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Abstract
Molecular quantum states arise from electronic, vibrational, and rotational energy levels,
with rotational states forming distinct energy structures studied in rotational spectroscopy.
This technique measures the absorption or emission of radiation as molecules transition be-
tween rotational levels, typically using microwave or terahertz radiation. While microwave
radiation directly probes these transitions, terahertz radiation uses Raman transitions,
involving two lasers with a frequency difference matching the energy gap of the target
transition, with a third level far off-resonant. Optical frequency combs, ultrafast lasers
primarily used in metrology, can coherently drive such transitions when the energy falls
within their bandwidth. The research group where this work was conducted plans to use
this system to manipulate rotational states of molecular ions, enabling spectroscopy and
molecular error correction experiments.

The state-of-the-art setup of this research group features a linear ion trap with optical
access for lasers capable of ablating, ionizing, and cooling trapped calcium-40 ions. It also
enables the use of a 4 2S1=2 $ 3 2D5=2 transition as a qubit manifold, along with its readout.
Additionally, techniques for generating calcium-based molecules have been implemented.
The primary goal of this work was to integrate a commercial optical frequency comb
into the setup while implementing self-phase modulation to extend its bandwidth and
expanding the range of accessible energy differences for Raman transitions in quantum
systems. Additionally, dispersion compensation was applied to bring the comb closer to
the Fourier limit, improving the efficiency of Raman transitions.

Proof-of-principle spectroscopy measurements were performed by driving Raman tran-
sitions between the 3 2D5=2 (m5=2 = �1=2) and 3 2D3=2 (m3=2) states of a calcium-40 ion,
where m3=2 was either �1=2 or +3=2. These transitions were chosen since they have a
similar transition frequency as targeted molecular ions. As a result of the performed mea-
surements, the Landé g-factor of the 3 2D3=2 state was evaluated to be g3=2 = 0:79945(2).

The comb system is capable of manipulating the rotational states of molecules such as
CaH+ and CaOH+, which will be part of future quantum logic experiments of our group.
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Chapter 1
Introduction

Quantum computing refers to the harnessing of quantum bits (qubits) as carriers of
information to perform computations through quantum superposition and entanglement
[1–4]. Once fully developed, this technology is expected to offer significant computational
advantages in specific areas compared to classical computers [5–7].

Qubits, the fundamental units of quantum computers, are typically formed from two
discrete energy states of a quantum system. These states arise due to energy quantization,
meaning the quantum system can only occupy specific states dictated by the Schrödinger
equation [8, ch. 2.2.2]. Their behavior can be modeled using the mathematical framework
of the Hilbert space. According to the superposition principle, a quantum system can
exist in, or populate, a combination of multiple energy states simultaneously [8, ch. 2.2.1].
Population can also be transferred between different states. Such a transition occurs when
the quantum system interacts with its environment and absorbs or emits energy, often
in the form of photons, causing its population to shift from one state to another. This
process, known as driving transitions, enables controlled state manipulation in quantum
computing.

Commonly used qubit platforms for quantum computing include atomic ions [9], super-
conducting circuits [10], NV-centers [11], quantum dots [12], and photons [13]. At the
Quantum Optics and Spectroscopy Group [14] at the University of Innsbruck, atomic ions
are the most extensively studied platform [15–22], where qubits are encoded in the energy
states of their electrons. This work was conducted within QCosmo [23], a subgroup focused
on investigating the physics and exploiting the computational capabilities of molecular
ions rather than atomic ions [24–26].

The Hilbert space of molecular ions is significantly larger than that of atomic ions due
to additional spatial degrees of freedom, three for each atom in the molecule. These extra
degrees of freedom give rise to complex quantized energy structures beyond electronic
states due to molecular vibrations and rotations [27, ch. 10.4]. This complexity could
make molecules a promising platform for more robust qubits, as qubit state information
can be redundantly stored in other states to enhance protection against noise and errors.
However, this same complexity has made molecular ions less studied in quantum computing
compared to atomic ions [28]. Consequently, many experimental techniques for controlling
molecular ions are still in development.

Despite the challenges, significant progress has been made in various areas. Long storage
times of quantum information have been demonstrated [29, 30], and the technique of
quantum logic spectroscopy has been applied to molecules [31, 32], where quantum logic
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spectroscopy refers to the mapping of quantum information from a molecular ion to a fully
controllable atomic ion via their shared quantized motion, which is caused by a trapping
potential and their Coulomb repulsion. Additionally, techniques for preparing molecules in
pure energy states have been developed [33], entanglement (a quantum correlation linking
particle states [8, ch. 2.2.8]) has been demonstrated [34–36], and rotational quantum
states have been tracked over long periods of time in thermal environments [37]. Recent
theoretical work includes strategies for robust qubit encoding in molecular rotational states
[38], as well as methods to protect such encoding against spontaneous photon emission
and black-body radiation errors in specific molecules [39]. These works enabled a proposal
for the experimental implementation of molecular quantum error correction [26].

QCosmo aims to build on this past research by developing techniques to prepare, control,
and characterize polyatomic molecules at the quantum level. A key goal is achieving precise
control over rotational energy states, enabling controlled population transfer. Rotational
states are distinguished by their energy magnitudes, which differ from vibrational and
electronic states. These energies correspond to frequencies typically ranging from 10 GHz
to 10THz [40, 41]. One approach to transfer population between rotational states is to
drive the transition directly using a free-space electromagnetic field whose frequency is
resonant with the transition frequency [42]. However, such fields are hard to integrate as
they are typically in the microwave and not in the optical frequency range.

Optical fields can also drive such transitions using Raman transitions [43]. The basic
principle is based on a three-state quantum system and two single-frequency lasers whose
frequency difference matches the energy gap between two target states. For effective
population transfer, the lasers must remain off-resonant with respect to the third state.
This ensures population transfer between the first two states without populating the third.
However, this approach lacks flexibility. Lasers engineered for a specific Raman transition
between two rotational states may not be suitable for other rotational transitions, as their
frequency difference may no longer match the original energy gap.

A more flexible approach to this problem is provided by optical frequency combs, a
type of pulsed laser with a broader spectral bandwidth than single-frequency lasers. Their
working principle will be discussed in this thesis, but the core idea is that they can
be viewed as a superposition of many single-frequency lasers with distinct, regularly
spaced center frequencies. To drive a transition with a specific energy difference, the
corresponding frequency must fall within the comb’s bandwidth so that two of its single-
frequency components can induce a Raman transition. Previous work has demonstrated
the use of optical frequency combs for driving transitions between D-states in calcium-40
ions [44] and rotational transitions in calcium monohydride ions (CaH+) [45].

One of the goals of this work was to integrate a commercial optical frequency comb
into the QCosmo setup to enable future experiments to control the rotational energy
states of molecular ions such as CaH+ and CaOH+. Before the experimental phase of
this work began, the QCosmo setup consisted of the following components: A linear
Paul trap [46] designed to confine calcium-40 ions and other molecules within a harmonic
potential using radio-frequency and direct-current electrodes [47]. The trap is located
in an ultra-high vacuum chamber (10�10 mBar) to minimize collisions of the ions with
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background gas. Additionally, several single-frequency lasers are aligned to the trap,
serving distinct functions:

• A laser with 532 nm center frequency: Ablates calcium-40 from a target into the
vacuum [48].

• 422 nm and 375 nm: Ionize the resulting atomic cloud by removing one electron in a
two photon process [49].

• 397 nm and 866 nm: Perform Doppler cooling, bringing trapped ions close to Doppler
limited temperature [50].

• 729 nm and 854 nm: Enable resolved-sideband cooling, driving the ions toward their
motional ground state within the harmonic potential [51–53].

Once the desired number of ions is trapped, they can be detected using either a camera or
a photomultiplier tube by observing fluorescence from a cycling transition within the ions’
electronic states [54]. A cycling transition refers to an excitation that consistently decays
back to its original state via spontaneous emission. This process enables state detection
by distinguishing whether the ions are in the 4 2S1=2 state (observed fluorescence due to
repeated spontaneous emission) or in a different state (no fluorescence). Additionally,
control over a qubit transition has been achieved with high-fidelity readout and long
coherence times. The qubit states are encoded in the 4 2S1=2 and 3 2D5=2 states and
manipulated using a 729 nm single-frequency laser.

This work builds on the existing setup and demonstrates the integration of a commercial
optical frequency comb. For efficient population transfer, the drivable energy differences of
a quantum state must fall within the comb’s spectral bandwidth. As such, it is beneficial
to have as high of a bandwidth as possible. To extend this bandwidth, a nonlinear
optical effect known as self-phase modulation was used, where the nonlinearity arises from
a material’s refractive index depending on the laser’s intensity. However, this process
introduces spectral phase variations across the bandwidth, a phenomenon known as
dispersion. Dispersion can arise due to a material’s refractive index depending on the
laser’s wavelength. Due to destructive interference between different spectral components,
dispersion reduces the efficiency of driving transitions. To mitigate this, this work also
implements so-called dispersion compensation.

The theoretical framework for describing optical frequency combs, dispersion, and self-
phase modulation is presented in chapter 2. This chapter also covers relevant light-atom
interactions between the optical frequency comb and a single trapped calcium-40 ion,
with a focus on Raman transitions and Ramsey interferometry. Chapter 3 details the
experimental implementation of these concepts in an optical setup. Specifically, it describes
the generation of the optical frequency comb, power amplification, self-phase modulation,
dispersion compensation, and the alignment of the light to ensure spatial overlap with a
trapped ion. It also characterizes the temporal and spectral amplitudes and phases of the
optical frequency comb at various stages of the optical setup.

Using this optical frequency comb setup, this work demonstrates coherent state ma-
nipulation of a calcium-40 ion via comb Raman transitions between the electronic states
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32D5=2 (m5=2 = � 1=2) and 32D3=2 (m3=2), wherem3=2 was either� 1=2 or +3=2. Addition-
ally, the collected data was used to estimate the Landég-factor of the 32D3=2 state with
higher precision than its theoretical value. It was estimated by constructing a likelihood
function and extracting the most likely value. This value was measured as no known
publication reported on this Landég-factor till now. The extracted result, stated in
equation (4.2), has a relative precision uncertainty of2:5� 10� 5. However, systematic errors
have not been investigated. These results are presented in chapter 4.

Finally, chapter 5 concludes with a comparison of the results from this work with similar
studies from other groups and suggests potential improvements and expansions to the
optical frequency comb setup. It also provides an outlook on how this setup will be used
in the future to study rotational transitions in molecular ions.
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Chapter 2
Fundamentals of optical frequency
combs and light-atom interaction

This chapter focuses on establishing the foundational principles that support this work.
It will cover the theoretical description of optical frequency combs (section 2.1.1), how
they are a�ected by dispersion (section 2.1.2), and how they are in�uenced by self-phase
modulation (section 2.1.3). A brief overview of how optical frequency combs are generated,
stabilized, and their applications is presented (section 2.1.4). Moreover, the interaction
of light and matter is discussed by �rst introducing the calcium-40 ion and modeling
it as a two-level system (section 2.2.1). A relevant generalization for this work is the
three-level system together with continuous-wave Raman transitions (section 2.2.2) whcih
can ultimately be expanded to optical frequency comb Raman transitions with the ion
(section 2.2.3). Finally, Ramsey and spin echo techniques to characterize certain types of
noise in the system are also discussed (section 2.2.4).

2.1 Optical frequency comb theory

Optical frequency combs are a type of ultrafast pulsed laser that provide a comb-like
structure in the frequency domain. They have two distinct properties that di�erentiate
them from ultrafast pulsed lasers: the stabilization of the repetition rate! rep and the
carrier-envelope o�set frequency! CEO . Optical frequency combs have been extensively
reviewed (see, for example, [55�57]) as they are an important tool for today's technologies,
enabling, for example, the most precise measurements of the second [58, 59]. In this
section, it is explained how! rep and ! CEO emerge by modeling an optical frequency comb
in time and frequency domain. Further, we explore what roles the optical phenomenon of
dispersion and the nonlinear self-phase modulation e�ect play. The section concludes with
a more practical aspect of optical frequency combs: how they are generated, what their
applications are, and how! rep and ! CEO are stabilized.

2.1.1 Modeling and properties

To understand how optical frequency combs work and how they interact with certain
systems such as a trapped ion, it is useful to model them mathematically and derive
their properties from there. We will look at a temporal and spectral description of an
optical frequency comb while introducing key quantities, such as the repetition rate and
the carrier-envelope o�set frequency.

5



2.1 Optical frequency comb theory

Figure 2.1:Temporal and spectral representation of an optical frequency comb.
The top half represents the time domain of an optical frequency comb and
the bottom half the frequency domain. They are connected via the Fourier
transform (FT). In the time domain, convolving (denoted as� , see appendix A)
a single pulse (b) with a temporal Dirac comb (c) results in a pulsetrain (a).
In the frequency domain, the typical spectral structure of an optical frequency
comb (a) is found by multiplying a spectral envelope (b) by a spectral Dirac
comb (c). The drawing is based on equations (2.1) and (2.2).

The top part of �gure 2.1a shows the electric �eld of a pulsetrain in the time domain.
It can be modeled using an envelope functionEsingle(t), which repeats with periodT,
multiplied by a waveform function with amplitude cos(� (t)) . The electric �eld can be
modeled by

E(t) = cos(� (t))
1X

n= �1

Esingle(t � nT ): (2.1)

We can simplify the analysis of this model by assuming a single-frequency laser such that
its temporal phase term takes the form of� (t) = ! ct � � 0, where! c represents the carrier
frequency of an optical laser pulse. This assumption is not strictly necessary but enables
an intuitive derivation of the properties of the optical frequency comb. The e�ects of a
general� (t) will be discussed qualitatively towards the end of this section.

To extract the relevant properties of the model of the optical frequency comb, we can
analyze it in the Fourier domain. Thus, we can apply the Fourier transformF on this
expression. The derivation of the Fourier transform~E(! ) := Ff E(t)g(! ) speci�c to the
�eld model described above can be found in Appendix A. Ignoring negative frequencies as
they do not provide additional information for real temporal �elds, the frequency domain
representation of the electric �eld model is

~E(! ) / Ff Esingle(t)g(! � ! c) Ø 2�=T (! � ! c): (2.2)
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2.1 Optical frequency comb theory

An example of this peculiar structure is depicted in the bottom part of �gure 2.1a.
The symbolØ is pronounced �sha� and represents the Dirac comb function, it is de�ned

in terms of Dirac delta distributions � (! ) as

Ø 2�=T (! ) :=
1X

n= �1

�
�

! � n
2�
T

�

and generates a regular comb-like array of delta functions. This function and its Fourier
transform is illustrated in �gure 2.1c.

The frequency domain of the electric �eld model describing a frequency comb has
essentially two parts: (i) The global spectral envelope, which is de�ned by the Fourier
transform of the single pulse envelope. This spectral envelope is centered around the
carrier frequency! c and spans over all non-zero spectral components; thus it is called
global. In this derivation, the width of the global spectral envelope is related to the width
of the temporal envelope� � by being proportional to 1=� � . The proportionality factor
is given by a quantity called time�bandwidth product [60]. This situation is depicted in
�gure 2.1b. (ii) The Dirac comb generates periodic peaks, also known as comb teeth, with
separated by a distance called the repetition rate. The value of the repetition rate is

! rep :=
2�
T

:

This implies that such an electric �eld is everywhere zero in the Fourier domain except at
the location of the comb teeth.

There will generally be an o�set between the lowest frequency comb tooth and the
absolute zero frequency. This is due to the fact that the Dirac comb in equation(2.2) is
centered around the carrier frequency! c, and there does not necessarily exist an integerN
such that ! c � N! rep = 0. This o�set is quanti�ed by the carrier-envelope o�set frequency
! CEO or the carrier-envelope phase' CEO de�ned as

! CEO := ! c mod! rep and ' CEO = 2�
! c mod! rep

! rep

) ! CEO = ! rep
' CEO

2�
:

Using this o�set we can localize then-th comb tooth ! n in the modeled electric �eld with
respect to the origin via

! n = ! CEO + n! rep:

In the context of practical implementations of optical frequency combs, this equation only
holds if both the repetition rate ! rep and the carrier-envelope o�set frequency! CEO are
measured to be accurate and precise over time, typically with precision uncertainties on
the order of mHz and Hz, respectively. The di�erences between a generic ultrafast laser
and an optical frequency comb are exactly these highly stabilized values of! rep and ! CEO .
The way these are commonly stabilized is discussed in section 2.1.4.

The presented derivation assumed a linear temporal phase function� (t) = ! ct � � 0. We
talk about a chirped waveform if its temporal phase function� (t) is described by additional
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2.1 Optical frequency comb theory

higher-order termsO(t2) (chirp as in bird sounds, mimicking changing frequencies over
time). A phase with a highest-order term oft2 is said to be linearly chirped due to the
instantaneous frequencyd�= dt being linear. If we allow for a general temporal phase term
cos(� (t)) in this derivation, then the relation of equation(2.2) becomes more complicated.
This phase term would then encode additional spectral phase and global spectral amplitude
information. Such a general spectral �eld takes the following form:

~E(! ) = Ff cos(� (t))g(! ) � (Ff Esingle(t)g(! ) Ø ! rep (! )) :

If we start from a Fourier description, we can reformulate this last equation by collecting
amplitude, phase, and comb terms. We can then describe it as

~E(! ) = ~Eenv(! � ! c) Ø ! rep (! � ! CEO ) e� i ' (! ) ; (2.3)

where ~Eenv is a real valued envelope function centered around zero, the spectral phase
term ' (! ) captures real and imaginary oscillations, and the Dirac comb is equal to
Ø ! rep (! � ! CEO ) = Ø ! rep (! � ! c) due to its in�nite extension and ! CEO = ! c mod! rep. It
should be noted that only positive frequencies are shown here, as the Dirac comb would be
re�ected around zero for negative frequencies. We can rewrite this expression by expanding
the Dirac comb

~E(! ) =
1X

n=0

~Eenv(! � ! c) � (! � (! CEO + n! rep)) e� i ' (! )

=
1X

n=0

~Eenv;n � (! � ! n ) e� i ' n ;

where ! n = ! CEO + n! rep are the frequencies of the comb teeth, the amplitudes of the
comb teeth are ~Eenv;n = ~Eenv(! n � ! c), and ' n = ' (! n ) describe their phases. Taking the
inverse Fourier transform of the previous expression (including negative frequencies) yields

E(t) = F � 1f ~E(! )g(t)

=

r
2
�

1X

n=0

~Eenv;n cos(! n t � ' n ): (2.4)

This form leads to the interpretation that an optical frequency comb can be viewed as a
superposition of single-frequency lasers, each with di�erent amplitudes and phases but
with regularly spaced frequencies. This equation also shows that temporal phases equate
to spectral phases.

2.1.2 Dispersion

Optical media have a property called dispersion, which makes the phase velocity and
group velocity of light passing through the medium frequency dependent. Such dispersion
a�ects the temporal envelope of ultrafast lasers, can introduce temporal chirp (a non-linear
temporal phase), and generates di�erent spectral phases at di�erent parts of the spectrum
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2.1 Optical frequency comb theory

[61, ch. 4]. These e�ects impact the performance of ultrafast lasers and could render
them ine�cient for intended applications. For example, in the experimental system of this
work, we rely on the phase relation between two di�erent spectral components for driving
transitions on the calcium-40 ion. If this relation introduces destructive interference, then
the e�ectiveness of driving such transitions is reduced. We will cover how to model and
calculate dispersion by Taylor-expanding the spectral phase into di�erent orders, show the
e�ect of dominant low-order dispersion terms, and discuss strategies of how to compensate
for unwanted dispersion.

Dispersion emerges when we analyze the spectral description of an optical frequency
comb derived in equation(2.3). There, the spectral phase' (! ) is responsible for the
physical e�ects of dispersion. The spectral phase can be a complicated function depending
on the details of the Fourier transform of the temporal single pulse envelope and the
temporal phase term. It is common to express the spectral phase' (! ) in terms of a Taylor
expansion of the frequency variable around the carrier frequency

' (! ) =
1X

j =0

D j

j !
(! � ! c) j ; D j =

dj '
d! j

(! c): (2.5)

The coe�cients of the expansion are called dispersion coe�cients and have dedicated
names and units :

D0 : Phase delay; [D0] = rad ;

D1 : Group delay (GD); [D1] = fs;

D2 : Group delay dispersion (GDD); [D2] =
fs2

rad
;

D3 : Third-order dispersion (TOD); [D3] =
fs3

rad2 ;

D4 : ::: :

The time units of the dispersion coe�cients are determined by the typical duration of the
pulse, which is usually given in fs or ps. The radian angle units (rad) are often omitted,
but it is important to specify them for clarity.

The phase delayD0 generates a common temporal phase shift and relates to the
propagation of the carrier phase itself. The group delayD1 describes a temporal shift of
the single pulse envelope function with respect to the origin. The group delay dispersionD2

is responsible for the broadening of the temporal envelope and introducing a linear chirp
in the temporal phase. Higher-order terms deform the temporal pulse envelope and phase
non-trivially, like generating post- and pre-pulses. WhileD0 only induces a phase shift,
other even-order dispersion values a�ect the temporal shape symmetrically and introduce
a chirp on the temporal phase, while odd-order values a�ect the shape asymmetrically
and introduce no chirp. Examples of zero-, second-, and third-order dispersion on a
Gaussian-shaped pulse are shown in �gure 2.2. A light pulse traveling through a material
with positive group velocity dispersion results in a shape as shown in the middle red plot
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2.1 Optical frequency comb theory

in �gure 2.2. While propagating through the medium, blue light is slowed more than red
light due to the implied higher refractive index. This results in the chirp visible at the
waveform of the temporal pulse. Based on this discussion, dispersion is said to arise when
the temporal envelope is altered. This happens when the termsD j for j � 2 are non-zero.
Otherwise, a pulsed light �eld is said to be transform- or Fourier-limited.

For a more practical discussion: As we will see in section 2.2.3, dispersion in�uences
the Raman Rabi rates in a coherent interaction between an ion and the optical frequency
comb via Raman transitions due to interference e�ects. A laser phase shift induced byD0

does not a�ect the interaction's e�ectiveness, whileD1 merely introduces a timing delay
of the pulse, which also has no impact in a single-beam interaction. However, higher-order
terms reduce the interaction's e�ectiveness.

Information about dispersion coe�cients is often stated with a di�erent convention.
There, higher-order dispersion coe�cients follow a di�erent de�nition along with having
di�erent units. They are based on derivatives of the spectral phase with respect to the
wavelength� instead of the angular frequency! = ! (� ) = 2 �c=� , wherec is the speed of
light in vacuum. The de�nitions and units are

D �
j =

dj � 1

d� j � 1

d'
d!

(! (� ))

�
�
�
�
� = � c

[D �
j ] =

ps
nmj � 1

for j � 2;

where� c = 2�c=! c. For the special case ofj = 2 and j = 3 we get

D �
2 =

�
�

2�c
� 2

c

�
D2 and D �

3 =
�

�
2�c
� 2

c

� 2 �
� c

�c
D2 + D3

�
:

After having discussed how to calculate dispersion using two di�erent conventions based
on a �eld's spectral information, to control dispersion it is important to understand how
dispersion accumulates when the �eld interacts with its environment. Dispersion is a
property of a dynamic �eld, but such a �eld can accumulate more dispersion as it travels
through a material or interacts with optical elements such as mirrors or gratings due to
the objects' in�uence on the �eld's phase. If a �eld has an initial dispersion coe�cient of
D j; i and passes through a medium for which a corresponding material dispersion coe�cient
of D j; m can be associated (as we will see,D j; m is then a material property arising from the
refractive index), then the �eld after passing through the medium has a �nal coe�cient of

D j; f = D j; i + D j; m:

Thus as a light pulse travels through any optical setup it can potentially accumulate
spectral phase. In the context of dispersion arising from propagation through dispersive
media we de�ne normal dispersion to beD2 > 0 (D �

2 < 0) and anomalous dispersion to
be D2 < 0 (D �

2 > 0) [61, ch. 4.1.2]. The following discussion covers how to calculate the
material dispersion coe�cientsD j; m for solid media and brie�y touches on how to calculate
it for free-space optical elements such as mirrors and gratings.

If D j represents the dispersion a �eld acquires while traveling through a material of
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2.1 Optical frequency comb theory

Figure 2.2:E�ects of di�erent dispersion orders on a short pulse. For this �gure
the spectral phase of a Fourier-limited Gaussian-shaped pulse (electric �eld)
was altered to include only phase delayD0 (top, blue), group delay dispersion
D2 (center, red), and only third-order dispersionD3 (bottom, green). The
dashed lines represent the carrier frequency for the instantaneous frequency
(inst. freq.) graphs in the temporal plots and zero phase for the spectral plots.
The colored parts of the temporal plots show both the amplitude envelope of
the electric �eld and the real part of the electric �eld (waveform) to visualize
frequency chirp. The drawn graphs are based on equations(2.3) and (2.5).
FT: Fourier transformation.

length L, then the dispersion per unit length associated with the material is de�ned as

� j =
D j

L
; [� j ] =

fsj

mm radj � 1 ;

or � �
j =

D �
j

L
; [� �

j ] =
ps

km nmj � 1
:

The dispersion coe�cients per unit length in a material is determined by the refractive
index n(! ). To understand how, it is useful to split the spectral phase' in a angular
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2.1 Optical frequency comb theory

wavenumber termk multiplied by the material length L,

' (! ) = k(! )L:

Under certain assumptions, especially linear, homogeneous, and isotropic materials, the
wavenumber follows the dispersion relation [62, ch. 5.5]

k(! ) = � (! ) + i � (! ) =
!
c

p
� (! ); (2.6)

where � is the relative permittivity, or dielectric constant. The parameter � quanti�es
absorption inside a medium and relates to the extinction coe�cient, and the parameter�
relates to the refractive indexn via

� (! ) =
!
c

Re
np

"(! )
o

=
!
c

n(! ):

The dispersion coe�cients per unit length � j are then the Taylor series expansion
coe�cients of � (! ), assuming negligible� (! ) typical for transparent media. Using the
so-called group refractive index

ng(! ) =
d

d!
(! n (! )) = n(! ) + !

dn
d!

(! )

and the phase and group velocities respectively de�ned as

vph(! ) =
c

n(! )
; vg(! ) =

c
ng(! )

;

we can calculate the dispersion coe�cients per unit length via

� 0 =
! c

vph(! c)
;

� 1 =
1

vg(! c)
;

� j =
dj � 1

d! j � 1

�
1

vg(! )

� �
�
�
�
! = ! c

or � �
j =

dj � 1

d� j � 1

�
1

vg(! (� ))

� �
�
�
�
� = � c

for j � 2:

The term � 2 is named group velocity dispersion (GVD), the term� �
2 is often referred to

as a dispersion parameter, and� �
3 is called the dispersion slope.

This last part illustrated how to calculate dispersion coe�cientsD j for light �elds that
propagate through materials. However, dispersion is also introduced through dispersive
optical elements, such as mirrors and grating pairs (a pair of gratings which transmit
the �rst order beam parallel to the incoming beam often used for pulse compression
[61, ch. 4.3]). Dispersion can be introduced by mirrors, especially those with multiple
layers, such as Bragg mirrors, due to the multiple re�ecting interfaces and phase shifts
accumulated when partially traveling through the layers. Their dispersion can, for example,
be evaluated using the transfer-matrix method [63] by comparing the spectral phase' r of
the re�ected beam with the spectral phase' in of the incident beam. The added phase
is then ' add = ' r � ' in . For optical elements similar in concept to grating pairs, we
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2.1 Optical frequency comb theory

can track the path length di�erence� L(! � ! c) that di�erent frequencies travel through
compared to the carrier frequency. Then the added spectral phase is' add = 2� � L=� plus
other potential contributions, such as grating surface e�ects. In both cases, we can then
derive the accumulated dispersion coe�cients from the added spectral phase' add using
equation (2.5). Typical group delay dispersionD2 values for regular Bragg mirrors can
be as low as 0.1 fs2, while the D2 induced by a grating pair can be adjusted through the
system parameters but can typically be set between� 1000fs2 and � 1000000fs2.

From this discussion, it becomes clear that we can design optical systems with which
we can manipulate the dispersion coe�cients of our optical frequency comb. Dispersion
coe�cients can be either positive or negative and can be tailored to shape a light �eld
with a speci�c amount of dispersion. In this work, we approximately compensate for any
dispersion within the optical frequency comb to maximize the Raman Rabi rates (see
section 2.2.3). Examples of optical systems that are used in our setup to control the
dispersion coe�cients are normal optical �bers, dispersion-compensating optical �bers [64],
chirped �ber Bragg gratings (CFBG) [65], and chirped volume Bragg gratings (CVBG)
[66]. Other elements that could be used are transparent media [61, ch. 4.1.2], grating
pairs [61, ch. 4.3], prism pairs [61, ch. 4.4], chirped mirrors [61, ch. 4.6.3], and time delay
stages [67, 68].

An important example for dispersion control is a technique called chirped pulse ampli�-
cation [69], where non-zero group delay dispersion is introduced on purpose. If we want
to amplify an ultrafast laser directly, the problem arises that the gain medium inside the
ampli�er is easily damaged due to the high peak intensities of such a laser compared to
continuous-wave lasers. In chirped pulse ampli�cation, a controlled amount of group delay
dispersionD2 is introduced to achieve a longer pulse length and thus a lower peak intensity.
This allows the ampli�er to safely increase the power of the laser. After ampli�cation, an
inverse group delay dispersion of� D2 brings the ultrafast laser close to its original pulse
length. Typical values forD2 for femtosecond lasers and watt-level power are on the order
of 0.1 to 10ps2.

The relationship between the dispersion coe�cients and the spectral bandwidth deter-
mines whether or not dispersion in the optical frequency comb is signi�cant and whether
or not it can be regarded as Fourier-limited. Additionally, appropriately comparing the
relative magnitudes between di�erent dispersion coe�cients can tell us which of the terms
is dominant. Such comparisons can be performed by considering the spectral bandwidth
� ! using (� != 2)j D j =j !, which essentially is a comparison between terms in a polynomial.
For example, to determine if the group delay dispersion in the light �eld is signi�cant,
compare(� != 2)2D2=2! to 1. To assess if the group delay dispersion dominates over
third-order dispersion, compare(� != 2)2D2=2! to (� != 2)3D3=3!. Commonly, a treatment
of the group delay dispersionD2 is su�cient.

2.1.3 Self-phase modulation

Dispersion is a linear e�ect as it arises from the frequency-dependent refractive index
and acts linearly on the electric �eld, meaning each frequency component propagates
independently without mixing. In contrast, nonlinear optical e�ects introduce intensity-
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2.1 Optical frequency comb theory

dependent changes, leading to spectral broadening and frequency mixing, with self-phase
modulation (SPM) being one of the most important among them. An interesting duality
between dispersion and SPM is the following: Dispersion control techniques can be used
to manipulate the spectral phase of a pulsed light �eld to change its temporal envelope
while leaving the spectral envelope unchanged. On the other hand, SPM can be used to
manipulate the temporal phase of a pulsed light �eld while leaving its temporal envelope
unchanged, thereby changing its spectral envelope [70]. Combining dispersion control and
SPM allows us to broaden the spectral bandwidth using SPM and cancel out accumulated
dispersion using dispersion compensation methods. This leads to the creation of a Fourier-
limited pulse with shorter temporal length and a larger bandwidth. This method is
bene�cial in our applications, as increasing the bandwidth of the optical frequency comb
will allow us to drive higher-energy Raman transitions in qubit systems, see section 2.2.3.
This section will cover how to model SPM and model its e�ects.

Self-phase modulation is a phenomenon that arises from the intensity dependence of the
refractive index of a material due to the optical Kerr e�ect [71, ch. 6.2.2]. The refractive
index is typically modeled as

n(I ) = n0 + n2I;

whereI is the intensity of the light �eld, the term n0 = n0(! ) is the linear refractive index,
and n2 is the second-order nonlinear refractive index of the medium. The intensity is
de�ned according to the temporal electric �eldE as

I (t; z) = jE(t; z)j2; [E ] =

r
W
m2

;

where in this section the electric �eldE is modeled to have units of root intensity.
In practice, the second-order nonlinear refractive indexn2 is often expressed in terms of

the nonlinear coe�cient, or Kerr-nonlinearity coe�cient, 
 , but can also be evaluated from
the third-order nonlinear susceptibility � (3) of the material [72]. The relations de�ning
these connections follow

n2 = 
A e�
c
! c

=
3
8

Re
�

� (3)
	

n0(! c)
;

[n2] =
m2

W
; [
 ] =

1
W m

; [� (3) ] =
m2

W
;

where! c is the carrier angular frequency, the speed of light in vacuum isc, and Ae� is the
e�ective mode area. The nonlinear coe�cient
 accounts for both the nonlinear refractive
index and the e�ective mode area of the light �eld. In our case, the latter is connected to
the e�ective area of single-mode �bers, which are commonly used to generate SPM.

A theoretical description of self-phase modulation can be done in either time- or
frequency-domain. Numerically, a frequency description is more convenient as dispersion
e�ects can be summarized with only one term. For this we need the Fourier transform of
the temporal pulsed �eld

~E(!; z ) = F+ f E(t; z)g(! );
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where

F+ f A(t)g(! ) = (1+sgn( ! ))
1

2tmax

1
p

2�

Z tmax

� tmax

A(t)e� i!t dt;

with sgn(�j ! j) = � 1, is unit-preserving ([E] = [ ~E]) and eliminates negative frequencies.
If an inverse Fourier transform matching equation(A.1) is applied to this spectral �eld,
then a so-called analytic temporal �eldE A = F � 1f ~Eg, which has the special property
E = Ref E A g, is retrieved (see Hilbert transform [73, ch. 4.3.7]). The endpoints of the
integral allow for numerical calculations with �nite summation terms. The endpoints can
be motivated by considering a single pulse of a pulsetrain with repetition rate! rep. Since
the pulse train is periodic, we set the endpoints to be2tmax = 2�=! rep to match the time
period of the repetition.

The here assumed di�erential equation describing the propagation through a nonlinear
medium takes the form [74]

i
@~E
@z

(!; z ) + k(! ) ~E(!; z ) + n2
!
c

F+ fj E(t; z)j2E(t; z)g(! ) = 0 (2.7)

and is called the simpli�ed forward model for an analytic signal. �Simpli�ed� indicates
an approximate version of a more complex model (in fact, it is derived from a more
general nonlinear wave equation), �forward model� means it describes the evolution of
a signal as it propagates in time, and �analytic signal� refers to the propagation of a
complex-valued representationE A of a real signalE used to separate positive and negative
frequency components. The wavenumberk(! ) in the equation is the same as introduced
in equation (2.6) and contains all dispersion e�ects. The third term models SPM.

To get a feeling on the e�ects of SPM, it is useful to disregard dispersion e�ects
(n(! ) = 1 ; ) k(! ) = !=c ), approximate ! � ! c, and perform an analysis in the time
domain. By applying the inverse Fourier transformF � 1 on equation (2.7), we retrieve

i
@EA

@z
(t; z) +

! c

c
E A (t; z) + n2

! c

c
jE A (t; z)j2E A (t; z) = 0 : (2.8)

Separating the temporal �eld into amplitude and phase byE A =
p

I e� i � , inserting this
into the di�erential equation (2.8), and separating the real and imaginary parts results in

@I
@z

(t; z) = 0 ;
@�
@z

(t; z) = �
! c

c
(1 + n2 I (t; z)) :

Thus, from the �rst equation we can conclude that for pure SPM the �eld intensityI = I (t)
is invariant under propagation in thez direction. From the second equation we �nd that
the temporal phase varies as

� (t; z) =
Z

@�
@z

(t; z) dz = � (t; 0) �
! c

c
(1 + n2 I (t)) z:
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2.1 Optical frequency comb theory

This relation indicates that SPM is induced via the intensityI of the propagating �eld
and the distancez this �eld propagates through the medium. From this, the naming
of self-phase modulation also becomes clear. When a �eld propagates through such a
nonlinear medium, its temporal phase� changes according to the time-varying intensity
of the �eld itself.

An interesting e�ect of SPM can be seen when inspecting the instantaneous fre-
quency de�ned as! inst := @�=@t. Assuming a Gaussian-shaped �eld amplitude

p
I (t) =p

I 0e� t2=(2� � 2 ) , where� t characterizes the width of the �eld and
p

I 0 de�nes its amplitude,
the instantaneous frequency then takes the form of

! inst (t; z) :=
@�
@t

(t; z) =
@�
@t

(t; 0) +
�

n2
! c

c
2I 0

� � 2
z
�

t e� (t=� � )2
: (2.9)

This shape can be seen on the left side of �gure 2.3. We can see from the instantaneous
frequency that due to SPM, new frequencies are being generated inside a temporal �eld.
Higher frequencies are shifted towards the end of the pulse (positive times), while lower
frequencies are shifted towards the beginning of the pulse (negative times). No shift occurs
at the maximum of the pulse. Around the center, an approximate linear frequency shift
can be observed (linear chirp). The newly generated frequencies e�ectively broaden the
spectrum of the �eld in Fourier space. As a note, it is possible to analytically predict the
characteristic features of this broadening [75].

The analysis so far has neglected dispersion. However, there will always be additional
dispersion e�ects in real materials that induce SPM. If the incident �eld is Fourier-limited
and the nonlinear material has normal dispersion (D2 > 0), then low frequencies will have
higher phase velocities than high frequencies. Since low frequencies are generated in front
of the pulse and high ones in the back, the frequencies e�ectively spread and broaden the
pulse in time. For initial anomalous dispersion (D2 < 0), on the other hand, the low and
high frequencies can converge, e�ectively compressing the pulse in time before broadening
again [71, ch. 4.1.3].

To illustrate the e�ects of self-phase modulation without dispersion in the frequency
domain, a numerical analysis is shown on the right side of �gure 2.3. As the pulse
is propagating through a distancez of the medium, the spectrum is broadened in a
characteristic way. This induces a typical shape in the instantaneous frequency of the
pulse, as described by equation(2.9), while the temporal shape remains nearly una�ected.
The used simulation, however, includes an additional nonlinear e�ect called self-steepening
[71, ch. 4.3.1], which leads towards a distortion of the temporal shape due to spectral
broadening being stronger for higher frequencies. A characteristic oscillatory shape of
the spectral amplitude emerges alongside the broadening of the spectral bandwidth. This
oscillatory structure can be attributed to SPM-induced frequency chirp from equation(2.9).
This can be illustrated as follows: For each generated frequency, there will always be two
points inside the temporal pulse with the same instantaneous frequency but, in general,
two di�erent phases. These phases can interfere constructively or destructively. This
interference gives rise to the multipeak structure of the spectrum.

SPM can be accompanied by other nonlinear processes such as stimulated Raman
scattering [71, ch. 8] and four-wave mixing [71, ch. 10.1]. These can result in broadening
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of the spectral bandwidth beyond the broadening rate of SPM. Such broadening is referred
to as a supercontinuum or white-light continuum [76].

Figure 2.3:E�ects of self-phase modulation on a pulse. A Fourier-limited Gaussian
pulse with an average power of 1.5 W is simulated traveling through a non-
linear �ber of length z with a nonlinear coe�cient 
 = 10:7 (W km)� 1 while
disregarding dispersion. The drawn simulations are based on equation(2.7)
if dispersion is disregarded. FT: Fourier transformation, inst. freq.: instanta-
neous frequency.

The simulator used for �gure 2.3 has the project name py-fmas [74]. The code can be
found in https://github.com/omelchert/py-fmas. It should be noted that the simulation
takes the convention that the second-order nonlinear refractive indexn2;py-fmas has units of
1/W instead of m2/W because the simulation integrates over the e�ective mode area

n2;py-fmas =
n2

Ae�
:

As a consequence, the �eld amplitude passed into the simulation has units of root powerp
W instead of root intensity

p
W=m2, which can be obtained

Epy-fmas (t) = E(t)
p

Ae� :
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2.1.4 Generation, stabilization, and applications

Shifting from the mathematical treatment to practical considerations, we now consider how
an optical frequency comb is generated, how the repetition rate! rep and the carrier-envelope
o�set frequency ! CEO are stabilized, and what some of their applications are.

Various techniques have been developed to generate optical frequency combs, with
passive and active mode locking being the most predominant. Mode locking [61, ch. 2]
refers to the phase locking of di�erent longitudinal modes within a laser cavity. The basic
principle of mode locking is that of an oscillator: The interaction between a pump laser
and a gain medium generates initial photons, which, through stimulated emission and
mode locking, evolve into a coherent optical frequency comb. The gain medium further
ampli�es these photons, while a partially transparent mirror serves as an output coupler.

To go further into detail, at the core of mode locking is the need to synchronize
the phases of the longitudinal modes of the laser cavity. In a typical laser, the cavity
supports many modes, each corresponding to a di�erent frequency. When these modes
oscillate independently, they can produce a continuous wave of light. However, mode
locking ensures that these modes are not independent; instead, their phases are locked
together in such a way that the combined output is not a continuous wave, but rather a
train of ultrashort pulses. This synchronization is achieved through periodic modulation
or nonlinear interactions within the cavity, which causes the electromagnetic waves to
constructively interfere at regular intervals, generating pulses at a speci�c repetition rate.
The pulse durations can reach a time scale of picoseconds or femtoseconds, leading to the
creation of an optical frequency comb (a spectrum of discrete, evenly spaced frequencies).

In active mode locking the phase relationship between the longitudinal modes is controlled
by an external modulator, such as an acousto-optic or electro-optic modulator, that
periodically regulates the cavity losses or the round-trip phase shifts. In contrast, passive
mode locking occurs without an external modulator. Instead, it relies on an intensity-
dependent mechanism that favors the formation of short pulses over continuous waves.
One approach, used in our frequency comb setup, exploits nonlinear polarization rotation
[71, ch. 6]. By designing the system with polarization optics in such a way that beams
experiencing nonlinear polarization rotation encounter minimal losses, high-intensity pulses
are selectively ampli�ed while low-intensity continuous waves are suppressed. Further
details about this technique are provided in section 3.1. Because passive mode locking
does not depend on the speed or e�ciency of an external modulator, it can produce pulse
trains with shorter pulse durations than active mode locking.

Once the train of ultrashort pulses is produced, an optical frequency comb can be
generated by stabilizing the repetition rate and the carrier-envelope o�set frequency. The
repetition rate ! rep is usually on the order of MHz to GHz and depends on the length
of the cavity. An appropriate photodiode can be used to measure such frequencies by
picking o� a portion of the generated light. As the repetition rate of the signal is typically
a radio-frequency it is straightforward to measure directly. Through a feedback loop
(phase-locked loop [77]) into the optical frequency comb generator, a setpoint, and an
error signal, one can then stabilize the repetition rate. This can be achieved by using
piezoelectric actuators to drive the cavity mirrors.

Stabilizing the carrier-envelope o�set frequency! CEO , on the other hand, is more
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involved. Theodor Hänsch and John Hall were awarded with Nobel Prize in 2005 due to
the invention of the basic scheme for this procedure [78�80]. The technique they developed
is called the �f -2f � self-referencing scheme and requires broadening the spectral bandwidth
of the optical frequency comb via self-phase modulation (see section 2.1.3) to a white-light
continuum such that the spectral bandwidth covers more than one octave. This means
that inside the bandwidth there should be one frequency! n that, when doubled, still falls
inside the bandwidth. This frequency is doubled using second harmonic generation (SHG),
creating the frequency2! n , and is then compared with the frequency! 2n . In practice we
split the optical frequency comb into two paths. One path is transformed into a white-light
continuum, and the other passes through a nonlinear crystal, which can generate second
harmonics. Overlapping these two beams and making them interfere creates a beat signal,
where the lowest frequency will be

\ f -2f " : 2! n � ! 2n = 2( ! CEO + n! rep) � (! CEO + 2n! rep)

= ! CEO ; (2.10)

as depicted in �gure 2.4. The carrier-envelope o�set frequency is directly extracted from
the beat frequency. It is typically in the MHz range and can be measured and stabilized
using the same feedback method as the repetition rate.

Typical applications for optical frequency combs involve beat notes between themselves
and other lasers as their core component. These allow linking optical frequencies to radio
frequencies. Such techniques are used for high-accuracy metrology [81], laser frequency
references and stabilization [56], dual-comb spectroscopy [82, 83], and more. In this work,
the narrow peaks of an optical frequency comb will be used to drive Raman transitions in a
quantum system whose energies fall within the spectral bandwidth as already demonstrated
by [44] and [45]. For driving Raman transitions, it is important to have a stable repetition
rate; however, the carrier-envelope o�set frequency is irrelevant for this interaction, as only
the frequency di�erence of two photons counts, and the carrier-envelope o�set frequency
thus cancels out.

Figure 2.4:Measurement technique of the carrier-envelope o�set frequency. By
generating a white-light continuum out of an optical frequency comb that spans
at least an octave and beating it with its second harmonic, it is possible to
measure the carrier-envelope o�set frequency! CEO as shown in the schematic.
The drawing is based on equation (2.10).
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2.2 Light-atom interaction

This section describes the interaction between an optical frequency comb and a trapped ion
system, speci�cally for the example of a calcium-40 ion. For this, basic concepts around the
calcium-40 ion, such as energy level structure, Zeeman substructure, and AC-Stark shifts,
will be presented in section 2.2.1. Although not central for this thesis, two-photon Raman
transitions in a three-level system using two continuous-wave lasers will be discussed in
section 2.2.2. This concept of Raman transitions will be expanded in section 2.2.3 to
enable the description of the used interaction between an optical frequency comb and an
ion. Section 2.2.4 covers Ramsey interferometry used in our experiments.

2.2.1 Calcium-40 ion theory and two-level system

Calcium-40 ions (40Ca+ ) are a popular platform for quantum information processing
platforms due to the relatively long lifetime of theD-level excited state (� 1s) for
encoding a qubit state and their experimentally accessible transition frequencies using
continuous-wave lasers [84]. The setup of the research group where this work was conducted
is capable of readily trapping calcium-40 ions in a linear Paul trap. The aim of this section
is to describe the calcium's interaction with a continuous-wave laser �eld to lay the
foundation for a description using Raman transitions and then further involving an optical
frequency comb. For the sake of simplicity, the ion will be modeled as a two-level system
by picking two arbitrary real states and is assumed to rest in space without the need of
any trapping potential and be in its motional ground state.
The ion can be described as a hydrogen-like quantum system due to there being only a
single valence electron in its outermost shell. Additionally, it does not have any hyper�ne
structure. The Hamiltonian describing the electronic states of the calcium ion takes the
form of

Hatom =
X

j

~! j jj i hj j ; (2.11)

where~! j describes the eigenenergies andjj i are the corresponding eigenstates in Dirac
notation. The constant ~ is the reduced Planck constant, and! j is the angular frequency
of the j -th energy level. For our speci�c case, the eigenstates can be characterized by �ve
quantum numbers as

jj i = jn; S; L; J; m J i :

The quantum numbers describe the quantum state in which the valence electron of the ion
is [27, ch. 5]. The principal quantum numbern 2 N is related to how far, on average, the
electron is from the nucleus. The angular momentum quantum number for spinS = 1=2
describes the spin of the single electron and is always1=2 due to there being only one
valence electron. The azimuthal quantum numberL 2 f 0; 1; :::; n � 1g determines the
electron's orbital angular momentum and speci�es the shape of the orbital. The total
angular momentum quantum numberJ 2 fj L � Sj; jL � Sj + 1; :::; jL + Sjg combines the
azimuthal and spin angular momentum and parametrizes the total angular momentum
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due to the presence of spin-orbit coupling. The projection of the total angular momentum
along the quantization axismJ 2 f� J; � J + 1; :::; Jg becomes relevant when a magnetic
�eld is applied and lifts the 2J + 1-fold degeneracy. The quantization axis is de�ned as
the local direction of the applied magnetic �eld ~B at the position of the ion.

These quantum numbers are typically concentrated in a single notation that describes
the eigenenergies of the valence electron called term symbols [85]. The notation follows

n 2S+1 L J (mJ );

where for L = 0 we replaceL with S, for L = 1 we replaceL with P, and for L = 2
we replaceL with D according to spectroscopic notation [86]. Central to this work are
the states with n = 3, S = 1=2, L = 2, and J = 3=2 and J = 5=2, since coherent state
manipulation between these two general states is performed using an optical frequency
comb. Omitting the speci�cation of mJ , these values lead to the notation32D3=2 and
32D5=2.

The eigenenergies~! j of the calcium ion Hamiltonian in equation(2.11) generate a
unique energy structure, which is qualitatively depicted in �gure 2.5. The �gure only
shows the lifted degeneracy of an applied magnetic �eld for the32DJ states.

Figure 2.5:Simpli�ed energy structure of a calcium-40 ion. Drawn are the lowest
relevant energy levels of the ion labeled using term symbols. The wavelengths
of the transitions are given in nm. The Zeeman substructure of theD-levels is
also sketched, and is determined by the quantum numbermJ . This image is a
representation of equation (2.11).

For the purposes of this work, it is important to understand how the2J + 1-fold
degeneracy is lifted due to the in�uence of an externalB -�eld. Let ~! 0 be the eigenenergy
of a particular degenerate state, i.e., a state that for zeroB-�eld, and ~! mJ the same
eigenenergy but with lifted degeneracy. The degeneracy is lifted when an externalB -�eld
is applied due to the interaction� ~� J � ~B , where~� J is the magnetic moment associated with
the total angular momentum ~J of the electron, leading to discrete energy shifts depending
on the quantum number~� J . This so-called Zeeman splitting then has the magnitude [87,
ch. 7.4]

� ! Zeeman;m J = ! mJ � ! 0 =
1
~

mJ gJ � B B; (2.12)
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wheregJ is the Landég-factor, the Bohr magneton is denoted as� B , and the magnetic
�eld strength as B = j ~B j. To �rst order, the Landé g-factor is given by [87, ch. 7.4]

gJ = 1 +
J (J + 1) + S(S + 1) � L(L + 1)

2J (J + 1)
: (2.13)

In this work we need the values for the32DJ states. Using equation(2.13), we can evaluate
them to be g3=2 = 0:8 and g5=2 = 1:2. The accuracy of modern experiments require higher-
order corrections for the here presented simple model, leading to slightly di�erent Landé
g-factors. For the experiments to be performed in this work, these �rst-order calculations
are not su�ciently precise. An experimental value for the32D5=2 was found [88, p. 81]

gexp
5=2 = 1:200 333 75(3); (2.14)

but to our knowledge, the Landég-factor g3=2 of the 32D3=2 state has not been measured.
This work experimentally measures this value.

Appropriately chosen continuous-wave lasers can be used to manipulate the quantum
state of a calcium ion. To see how, we assume that the laser's frequency! L roughly
corresponds to a frequency di�erence, or transition frequency,! atom = ! e � ! g of two
eigenenergies associated with the eigenstatesjgi = jj 1i (ground state) and jei = jj 2i
(excited state). We additionally assume that the wave function of the electron can be
expressed in terms of a radial function and spherical harmonics, implying that the wave
function has de�nite parity, which is important for later de�ning the Rabi rates. We also
assume that the laser �eld is far-detuned from any other transition. This allows us to treat
the light-atom system as an e�ective two-level system. The Hamiltonian of the two-level
system takes the following form:

H ge
atom = 0 jgi hgj + ~! atom jei hej ;

where the energy reference was set to the ground state energy~! g. A sketch of this
situation is shown in �gure 2.6.

We can model the electric �eld via

~E(~r; t) =
1
2

~E0 ei(~kL �~r � ! L t+ � L ) + c:c:; [ ~E0] =
V
m

; (2.15)

where ~E0 is complex and de�nes the amplitude and direction (polarization) with which the
electric �eld is oscillating in space, the wave vector~kL de�nes the propagation direction
of the light, and � L de�nes a phase o�set. The abbreviation c.c. denotes the complex
conjugate of the preceding expression. When applied to only a single object, it is also
denoted with the symbol *. Since we are not considering the motion of the ion, we can
apply the electric dipole approximationei~kL �~r � 1, which assumes that the wavelength of
the �eld is much larger than the spatial extension of the ion [89, ch. 5.1.2].

In an electric dipole transition, an ion absorbs or emits a photon due to the interaction
between its electric dipole moment and an oscillating electric �eld, such as that of a laser.
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2.2 Light-atom interaction

The interaction Hamiltonian describing this process can be derived from the potential
energy of an electric dipole in an external electric �eld, and is given by [52]

HL (t) = � ~p� ~E(t); (2.16)

where~p is the electric dipole moment operator. By changing the basis of this expression
using the identity I = jgi hgj + jei hej, de�ning the Rabi rate


 := j
 jei � 
 :=
1
~

hej ~p� ~E0 jgi ; ~
 := j ~
 jei ~� 
 :=
1
~

hej ~p� ~E �
0 jgi ;

and recognizing that the diagonal elements vanish, i.e.,hgj ~p� ~E0 jgi = hej ~p� ~E0 jei = 0,
due to de�nite parity, we can rephrase the Hamiltonian of equation (2.16) as

HL (t) = �
~j
 j

2

�
jei hgj e� i( ! L t � � L � � 
 ) + h :c:

�

�
~j ~
 j

2

�
jei hgj ei( ! L t � � L + ~� 
 ) + h :c:

�
;

where h.c. denotes the Hermitian conjugate of the preceding expression, also denoted with
the symbol y if it is only applied to a single object.

Figure 2.6:Two-level system with one interacting �eld. A continuous-wave laser
�eld with frequency ! L interacts with two energy levels~! g and ~! e with an
interaction strength proportional to the Rabi frequency
 . This �gure is based
on equation (2.18) and is a simpli�cation of the energy structure shown in
�gure 2.5.

The total Hamiltonian can now be written as H (t) = H ge
atom + HL (t). To analyze

this Hamiltonian, it is useful to introduce unitary operatorsU that ful�ll UyU = I, as
they will allow us to bring forth experimentally relevant quantities. These operators can
perform a basis transformation on a Hamiltonian while preserving the Schrödinger equation
i~ d

dt j (t)i = H j (t)i and the eigenenergies, meaning that the transformed Hamiltonian
and its corresponding eigenstates retain the same eigenenergies as the original Hamiltonian
and eigenstates. A unitary transformation on a Hamiltonian and a general state vector is
de�ned by

HU = UyHU + i ~
dUy

dt
U and j U (t)i = Uy j (t)i
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2.2 Light-atom interaction

and ful�lls the Schrödinger equation

i~
d
dt

j U (t)i = HU j U (t)i :

The unitary operator U1 = e � iH ge
atom t=~ changes the description into the so-called rotating

frame of reference [90], or interaction picture, resulting in

H I = Uy
1HU1 + i ~

dUy
1

dt
U1

= �
~j
 j

2

�
jei hgj e� i(( ! L � ! atom )t � � L � � 
 ) + h :c:

�

�
~j ~
 j

2

�
jei hgj ei(( ! L + ! atom )t � � L + ~� 
 ) + h :c:

�

RWA
� �

~j
 j
2

jei hgj e� i(� t � � L � � 
 ) + h :c:; (2.17)

where � = ! L � ! atom is the detuning between the laser frequency and the transition
frequency. The change into the rotating frame cancels outH ge

atom and reveals two di�erent
timescales, a fast! L + ! atom and a slow! L � ! atom = � timescale.

The last equation applies the rotating wave approximation (RWA), which disregards
fast dynamics driven by phase terms with frequencies! L + ! atom � ! L � ! atom = � as
these average out for slow timescales comparable to the detuning� . The RWA acts
as a low-pass �lter on the system's frequencies as it e�ectively removes high-frequency
oscillations from the system's equations [91].

The remaining time dependence in the Hamiltonian can be eliminated by changing to
frame of reference which rotates at the detuning frequency� using the unitary operator
U2 = e � i(� t � � L � � 
 )jeihej . This leads to a simpli�ed light-atom interaction Hamiltonian

HLA = Uy
2H IU2 + i ~

dUy
2

dt
U2

= �
~j
 j

2
(jgi hej + jei hgj) � ~� jei hej : (2.18)

Due to the properties of unitary transformations, this Hamiltonian preserves the eigenen-
ergies of the original HamiltonianH . Solving the Schrödinger equation by �nding the
roots of the characteristic polynomialdet(HLA � � I ) yields the eigenenergies

� � =
~
2

(� � �
p

j
 j2 + � 2); (2.19)

where det denotes the determinant operation. From this we can �nd the eigenstates of the
coupled �eld-atom system, called dressed states, which we use to describe the evolution of
a state j LA (t)i = e � iH LA t=~ j LA (t = 0) i , wherej LA (t)i = Uy

2Uy
1 j (t)i . Setting the initial

state asj (t = 0) i = jgi , we can predict the evolution of the two-level system interacting
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2.2 Light-atom interaction

with the laser light by observing the probability of �nding the ion in the state jei de�ned
as

pe = j hej (t)i j 2

= j hej LA (t)i j 2 je� i(( ! atom +�) t � � L � � 
 ) j2

=
�

j
 j

 0

� 2

sin2

�
1
2


 0t
�

=
�

j
 j

 0

� 2 1
2

(1 � cos (
 0t)) (2.20)

=
�

1
2

j
 jt
� 2

sinc2

�
1
2


 0t
�

; (2.21)

where 
 0 =
p

j
 j2 + � 2 is the generalized Rabi frequency. We can see that for large
detunings � =j
 j � 1 the population transfer to the excited state is largely suppressed.
This process of coherently transferring population between quantum states is what we
refer to as actively driving transitions.

The pulse lengtht is the time over which the laser interacts with the ion. When referring
to an optical frequency comb, this quantity is more appropriately called the pulsetrain
to avoid confusion with the length of a single pulse within the comb. Varying the pulse
length for a given detuning (usually� = 0 ) yields a population oscillation of the excited
state. These are commonly known as Rabi �ops, or Rabi oscillations,pe(t; � = 0) . On the
other hand, we can also vary the detuning� for �xed pulse length t, which is often set to
the � -time t � = �= j
 j, and retrieve the Rabi spectrumpe(t = t � ; �) .

The forms in equations(2.20) and (2.21) are useful for �tting experimental data, as
they explicitly reveal the functional dependence observed in the data and can easily be
adjusted to include system imperfections. For data retrieved from varying the pulse length
with a target detuning of � = 0 , the following Rabi �op model can be used to describe
the behavior:

pe;
op (t) =
A
2

cos (
 ( t � t0)) e� t=� + c; (2.22)

with parameters A; t 0; 
 ; c;and� . The parameters, except for
 , account for di�erent
imperfections in the quantum system and system calibrations. The o�setc is, according
to the derived theory, ideally equal to 0.5 but can range from 0 to 1. Together with
the amplitude A 2 [0; 2minf c;1 � cg] and the time o�set t0, these free parameters can
incorporate various imperfections such as non-zero detuning, state preparation in�delities,
and environmental noise sources such as magnetic �eld �uctuations. The parameter�
represents the decay time constant of the Rabi oscillations, which typically re�ects the
timescale over which the oscillation amplitude decays due to dissipative e�ects like relax-
ation, dephasing, or loss of coherence. Further discussion about system noise, speci�cally
dephasing noise, is held in section 2.2.4.

For varying the frequency and measuring the Rabi spectrum, the pulse length is set to

25



2.2 Light-atom interaction

the � -time t = t � . Inserting this into equation (2.21) leads to the model

pe;spec(�) = A
� �

2

� 2
sinc2

0

@�
2

s

1 +
�

� � � 0




� 2
1

A + c; (2.23)

with parametersA; � 0; 
 ; andc. The amplitude A 2 [� 1; 1] and the o�set c 2 [maxf 0; �
Ag; minf 1; 1 � Ag] have similar justi�cations as for the Rabi �op model. The detuning
o�set � 0 accounts for reference frames that are not centered around zero detuning.

Another important e�ect resulting from the interaction of a light �eld with an ion is
the AC-Stark e�ect. Recalling the eigenenergies from equation(2.19), they represent a
combination of the isolated atom energy, the photon energy, and the interaction energy.
For small detuningsj� j=j
 j � 1, the eigenvalues cannot be associated with a particular
eigenstate of the isolated atom but rather to a superposition of them. However, for
large detuningsj
 j=j� j � 1, the eigenenergies, which, using a Taylor expansion, can be
approximated by

� � �
~
2

�
� � � j � j

�
1 +

j
 j2

2� 2

��

�
~
2

(� � � j � j) ;

can be linked to the original eigenstates and eigenenergies of the isolated atom, which
becomes evident if we consider the case ofj
 j ! 0. If � > 0, then � + = 0 and � � = � ~� .
By setting ! L = 0, it becomes evident that� + = 0 can be associated with the ground
state and � � = ~! atom to the excited state. The opposite is true for� < 0.

Having identi�ed which eigenenergy corresponds to the ground or excited state under
the given conditions, we can describe how the laser's interaction a�ects the atom's original
eigenenergies. To illustrate this, consider the following: In a more complete quantum
description of the system, the ground state would be described as the tensor product
jgi j ni and the excited state asjei j n � 1i , wheren describes the number of photons in
the system. Let us consider the isolated atom energy together with the interaction energy
but disregard the laser's photon energy. We can remove the o�set in photon number by
manually adding the energy of a photon~! L to the excited state of an atom. This allows
us to e�ectively trace out the jni state and have a di�erent point of view on how the
isolated atom reacts to solely the interaction energy. Overall, this then leads to

Eg(� ; j
 j) = 0 +

(
� + ; if � > 0

� � ; if � < 0

)

= ~
j
 j2

4�
;

Ee(� ; j
 j) = ~! L +

(
� � ; if � > 0

� + ; if � < 0

)

= ~! atom � ~
j
 j2

4�
;

where Eg and Ee are the atoms ground and excited state energy, respectively, with
interaction, disregarding the laser's photon energy of the combined system. This point of
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2.2 Light-atom interaction

view makes it clear that the interaction with the laser �eld introduces shifts in the energy
structure of the atom, called the AC-Stark e�ect or AC-Stark shift. We can de�ne these
shifts as

~� g = Eg(� ; j
 j) � Eg(� ; 0) = ~
j
 j2

4�
; (2.24)

and ~� e = Ee(� ; j
 j) � Ee(� ; 0) = � ~
j
 j2

4�
:

These results can be summarized as an e�ective Hamiltonian describing a two-level system
with far-detuned laser light as

HAC = ~
j
 j2

4�
(jgi hgj � j ei hej): (2.25)

Since
 / E0, with E0 being the amplitude of the electric �eld, the AC-Stark shift is
linearly dependent on the intensity of the laser �eld. For detunings or Rabi frequencies
where the RWA cannot be justi�ed, i.e., when they become comparable to the laser or
transition frequency, corrections have to be applied to the AC-Stark shift.

In the following, we will examine how the AC-Stark shift of a single energy level, as
de�ned in equation (2.24), is modi�ed by the presence of multiple energy levels in real
atomic structures. A laser �eld can in principle interact with any energy level pair.
Even though no signi�cant transfer of population between o�-resonant energy levels is
possible, the coupling might still be noticeable via the AC-Stark e�ect. We can focus
on a particular eigenstatejgi and analyze how the AC-Stark shift a�ects its eigenenergy
~! g. Due to the laser �eld, this eigenstate couples to many other eigenstatesjej i with
eigenenergies~! ej with coupling strengths (or Rabi rates)j
 g;ej j. If we de�ne the detunings
as � g;ej = ! L � j ! ej � ! gj, then the total AC-Stark shift on the energy level~! g due to
the interaction of the atom with the laser �eld amounts to

~� g = ~
X

j

sgn(! ej � ! g)
j
 g;ej j

2

4� g;ej

:

Many of these summands, or contributions to the AC-Stark shift, can be neglected due to
the nature of the coupling (Rabi rate) and the magnitude of the detuning. In this work,
the AC-Stark shift becomes relevant in the context of the optical frequency comb with
a center wavelength of 1572 nm. For this work, the relevant energy levels that undergo
shifting are the 32DJ states, as some of their sublevels will be used as the ground and
excited states. Further discussion is held at the end of section 2.2.2.

The derivation throughout this section assumes that the light-atom interaction follows an
electric dipole interaction. Other common transitions are electric quadrupole or magnetic
dipole transitions. However, the only di�erence boils down to the de�nition of the Rabi
rate j
 j, resulting in potentially di�erent orders of magnitude of the Rabi rates. The
remaining treatment for a two-level system is analogous, as presented here.

Another assumption was that the laser �eld applied to the ion was of the continuous-wave
type. However, this work uses a pulsed optical frequency comb for coherently driving
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2.2 Light-atom interaction

transitions. The di�erences in the derivation between continuous-wave and pulsed lasers
boil down to their spectra. However, when the repetition rate of the pulsed laser greatly
exceeds the Rabi rate and other relevant timescales such as the� -time, there are no
qualitative di�erences in the results. Further discussion on the interaction of an optical
frequency comb with an ion will be held in section 2.2.3.

2.2.2 Two-photon Raman transition

In the previous section we discussed a quantum mechanical two-level system interacting
with a laser �eld. If we introduce a three-level system interacting with two separate laser
�elds, then a special type of transition called a Raman transition can emerge. Continuous-
wave Raman transitions are a useful tool as they allow us to drive transitions in an energy
range of up to a few GHz. The interaction emerges if we introduce two ground states,
denoted asjg1i and jg2i , with eigenenergies~! g1 and ~! g2 > ~! g1, respectively, and a
far-o�-resonant excited state, jei , with eigenenergy~! e > ~! g2 > ~! g1. Furthermore,
the frequency di�erence of the two involved continuous-wave �elds should approximately
correspond to the frequency di�erence of the two ground states. The described situation,
which is the special case of a� -con�guration, is depicted in �gure 2.7.

We can describe the two laser �elds interacting with the three-level system analogously
to equation (2.15) as

~E(~r; t) =
1
2

~E1 ei(~kL1 �~r � ! L1 t+ � L1 ) +
1
2

~E2 ei(~kL2 �~r � ! L2 t+ � L2 ) + c:c:

As before, the amplitudes and polarizations are encoded in~E j , where j 2 f 1; 2g, the
propagation directions are set by the wave vectors~kLj , the laser frequencies are denoted
as ! Lj , and possible phases are described by� Lj . We can take the same steps as in
section 2.2.1: applying the electric dipole approximationei~kL j �~r � 1, changing to the
interaction picture, and applying the rotating wave approximation (RWA). This leads to a
Hamiltonian resembling equation (2.17)

H = �
~j
 1j

2
jei hg1j e� i(� 1 t � � L1 � � 
1 ) �

~j
 2j
2

jei hg2j e� i(� 2 t � � L2 � � 
2 ) + h :c:; (2.26)

where the coupling strengthsj
 j j are between a ground statejgj i and the excited state
jei , and the detunings are de�ned as� j = ! Lj � j ! e � ! gj j. It is important to note that
the RWA might fail for large detunings � j [92]. In this case, one has to also treat the
! Lj + j! e � ! gj j terms alongside the! Lj � j ! e � ! gj j terms. Here we assume that the RWA
is valid.

A generalization of the RWA can be applied to this expression. Derived by James and
Jerke [91], their method demonstrates how to generate e�ective Hamiltonians by e�ectively
�ltering out high-frequency contributions. Taking over their assumptions, which basically
assume o�-resonant couplings withj� 2 � � 1j � � j , and then using their principal result

28



2.2 Light-atom interaction

Figure 2.7:Three-level system with two �elds undergoing a Raman transition.
Shown are two �elds with frequencies! L1 and ! L2 whose di�erence frequency
roughly equates to the di�erence frequency between the two ground states
with energy levels~! g1 and ~! g2. The intermediate excited state with energy
~! e mediates the coherent interaction between the two ground states with a
strength proportional to the Raman Rabi rate
 R. This con�guration is a
special case of the Raman transition and is called the� -con�guration. The
�gure is based on equation (2.29).

by adapting its terms to our problem, leads to an e�ective Hamiltonian of the form

He� =
~j
 1j2

4� 1
(jg1i hg1j � j ei hej) +

~j
 2j2

4� 2
(jg2i hg2j � j ei hej)

| {z }
=: H AC

�
~
 R

2

�
jg2i hg1j e� i(� e� t � � L ;e� � � 
 ;e� ) + h :c:

�
; (2.27)

where the e�ective laser phase is de�ned as� L;e� = � L1 � � L2 + � , the e�ective Rabi phase
as � 
 ;e� = � 
1 � � 
2 , and the e�ective detuning as� e� = � 1 � � 2. Furthermore, the
e�ective Rabi rate, or Raman Rabi rate, is de�ned as


 R =
j
 1jj 
 2j

2� R
; where

1
� R

=
1
2

�
1

� 1
+

1
� 2

�
: (2.28)

In this work the term � R is referred to as Raman detuning. The �rst two terms of
equation (2.27) are AC-Stark shifts between the ground states and the excited state since
they are in the same form as equation(2.25). On the other hand, the last term has
the same form as equation(2.17). We can transformHe� using an appropriate unitary
operator to eliminate the AC-Stark shift terms and absorb them into� e� , bringing the
whole Hamiltonian into the exact form as equation(2.17). Using the unitary operator
U = e � iH AC t=~, we arrive at the Raman Hamiltonian

HR = UyHe� U + i ~
dUy

dt
U

= �
~
 R

2

�
jg2i hg1j e� i(� e� ;AC t � � L ;e� � � 
 ;e� ) + h :c:

�
; (2.29)
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where the AC-Stark shift-corrected e�ective detuning is de�ned as

� e� ;AC =
�

� 1 +
j
 1j2

4� 1

�
�

�
� 2 +

j
 2j2

4� 2

�

= ( ! L1 � ! L2) +
�

! g1 +
j
 1j2

4� 1

�
�

�
! g2 +

j
 2j2

4� 2

�
:

It is apparent now that equation (2.29) leads to a coherent population transfer with

rate 
 0
R =

q

 2

R + � 2
e� ;AC between the two ground states in terms of Rabi oscillations as

described in equations(2.20) and (2.21). However, this result does not take the AC-Stark
shift of laser 1 acting onjg2i and jei and the shift of laser 2 acting onjg1i and jei into
account. This is due to the fact that these terms are not present in the Hamiltonian of
equation (2.26).

Taking these interactions into account and also allowing for multiple excited statesjej i
with ! ej > ! g2 > ! g1 (� -con�guration) and ! ej < ! g1 < ! g2 (V-con�guration) leads to a
more general and realistic expression. The AC-Stark shift-corrected e�ective detuning
then turns into

� e� ;AC = ( ! L1 � ! L2) +

 

! g1 +
X

j

sgn(! ej � ! g1)

 
j
 L1

g1 ;ej
j2

4� L1
g1 ;ej

+
j
 L2

g1 ;ej
j2

4� L2
g1 ;ej

!!

�

 

! g2 +
X

j

sgn(! ej � ! g2)

 
j
 L1

g2 ;ej
j2

4� L1
g2 ;ej

+
j
 L2

g2 ;ej
j2

4� L2
g2 ;ej

!!

;

while the Raman Rabi rate amounts to


 R =

�
�
�
�
�
�
�
�
�
�

X

j

8
>>>><

>>>>:

(
 L1
g1 ;ej

)(
 L2
g2 ;ej

)�

2�
L (1 ;2)
g(1 ;2) ;e( j;j )

; if ! ej > ! g2

�
(
 L2

g1 ;ej
)(
 L1

g2 ;ej
)�

2�
L (2 ;1)
g(1 ;2) ;e( j;j )

; if ! ej < ! g1

�
�
�
�
�
�
�
�
�
�

:

Analogous to section 2.2.1, the coherent population transfer in an experiment has again the

rate 
 0
R :=

q

 2

R + � 2
e� ;AC . The single-beam detunings, Raman detunings, and single-beam

Rabi rates are respectively de�ned as

� Ln
gk ;ej

= ! Ln � j ! ej � ! gkj;

1

�
L ( n;m )
g( k;p ) ;e( j;i )

=
1
2

 
1

� Ln
gk ;ej

+
1

� Lm
gp ;ei

!

;

and ~
 Ln
gk ;ej

=

(
hej j ~p� ~En jgk i ; if ! ej > ! g2

hej j ~p� ~E �
n jgk i ; if ! ej < ! g1

: (2.30)

The last equation showing the single-beam Rabi rate was assumed to come from electric
dipole interactions but can be generalized to other interactions.
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We can see that a criterion for resonance of the two laser �elds 1 and 2 is that their
frequency di�erence corresponds to the frequency di�erence of the two target levels while
also accounting for all possible AC-Stark shifts. The experimentally measured Raman
Rabi rate is then the result of an interference of all possible complex-valued single-beam
Rabi rates. These rates emerge from the di�erent Raman paths involving the intermediate
states jej i , which potentially accumulate di�erent phases.

In practice, we would simplify the expression by eliminating so-called forbidden transi-
tions that do not follow the selection rules of the electronic structure and those couplings
with signi�cantly large detunings. The selection rules for an electronic dipole transition
include a change of the azimuthal quantum number� L = � 1 and the change of the
projection of the total angular momentum quantum number� mJ = 0; � 1. Forbid-
den transitions are further characterized by signi�cantly slower single-beam Rabi rates
compared to the Rabi rates of allowed transitions.

In the experiments on the calcium-40 ion presented in this work, the higher ground
level jg2i is the 32D5=2 (m5=2 = � 1=2) state, while the lower ground statejg1i is either the
32D3=2 (m3=2 = � 1=2) state or the 32D3=2 (m3=2 = +3 =2) state. Taking the selection rules
into account, we can identify that the main coupling contributions to the mentioned states
arise from the states42P1=2, 42P3=2, and all their Zeeman substructures. The sublevels of
42S1=2 are coupled less e�ciently to the32D3=2 and 32D5=2 states via electric quadrupole
transitions.

2.2.3 Optical frequency comb Raman transition

The discussion in the previous section about a three-level system interacting with two
laser �elds can be generalized if we replace the two laser �elds with an optical frequency
comb, see �gure 2.8. As established in equation(2.4), an optical frequency comb can be
represented as the superposition of several continuous-wave (CW) lasers with temporal
amplitudes j ~En j, frequencies

! n = ! CEO + n! rep;

and temporal phases

' n =
1X

j =0

D j

j !
(! n � ! c) j ;

wheren 2 N0. The angular frequency! rep is the repetition rate, the carrier-envelope o�set
frequency is denoted as! CEO , the laser's center frequency is! c, and D j are the dispersion
parameters discussed in sections 2.1.1 and 2.1.2. The temporal phases are equal to the
spectral phases, and the collection of phases' n carries information about the dispersion
of the laser. Based on equation (2.4), we can describe the optical frequency comb as

~E(~r; t) =
1
2

X

n

�
~En ei(~kn �~r � ! n t+ ' n ) + c:c:

�
;

where n sums over all the comb teeth. The complex vector~En = ~� j ~En j encodes the
amplitude j ~En j of the individual CW components and the shared complex polarization
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vector ~�, while the wave vector~kn de�nes the propagation direction and wavelength of
the optical frequency comb. Since each tooth is represented by a CW laser, each comb
tooth pair can, in principle, drive a Raman transition. Dispersion speci�es the phase
relation between comb teeth. As we will see later, destructive interference due to the
phases between two comb teeth can reduce the e�ective Raman Rabi frequency.

Figure 2.8:Three-level system undergoing a Raman transition driven by an
optical frequency comb. This �gure is similar to �gure 2.7 with many more
laser �elds at regularly spaced frequencies! n = ! CEO + n! rep. If the energy
di�erence between the two ground statesjg1i and jg2i corresponds roughly to
an integer multiple of the repetition rate ! rep of the optical frequency comb,
then a coherent Raman transition between the two ground states via the
intermediate excited statejei is possible with a strength proportional to the
Raman Rabi rate
 R.

To arrive at an experimentally measurable Raman Rabi rate and AC-Stark shift compen-
sated e�ective detuning, we can follow the same procedures as in sections 2.2.1 and 2.2.2.
The steps include (i) applying the electric dipole approximation, (ii) de�ning the interaction
energy between light and atom, (iii) de�ning the single-beam Rabi rates, (iv) expressing the
total Hamiltonian, (v) treating the Hamiltonian in the interaction picture, (vi) performing
the rotating wave approximation, (vii) following the procedure described by James and
Jerke [91], (viii) transforming the Hamiltonian with a unitary to shift the AC-Stark shift
expressions into the e�ective detuning, (ix) applying a �nal unitary transformation to
eliminate the remaining time dependencies and irrelevant phases, and (x) solving the so
generated e�ective Hamiltonian which takes the same form as equation (2.18).

We allow for intermediate statesjej i with energies~! ej > ~! g2 > ~! g1 (� -con�guration)
and ~! ej < ~! g1 < ~! g2 (V-con�guration), where ~! g1 and ~! g2 are the two target
eigenenergies of the isolated atom. Another assumption made is that there exists only a
single integer multiplication factor N for which N! rep lies within the bandwidth of the
optical frequency comb and ful�llsN! rep � ! g2 � ! g1. Any bigger or smallerN is regarded
as far o�-resonant and is neglected in this derivation. In the case of our experiment, this
detuning amounts to integer multiples of roughly 250 MHz.

The two relevant quantities emerging from this description are the AC-Stark shift-
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corrected e�ective detuning

� e� ;AC = N! rep +

 

! g1 +
X

j;n

sgn(! ej � ! g1)
j
 Ln

g1 ;ej
j2

4� Ln
g1 ;ej

!

�

 

! g2 +
X

j;n

sgn(! ej � ! g2)
j
 Ln

g2 ;ej
j2

4� Ln
g2 ;ej

!

; (2.31)

and the Raman Rabi rate


 R =

�
�
�
�
�
�
�
�
�
�
�

X

j;n

ei( ' n + N � ' n )

8
>>>>><

>>>>>:

(
 Ln + N
g1 ;ej )(
 Ln

g2 ;ej
)�

2�
L ( n + N;n )
g(1 ;2) ;e( j;j )

; if ! ej > ! g2

�
(
 Ln

g1 ;ej
)(
 Ln + N

g2 ;ej )�

2�
L ( n;n + N )
g(1 ;2) ;e( j;j )

; if ! ej < ! g1

:

�
�
�
�
�
�
�
�
�
�
�

(2.32)

In an experiment, this optical frequency comb will induce coherent population transfer

with a generalized Raman Rabi rate
 0
R =

q

 2

R + � 2
e� ;AC , which, at resonance, is propor-

tional to the intensity of the optical frequency comb. The de�nitions of the single-beam
detunings � Ln

gk ;ej
, the Raman detunings�

L ( n;m )
g( k;p ) ;e( j;i ) , and the complex single-beam Rabi

rates 
 Ln
gk ;ej

are given in equation (2.30) if we substitute! Ln with ! n .
The expression for the AC-Stark shift-corrected e�ective detuning of equation(2.31)

shows again that this detuning is in�uenced by all possible AC-Stark shifts and that only
pairs of comb teeth separated by! n+ N � ! n = N! rep � ! g2 � ! g1 contribute to driving a
transition. The e�ectiveness of these contributions can be inferred from the Raman Rabi
rate expression of equation(2.32). They are set by (i) the spectral amplitudes of the two
teeth in each pair, encoded in the amplitudes of the single-beam Rabi rates, (ii) the phase
di�erences of the Raman paths generated by the multiple intermediate states de�ned by
the arguments of the single-beam Rabi rates, (iii) the Raman detunings, and (iv) the comb
teeth pairs spectral phase di�erences' n+ N � ' n .

The spectral phase di�erence is set by the dispersion properties of the optical frequency
comb. Possible destructive phase interferences lead to a reduction in Raman Rabi rate
and thus e�ciency. This motivates the need for dispersion compensation as introduced in
section 2.1.2. Furthermore, having a broader spectral bandwidth of the optical frequency
comb allows for driving transitions with a higher energy di�erence. Since the ultimate goal
for our system is to drive rotational transitions in molecular ions, where such transition
frequencies typically range from 10 GHz to 10 THz, it is advantageous to have as broad a
bandwidth as possible since the rotational state transitions get larger with higher rotational
quantum numbers. This motivates self-phase modulation-induced bandwidth broadening
described in section 2.1.3.

In order to maximize the Raman Rabi rates of the transitions, it is important to
understand how dispersion induced by the optical setup a�ects these rates. For this we can
take equation(2.32) and assume that only one intermediate state is involved, eliminating
the need to account for phase di�erences in di�erent Raman paths and enabling us to
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2.2 Light-atom interaction

Figure 2.9:Coupling e�ciency due to group delay dispersion. Using equation(2.33),
we simulate the relative e�ciency of Raman transitions� FL driven by an optical
frequency comb as a function of group delay dispersionD2, compared to a
Fourier-limited �eld. The energy di�erence ~! D corresponds to the zero-�eld
splitting between the twoD-states of a calcium-40 ion, while~! CaH+

J represents
rotational state di�erences inCaH+ , whereJ is the rotational quantum number.
The inset shows the Fourier-limited spectrum used for this simulation, which
is based on the measured optical frequency comb (�gure 3.3, �nal output).
The relative e�ciency oscillates due to the overlap of spectral peaks and phase
interference caused byD2. The plot is symmetric around zero, unlike non-
Fourier-limited pulses.

treat the single-beam Rabi rates as real valued. This simpli�cation is justi�ed because we
are ultimately interested in ratios of Raman Rabi rates, as we will introduce e�ciency
quantities de�ned by these ratios.

Another useful approximation we can perform is to assume that neighboring Raman
detunings �

L ( n + N;n )
g(1 ;2) ;e( j;j ) � �

L ( n + N +1 ;n +1)
g(1 ;2) ;e( j;j ) have a negligible change compared to the single-beam

detunings �
L ( n + N;n )
g(1 ;2) ;e( j;j ) , which is justi�ed by the single-beam detunings being on the order of

100 THz while the neighboring Raman detunings change on the order of 100 MHz. This
allows us to approximate�

L ( n + N;n )
g(1 ;2) ;e( j;j ) � � equal for all comb tooth pairs. With this, we

can rewrite the Raman Rabi rate as


 sim
R (' n ; N ) =

�
�
�
�
�

X

n

ei( ' n + N � ' n ) j
 Ln + N
g1 ;e jj 
 Ln

g2 ;ej

2�

�
�
�
�
�

/

�
�
�
�
�

X

n

ei( ' n + N � ' n ) En+ N En

2�

�
�
�
�
�
;

whereEn = j ~En j are the amplitudes of the comb teeth. If we are only interested in relative
e�ciency changes of dispersion compared to a Fourier-limited optical frequency comb, we
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can introduce the relative e�ciency

� FL =

 sim

R (' n ; N )

 sim

R (0; N )
=

�
�P

n En+ N En ei( ' n + N � ' n )
�
�

P
n En+ N En

: (2.33)

This equation is used to simulate the e�ects of dispersion for a given spectral envelope
function. For example, the e�ciency sensitivity of a Fourier-limited optical frequency
comb with a measured spectral amplitude to added group delay dispersion is shown in
�gure 2.9.

Another option would be to compare the e�ect of the dispersion on a Raman transition
caused by two far o�-resonant and in-phase CW lasers with the same total power to the
optical frequency comb. The total power of the optical frequency comb isPcomb /

P
n E 2

n ,
the power of each CW laser isPCW = Pcomb=2, the corresponding amplitudes areECW /p

PCW , and the CW Raman Rabi rate is given by
 CW
R / ECW ECW =(2�) . This situation

can be described by the relative e�ciency

� CW =

 sim

R (' n ; N )

 CW

R
= 2


 sim
R (' n ; N )

 sim

R (0; 0)
= 2

�
�P

n En+ N En ei( ' n + N � ' n )
�
�

P
n E 2

n
: (2.34)

Note that the single beam optical frequency comb can in principle be twice as e�cient
as a pair of CW lasers with the same total power. This is due to the fact that for the
frequency comb, the full power can be used to drive each of the two Raman paths, while
for the two CW lasers, each CW laser can only drive one path [45].

2.2.4 Ramsey interferometry and spin echo

Ramsey interferometry [93, 94] and the Hahn echo sequence [95], hereafter simply referred
to as the spin echo sequence, are useful tools for extracting noise information from a
quantum system and for decoupling it from certain types of noise [96]. In particular, these
techniques help characterize dephasing noise, which refers to the loss of phase coherence in
a quantum state due to �uctuations in the system's energy levels caused by environmental
perturbations. Coherence, on the other hand, refers to the ability of a quantum system
to maintain a well-de�ned phase relationship between its states, allowing for quantum
interference. In the context of dephasing, such environmental perturbations cause individual
quantum states within a set of experimental runs to accumulate di�erent phases over time,
leading to a reduction in overall coherence and thus limiting the interaction time with the
ion. We will use the Ramsey and spin echo techniques to estimate the in�uence of low-
and high-frequency dephasing noise on our ion-laser system. Extracting the dephasing
timescale is important to identify possible noise sources. The noise could, for example,
originate from laser �uctuations, magnetic �eld �uctuations, or other environmental noise.
In this section, Ramsey and spin echo sequences are presented and modeled, including a
dephasing noise description of a quantum system.

The typical Ramsey sequence consists of a�= 2-pulse whose length is�= (2j
 j), where
j
 j is the Rabi rate. Then a free evolution time� , followed by a second�= 2-pulse with a
variable phase� with respect to the �rst �= 2-pulse. By varying � for a �xed � and �tting
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the resulting graph, we extract the highest and lowest values, which de�ne a quantity
called the Ramsey contrast. Plotting the Ramsey contrast as a function of� yields a
decaying function from which the e�ects of noise on the system can be extracted.

However, in the single-beam setup used in this work, the optical frequency comb cannot
perform a typical Ramsey sequence, and thus the sequence must be modi�ed. This
is because the setup involves a Raman transition where the two photons driving each
�= 2-pulse cannot be individually controlled. Any phase� between the �rst and second
�= 2-pulses is canceled out, as the relevant quantity is the di�erence frequency between the
two photons. As such, a phase shift� cannot be introduced between the pulses, since any
shift applied via an acousto-optic modulator a�ects both photons equally and thus cancels
out in the two-photon process (see equation (2.27) and the de�nition of� L;e� ).

The modi�cation of the Ramsey scheme involves detuning the optical frequency comb
from the two-photon resonance and varying the waiting time� , giving rise to decaying
oscillations. However, if the detuning is too large, the Rabi oscillations lose contrast as less
population is transferred. The detuning� 0 e�ectively induces a controlled time-varying
phase� 0� between the �rst and second�= 2-pulses, as we will see later. Thus the envelope
of this decaying oscillation corresponds to the mentioned Ramsey contrast. The decay
constant is usually known asT �

2 time. It characterizes the typical dephasing timescale
of the system, accounting for all dephasing noise sources, unlike the spin echo sequence,
which mitigates certain types of noise.

Using the spin echo scheme, we can separate high-frequency (dynamic) from low-
frequency (static) components of one or more noise sources by mitigating the low-frequency
noise in a quantum system. This is done by modifying the Ramsey scheme again by
applying a � -pulse halfway during the waiting time� . This scheme leads to a decaying
constant function with a dephasing time constantT2, which is typically larger than T �

2 .

The e�ects of the Ramsey and spin echo sequences can be modeled with the following
two-level, �eld-free, and rotating frame Hamiltonian:

H = 0 jgi hgj + ~�( t) jei hej :

Here �( t) represents a �uctuating detuning of the two-photon resonance frequency com-
pared to the continuous-wave laser frequency. The �uctuations could, for example, be
induced by laser �uctuations, magnetic �eld noise, or other dephasing-type noise sources.
We model the �uctuating detuning with a constant average� 0 and a randomly �uctuating
part � � (t) with zero mean and constant varianceh� 2

� i as

�( t) = � 0 + � � (t):

Applying the aforementioned sequences to a qubit prepared in the statejei leads, for both
the Ramsey and spin echo cases, to the following probability of detection in the excited
state jei :

pe(� ) =
1
2

(1 + hcos (� tot (� )) i ) ; (2.35)
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wherehX i represents the average value of a random variableX over a number of experi-
mental runs. Further, the �uctuating phase � tot (� ) in the Ramsey case is

� Ramsey
tot (� ) =

Z �

0
�( t) dt

= � 0� +
Z �

0
� � (t) dt

=: � 0� + � Ramsey
rand (� );

while in the case of spin echo it is

� echo
tot (� ) =

Z �= 2

0
�( t) dt �

Z �

�= 2
�( t) dt

=
Z �= 2

0
� � (t) dt �

Z �

�= 2
� � (t) dt

=: � echo
rand (� ):

To proceed, we need to establish several assumptions. To start, it is assumed that the
random variableX = � rand follows a Gaussian process, which is motivated by the Central
Limit Theorem [97], as we can assume that the underlying phase �uctuations result
from the accumulation of many independent and random contributions. Recalling that
hcos(X )i = Refhe� iX ig , and using the properties of the characteristic function from
probability theory, we can then equate [98, ch. 1.2]



e� iX

�
= e �h X 2 i =2:

In both Ramsey and spin echo, inserting the above expressions into equation(2.35) leads
to an expression containing a correlation functionh� � (t1) � � (t2)i . A second assumption we
make is that this correlation function originates from stationary noise, as we do not consider
noise that changes its properties over time. Consequently, the correlations depend only
on the time di�erence between points and not on the absolute time. Another reasonable
assumption is that the correlation function is even, as we do not consider noise that
behaves di�erently under time reversal. The �nal assumption concerns the functional form
of the correlation function, which we assume to decay exponentially, with a free parameter
for the decay constant. This allows us to model limiting behaviors such as Markovian
noise (or white noise) [99] and quasi-static noise [100]. Overall, this leads to the following
correlation function

h� � (t1) � � (t2)i = h� � (t1 � t2) � � (0)i (stationary noise)

= h� � (t2 � t1) � � (0)i (even)

= h� 2
� i e� 
 jt1 � t2 j (exponentially decaying noise)

=: C(t1 � t2);

where
 is an unspeci�ed free parameter that sets the noise correlation time scale.
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With this, we have derived a model of our noise sources to have exponentially decaying
correlations. With this model, we can identify two limiting cases by adjusting the timescales.
We can retrieve Markovian noise (or white noise) if we impose the condition
� � 1,
leading to a correlation function of the formC(t) = h� 2

� i � (t) 2=
 , where� (t) is the Dirac
delta distribution. We can also retrieve a quasi-static noise source by setting
� � 1, then
C(t) = h� 2

� i .
All of these assumptions lead to a common form of the excitation probability of the

two-level system for both Ramsey and spin echo sequences. We retrieve

pe(� ) =
1
2

�
1 + cos(� 0(� )) e� �( � )

�
; (2.36)

where the Ramsey case is speci�ed by

� Ramsey
0 (� ) = � 0�

� Ramsey(� ) =
h� 2

� i

 2

(e� 
� + 
� � 1)

�

8
>>><

>>>:

h� 2
� i



� =:
�

T �
2

for 
� � 1 (Markovian/white noise)

1
2

h� 2
� i � 2 =:

�
�

T �
2

� 2

for 
� � 1 (quasi-static noise)

;

and the spin echo case by

� echo
0 (� ) = 0

� echo(� ) =
2h� 2

� i

 2

�
e� 
�= 2 + 


�
2

� 1
�

�

8
>>><

>>>:

h� 2
� i



� =:
�
T2

for 
� � 1 (Markovian/white noise)

1
4

h� 2
� i � 2 =:

�
�
T2

� 2

for 
� � 1 (quasi-static noise)
:

As previously mentioned, the timescalesT �
2 (Ramsey) andT2 (spin echo) are typically

used to characterize low- and high-frequency dephasing times, respectively. This can be
demonstrated through an analysis using noise power spectral densities and �lter functions,
as shown in [96, 101�103], though this is not addressed here. Typically the relationT �

2 < T 2

holds due to the fact that the spin echo technique is insensitive to low-frequency noise.
The exact de�nitions of T �

2 and T2 given above depend on the type of dominant noise
inside the system, but always characterize a1=e decay of the excitation probability as
a function of the waiting time � . These timescales are also called transverse relaxation
times or phase coherence times [104]. For further context, there exists a timescaleT1 that
quanti�es the fundamental excited-to-ground-state decay time, also called the longitudinal
relaxation process [104]. It is possible to identify the relationT2 < 2T1 with appropriate
de�nitions; however, there are some special cases where this inequality does not hold [105].

In this work we quantify T �
2 and T2 for our light-atom system involving an optical

frequency comb and a calcium-40 ion. To handle the measured data, we can adapt

38



2.2 Light-atom interaction

equation (2.36) to a more realistic model by allowing for a variable o�setc 2 [0; 1] and a
variable amplitude A 2 [0; 2 minf c;1 � cg] set by imperfections in the system, then

pe(� ) =
A
2

cos(� 0(� )) e� �( � ) + c: (2.37)
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Chapter 3
Experimental setup and optical
frequency comb characterization

This chapter builds on the theoretical concepts presented in chapter 2 and demonstrates
how they were applied in practice. The optical setup of the frequency comb is presented.
We also characterize the optical frequency comb's parameters, such as power and group
delay dispersion, at several stages. The �rst part of section 3.1 discusses the optical setup
ranging from the generation of the optical frequency comb to its ampli�cation, while
the second part of section 3.1 presents the setup that was created in the framework of
this master's thesis, ranging from post-ampli�cation to focusing onto the location of a
trapped calcium-40 ion. The latter setup broadens the spectrum of the optical frequency
comb via self-phase modulation using a highly nonlinear �ber, introduces amplitude
modulation of the optical frequency comb light using and acousto-optical modulator,
implements dispersion compensation via a normal �ber, and describes the light delivery to
the trapped ion. Section 3.2 presents the results of more in-depth optical frequency comb
characterization, e.g., temporal and spectral features and the power response to control
units. Note that frequencies will be represented as linear frequenciesf instead of angular
frequencies! = 2� f from this chapter onward.

3.1 Optical setup

The main focus of this work is the optical frequency comb. It is a commercial system from
Menlo Systems [106] (FC1500), and the main components are drawn in �gure 3.1 under
the blue box labeled comb baseplate. This system has been used in the past by another
research group; see, for example, [88, 107�110]. Information about the comb generation
can be found in greater detail in [110, ch. 5.1] or the Menlo manual [111].

The optical frequency comb is generated in the M-Comb module and involves a �ber
ring resonator including some free-space elements, as expanded upon later. The laser is
generated using passive mode locking, as introduced in section 2.1.4. The cavity is formed
by the circular path of the �ber ring and a mirror mounted on a piezoelectric mount. A
polarizing beam splitter (PBS) and quarter-waveplate in front of the piezoelectrically-
actuated mirror serve to guide the linearly polarized light into the path that completes the
ring resonator. An optical isolator prevents any signi�cant back re�ection from traveling
back into the cavity.

An erbium-doped �ber (Er3+ ) inside the �ber ring acts as the gain medium, which
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ampli�es the generated optical frequency comb (erbium-doped �ber ampli�er or EDFA,
see [112]). The energy necessary for ampli�cation is provided by a pump diode laser that
co-propagates with the generated frequency comb light.

Passive mode-locking can be achieved using the two waveplate pairs in front of each
�ber coupler. When the waveplate pairs compensate for nonlinear polarization rotation
in the �ber ring, minimal light is lost through the output coupler (a second PBS) at
peak intensity, allowing the system to operate in a mode-locked state. In this sense the
waveplates, the output PBS, and the �ber ring act as the modulation element (saturable
absorber) introduced in section 2.1.4. The waveplates can also be set enable continuous-
wave operation.

The remaining elements consist of the free-space optics that are used for adjusting and
stabilizing the repetition rate and the carrier-envelope o�set frequency. The mirror with
the piezoelectric mount is used to modulate the length of the cavity and controls the
repetition rate. Additionally, an electro-optical modulator is used for faster (but smaller)
control of the repetition rate. The stepper motor-powered wedge is used to coarsely set
the carrier-envelope o�set frequency by inducing a phase shift depending on the current
thickness of the wedge. Fine-tuning is achieved with adjustment of the pump diode current.

The system uses an aforementioned PBS to function as an output coupler, re�ecting
part of the light within the cavity to an output port. At this point the optical frequency
comb has a pulse length of 74 fs, a repetition rate of about 250 MHz, a carrier-envelope
o�set frequency of about 20 MHz, a center wavelength around 1570 nm (or 191.0 THz),
and a spectral bandwidth of 45 nm (or 5.5 THz).

Part of this light is separated by a non-polarizing beam splitter and directly measured
by a fast photodiode to monitor the repetition rate. The rest of the light is fed into a
1:4 splitter. Two paths are irrelevant for this thesis as they are not used. These paths
produce 1068 nm light and visible second harmonic light for external white-light continuum
generation (HMP1068 and M-VIS modules, respectively). A third path goes into the
M-Phase module, which is responsible for monitoring the carrier-envelope o�set frequency.
This module splits the comb into two branches, the second harmonic is generated in
one, and the white-light continuum is generated in the other. Both branches are then
recombined and generate a beat by interfering with each other. This beat is used to
measure and stabilize the carrier-envelope o�set according to equation 2.10. The fourth
path, here called the experiment path, ultimately reaches the trapped ion.

The experiment path goes through a stage of optical intensity pre-ampli�cation (EDFA)
controlled by the AC-1550 electronic control module. The power of the comb is ampli�ed
from about 0.26 mW to 26 mW. The following description outlines a setup for chirped
pulse ampli�cation [69] capable of amplifying the light up to 2.5 W. A 70 m long stretcher
�ber with a group velocity dispersion (GVD) of 53.8 fs2=(mm rad) (or � 41ps/(nm km))
introduces a group delay dispersion (GDD) of 3.77 ps2/rad (or � 2:87ps/nm), stretching the
pulse in time to about 100 ps. The light then passes through an intermediate pre-ampli�er
(EDFA) from Keopsys (CEFA-L-PB-LP-PM), which ampli�es the light to about 100 mW.

The temporal pulse then is further stretched in time by a re�ective chirped �ber Bragg
grating (CFBG, TeraXion TPSR-1575), introducing another 13.05 ps2/rad (or � 9:95ps/nm)
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Figure 3.1:Optical setup. The setup is distributed between three locations: the comb
baseplate, the ampli�er baseplate, and the ion trap breadboard. The comb
baseplate generates the passively mode-locked optical frequency comb (M-
Comb module). On the ampli�er baseplate, the comb is ampli�ed up to 2.5 W
using chirped pulse ampli�cation [69], the spectrum is broadened using self-
phase modulation, and dispersion is compensated. The light is delivered to
the calcium-40 ion on the ion trap breadboard. The three blue, red, and green
colored points described as �FROG measurement points� indicate where the
data of �gure 3.3 was taken. See the main text for more details.
WDM: wavelength division multiplexer, EDFA: Erbium (Er 3+ ) doped �ber
ampli�er, CFBG: chirped �ber Bragg grating, CVBG: chirped volume Bragg
grating, HNLF: highly nonlinear �ber.

of GDD. At this point the pulse is stretched su�ciently (to about 450 ps) that its peak
intensity does not damage the gain medium of the following ampli�cation stage (EDFA)
controlled by the AC-3 electronic control module. The AC-3 module also contains two
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sources of pump light at a wavelength of� 975nm, enabling the ampli�cation of the
optical frequency comb up to 2.5 W.

The light then enters a free-space stage including a temporal compression, which is
achieved by a chirped volume Bragg grating (CVBG). The CVBG provides anomalous
GDD of about � 16:40ps2/rad (or 12.5 ps/nm), which, together with the stretcher �ber,
the CFBG, and remaining dispersion throughout the �bers of the system, produces a
near transform-limited pulse by eliminating the accumulated GDD. The pulse now has
a duration of 745 fs, a center wavelength of 1572 nm (or 191 THz), and a bandwidth of
about 8 nm (or 1.0 THz). The temporal and spectral shapes are shown in the top part
of �gure 3.3. As the ampli�ers only amplify light e�ciently over a narrow gain pro�le,
the bandwidth is reduced through each ampli�cation stage in a phenomenon known as
gain narrowing [113]. This completes the �rst part of the setup, from which this thesis
work built on. This �rst part was previously used in other experiments, as cited in the
beginning of this section.

The second part of the setup was built during this master's thesis work. It aims to
broaden the spectrum of the optical frequency comb, compensate the dispersion to recover
a Fourier-limited pulse, and align it to a calcium-40 ion in the trap. Using this setup, we
demonstrate quantum control via Raman transitions between states with energy di�erences
that lie within the bandwidth of the light. Concretely, we achieve a bandwidth of about
5.3 THz to drive a D-level transition on a calcium-40 ion whose energy di�erence is about
1.8 THz.

The �rst stage of this new setup is the polarization-maintaining highly nonlinear �ber
(HNLF, Thorlabs PMHN5), responsible for self-phase modulation (SPM) and consequential
spectral broadening. The �ber has a nonlinear coe�cient of
 = 10:7 (W km)� 1 and a
mode �eld diameter of 4� m. It has a GVD of � 7:54fs2=(mm rad) (or 5.75 ps/(nm km))
and a length of 10 cm leading to a GDD of� 754fs2/rad (or 0.575 fs/nm). However, the
SPM process itself also introduces dispersion of various orders. The temporal and spectral
properties of the optical frequency comb at this stage can be seen in the middle row of
�gure 3.3. A pulse duration of 635 fs and a spectral bandwidth of 41 nm (or 5.1 THz) were
measured.

After this stage, a half-waveplate and polarizing beam splitter combination was intro-
duced (gray box in �gure 3.1) to control the output power while holding the power injected
into the HNLF constant, as the power de�nes the light's spectral shape. However, as we
noticed after the experiment, we observed that for di�erent settings of the half-waveplate,
the output spectrum changed. It turned out that this stage �ltered out certain spectral
components since the SPM process was e�ectively polarization-dependent due to the
elliptical geometry of the polarization-maintaining core in the HNLF. Due to the short
length of the HNLF (10 cm), it was not possible to align the polarization of the comb light
to the �bers fast or slow axis since the transmitted power and polarization of the comb
light were hardly a�ected by misalignment. As the e�ectiveness of SPM is di�erent for
the fast and slow axes of the �ber, the projected polarization components of the comb
light onto the fast and slow axes experienced di�erent amounts of SPM. As such, this
half-waveplate and polarizing beam splitter combination stage would be better to be
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removed as it introduces unpredictable �ltering of the spectrum. The changes in the
spectral shape due to di�erent rotations of the half-waveplate are shown in appendix D.1.

The ability to regulate power using the half-waveplate and polarizing beam splitter
combination can be replaced by the next element in the beam path: the acousto-optical
modulator (AOM) used for remotely switching the optical frequency comb on and o�. The
AOM (G&H 3080-197) di�racts some of the light along a di�erent path. This is done by
feeding the AOM an 80 MHz signal at a radio frequency (RF) power of 3.5 W. Lowering
this RF power also lowers the optical power sent through the �rst-order di�raction beam,
as later shown in �gure 3.2b.

If the AOM is switched on, the optical frequency comb is sent through a 1 m long normal
�ber (Thorlabs P1-1550PM-FC-1), here referred to as dispersion compensating �ber, used
for bringing the light close to transform-limited and also guiding it on the optical table
with the ion trap. The �ber has a GVD of � 23:4fs2/(mm rad) (or 17.86 ps/(nm km)) and
thus introduces a GDD of� 23400fs2/rad (or 17.86 ps/nm).

Dispersion compensation can be achieved using the earlier described CFBG. Using the
software that controls the CFBG, we can further �ne-tune dispersion, as it can slightly
change GDD and third- and fourth-order dispersion. The tunable range of the GDD is
� 0:0584ps2/rad. The tunable ranges of the di�erent dispersion orders are not independent
from each other, as adjusting one setting sets di�erent limits for the other settings. The
control provided by the CFBG is crucial for achieving near-Fourier-limited pulses, as
the system was observed to be particularly sensitive to the tuning range of the CFBG's
fourth-order dispersion setting. Optimizing the dispersion orders using the CFBG control
software leads to the �nal temporal and spectral shape shown at the bottom of �gure 3.3.
The pulse duration is shortened to 115 fs, and the �nal bandwidth is about 42 nm (or
5.3 THz).

The 1 m �ber terminates in a �ber coupler whose lens is set to be diverging to expand
the beam size for a tighter focus. A second lens with a focal length of 125 mm collects the
diverging beam and focuses it on the site of the ion in the trap, achieving a theoretical
waist diameter of 40� m on the ion. As a note, the waist could have been measured by
varying the end-cap voltages of the trap such that the potential well that traps the ion
changes its location. By measuring the drop in Rabi rate, an estimate of the waist can be
extracted. However, this measurement was not performed.

The propagation direction of the optical frequency comb light was aligned with the
direction of the magnetic �eld (B-�eld) experienced by the ion. As the light was linearly
polarized, only � + , � � , or � + + � � transitions can be driven on the Zeeman substructure
of the calcium ion, leading to a restricted change in total angular momentum projection
quantum number ofmJ = 0; � 2.

3.2 Characterization of the optical frequency comb

The optical frequency comb setup presented in this work was characterized at various
stages. The characterization includes the optical output power as a function of the RF
power into the AOM and the AC-3 ampli�er. Additionally, the frequency and temporal
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structure of the comb are obtained via a technique called frequency resolved optical grating
(FROG) [114, 115, ch. 9.4.4.].

The response of the laser power to the AC-3 control unit and power delivered to the
of the amplitude modulating AOM are discussed �rst. A setting on the AC-3 controls
how much pump light power is provided to the ampli�cation stage. This setting can be
set on a percent scale. However, the unit is prone to damage if operated beyond 50 % as
the �bers within the unit burn and break if too much pump light is sent through them.
The catastrophic consequences of operating the unit at above 50 % are documented in
appendix B. The average free-space optical frequency comb powerPFS is measured right
before the CVBG element. The nonlinear response of how the pump light increases the
output power PFS of the optical frequency comb as a function of the AC-3 setting as shown
in �gure 3.2a.

Figure 3.2:Power characterization of the optical frequency comb. (a) Optical
frequency comb power measured after the �rst �ber coupler on the ampli�er
baseplate vs. AC-3 module setting. Light blue and dark blue data points
correspond to measurements from Thorlabs S132C and S425C, respectively.
An empirical �t was applied, where the parametersa and b were extracted
from a linear �t of the last data points (gray dashed line), the o�set c was set
to the 0 % value, andn was �tted using a generalized hyperbola model.
(b) The same data is shown with di�erentx-axes, representing the �rst-order
di�raction e�ciency of the comb light from the AOM vs. RF power (red) or
the amplitude setting on hte Serles software (green). The data was measured
with the Thorlabs S132C photodiode. A logistic function was �tted to both.
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We can also control how much RF power is provided to the amplitude modulating AOM
via the control software Serles developed by AQT [116]. The resulting optical power of
the �rst-order beam P1st after the AOM compared to the input optical powerPin into the
AOM, also known as di�raction e�ciency, as a function of the setting in Serles is shown
in �gure 3.2b. On a second horizontal scale, the Serles setting is translated into the RF
power of the 80 MHz signal fed into the AOM. An optimally aligned setup would have a
maximum at a di�raction e�ciency of P1st=Pin = 0:8, but this was not achieved during the
measurement of this data. On all the plots of �gure 3.2, phenomenological �t functions
were used to estimate the evolution of the data.

As mentioned in the beginning of this section, the FROG technique [114, 115, ch. 9.4.4.]
was used to extract temporal and spectral pro�le information of the optical frequency
comb and subsequently broadened light. The FROG setup involves an autocorrelator,
where the pulsed laser beam is split into two paths where one is directed through a variable
time delay stage. The two arms are focused on a second harmonic generating crystal. The
second harmonic light is then fed into a spectrometer. The variable time delay stage can
be continuously modulated. By recording a spectrum at each increment of the time delay,
the FROG setup measures a three-dimensional data set consisting of the second-harmonic
signal as a function of time delay and frequency called a spectrogram. This data gives the
full temporal and spectral information of the analyzed light [115, ch. 9.4.4.]. As a side
note, this technique can also be extended by overlapping the laser pulse to be analyzed
with a known reference beam and generating a sum-frequency beam. In this case the
technique is known as XFROG (standing for cross-FROG).

The FROG traces were recorded using a commercial product from Mesa Photonics
(FROGscan) at various stages of the setup as mentioned throughout section 3.1. The
traces after the CVBG, the HNLF, and the dispersion compensating 1 m �ber are shown in
�gure 3.3. The data at the �nal output stage was recorded after optimizing the dispersion
settings on the CFBG such that the optical frequency comb was close to the Fourier limit.

Compared to the initial optical frequency comb details after the CVBG, the temporal
pulse shape after the HNLF did not signi�cantly change; however, its temporal phase did,
as demonstrated by the di�erence in instantaneous frequency of the pulses. Due to the
in�uence of SPM, the emergence of the typical instantaneous frequency shape as described
in equation (2.9) and �gure 2.3 is observed. This chirping of the temporal phase caused the
spectral envelope to signi�cantly increase from 1 THz to 5.1 THz, showing the emergence
of the typical oscillatory structure caused by SPM.

The increase in the bandwidth of the optical frequency comb without a corresponding
decrease in pulse duration indicates that the laser is no longer Fourier-limited after passing
through the HNLF. Once the laser passes through the dispersion compensating �ber (i.e.,
the �nal output), the pulse duration decreases signi�cantly from 635 fs to 115 fs, as the
dominant dispersion contributions are compensated. While the �ber does not signi�cantly
alter the spectral envelope, it modi�es the spectral phase enough to compress the pulse in
time. Dispersion is challenging to fully compensate, as evidenced by the curvature of the
spectral phases in all data plots, which indicate the presence of dispersion.

It is important to note that the laser is sensitive to the changes in fourth-order dispersion
D4 tunable by the CFBG. Strong side lobes (pre- and post-pulses) can emerge ifD4 is
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3.2 Characterization of the optical frequency comb

Figure 3.3:Temporal and spectral characterization of the optical frequency comb
at di�erent stages. Referring to �gure 3.1, FROG measurements of the
optical frequency comb have been performed after the chirped volume Bragg
grating (CVBG, top, blue), after the highly nonlinear �ber (HNLF, center,
red), and at the �nal output on the ion trap breadboard after dispersion
compensation (bottom, green). For the time domain, the colored curves show
the temporal intensities and the dashed gray lines show the Fourier-limited
pulses with the same spectrum. The black curves show the instantaneous
frequency (inst. freq.) of the measured data. For the frequency domain, the
colored curves show the spectral intensities and black curves show the spectral
phases. The shown temporal widths are at half of the maximum intensity while
the spectral widths are shown for selected points. The widths are indicated by
horizontal lines. A center frequency of 190.7 THz corresponds to a wavelength
of 1572 nm. FT: Fourier transformation.
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not set correctly. Furthermore, the laser is less sensitive to the changes in group delay
dispersionD2 and third-order dispersionD3 tunable by the CFBG. This could be a result of
soliton behavior, where pulses preserve their shape during propagation through a medium
because of the interplay between dispersion and nonlinearity [71, ch. 5].

Furthermore, the FROG trace measured after the HNLF was compared to a simulation
that used the py-fmas package [74], see section 2.1.3, as well as the FROG trace taken
before the HNLF. This comparison is shown in �gure 3.4.

General features overlap qualitatively. However, the simulated spectrum is narrower
than what was measured. It seems as if the measured high-frequency lobe may be
shortened in intensity when compared to the simulated data. The nonlinear phenomenon
of self-steepening [71, ch. 4.3.1] causes higher frequencies to evolve di�erently than lower
frequencies, which could explain this discrepancy. Thus, one possible explanation of the
discrepancy between the simulated and measured data is that the simulation does not
take self-steepening as strongly into account as it actually occurs. The reason for this
could lie in the usage of wrong simulation parameters, such as slightly di�erent dispersion
parameters of the input light and wrong parameters of the Raman response function,
which is used in the simulation to include the delayed Raman contributions [71, ch. 2.3.2].

Figure 3.4:Simulation of self-phase modulation. Spectra of the optical frequency
comb were measured before the highly nonlinear �ber (blue, input) and after
(red, output). Using the input data as a starting point of the self-phase
modulation simulation using py-fmas, the black line shows the simulated
output data with the same relevant parameters (10 cm �ber length, 1.18 W
transmitted optical power, nonlinear coe�cient of 
 = 10:7(W km) � 1, and
appropriate dispersion of the �ber).
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Chapter 4
Spectroscopy results

After presenting the principles of optical frequency combs in Chapter 2 and demonstrating
how the commercial optical frequency comb was adapted for Raman experiments in
Chapter 3, we now turn to applying it in new experiments. In our research group's main
setup [25], we are able to trap, cool, and manipulate calcium-40 ions using a Paul trap
and an arrangement of appropriate lasers. This chapter presents measurements of Raman
transitions induced by the optical frequency comb on a single trapped calcium-40 ion.

To execute such measurements, a general experimental sequence was implemented.
However, section 4.1 uses a variation of this sequence, consisting of:

1. loading of a single calcium-40 ion into the Paul trap,

2. ground state cooling of the ion to the42S1=2 (m1=2 = � 1=2) state using Doppler and
sideband cooling [52] techniques,

3. state preparation into the 32D5=2 (m5=2 = � 1=2) state by population inversion using
a resonant 729 nm laser,

4. driving a 32D5=2 $ 32D3=2 transition using the optical frequency comb where the
used Zeeman substates used for transitions were either betweenm5=2 = � 1=2 $
m3=2 = � 1=2 or m5=2 = � 1=2 $ m3=2 = +3 =2, and

5. transferring the population of the32D3=2 state into the 42S1=2 $ 42P1=2 cycling
transition using continuous-wave resonant 866 nm and 397 nm lasers for readout.

Each sequence produced a binary outcome: a bright ion or a dark ion. The former
corresponds to a successful projection of the state population from the32D5=2 state into
the 32D3=2 via the optical frequency comb, since this population is transferred into the
42S1=2 $ 42P1=2 cycling transition due to the 866 nm laser. On the other hand, a dark ion
implies that the optical frequency comb either did not transfer any population or cycled
back to the 32D5=2 state, therefore it is also not transferred into the cycling transition.

A single result for each experimental setting consists of the collection of outcomes
gathered from repeating the described sequenceNrep = 100 times. An estimate of the
actual population (or mean excitation)p5=2 in the 32D5=2 (m5=2 = � 1=2) state can be
found using the number of detected dark ionsndark during Nrep trials using

p5=2 =
ndark

Nrep
:
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4.1 Alignment using induced AC-Stark shift

An estimate for the uncertainty � p;5=2 in each retrievedp5=2 value can be derived from
binomial statistics and amounts to

� p;5=2 =

( p
Nrep; p5=2 =2 f 0; 1g

1=(Nrep + 2) ; p5=2 2 f 0; 1g
:

The �rst case is also known as quantum projection noise [117], and the second case is
derived from Laplace's Rule of Succession and avoids a diverging weight factor� � 2

p;5=2 for
p5=2 = 0 and p5=2 = 1 used in regression routines.

Section 4.1 describes the alignment process of the optical frequency comb light on
the ion and reports the induced AC-Stark shift on a resonant 729 nm laser transition.
Section 4.2 shows typical transitions between the32D5=2 $ 32D3=2 states and infers
the Landé g-factor of the32D3=2 state from the results, and section 4.3 uses Ramsey
techniques to characterize phase noise in the system. The time frame used for taking the
measurements in this section (and appendix D) was from the 18th till the 28 th of July
2024.

4.1 Alignment using induced AC-Stark shift

A rough alignment of the optical frequency comb beam through the ion trap is straightfor-
ward. However, such transmission through the trap does not guarantee a signi�cant overlap
of the beam with the trapped ion. To maximize the overlap, one can use a technique that
involves tracking the transition frequency of a certain transition using Rabi spectra as
it is modi�ed due to the induced AC-Stark e�ect, see section 2.2.1. This work uses the
transition between the42S1=2 (m1=2 = � 1=2) and the 3D5=2 (m5=2 = � 1=2) state.

This technique requires being able to measure a resonant transition, whose transition
frequency is denoted asf 729. In our case the transition is driven by a 729 nm laser. Appli-
cation of the optical frequency comb light disrupts the resonant transition proportionally
to the local intensity of the comb light on the ion, see equation(2.24). This disruption
manifests as a shiftf AC with respect to the transition frequencyf 729 due to the AC-Stark
e�ect. Maximizing the shift on the transition frequency f 729 + f AC indicates an optimized
overlap of the comb light with the ion.

By continuously applying the experimental sequence described in the beginning of
chapter 4, but omitting the step of driving 32D5=2 $ 32D3=2 transitions using the optical
frequency comb, the probed transition frequency can be tracked in real time. As a note,
this is a usual Rabi spectroscopy method used for optical clocks [118]. Simultaneously
applying an approximately aligned optical frequency comb will result in a shiftjf AC j > 0
of the probed transition frequencyf 729. One can then update the frequencyf 729 to be
resonant again by adjusting it to f 729 + f AC . This is done to further track changes in
the new f 729 frequency induced by �ne-adjusting the alignment of the optical frequency
comb. By iterating these steps, one can maximizef AC and thus optimize the overlap of
the optical frequency comb light on the ion. The result of this process is displayed in
�gure 4.1.

50



4.2 Measurements of Raman transitions and calcium-40 D3/2 Landé g-factor

Figure 4.1:AC-Stark shift induced by the optical frequency comb on a 729 nm
transition . Two data sets have been measured by varying a resonant 729 nm
transition frequency on the calcium ion; one while having the optical frequency
comb turned o� (blue) and one while having it on simultaneously with the
729 nm light (red). The shift in transition frequency is the AC-Stark shift
induced by the optical frequency comb.

4.2 Measurements of Raman transitions and calcium-40
32D3=2 Landé g-factor

Using the aligned optical frequency comb and the general experimental sequence laid
out in the beginning of chapter 4, we measured Rabi oscillations and Rabi spectra as
explained in sections 2.2.1 and 2.2.3. This section presents the principal results of this work,
presenting the characterization of typical Rabi frequencies, linewidths, optical frequency
comb-induced AC-Stark shifts, and ultimately the extraction of the Landég-factor of the
32D3=2 state.

The �rst hurdle is to �nd the Raman resonance frequency by tuning the comb's repe-
tition rate. We can estimate the required repetition rate using the previously measured
frequency separation between the two �eld-freeD-level energies in the calcium-40 ion
(Solaro et al. [44]). There, the zero-�eld linear frequency di�erence was found to be
f Solaro = 1:819`599`021`534(8)THz. Since their value is corrected to eliminate the Zeeman
contribution, we can adjust it to match our setup by introducing the Zeeman shifts
� f Zeeman;m J , introduced in equation (2.12).

One important quantity of the Zeeman shift is the magnetic �eld strengthB , which was
measured to beB � 3:08 G = 0:308mT using a Ramsey spectroscopy technique [119, ch.
4.8.1]. The magnetic �eld strength was measured with the same ions that were used to
measure all the Rabi spectra. Furthermore, we need the twoD-level values for the Landé
g-factors (g5=2 = 1:2 and g3=2 = 0:8). With these values we can estimate the frequency
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di�erence between the two target states usingf Sol;Zee = f Solaro+� f Zeeman;m 5=2
� � f Zeeman;m 3=2

.
In the experiment we used only the32D5=2 (m5=2 = � 1=2) state as the initial state due to
technical limitations (state preparation in other Zeeman sublevels was not yet automated).
The lower energy state was either32D3=2 (m3=2 = � 1=2) or 32D3=2 (m3=2 = +3 =2).

The design repetition rate of the optical frequency comb is aroundf rep;0 = 250 MHz. We
have the ability to tune this value by changing the setpoint of the PID-controlled repetition
rate stabilization and subsequently re-locking the system. The range at which the setpoint
can be changed is at least on the order of 10 kHz. We can also shift the setpoint by smaller
values, on the order of 100 Hz, without having to re-lock the system, which is later useful
for varying the repetition rate. Any value set for the repetition rate is stabilized to the
mHz level. Thus, we adjust the repetition ratef rep;0 to f rep such that f rep is approximately
an integer multiple of f Sol;Zee ful�lling the condition for driving transitions with an optical
frequency comb (see section 2.2.3). We can estimate the repetition ratef rep required to
drive the intended transition by determining how many times the base repetition rate
f rep;0 �ts into f Sol;Zee. This can be done usingN = bf Sol;Zee=f rep;0c or N = df Sol;Zee=f rep;0e
and then f rep = f Sol;Zee=N. The integer N was always found to beN = 7278 if the �oor
function was used (b�c) and N = 7279 if the ceiling function was used (d�e). This integer
N represents the di�erence in comb tooth indices of two teeth that can drive the target
transition, which is only possible if their di�erence in frequency is approximatelyf Sol;Zee.
The integer N is later be veri�ed experimentally.

Having estimated the repetition ratef rep that could drive a Raman transition between the
two target states, the next hurdle is to �nd the right order of magnitude for the repetition
rate at which such a transition shows detectable dynamics. Assuming a transform-limited
transition linewidth with a pulsetrain length of tpulse = 1 ms, we can estimate the order of
magnitude to be1=(N t pulse) � 0:14Hz.

Using this estimated value for determining the range over which we vary the repetition
rate, the estimated ideal repetition rate and a long pulsetrain length of about 1 ms, we
were able to �nd a resonance. Typical measurements obtained by varying the repetition
rate, resulting in Rabi spectra, and varying the optical frequency comb pulsetrain length,
resulting in Rabi oscillations, can be found in �gure 4.2. In this �gure, the retrieved �t
parameters using the model in equation(2.22) for the Rabi oscillations (left, blue) are
A = 0:988(11), t0 = � 3:7(16)� s, 
 = 2 � � 2:5635(17)kHz, c = 0:487(4), and � = 7:1(3)ms.
The Rabi spectrum (right, red) was �tted using the model in equation(2.23), the resulting
�t parameters are A = � 0:937(14), f 0 = � 861:83(5)kHz, 
 = 2 � � 2:82(4)kHz, and
c = 0:980(3). A two-dimensional sweep of pulsetrain length and transition frequency was
also performed. The results can be found in appendix D.2.

In the context of equation(2.34), the Raman Rabi rate in �gure 4.2 serves as a measure
of interaction e�ciency in the presence of dispersion. Raman Rabi rate measurements were
performed for di�erent group delay dispersion settings on the chirped �ber Bragg grating
and compared to predictions using measured FROG spectra. The results are presented in
appendix D.3.
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