (B.18)
0 0

(B.19)
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The higher orders have increasingly complex expressions. The first two orders of
F, are

Fi(t) = (L(t)) (B.20)
B() = [ dn[(LOL0) ~ (L)) (L(h))] (B21)
(B.22)

With these functions the differential equation of the decay function can be ap-
proximated,

GO0 =FOR) ~ [(Le) + [ dn (L) ~ (Lo} (L) | o).

(B.23)
However, in practice this expression might be of limited use as F(t) depends

again on time and the differential equation cannot easily be solved. At least, this
equation gives a deterministic (i.e. non-stochastic) equation for the expectation
value (p(f)) which can be solved numerically.

If one wants to obtain an expression for (§(f)), then this can be done for zero-
mean noise in second order. As the mean vanishes by assumption, (L(t)) = 0, the
time-ordered exponential (B.10) is approximated in second order F, as

D(t) = expgy [/Ot dty Otl dt, <L(t1)L(t2)>} (B.24)

A exp [/Ot dt; /0t1 dt, <L(t1)L(tz)>} . (B.25)

In the second step, the time-ordered exponential is approximated by the ordinary
exponential. This is possible because the two series expansions match up to first
order, which is enough in the present case.

B.2 SPIN-LOCKING
B.2.1 Spin-locking under coherent modulation

We consider a coherent phase modulation of the light driving the spin-locking
sequence. The phase between light and qubit is phase modulated at a modulation
frequency w and with a modulation index B,

¢(t) = Bcos(wt +9), (B.26)

where ¢ is the modulation phase offset. In the following, we assume the modula-
tion index to be small, || < 1. Then, the evolution of the qubit is described in
the interaction picture by the Hamiltonian (5.19) which takes the form

H = QW cos(wt + 6) [cos(Qt)oy — sin(Qt) o | (B.27)
1)
~ I&QZ1 {cos[(w — Q)t + b]oy + sin[(w — Q)t + 8]0z }, (B.28)
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where Q1) = 1BQ1 is the Rabi frequency of the 1% order modulation sideband.
In the second step, we have applied a rotating-wave approximation, neglecting
terms oscillating at () + w.

When the Rabi frequency is made resonant with the modulation frequency,
) = w, this leads to the Hamiltonian of a coherent, small phase modulation at
resonance,

O )
H= hT[cos(é)Uy + sin(d)0z]. (B.29)
This time-independent Hamiltonian has the time-evolution operator
Q¢ Q¢
U(t) = cos < 5 > 1 —isin ( 5 [cos(d)ay + sin(8)0z] (B.30)

and leads to the evolution of magnetization

(x(t)) = cos (W), (B.31)
(y(t)) = sin (QW¢) sin (Qt 4 6), (B.32)
(z(t)) = —sin (QW¢) cos (Ot + 5). (B.33)

An example of the evolution under coherent phase modulation is shown in
Fig. B.1. We carried out a spin-locking experiment on the carrier transition of a
ground-state cooled ion. The light that was driving the spin-locking sequence was
phase modulated at w = 271 x 5kHz at a modulation index of B = 200 mrad. The
modulation frequency of w = 27t X 5kHz was chosen as our laser has negligible
frequency noise around this frequency. The observed evolution of magnetization
is described well by equations (B.31)-(B.33). The magnetization (x(¢)) oscillates
at a frequency Q(Vt. In the experiment, the phase relation & between modulation
signal and light is kept constant but its value is unknown. Therefore, we obtained
0 = 1.48(2) rad from a least-squares fit to the experimental data.

B.2.2 Spin-locking under non-zero mean noise

In the case where both a coherent modulation and noise is present,

¢(t) = ¢pe(t) + ¢n(t) = Bsin(wmt + ) + ¢n(t), (B.34)
the Hamiltonian is a sum of a deterministic part Hyp and a stochastic part Hj,
H(t) = Ho+ Hy(t) (B.35)
Q)
= hT [cos(d)ay, + sin(d)0] (B.36)
+ h%qb(t) [cos(Qt)oy — sin(Qt) o] . (B.37)

The stochastic part is transformed into the interaction picture

Hyi(t) = Up(t) T Hy () U (1), (B.38)
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Figure B.1: Spin-locking under coherent phase modulation. (a) Experimental sequence. A
71/2 pulse prepares the qubit in |x). Then the qubit is continuously driven
with a Rabi frequency ) by a light field. During this time, the phase of
the light is modulated with a frequency w and a modulation index 8. A
final 7t/2 pulse analyzes the state of the qubit. (b) The state evolves on the
Bloch sphere on a spiral trajectory. The spiral oscillates between the two
poles. (c) Observed evolution in a spin-locking experiment. Experimental data
(markers) and numerical simulation (lines). The experiment was carried out
for ) = w = 2 x 5kHz and a modulation index f = 200 mrad.

with Up(t) given by Eq. (B.30). This operator is of the form Hy 1(t) = ¢(¢)(a(t)ox +
b(t)o, + c(t)o;), where ¢(t) is again assumed to be a zero-mean random process.
Therefore, the evolution of the density matrix in the interaction picture p;(t) is
described by the stochastic Liouville equation in the same way as described in
Sec. 5.3.1. The cumulant (£(t;)L(t2)). contains a large number of terms; however,
in the limit Q") — 0 one finds that ®(t) is equal to the case of zero-mean noise,
Eq. (5.23). If the qubit is initially prepared in the |+x) state, the magnetization
evolves as

(x(8) = Te [Uo () (pu(1)) UG (1)o7 (B.39)
=Tr {Uo(t);(]l + e47‘(t)ax)ug(t)0x} (B.40)
= %e*‘b‘(” Tr [Uo(t)axug(t)ax] . (B.41)
Since we have assumed py = %(]l + 0y), we can express 0y by pp and get
1
(x(1)) = 5~ Tr [Uo(1) (2p0 — 1)U (H)e | (B.42)
= e ) (x(1)), (B.43)
= e 25)(D)t o5 (Q(l)t). (B.44)

In the second-to-last step, (x(t)), = Tr[Uy(t)poUs (t)ox] denotes the magnetiza-
tion under coherent evolution, as described by Eq. (B.31). The main result of
this calculation is that a coherent drive with noise is simply described by
the product of the incoherent part and the coherent part, leading to damped
oscillations.
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B.2.3 Spin-locking under finite life time

The effect of the finite lifetime of the excited level on the spin-locking spectroscopy
signal is derived in this section. The derived expression will be a lower bound
for the detectable minimal noise strength under finite lifetime. Therefore, as a
simplification, it is assumed that the noise acting on the spin is weak and can be
neglected. The light-atom interaction is then described by the Lindblad equation

d

g/t = —i[H,p] + L(p), (B.45)
with the Hamiltonian a
H= 2o (B.46)
and the Lindblad operator
1
L(p) = FoF' — S (F'Fp + pF'F). (B.47)

Here, ) is the Rabi frequency, o, the Pauli-x operator, F = \/To~ the jump
operator, and o~ the lowering operator. I' is the decay rate from the excited level
to the ground level. For 40Ca™, the decay rate from the D5/, level to the S/, level
is T ~ 0.9s7! [33]. Plugging these expressions into the Lindblad equation gives

P11 -r g —i§ 0 o1
Q _T _;Q
dg P12 | _ l.ZQ > Or ';2 P2 (B.48)
t 021 —-iz 0 -7 13 021
022 r —i% i% 0 022

We do not need to find the general solution to this system of equations, as we are
only interested in the expectation value (x(f)) = p12(t) + p21(t). By adding rows
2 and 3, we find

d 1
G (P12 + p21) = 5T (p12 + p21), (B.49)
N——— N——
(x(£)) (x(1))
from where the solution can be obtained easily,
(x(1)) = (x(0)) e 2" (B.50)

This means that spontaneous decay gives the same exponential decay as phase
noise with power spectral density S¢(Q),

(x(1)) = (x(0)) e 2SO, (B.51)

Equating the exponents gives the lower bound S i, for the phase noise power
spectral density that can be sensed with a spin that decays from an excited level
with rate I'. The lower bound is

r

S(p,lim = @ (B52)



SOME OPERATOR ALGEBRA

C.1 OPERATOR IDENTITIES FOR TROTTER ALGEBRA

In this section a number of useful identities for algebraic manipulations of Trotter
sequences are collected.

c.1.1  Definitions

The following definitions are used with ¢y = x,y,z and a system size of n > 2
qubits. The spin-spin coupling matrix is denoted by J;;. For simplicity, # = 1. The
Hamiltonian H,, is

H,, = Z]i]‘ay)aﬁ(,j). (C.1)

i<j
The time-evolution operator is
Uy, = e it (C.2)
A 71/2 rotation of all qubits is described by

e (i)
R S (C3)

c.1.2 Identities for substituting a rotation

Ry = RIR,R; = R:R}R! (C.4)
Ry = R{RIR, = RyR:R} (C.5)
Ry = RIR.R, = RyRIR! (C.6)
Ry = RIRIR, = R,R.R} (C.7)
R; = RyR,R, = R,RIR} (C.8)
R; = RIRJR; = RyRyR] (C.9)
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C.1.3 Identities for combinations of rotations

These identities are directly derived from Sec. C.1.2

R¢R, = RyR. = R:R; (C.10)
RyRy = RIR, = RyR} (C.11)
R:R; = R:R} = RjRy (C.12)
R;R, = RIR; = RyR! (C.13)

C.1.4 Identities for conversion between Uyy, Uy, and U,

Uxx = RIU,yR: = RUy,R} (C.14)
Uy = RjU.zRy = Ry U R} (C.15)
Uyy = RiU;R, = RyU;R} (C.16)
Uy, = RIUxR, = R.UxR} (C.17)
U, = RjUR, = RyUxR} (C.18)
U, = RiUy, R, = RUy,RE (C.19)

(C.20)

C.2 BASE ROTATIONS OF THE HEISENBERG TROTTERIZATION

The Heisenberg-Hamiltonian was approximated by decomposing the time-evolution
into N
U (At,8N) = R_,R, [(E,(At))‘*(m(m))ﬂ R_.R,, (C.21)

where the sub-step

E.(At) = Uy (At)Ure (Af) R U,y (At) (C.22)
has been introduced and Ry (Ry, R;) denotes a global 71/2-rotation around the
x-axis (y, z) and

Nions . .
uxx(At) = eilAtHxxr Hxx = Z Z]i,jUS)O'JE]) ’ (C23)

i=1 j>i

Uy, (At), Hyy respectively.

If the Trotter decomposition is stopped after a sub-step the Trotter decompo-
sition is of a slightly different form. To return to the initial basis various final
rotations must be used. The following scheme of Trotter steps was implemented
in the experiment:

u®v(at,1) =R, [(E+(At))1} R_.R, (C.24)

UGl (At,2) = R ,R_, [(E+(At))2} R R, (C.25)



C.2 BASE ROTATIONS OF THE HEISENBERG TROTTERIZATION

U1 (A, 3) = ReR.R, | (E+ (A1) | R-<Ry
Ul (At 4) = R, R, [(E+(At))4} R (R,
U (At,5) = R,R,R, [(E, (A1) (E+(At))4} R R,
U (At,6) = R_,R_, [(E_(At))z (E+(At))4} R R,
U (A7) = Ry [ (E-(88)* (E+ (A1)} R—<R,

U (At,8) = R_,R, [(E_ (Af))*(E+ (AY) )4} R R,

After these 8 steps, the scheme is repeating.

(C.26)

(C.27)

(C.28)

(C.29)

(C.30)

(C31)
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