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;
BDC7;S<�2
8 4
8:O:C76��x?aM l�IKEHGH?Bb P UVIKE�?aM�GHc�DSW]ECL P lYLKd >�� U��[T4?aM�DFUVIKM�X IKGZJ@u -
��?aMY��L P UBX�DFE�� ) d P M�X�IK�0DFM�G^IKU
� P IKM�G P � WxIKGCD��7GHc�D[bQLNM�GHECLNUaUBDQX9nVJ \�� wmDFGv`�DQDFM�I�AH?aM�W]UBD@GHE^IKl�lmDQX ?BLNM IKM�X I�r9?aw�E^IKGH?BLNM�IKU �0L�X�D��9c�INAwmDQDFM X�DF�0LNM�AHGHE^IKGCDQX � =6(���� Gv`�L ?BLNM�A � =6>�� IKM�X�A P w�ACD/� P DFM�GHUa��d L P E ?BLNM�A �?' � �S�fGHc�D
UVIKGHGCDFE�DF� l�UBL ��?aM�WGHc�D �0DFGHc�L�X�ASLKd � = � �Q��c�I�rxD[wmDQDFM�DFM�G^IKM�W]UBDQX �uvM L P ETW]ECL P l �xACDFrxDFE^IKU�l�ECDFECD/� P ?BAH?aGCDQATd LNE#� P IKM�G P �(bQLN� l P G^IKGH?BLNM �9A P b^c�INA}�0LNGC?aLNMhIKU�W]ECL P M�X0AHG^IKGCDbQL�LNUa?aM�W0�T?aM�X7?ar�?BX P IKU ?BLNM�INX�X7ECDQA^AH?aM�W�IKM�X%DFUBDF�0DFM�G^IKEH��bQLNc�DFECDFM�G���IKM�?al P UVIKGH?BLNM�A
c�I�rsD wmDQDFM�l�ECDFr�?tnL P AHUa� X�DF�0LNM�ACGHE^IKGCDQX��?' %��V� �?' � �V� � =��o� �_DQbQDFM�GHUa�
�K`�D c�I�rsD D��7lmDFEH?a�0DFM�G^IKUaUa�/ECD�IKUa? O DQX�GHc�D�>@D P GCA^b^c7nVUsL O A^IIKUaWsLNEH?aGHc�� �?'   �o�#� c�?BA ECDFl�ECDQACDFM�GCA GHc�DS%�ECAHG�?a� l�UBDF�0DFM�G^IKGH?BL]M LKd IKM D���bF?BDFM�G+� P IKM�G P � IKUaWsLNEH?aGHc�� LNMIKM ?BLNM GHE^IKl$� P IKM�G P �*bQLN� l P GCDFE�IKM�X
GHc�D�%�ECAHG A P b^c
?a� l�UBDF�0DFM�G^INGH?BLNM L P GCAH?BX�D+J_���/�7� c�D3>[D P GCACb^c7n
UsL O A^I�D��7lmDFEH?a�0DFM�G ECDFl�ECDQACDFM�GCA
GHc�DY��IK?aM�INb^c�?BDFrsDF�0DFM�G0LKd_GHc�?BA�GHc�DQAH?BA���� ECDFUt?a� ?aM�INEH�%ECDQA P UaGCA
LNM�IGv`�LKn ?BLNMYbQLNM�GHECLNUaUBDQX9nVJ�\��4WxIKGCD_IKECD_IKUBACL ECDFlmLNEHGCDQX � ��DQAH?BX�DQA ACDFrxDFE^IKU�GCDQb^c�M�?Bb�IKUh?a� l�ECL rxDF�0DFM�GCA���GHc�DQACDD��7lmD�EC?t�0DFM9GCA dfLNUaUBL `�DQX�GHc�D �0DFGHc�L�X�A}l�ECLNlmL]ACDQX�w�� � ?aE^INb � ]mLNUaUBDFE��LT D IKUBACL_ECD�IKUa? O DFX0IZM�L rxDFU9Gv�9lmD LKd
� P IKM�G P �*WxIKGCD��sECDFlmLNEHGCDQX0?aM0ACDQbFGH?BLNM (7�&%��s`3c�DFECDZl P ECDFUa�
X7?BAHlmDFECAH?arxD UVINACDFEpn ?BLNM bQL P l�Ua?aM�W �fL@Ymn ECDQACLNM�IKM�GbQL P l�Ua?aM�W�`Zc�?Bb^c ?aM�X P bQDFA M�L/lmLNl P UVIKGH?BLNM GHE^IKM�Apd DFE"�T` INA�DF� l�UBL �xDQX GCL/?a� l�UBDF�0DFM�GZI P M�?arxDFECA^IKU � P IKM7nG P � WxIKGCD]�
� c�D@GHc�DQAH?BA ?BA3AHGHE P bFG P ECDQX INA�dfLNUaUBL `ZA�� � c�IKl�GCDFE � ?aM�GHECL�X P bQDQA3GHc�D_d LNEH��IKUa?BAH� LKd GHc�D@w�INAH?Bb � P IKM�G P �LNlmDFE^IKGH?BLNM�A/ECD/� P ?aECDQX�d LNE/IN� P IKM�G P � bQLN� l P GCDFE�� ? � D]� AH?aM�W]UBD$� P w�?aG ECLNG^IKGH?BLNM�A�IKM�X Gv`�LKnV� P w�?aG/UBLNW]?BbWxIKGCDQA�� � c�IKl�GCDFE   d L�b P ACDQA�LNM GHc�D_GHc�DQLNECDFGH?Bb�IKU�dfL P M�X�IKGH?BLNM�A3LKdkGHc�D@D��9lmDFEH?a�0DFM�G��7? � D]��GHc�DSd P M�bFGH?BLNM LKd�}I P U�GHE^IKl�A��9GHc�D_�0DQb^c�IKM�?BbQAZLKd I���Ua?aM�D�IKE"� ?BLNM bFEH�9ACG^IKU IKM�XYGHc�D_?aM�GCDFE^INbFGH?BLNM LKd ?BLNM�A�`3?aGHc Ua?aW]c�G��Z-�lmD�nbF?VIKU IKGHGCDFM�GH?BLNM�?BA3l�IK?BX GCL 40 � I + �7`3c�?Bb^c�?BA3GHc�D[?BLNM P ACDQX ?aM L P ESD��9lmDFEH?a�0DFM�GCA���IKM�X GCL
GHc�D DRY DQbFGZLKdM�LNM7n ECDQACLNM�IKM�G_?aM�GCDFE^INbFGH?BLNM�A�� � c�IKl�GCDFEL=0X�DQACbFEH?awmDQASc�L ` � P IKM�G P ��bQLN� l P G^IKGH?BLNM�b�IKM wmD lmDFEpdfLNEH�0DQX?aM�?BLNM�GHE^IKl�A�� � c�IKl�GCDFE '�?BA
bQLNM�bQDFEHM�DQX�`3?aGHc�GHc�D r]IKEH?BL P A
DFUBDF�0DFM�GCA0LKdSGHc�DYD��7lmDFEH?a�0DFM�G^IKUZACDFG P lk�
� c�?BA b^c�IKl�GCDFE ?aM�bFU P X�DQA�I�X�DQACbFEH?al�GH?BLNM LKd_GHc�D X�DQAH?aW]M�l�ECL�bQDQA^A LKd_GHc�D b P EHECDFM�G GHE^IKl�w�INACDQX�LNM�GHc�DD��7lmD�EC?aDFM�bQDQA���INX�D0`3?aGHc l�ECDFr�?BL P A/GHE^IKl%bQLNM�AHGHE P bFGH?BLNM�A�� � c�IKl�GCDFE @ X�D�IKUBA/`3?aGHc GHc�D GCDQb^c�M�?Bb�IKUa?aGH?BD�ALKd�LNlmDFE^IKGH?aM�W GHc�D�GHE^IKlk�/uvM�GHc�?BA bQLNM�GCD��7G I M�DF`-GHE^IKl,UBLsINX7?aM�W ACb^c�DF�0D
w���l�c�LNGCLN?BLNM�? O IKGH?BLNM!�k`3c�?Bb^cc�INA@AC?aW]M�?&%�b�IKM�GHUa��?a� l�ECL rxDQX�LNM�GHc�D�GHE^IKl�lmDFEpdfLNEH��IKM�bQD�� ?BA_l�ECDQACDFM�GCDQX �[uvM�b^c�IKl�GCDFE H D��7lmDFEH?a�0DFM�G^IKUINb^c�?BDFrxDF�0D�M9GCA[A P b^c,INAS�0LNGH?BLNM�IKU W]ECL P M�X�AHG^IKGCD�bQL�LNUa?aM�W0�mLNl�GH?Bb�IKUTINX�X7ECDQACAC?tM�W IKM�X�UVINACDFE_l�c�INACD�bQLNM7nGHECLNU `3c�?Bb^c ECDFl�ECDQACDFM�GZl�ECDFECD/� P ?BAC?aGCDQA d LNE3L P E3?BLNM GHE^IKl^� P IKM�G P ��bQLN� l P GCDFE_IKECD X7?BACb P A^ACDQX � � c�IKl�GCDFE
(,X7?BACb P A^ACDQA GHc�D ��I �HLNE0ECDQA P UaGCA0LKd[GHc�?BA GHc�DQAC?BA�� ? � D]�TGHc�D ?t� l�UaDF�0DFM�GJIKGH?BLNM�LKd � P IKM�G P � WxIKGCDQA IKM�XIKUaWsLNEH?aGHc��0A��/g ?aM�IKUaUa�
� b^c�IKl�GCDFEC> A P � ��IKEH? O DQA GHc�D�`�LNEH\�l�ECDQACDFM�GCDQX�c�DFECD IKM�X�W]?arxDQA IKM�L P GHUBL�LN\�LNMd P G P ECD[WsLsIKUBA �

=



�  "(��
 �
"(� $ �%���,&

����� y �C���Z�C{	� ��

�pz
�
� c�D �0L]AHGZWsDFM�DFE^IKU ACG^IKGCD LKd I.� P w�?aG3E^DQINX�A

|ψ〉 = eiγ
(
cos

α

2
|0〉+ e−iβ sin

α

2
|1〉
)
.

� � �&%��
J@LNGCD GHc�IKG/M�LNEH��IKUa? O IKGH?BL]M%G^LT%0?BA�IKUaECD�INX7��?aM�bFU P X�DQX ?aM GHc�?BA/ECDFl�ECDQACDFM�G^IKGH?BLNMk� uvM%I l P ECD�ACl�?aM7n %#" �AH�7AHGCDF�,�hGHc�D
L rsDFE^IKUaU}l�c�INACD

γ
c�INA@M�LYLNw�ACDFEHr]IKw�UBD�DRY DQbFG IKM�X,b�IKM�GHc P A@wmD�?aW]M�LNECDQX � � LNM�A^D/� P DFM�GHUa�GHc�D AHG^IKGCD rsDQbFGCLNESb�IKM wmD ECDF`3EH?aGHGCDFM�INA
|ψ〉 =

(
cos

α

2
|0〉+ e−iβ sin

α

2
|1〉
)
.

� � � � �
) ACLN�0DFGH?a�0DQA P ACD�d P U r�?BA P IKUa? O IKGC?aLNM�LKdZGHc�D � P w�?aG�AHG^IKGCD�LKdSD/��Mk�Z� � � � � ?BA/GHc�D ��UBL�b^c%rsDQbFGCLNE��^� c�DUVIKGHGCDFE�?BA
X�DR%�M�DQX%w��%I�lmLN?aM�G
LNM�GHc�D P M�?tG
ACl�c�DFECD��}GHc�DY��UBL�b^c�AHl�c�DFECD��TbQLNEHE^DFAClmLNM�X7?aM�W,GCL�GHc�D   >IKM�W]UBDQA

α
IKM�X

β
��INAZAHc�L `ZM ?aM�g ?aW�� � �&%]�

) AHG^IKGCD |ψ〉 = a|1〉+ b|0〉 ��`3?aGHc�bQLN� l�UBDJ� bQL�D���bF?aDFM9GCA a IKM�X b ��LKd}I.� P w�?aGZb�IKM�IKUBACL�wmD[`3EH?aGHG^D�MINASI
rsDQbFGCLNE
[ψ] =

[
a
b

]
.


 P IKM�G P � LNlmDFE^IKGH?BLNM�A ?aM,GHc�?BA AH?aM�W]UBD.� P w�?aG AHl�INbQD IKECD�ECDFl�ECDQACDFM�GCDQX�w�����IKGHEH?BbQDQA���dfLNE D���IK� l�UBD
GHc�D
� P IKM�G P �	����� `3c�?Bb^cN��?al�AZGHc�D�� P w�?aGSAHG^IKGCD��

NOT = X =

[
0 1
1 0

]
.

� c�D �_n ��IKGHEH?t�0?BA ?aM0d INbFG LNM�D_LKd GHc�ECDQD3d P M�X�IK�0DFM�G^IKUh��IKGHEH?BbQDQA `3c�?Bb^c IKECDZl�IKEHGH?Bb P UVIKEHUa� P ACD�d P U�?aM�GHc�DX�DQACbFEH?al�GH?BLNM�LKd I�Gv`�LKn UBDFrxDFU AH�7AHGCDF�,�7GHc�D LNGHc�DFEZGv`�L wmDF?aM�W
Y =

[
0 −i
i 0

]
and Z =

[
1 0
0 −1

]
.

� c�DQACDSIKECD GHc�D GHc�E^DFDZ�}I P Ua?���IKGHEH?BbQDQA `3c�?Bb^c �xL P GCAH?BX�D+� P IKM�G P �*?aM7dfLNEH��IKGH?BLNM �9IKECD3M�LNEH��IKUaUa�
X�DFM�LNGCDQX
σx = X, σy = Y

IKM�X
σz = Z.

� c�DFECDZIKECD�Gv`�L@?a� lmLNEHG^IKM�GTGHc�DFLNE^D��0A bQLNM�bQDFEHM�?aM�W P M�?aG^IKEH��GHE^IKM�Apd LNEH��IKGH?BLNM�AT?aM
GHc�D�Gv`�LKn UBDFrxDFU �_?aUawmDFEHGAHl�INbQD��&%   � �
%�� ) M�47E �RO:8:EF47E � P M�?aG^IKEH�,LNlmDFE^IKGH?BLNM U ?aM,GHc�D AH?aM�W]UBDX� P w�?aG AHl�INbQD
b�IKM 47G � 4 �@?
wmD
D��7l�ECDQACACDQX INA I

'
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α

β



ψ�

g ?aW P ECD � �&%���� UBL�b^c�ACl�c�DFECD[E^D�l�ECDQACDFM�G^IKGH?BLNM�LKd I.� P w�?aGZACG^IKGCD |ψ〉 �

ECLNG^IKGH?BLNM%IKwmL P G/IYbQDFEHG^IK?aM%Ie�7?BA n̂ ?aM�GHc�D
��UBL�b^c AHl�c�DFECD
w��,IYbQDFEHG^IK?aM%IKM�W]UBD θ � �0L�X P UBL IYlmL]ACAH?aw�UBDW]UBLNw�IKUkl�c�INA^D
κ
�

U = eiκRn̂(θ).� � �[?trxDFM,Gv`�L M�LNM7nobQLNUa?aM�D�IKE�Ie��DQA n̂1 IKM�X n̂2 �kIKM�47E �RO:8:EF47E � ECLNG^IKGH?BLNM b�IKM IKUa` I��7A[wmD X�DQbQLN� lmL]ACDQX?aM�GCL�I
A^DFEH?BDFASLKd ECLNG^IKGC?aLNM�A_IKwmL P G n̂1 IKM�X n̂2 �
uvM4l�c��9AH?Bb�IKU@ECD�IKUa? O IKGH?BLNM�A LKd(� P w�?aGCA��3GHc�D�Gv`�L%UBDFrsDFUBAYGv��l�?Bb�IKUaUa� c�I�rsD�X7?&Y D�E^D�M9G DFM�DFEHW]?BDQA IKM�X�AC?aM7nW]UBD � P w�?aGYLNlmDFE^IKGH?BLNM�A IKECD�ECDQACLNM�IKM�G D��7bF?aG^IKGH?BLNM�AYwmDFGv`�DQDFM�GHc�DFA^D�DFM�DFEHW]��UBDFrsDFUBA�� � c�D�D��7bF?aG^IKGH?BLNMl P UBACD0?BA Gv�9l�?Bb�IKUaUa��ACLN�0D�DFUBDQbFGHECLN��IKW]M�DFGH?Vb�` I rsD]� � c�D��vAHG^IKGH?Bb��$� P w�?aG/ECDFl�ECDQACDFM�G^IKGH?BLNM dfECLN��IKwmL rsD
�fACDQD�d LNE[D���IK� l�UBD
D/��Mk�#� � � � �F�_?aA LNw�G^IK?aM�DQX,w���I GHE^IKM�AHdfLNEH��IKGH?BLNM ?tM9GCLYGHc�D�ECLNG^IKGH?aM�W dfE^IK�0D]�/uvM�?BLNMGHE^IKl�D��9lmDFEH?a�0DFM�GCA � P w�?tG^A@IKECD M�LNEH��IKUaUa��DFM�bQL�X�DQX�?aM�GCL�Gv`�L0UBLNM�WNn Ua?arxDQX�?aM�GCDFEHM�IKU UBDFrxD�UBA@LKd D�INb^c�?BLNMk�
� E^IKM�AH?aGH?BLNM�ASwmDFGv`�DQDFM GHc�DFA^D DFM�DFEHW]� UBDFrsDFUBA_IKECD LNl�GH?Bb�IKUaUa� X7EH?arsDFM `3?aGHc UVINACDFEZE^INX7?VIKGH?BLNMk�uvM�X�DFlmDFM�X�DFM�G�LKd GHc�DZl�ECDQbF?BACDZl�c��7AH?Bb�IKU�� P w�?aG ECD�IKUa? O IKGH?BLNM �9GHc�D P M�?aG^IKEH� GHE^IKM�Apd LNEH��IKGH?BLNMYX�DQACbFEH?aw�?aM�WGHc�D INbFGH?BLNM�LKd[I�l P UBACD LKd[IKM�DFUBDQbFGHECLN��IKW]M�DFGH?Bb ` I�rxDYECDQACLNM�IKM�G GCL�GHc�DN� P w�?aG
GHE^IKM�AH?aGH?BLNM �fD]� W��TACDQDACDQbFGH?BLNM   �   �   � ECD�INX�A

R(θ, φ) = ei
θ
2
(eiφσ++e−iφσ−),

� � �   �
`3c�DFECD

σ+ = (σx + iσy)/2 =

[
0 1
0 0

]
,
IKM�X

σ− = (σx − iσy)/2 =

[
0 0
1 0

]

IKECD GHc�D E^IK?BAH?aM�W IKM�X UBL `�DFEH?aM�W LNlmDFE^IKGCLNECA���ECDQAClmDQbFGH?arsDFUa�x�
R(θ, φ)

b�IKM wmD `3EH?aGHGCDFM�INA
R(θ, φ) =

[
cos θ2 ieiφ sin θ

2

ie−iφ sin θ
2 cos θ2

]
.

uoGSG P EHM�A_L P G_GHc�IKG_A P b^c�I ECDQACLNM�IKM�G@D���bF?tGJIKGH?BLNM R(θ, φ) bQLNEHECDQAHlmLNM�X�A_GCL I ECLNG^IKGH?BLNM��@LKd GHc�D/��UBL�b^crxDQbFGCLNE3IKwmL P GSIKM Ie�7?BA n̂c `3c�?Bb^c Ua?BDQA ?aMYGHc�D x n y l�UVIKM�D���ACDQD@g ?aW�� � � � �W� c�D@l�IKE^IK�0DFGCDFE φ X�DR%�M�DQA GHc�D�����������������! #"��%$&$&�('*)(+-,.)(�%'/ 0)1"*�* .$&+2���*�(34�65��7+8$����.�95:��;�+83<��)�=>$&�*�?�A@*">���>���*+CBD)(�734�!$&"*�*+E;�+C"���3E��@�;�+%F
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���
φ

g ?aW P ECD � � � � ) ECDQACLNM�IKM�G �fb�IKEHEH?BDFE"� D���bF?tGJIKGH?BLNM R(θ, φ) bQLNEHECDQAHlmLNM�X�ATGCL ISECLNGJIKGH?BLNM0LKd�GHc�D � P w�?aGTAHG^IKGCDIKwmL P G3IKM Ie�9?BA n̂c `3c�?Bb^c Ua?aDQA�?aM GHc�D x n y l�UVIKM�D �9GHc�D[IKM�W]UBD φ X�DR%�M�DQA�GHc�D_lmL]AH?aGH?BLNM LKd n̂c`3?aGHc�?aM GHchIKGZl�UVIKM�D]�

lmL]AH?aGH?BLNM LKd GHc�?BA Ie�7?BA `3?aGHc�?aM�GHc�D
x
n
y
l�UVIKM�D_INA ACc�L `3M0?aM g ?aW�� � � � �TR}�9lmDFEH?a�0DFM�G^IKUaUB�
� φ ?aA X�DR%�M�DQX0w��GHc�DSl�c�INACD_LKdkGHc�DSD���bF?aGH?aM�W�E^INX7?VIKGH?BLNMk� R}�7lmDFEH?a�0DFM�G^IKU bQLNM�GHECLNU�LKd

φ
`3?aUaUhwmD_X7?BACb P ACA^DQX0?aMYACDQbFGH?BLNM '7�   �

� c�D l�IKE^IK�0DFGCDFE
θ
ECDFl�ECDQACDFM�GCAZGHc�D[l P UaA^D AHGHECDFM�W]GHc ��X�DR%�M�DQX�INAZ�_IKw�?�dfECD/� P DFM�bF�YGH?a�0DQA3GCc�D X P E^IKGH?BLNMLKd GHc�D�l P UBACDN�fb�dp��ACDQbFGH?BLNM   �   �   ���/uvM�GHc�D
��UBL�b^c�AHl�c�DFECD�l�?BbFG P ECD�� θ ?BA@GHc�D IKM�W]UBD
w���`3c�?Bb^c I W]?arsDFMAHG^IKGCD rsDQbFGCLNEZWsDFGCAZECLNG^IKGCDQX � IKwmL P G n̂c ���� c�D0l�c�INA^DQA

φ = π
IKM�X

φ = π/2
bQLNEHECDQAHlmLNM�X GCL ECLNG^IKGH?BLNM�A
IKwmL P G/GCc�D x nvIe�9?BA�IKM�X GHc�D y nvIe�7?BAECDQAHlmDQbFGH?arxDFUa�s�W� c�D bQLNEHECDQAClmLNM�X7?aM�W���IKGHEH?BbQDQASECD�INX��

Rx(θ) := R(θ, π) = e−i
θ
2
X =

[
cos θ2 −i sin θ

2

−i sin θ
2 cos θ2

] � � � = �
IKM�X

Ry(θ) := R(θ, π/2) = e−i
θ
2
Y =

[
cos θ2 − sin θ

2

sin θ
2 cos θ2

]
.

� � �?'
�
) ECLNGJIKGH?BLNM�IKwmL P GSGHc�D z nvIe�7?BA3c�INA3GHc�D ��IKGHEH?t� dfLNEH�

Rz(θ) = e−i
θ
2
Z =

[
e−i

θ
2 0

0 ei
θ
2

]
.

� � �?@
�
jkL `�DFE}?aM�X7?BbQDQA

x, y, z
� INA LNl�lmL]ACDQX�GCL

x, y, z
�kX�DFM�LNGCD�GHc�D M�DFWxIKGH?arxD Ie�7DQA �fLNE��]D/� P ?ar]IKUBDFM�GHUa�
�NECLNG^IKGH?BLNM�A?aM GHc�D LNl�lmL]AC?aGCD ACDFM�ACD����

) bQbQLNECX7?aM�W�GCL,GHc�D IKwmL rxD AHG^IKGCDF�0DFM�G E^D�WxIKE^X7?aM�W GHc�D X�DQbQLN� lmL]AH?aGH?BLNM4LKd[IKM IKEHw�?aGHE^IKEH��ECLNG^IKGH?BLNM �IKM�� P M�?aG^IKEH��AH?aM�W]UBDX� P w�?aG[GHE^IKM�Apd LNEH��IKGH?BLNM bQIKM�wmD
?a� l�UBDF�0DFM�GCDQX INA IYA^D�EC?aDQA LKd Rx(θ)
IKM�X

Ry(θ)LNlmDFE^IKGH?BLNM�A�� � IKEHEC?aDFESUVINA^DFEZl P UBACDQAZ`3?aGHc GHc�D/IKl�l�ECLNl�EH?VIKGCD l�chINACDQAZGHc P AZECDFl�ECDQACDFM�G@I,B C�; < G A38VA�AH?aM�W]UBD
� P w�?aG3GCL�LNUawmL�� � R}��IK� l�UBD�� I π/2 n ECLNG^IKGH?BLNM�IKwmL P GSGHc�D z nvIe�7?BA��

Rz(π/2) =

[
e−i

π
4 0

0 ei
π
4

]
,

H
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b�IKM wmD[ECD�IKUa? O DQX�INA
Rz(π/2) = Ry(π/2) Rx(π/2) Ry(π/2).J@LNGCD�GHc�IKG GHc�ECL P W]c�L P G GHc�?BA GHc�DQAH?BA bQLNM�b�IKGCDFM�IKGCD�X LNlmDFE^IKGH?BLNM�A�IKE^D�`3EH?aGHG^D�M X�L `3M ?aM,GHc�D ACG^IKM�X�IKECXM�LNG^IKGH?BLNM LKd ��IKGHEH?t��� P UaGH?al�Ua?Bb�IKGH?BLNM �k? � D]��b^c�ECLNM�LNUBLNW]?Bb�INUaUa�,ACD/� P DFM�bQDQA[LKd�LNlmDFE^IKGH?BLNM�A Ua?a\xD�GHc�D IKwmL rsD� P AHG wmD ECD�INX/d�ECLN��EH?aW]c�G GCL_UBD�d�G��L� c�D�LNlmDFE^IKGH?BLNM�A X IKM�X

Y
bQLNEHECDQAHlmLNM�X�GCL −iRx(π)

IKM�X −iRy(π)
�ECDQAHlmDQbFGH?arxDFUa�s�

��� � � ���pzh��� � ��
��Hz�� | {��m� zm�C�Z���
� LNM�AH?BX�DFE0GHc�D bQLN� lmL]AH?aGCD AC�9AHGCDF� LKd

n
� P w�?aGCA���uvG
c�INA wmDQDFM�l�ECL rxDFM�GHc�IKG IKM IKEHw�?aGHE^IKEH� P M�?aG^IKEH�LNlmDFE^IKGCLNE ?aM4GHc�D�bQLN��w�?aM�DQX

2n
X7?a�0DFM�AC?aLNMhIKU �_?aUawmDFEHG AHl�INbQD�b�IKM�wmD�DJ�7l�ECDQACA^DFX INA I l�ECL�X P bFG LKd

<547O�E �#O�?/A IKM�X�AH?aM�W]UBD�� P w�?aG
LNlmDFE^IKGC?aLNM�A��&% H � '.= � ' H �o� � c�?BA
ECD/� P ?aECDQA
GHc�D I�rNIK?aUVIKw�?aUa?aGv��LKd(2
60O�P7ARE"?347GGv`�LKnV� P w�?aG
WxIKGCDQA
LNM�`3c�?Bb^c�GHc�D E^DFACG
LKdSGHc�?BA
A^DQbFGH?BLNM�`3?aUaU3bQLNM�bQDFM�GHE^IKGCD]� ) A^D�G
LKd@LNlmDFE^IKGCLNECA
?aM�IGv`�LKnV� P w�?aG_bQLN� l P G^IKGH?BLNM�IKU}AHl�INbQD ?BASb�IKUaUaDQX P M�?arsDFECAJIKUk?td IKM�� IKEHw�?aGHE^IKEH� LNlmDFE^IKGCLNE_?aM GHc�IKG_ACl�INbQD b�IKMwmD[D��7l�ECDQACACDQX INAZI�l�ECL�X P bFGSLKd GHc�DF� � uoG�d LNUaUBL `ZA�d�E^LN� GHc�D IKwmL rxD@GHc�IKGSI � P M�?arxDFECA^IKU �@Gv`�LKnV� P w�?aGSACDFG?BA IKUBACL P M�?arsDFECAJIKU�dfLNE GHc�D_`3c�LNUBD n nV� P w�?aG AHl�INbQD]�#J_LNGCD���c�L `�DFrxDFE���GHc�IKG�GHc�?BA�AHG^IKGCDF�0DFM�G AJI��9A M�LNGHc�?aM�WIKwmL P G�DRY bF?aDFM�bF�[�x? � D]�xc�L `4��IKM��,��lmLNUa�9M�LN� ?VIKUaUa��LNE D��7lmLNM�DFM�GH?VIKUaUa�0��IKM��0�}WxIKGCDQA � P ACG wmDSbQLN� lmL]ACDQX?aM�LNECX�DFEZGCL bFECD�IKGCD�I�W]?arxDFM P M�?tGJIKEH�YGHE^IKM�AHdfLNEH� �
) M�?a� lmLNEHG^IKM�G/Gv`�LKnV� P w�?aG WxIKGCD ?BA GHc�D0bQLNM�GHECLNUaUBDQX9n M�LNG�WxIKGCD,� CNOT ���X� c�D CNOT LNlmDFE^IKGH?BLNM

��?al�A�LNM�D@LKdkGHc�DSGv`�L � P w�?aGCA ��GHc�D 8 47E � A38 � P w�?aG"�T?tdkGHc�D@LNGHc�DFE�LNM�D ��GHc�D.B C76�8:EFC7G � P w�?aG"�T?BA ?aMYAHG^IKGCD |1〉IKM�X UBD�I�rxDQA�GHc�D_G^IKEHWsDFG�� P w�?aG P M�b^c�IKM�WsDQX ?td GHc�D@bQLNM�GHECLNU�� P w�?aG�?BA�?aM |0〉 � ) M D���IK� l�UBD_dfLNE3I CNOT?BA3W]?arxDFM w��YGHc�D ��IKGHEH?t�

CNOT =




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 ,

`3c�DFECDSGHc�DZM�LNG^IKGH?BLNMYLKd GHc�DZ��IKGHEH?t� � � P AHG Ua?t\xD_IKUaU�dfLNUaUBL `3?aM�W�Gv`�LKnV� P w�?aG ��IKGHEH?BbQDQAR�}ECD�d DFECA GCL GHc�DSw�INAH?BALNECX�DFE�� |0, 0〉, |1, 0〉, |0, 1〉, |1, 1〉 	 �TuvMYb�INACD@LKd GHc�?BA CNOT �9GHc�D@ACDQbQLNM�X � P w�?aG���EH?aW]c�G ?aMYGHc�D_w�E^Ien \xDFGM�LNG^IKGH?BLNM��ZbQLNM9GHECLNUBASGHc�D�� ����noLNlmDFE^IKGH?BLNM�LNM�GHc�D�%�ECAHG�� uoG_b�IKM�wmD/AHc�L `3M�GHc�IKG_GHc�D
CNOT

WxIKGCD ?aMbQLN��w�?aM�IKGH?BLNM `3?aGHcYAH?aM�W]UBDS� P w�?aG�LNlmDFE^IKGH?BLNM�A���d LNEH�0A�I P M�?arxD�E^A^IKUmACDFG LKd LNlmDFE^IKGCLNECA�� uoM GHc�?BA A^DFM�ACDZGHc�D
CNOT

?BASbQIKUaUBDQX�I 2
60OQP@ARE"?347G'8�� C�
I132 �RO:8 �
4
8VAF�
� c�D

CNOT
?aGCACDFUtd}b�IKM wmD X�DQbQLN� lmL]ACDQX�INA

CNOT = H1 Φ H1
� � � H �

`3c�DFECD
H
X�DFM�LNGCDQA �[INX�IK��IKECX WxIKGCDQA3`3c�?ab^c�IKECD AH?aM�W]UBD�� P w�?aGSLNlmDFE^IKGH?BLNM�A���W]?arxD�M w��

H =
1√
2

[
1 1
1 −1

]
.

� c�D�UBL `�DFE[?aM�X�D�� %�X�DFM�LNGCDQA[GHc�IKG@GCc�D���IKGHEH?t��?BA[D��7GCDFM�X�DQX�GCL GHc�D
bQLN� lmL]AH?aGCD
AHl�INbQD IKM�X�GHc�IKG[GHc�DWxIKGCD/INbFGCASLNM GHc�D
�WE"?R8�� P w�?aG�� uoM GHc�D � nV� P w�?aG �_?tUawmDFEHG_AHl�INbQD[?aGZGHc P AZECD�INX�A

H1 =
1√
2




1 1 0 0
1 −1 0 0
0 0 1 1
0 0 1 −1


 .

(
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Φ
?BASI�<�>
4@?/A��
4
8VA ECD�INX7?aM�W

Φ =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


 .

� � �?(
�

� LNM�ACD/� P DFM�GHUa� Φ
�fACLN�0DFGH?a�0DQA@b�IKUaUBDQX�I0bQLNM�GHECLNUaUBDQX9n

Z
WxIKGCD��SIKUBACL0ECDFl�ECDQACDFM�GCA[I P M�?arsDFECA^IKU Gv`�LKnV� P w�?aGWxIKGCD]�uvG AHc�L P UBX0wmDZ�0DFM�GH?BLNM�DQX GHc�IKG GHc�D �[INX�IK��IKECX�WxIKGCD��9IKUaGHc�L P W]c�dfECD/� P DFM�GHUa� P ACDQX0?aM�GHc�DZUa?aGCDFE^IKG P ECD��?BA M�LNG l�IKEHGH?Bb P UVIKEHUa��`�DFUaU�A P ?aGCDQX/d LNETISl�c��9AC?Bb�IKU9?a� l�UBDF�0DFM�G^IKGH?BLNM � uvG c�INA wmDQDFM AHG^IKGCDQX IKwmL rsD GHchIKGTIKM��P M�?aG^IKEH��LNlmDFE^IKGH?BLNM%b�IKM wmD D��7l�ECDQACACDQX INA/IYECLNG^IKGH?BLNM U = eiκRn̂(θ)

� uvM bQINA^D LKd
H
�kGHc�D ECLNG^IKGH?BLNMIe�7?BA

n̂
?BA�GHc�D X7?VIKWsLNM�IKU3LKd_GHc�D

x
n
z
n l�UVIKM�D�� M�IK�0DFUa�

(x, y, z) = 1/
√
2(1, 0,−1) IKM�X�GHc�D ECLNGJIKGH?BLNMIKM�W]UBD

θ
?BA
π
� � LNM�ACD/� P DFM�GHUa�[��?aG�X�L�DQA�M�LNG�bQLNEHECDQAHlmLNM�XYGCL�I ECDQACLNM�IKM�G D��7bF?aG^IKGH?BLNM LKdkGHc�D�� P w�?aG�`3c�?Bb^c?BASIKUa` I��9ASI�ECLNG^IKGH?BLNM�IKwmL P G_IKM�Ie�7?BA Ua�9?aM�W ?aM GHc�D x n y n l�UBIKM�D �fACDQD IKwmL rsD���� H b�IKM GHc�DFECD�d LNECD M�LNG3wmD?a� l�UBDF�0DFM�GCDQX�w�� I
AH?aM�W]UBD ECDQACLNM�IKM�G(��UVINACDFE"��l P UBACD]���@L `�DFrsDFE���?aGZb�IKM wmD X�DQbQLN� lmL]ACDQX���?tM9GCL0I
A^DFEH?BDQALKd

x
n
y
n ECLNG^IKGH?BLNM�A���d LNEZD���IK� l�UBD��

H = i ·Rx(π) Ry(π/2),
LNE

H = −i ·Ry(π/2) Rx(π),`3c�?Bb^c�bQLNEHECDQAHlmLNM�X�GCL,I�GCLNG^IKU3LKdSGHc�ECDQDYECLNG^IKGH?BLNM�A
w��
θ = π/2

� J_LNGCD GCc�IKG�?tdSGHc�DY��IKGHEH?t�%?BA
D���nGCDFM�X�DQX GCL�I�� P UaGH?tnV� P w�?aGSAHl�INbQD GHc�D[l�c�INACD@d INbFGCLNEZLKd i ECDF��IK?aM�AZW]UBLNw�IKU �hIKM�X ?BA3GHc P ASLKd M�L
l�c��7AH?Bb�IKU?a� lmLNEHG^IKM�bQD]��uvM,LNGHc�D�E `�LNECX�A��kI �[INX�IK��IKECX,WxIKGCD0INb�GC?tM�W LNM � P w�?aG M P ��wmDFE %�?aM I �S?aUawmDFEHG AHl�INbQDbQLN� lmL]ACDQX�LKdTIKEHw�?aGHE^IKEH?aUa� ��IKM���� P w�?aGCAZb�IKM wmD `3EH?aGHGCDFM�INA
H1 = −i ·Ry1(π/2) Rx1(π).g�LNEHG P M�IKGCDFUa�[�TGHc�ECDQD π/2 n l P UBACDQA IKECD M�LNG
M�LNEH��IKUaUa� M�DQDQX�DQX�GCL�?a� l�UBDF�0DFM�G�I��@INX�IK��IKECX�WxIKGCD IKl7nlmD�IKEH?aM�W�?aM ACLN�0D3W]?arxDFMYIKUaWsLNEH?aGHc�� �9GHc�DSL rsDFE^IKUaUhA^D/� P DFM�bQDSb�IKM�Gv�9l�?Bb�IKUaUa�
wmDSbQLN� l�?aUBDQX�?aM�GCL�I AHc�LNEHGCDFELNM�D]� g�LNEZD���IK� l�UBD��

Φ
b�IKM wmD GHE^IKM�Apd LNEH�0DQX ?aM�GCL�I

CNOT
IKUBACL w�� GHc�D ACD/� P DFM�bQD

CNOT = Ry1(π/2) Φ Ry1(π/2).

� c P A���GHc�D'�@INX�IK��IKECX WxIKGCDQASLKd}D/��Mk� � � � H �3b�IKM wmD[ECDFl�UVINbQDQX w�� A P ?aG^IKw�UBD AH?aM�W]UBD π/2 UVINACDFEZl P UBACDQA��J@LNGCD
GHc�IKG
Φ
?aGCACDFUtd�?BA AH�9� �0DFGHEH?Bb
`3?aGHc ECDQAHlmDQbFG GCL IKM D���b^c�IKM�WsD LKd�GHc�DX� P w�?aGCA��$\_M�Ua��GHc�D A P EpnECL P M�X7?aM�W �fAH?aM�W]UBD�� P w�?aG"��l P UBACDQAZAHlmDQbF?tdf� `3c�?ab^c�LNM�D ?BA3GHc�D G^IKEHWsDFG � P w�?aG���c�DFECD�� M P ��wmDFE %����

� IKEH?BL P A�� P M�?arsDFECA^IKU�� l�c�INACD@WxIKGCDQA3D��7?BAHG��M�3c�D −1 LKd GHc�D@WxIKGCD Φ b�IKM ��d LNE D���IK� l�UBD��7wmD IKM���`3c�DFECDLNM GHc�D X7?VIKWsLNM�IKU IKM�X GHc�D[WxIKGCD `3?aUaUkAHGH?aUaUkACDFEHrsD DQACACDFM�GH?VIKUaUa� GHc�D AJIK�0D[l P EHlmL]ACD�� u d GHc�D[WxIKG^D[?BA3A^IKM�X9n`3?Bb^c�DQX wmDFG `�DQDFM Gv`�L��[INX�IK��IKECX WxIKGCDQA_INA3?aM�D/�xMk�!� � � H �R��GHc�DFM rNIKEH�9?aM�W GHc�D[lmL]AH?aGH?BLNM�?aM�W LKd}GHc�D −1LNM�GHc�D0X7?VIKWsLNM�IKU LKd GHc�D
l�c�INACD WxIKGCD
`3?aUaU � IKG �0L]AHG��k?aM�rsDFEHG GHc�D
ECLNUBD0LKd |0〉 IKM�X |1〉 LKd�GCc�D bQLNM�GHECLNU� P w�?aG��7GHc P A3ECDQA P UaGH?aM�W�?aM�I O DFECLKnobQLNM�GHECLNUaUBDQX9noM�LNG

0− CNOT =




0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1


 .

0 − CNOT IKM�X
CNOT

b�IKM�IKUa` I��7A_wmD�GHE^IKM�Apd LNEH�0DQX�?aM�GCLYD�INb^c,LNGHc�DFE[w�� Gv`�L ������LKlmDFE^IKGC?aLNM�ALNM GHc�D bFLNM9GHECLNU!� P w�?aG��
0− CNOT = NOT2 CNOT NOT2.

>
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) M�LNGHc�DFE l�c�INACD WxIKGCD3`3c�?Bb^c0`�D3c�I�rsDSINbFG P IKUaUa��?a� l�UBDF�0DFM�GCDQX D��9lmDFEH?a�0DFM�G^IKUaUa�^� Φ(τ0) LKd ACDQbFGH?BLNM (7�&%��ECD�INX�A

Φ∗ =




1 0 0 0
0 1 0 0
0 0 i 0
0 0 0 −i


 .

� c�?BA bFUBD�IKEHUa�
X�DFr9?VIKGCDQA}dfECLN� GHc�D �vbFUVINACAC?Bb�IKU ��l�c�INACD3WxIKGCD
Φ
w P GT?aGT?BA AHGH?aUaU�I P M�?arsDFECAJIKU�Gv`�LKnV� P w�?aG WxIKGCD��

� c�D D/� P IKGH?BLNM
Φ = −i ·Rz2(π/2) Φ

∗,`3c�?Bb^cY?BA�D�INAH� GCL/rxDFEH?td��[��AHc�L `ZA GHc�IKG
Φ∗ b�IKM wmD@X7?aECDQbFGHUa�0GHE^IKM�AHdfLNEH�0DQX ?aM�GCL Φ w9��I

π/2
ECLNG^IKGH?BLNM LKd

� P w�?aG � IKECL P M�X GHc�D z nvIe�9?BA��#� c�?BA l�ECL rxDQA GHc�D P M�?arxDFECA^IKUa?aGv�YLKd Φ∗ ��INA ?aG3b�IKM wmD@GHE^IKM�AHdfLNEH�0DQX ?aM�GCL I`�DFUaU \9M�L `3M P M�?arxDFECA^IKUkGv`�LKnV� P w�?aGZWxIKGCD P AH?aM�W0LNM�Ua� I
AH?aM�W]UBD�� P w�?aG3ECLNG^IKGH?BLNMk� � c�D Φ∗ WxIKGCD b�IKM�IKUBACLwmD GHE^IKM�ApdfLNEC�0DFX ?aM�GCL�I P M�?arxDFECA^IKUkWxIKGCD C AH?a� ?aUVIKEZGCL GHc�D `�DFUaU \9M�L `3M � ����� P AH?aM�W0GHc�D ACD/� P DFM�bQD

C = Rx1(π/2) Φ
∗ Rx1(π/2) =




1 0 0 0
0 1 0 0
0 0 0 −1
0 0 1 0


 .

uvG@?BA[?a� lmLNEHG^IKM�G GCL M�LNGCD�GHchIKG�� `3c�?aUBDX� P IKM�G P ��IKUaWsLNEH?aGHc��0A�IKECD LKd�GCDFM�`3EH?aGHGCDFM X�L `3M P AH?aM�W��vAHG^IKM7nX�IKECX �/WxIKGCDQA@Ua?a\xD � � � �L��GHc�DF��b�IKM�IKUa` I��7A_wmD�ECD�IKEHE^IKM�WsDQX�GCL ?aM�AHGCD�INX�?aM�bQLNEHlmLNE^IKGCD,� dfLNE[D���IK� l�UBD��
C
LNE
C ′ �

g ?aM�IKUaUa�
� IKM�?tM9GHEH?aW P ?aM�W,d D�IKG P ECD LKd I�X�EH?arsDFM�G `�LKn UBDFrsDFUZAH�7AHGCDF�,�TM�IK�0DFUa�%?aGCA 4π lmDFEH?BL�X7?BbF?aGv�[� AHc�IKUaUwmD�X7?BACb P ACACDQX � ) UBL�LN\�IKG@D/� P IKGH?BLNM�A.� � �   �3GHc�ECL P W]c � � �?'
�SAHc�L `ZA_GHc�IKG_?aGS?BA_GHc�D�IKM�W]UBD θ
2

?aM�AHGCD�INX�LKd
θ
`3c�?Bb^c IKl�lmD�IKECA@?aM�GHc�D/d P M�bFGH?BLNM�A�� � LNM�ACD/� P DFM�GHUa��GHc�DF?aE@GHE P D�lmDFEH?BL�X�?BA 4θ = 4π

�@�SLNG^IKGH?BLNM�A@w��
θ = 2π

w�EC?tM�WYIKM�� AHG^IKGCD rsDQbFGCLNE_w�INb^\ GCL0?aGCACDFUtd LNM�GHc�D/��UBL�b^c�AHl�c�DFECD���w P G[I
l�c�INA^D d INbFGCLNE@LKd −1 ?BAINb/� P ?aECDQX�� R(2π, φ) = −I �7`3c�DFECD I ?BA3GHc�D ?BX�DFM�GH?aGv� LNlmDFE^IKGCLNE��� c�?BA −1 LNMYI�%�ECAHG r9?BDF`�?BA I W]UBLNw�IKU�l�c�INACD3d INbFGCLNE�IKM�X0?aG c�INA wmDQDFMYIKEHW P DQX IKwmL rxD(�fb�dp�sD/��Mk�9� � �&%��F�GHc�IKG�?aG b�IKM wmD@X7ECLNl�lmDQX �W� c�?BA�?BA�?aMYWsDFM�DFE^IKU LNM�Ua��GHE P D_?td GHc�D_Gv`�L
bQL P l�UBDQX AHG^IKGCDQA d LNEH� I l P E^D[IKM�XACDFl�IKE^IKGCD
Gv`�LKn UBDFrsDFU AH�7AHGCDF�,�mGHc�D �S?aUawmDFEHG AHl�INbQD
LKd `3c�?Bb^c�`3?aUaU}wmD
X�DFM�LNGCDQX,w�� H1 � u d GHc�?BA AH�7AHGCDF�?BA@bQLN��w�?aM�DQX,`3?aGHc,LNGHc�DFECA H2,H3, . . . ��`3c�?Bb^c,bQL P UBX�wmD�Gv`�LKn UBDFrsDFUTAH�7AHGCDF�0A@INA@`�DFUaU ��LNE IKUBACL�UVIKEHWsDFEAH�7AHGCDF�0A"� GHc�D bQLN� lmL]AH?aGCD AC�9AHGCDF� ?BAZX7?BA^b�EC?twmDQX w��YGHc�D+�_?aUawmDFEHGSAHl�INbQD
H = H1 ⊗H2 ⊗H3 ⊗ . . .

uvG ?BA bFUBD�IKE�GHc�IKG GHc�D −1 l�c�INACD_d INbFGCLNE ?tM GHc�?BA b�INACD_?BA�W]UaLNwhIKUm?aM H1 IKM�X IKUBA^L�?tM IKM IKEHw�?aGHE^IKEH?aUa� UVIKEHWsDD��7GCDFM�AH?BLNM H �uod �Nc�L `�DFrxDFE�� H1 bQLNM�G^IK?aM�A �0LNECD GHc�IKM G `�L@UBDFrxDFUBATLNET?tdmGHE^IKM�AH?aGH?BLNM�A IKECD X7EH?arxDFM0ACDFUBDQbFGH?arxDFUa��wmDFGv`�DQDFMbQDFEHG^IK?aM UBDFrsDFU l�IK?aECA/LKd GHc�D0bQLN��w�?aM�DQX AH�7AHGCDF� H �kGHc�DFM GHc�D�INb/� P ?aECDQX l�c�INACDQA�IKECD�� ?aM�WsDFM�DFE^IKU � M�LNGW]UBLNw�IKUkIKM����0LNECD]�Z- P b^c M�LNM7n W]UBLNw�IKU l�c�INACDQAZIKECD@��INX�D P ACD@LKd dfLNE�GHc�D@?a� l�UBDF�0DFM�G^IKGH?BL]M LKdL� P IKM�G P �UBLNW]?Bb `3?aGHc GHE^IKl�lmDQX ?BLNM�A���ACDQD ACDQbFGH?BLNM =�� � �WJ_LNGCD[GHc�IKGZGHc�D ��UBL�b^c�AHl�c�DFECD[l�?BbFG P ECD/X�L�DFAZM�LNGZX7?aECDQbFGHUa�X7?BAHl�UVI��YGHc�D Gv`�LKn UBDFrxDFUkW]UBLNw�IKUkl�chINACD]�
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) bQbQLNECX7?aM�W�GCL/GHc�D_j IKl�UVINbQD@D/� P IKGH?BLNM ∆Φ = 0

��bQLNM %�M�DF�0DFM�G3LKd I/b^c�IKEHWsDQX�l�IKEHGH?BbFUBD_?aM GHc�ECDQD_X7?a�0DFM7nAH?BLNM�A3`3?aGHc ?R8 4�8:O B DFUBDQbFGHEH?Bb�%�DFUBX�ASIKUBLNM�D ?BA3M�LNGZlmL]ACAH?aw�UBD]�W� IK\xD@dfLNEZD���IK� l�UBD/IKM DFUBDQbFGHEH?Bb�� P INX7E P lmLNUBD
%�DFUBX

E = −∇Φ `3c�?Bb^c�LNEH?aW]?aM�IKGCDQAZd�ECLN��I.� P INX7E^IKGH?Bb lmLNGCDFM�GH?VIKU
Φ = αxx

2 + αyy
2 + αzz

2.

) l�l�Ua��?aM�W�GHc�D�j IKl�UVINbQD D/� P IKGH?BLNM%�9?BD�UBX�A αx + αy + αz = 0
� � LNM�ACD/� P DFM�GCUt�[�}IKG/UBD�INAHG�LNM�D�LKd3GHc�DGHc�ECDQD3bQL�D���bF?BDFM�GCA � P AHGTwmD�M�DFWxIKGH?arxD `3c�?Bb^c0bQLNEHECDQAHlmLNM�X�A GCL I@ECDFl P UBAH?arsD lmLNGCDFM�GH?VIKU�?aM
GHc�?BA X7?aECDQbFGH?BLNMk��}I P U}GHE^IKl�A IKM�X���INACA %�UaGCDFECA@��IK\xD P A^D�LKd GH?a�0D�noX�DFlmD�M�X�DFM�G��kL]ACbF?aUaUVIKGH?aM�W %�DFUBX�A@GCL bQLNM %�M�D
b^c�IKEHWsDQXl�IKEHGH?BbFUBDQAS?aM�IKUaUkGHc�ECDQD X7?a�0DFM�AH?BLNM�A ��}I P U���INACAM%�UaGCDFECA IKECD w�INACDQX LNM0Gv`�L X7?a�0DFM�AH?BLNM�IKU�� P INX7E P lmLNUBD�%�DFUBX�A��s? � D]� αz = 0

�M� c�?BATlmLNGCDFM�GH?VIKUAHc�IKlmD�b�IKM�wmD�D��7lmDFEH?a�0DFM�G^IKUaUa��ECD�IKUa? O DQX�w���IKM�DFUBDQbFGHECL�X�D AHGHE P bFG P ECD INA@X�DFl�?BbFGCDQX�?aM,g ?aW��   �&%]� � c�Dj IKl�UVINbQD/D/�7IKGH?BLNM ?aM GHc�?BAZb�INACD W]?arsDQA
αx = −αy

`3c�?Bb^c �0D�IKM�AZGHc�IKG
Φ
b�IKM wmD `3EH?aGHGCDFM�INA

Φs(r) = V
x2 − y2
2r20

,
�   �&%��

`3c�DFECD
r = (x, y, z)

� ) GHE^IKl%AHGHE P bFG P ECDYINA ?aM%g ?aW��   �&%�`3c�DFECD0GHc�D0� ?aM�?a� P � X7?BAHG^IKM�bQD dfECLN��GHc�DGHE^IKl4Ie�7?BA GCL IKM DFUBDQbFGHECL�X�D ?BA
r0
IKM�X�`3c�DFECD rxLNUaG^IKWsDQA

V1,2 = ±V/2 IKE^D�IKl�l�Ua?BDFX�GCL X7?VIKWsLNM�IKUaUa�LNl�lmL]AH?aGCD�ECL�X�A@ECDQAHlmDQbFGH?arxDFUa�
��l�ECL�X P bQDQA D���INbFGHUa��GHc�?BA@lmLNGCDFM�GH?VIKU}?td GHc�D�?tM�M�DFE[DFUBDQbFGHECL�X�D A P Epd INbQDFA IKECDc��9lmDFEHwmLNUa?Bb�IKUaUa� AHc�IKlmDQXD� �g�LNE3E^INX7?VIKU bQLNM %�M�DF�0DFM�G@LKd}b^c�IKEHWsDQX l�IKEHGH?BbFUBDQA���GHc�D[lmLNGCDFM�GH?VIKU
Φs

?aAZ�0L�X P UVIKGCDQX�AH?aM P ACLN?BX�IKUaUa� �
Φ(r, t) = Φs(r) cos(Ωt) ,

`3c�DFECD
Ω
Gv�9l�?Bb�IKUaUa� ?BAZ?aM�GHc�D E^INX7?BLKdfECD/� P DFM�bF� E^IKM�WsD�LKdTACDFrxDFE^IKU �#� O �Z� c�?BAS�0D�IKM�A_D��9lmDFEH?a�0DFM�G^IKUaUa�GHc�IKG IKM��_g rsLNUaG^IKWsD

V1(t) = V cos(Ωt)
� P AHG wmD IKl�l�Ua?BDQX�GCL�LNM�D l�IK?aE0LKd X7?VIKWsLNM�IKUaUa��LNl�lmL]AH?aGCDDFUBDQbFGHECL�X�DQA�IKM�X I

180◦
l�c�INACD AHc�?tdfGCDQX�rxLNUaG^IKWsD

V2(t) = −V1(t)
GCLYGHc�D LNGHc�DFE l�IK?aE �fACDQD
g ?aW��   �&%����

� c�?BA bQLNM %�W P EJIKGH?BLNM�` INA INbFG P IKUaUa� GHc�D AHG^IKEHGH?aM�W_lmLN?aM�G LKd�IKUaUxE^INX7?BLKdfECD/� P DFM�bF� GHE^IKl�A��NIKM�X/` INA ?aM�rxDFM�GCDQXw�� T LNUtdfWxIKM�W/�}I P U�?aM %�>�'   INA I[��INACAM%�UaGCDFE�� \_M�Ua� I_d DF`��xD�IKECATUVIKGCDFE ?aG ` INATECD�IKUa? O DQX0GHc�IKG GHc�DZA^IK�0DACDFG P l�bQL P UBX�ACDFEHrxD INA_I
GHE^IKl d LNEZb^c�IKEHWsDQX l�IKEHGH?BbFUBDQA �?'�(��V��w�� INX�X7?aM�W > � noDFUBDQbFGHECL�X�DQA_`3c�?Bb^c�bQLNM %�M�DGHc�D Ie�7?VIKU��0LNGH?BLNMk��T4c�DFM P ACDQX�INA
I���INACA(%�UaGCDFE��TGv��l�?Bb�IKUaUa��IKM�INX�X7?aGH?BLNM�IKUZL@Y�A^DFG�> � rsLNUaG^IKWsDY?BAIKl�l�Ua?BDQX0GCL LNM�DZLKd�GHc�DZX7?VIKWsLNM�IKUaUa� LNl�lmL]AH?aGCD3ECL�X l�IK?aECA��}uvM GHc�DZD��9lmDFEH?a�0DFM�GCA l�ECDQACDFM�GCDQX0c�DFECDZA P b^c�IKM
��� �*+�$&����@/ 0���(�.� �($ +<$&$&+8�7���� .)()�= ���*+�$� �� +��
	��  .$-�(� �%@�;-+�
:"�+<;��
� +8�7��$��1 �� �%)��4 .,.+

V1 = V
�($  ."�"*)(�(+?5 ���!�.�*+���	 ����+

5��� .,.�%�* .)()�=!�%"�"��%$&����+ ;��:5>"/ 0��;�$��*�����()�+ ���*+ �0���*+<; "* .��; �($ ��+8)�5! � ,.;��.@*�/5>"��0��+8�7���� .)��
V2 = 0 �
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g ?aW P ECD   �&%��,-9b^c�DF��IKGH?Bb X7?VIKW]E^IK� LKd}I � P INX7E P lmLNUBD[��INA^AZ%�UaGCDFE����S�9lmDFEHwmLNUa?Bb�IKUaUa�YACc�IKlmDQXY?aM�M�DFE3A P Epnd INbQDQA ��W]ECDF��bQLNM�GCL P ECAR�_W P IKE^IKM�GCDQD I l P ECD$� P INX7E P lmLNUBD lmLNGCDFM�GH?VIKU ?aM�AH?BX�D
GHc�D DFUBDQbFGHECL�X�DAHGHE P bFG P ECD]� g�LNE wmDFGHGCDFEZLNl�GH?Bb�IKU INbQbQDQACA��9ECL�X9noAHc�IKlmDQX DFUBDQbFGHECL�X�DQA(��w�UVINb^\ bF?aECbFUBDQAR��IKECD P A P nIKUaUa� b^c�L]ACDFMk�

L@Y ACDFG3rsLNUaG^IKWsD ` INA3M�DFrxDFE P A^DQX IKM�X GHc�DFECD�d LNECD `3?aUaUkM�LNGZwmD[G^IK\xDFM ?aM�GCL�INbQbQL P M�GS?tM GHc�?BAZGHECD�IKGH�0DFM�G��
� c�DSbFUVINACAC?Bb�IKUhD/� P IKGH?BLNM�A�LKd �0LNGH?BLNM�dfLNE�IKM�?BLNM LKd ��INACA M IKM�X�b^c�IKEHWsD

e
?aM�GHc�DZlmLNGCDFM�GH?VIKU

Φ(r, t)IKECD
F = −e∇Φ =M r̈

�#� c�DF� IKECD@AHlmDQbF?VIKUmrxDFECAH?BLNM�A�LKd GHc�D�� 4�8Q>[O AR2,A 13254�8:O C765?�IKM�XYbQIKMYwmD_`3EH?aGHGCDFM?aM GHc�D@d LNUaUBL `3?aM�W�AC?a� l�UBD[dfLNEH� �

d2x

dτ2
− 2q cos(2τ)x = 0

d2y

dτ2
+ 2q cos(2τ)y = 0

d2z

dτ2
= 0

`3c�DFECD
τ =

1

2
Ωt and q =

2eV

Mr20Ω
2
.

�   � � �
� c�DQACD D/� P IKGH?BLNM�AZc�I�rxD AHG^IKw�UBD A^LNU P GH?BLNM�A d LNE 0 < q < 0.908

�?'�>��o� uvM GHc�?BA3l�IKE^IK�0DFGCDFESE^IKM�WsD GHc�D[?BLNM?BAZbQLNM %�M�DQX E^INX7?VIKUaUa�[��? � D]�T?aM
x
IKM�X

y
��IKM�X �0L rxDQA dfECDQDFUa� IKUBLNM�W

z
�uvM�GHc�D D��9lmDFEH?a�0DFM�GCA l�ECDQACDFM�GCDQX�c�DFECD�� I�c�?aW]c�X�DFW]ECDQD LKd_LNl�GH?Bb�IKUSINbQbQDQACA�d�ECLN� ��IKM��%X7?aECDQbFGH?BLNM�A?BA[X�DQAH?aE^IKw�UBD�� ?aM�l�IKEHGH?Bb P UVIKE wmDQb�I P A^D
AH?aM�W]UBD�?BLNM�INX�X7ECDQA^AH?aM�W IKM�X�ECD�INX,L P G[?BA@ECD/� P ?aECDQX ��� c�DFECD�dfLNECD��DFUBDQbFGHECL�X�DQA `3?aGHc AH��IKUaUBDFE bFECL]ACA ACDQbFGH?BLNM�A IKECD b^c�L]ACDFMk��� c�DF��bQL P UBX�d LNE[D���IK� l�UBD
wmD�w�UVINX�D�nSLNE[ECL�X9nAHc�IKlmDQX�� g ?aW��   �&%����_uoM�GHc�?BA@b�INACD���GHc�D�INACA P � l�GH?BLNM�GHc�IKG_GHc�D�DFUBDQbFGHEH?Bb�lmLNGCDFM�GH?VIKU ?BAS� P INX7E P lmLNUBD�n Ua?a\xD?BA�LNM�Ua��rNIKUa?BX ?aM�I ECDFW]?BLNM%M�D�IKE�GHc�D�GHE^IKl�Ie�9?BA�� g P EHGHc�DFE
I�` I��,dfECLN��GHc�D�GHE^IKl�Ie�9?BA�� c�?aW]c�DFE
LNECX�DFE� P UaGH?almLNUBD�bQLNM�GHEH?aw P GH?BLNM�A�� P AHG wmD G^IK\xD�M ?aM�GCL�INbQbQL P M�G/GCL X�DQACbFEH?awmD0GHc�D0INbFG P IKU lmLNGCDFM�GH?VIKU � � c�DQACD� P UaGH?almLNUBD�lmLNGCDFM�GH?VIKUBA UBD�INX�GCL_M�LNM�Ua?aM�D�IKE ECDQA^LNM�IKM�bQDQA �?@ � �9`3c�?Bb^c b�IKM�b�I P ACD GHE^IKl�l�?aM�W[?aM�AHG^IKw�?aUa?aGH?BDQA d LNEr]IKU P DFA 0.5 . q < 0.908

�M� c�DSD���INbFG l�IKGHGCDFEHMYLKdkM�LNM�Ua?aM�D�IKE ECDQACLNM�IKM�bFDQA IKM�X�GHc�DF?aE ACGHECDFM�W]GHcYAHGHECLNM�W]Ua�
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g ?aW P ECD   � � � ) Ua?aM�D�IKE
�}I P U GCE^IKl dfLNE�b^c�IKECWsDFX%l�IKEHGH?BbFUBDQA����_g n rxLNUaG^IKWsDQA V1 IKM�X V2 l�ECL�X P bQD E^INX7?VIKUbQLNM %�M�DF�0DFM�G_`3c�?aUBD GHc�D DFM�X9nob�IKl rxLNUaG^IKWsDQA
Vcap

bQLNM %�M�D GHc�D/Ie�9?VIKUk�0LNGH?BLNMk�

X�DFlmDFM�X�A_LNM GHc�D ?aM�X7?ar�?BX P IKU GHE^IKl�X�DQAC?aW]Mk�W� c�D ECDQACLNM�IKM�bQDQAZwmDQbQLN�0D �0LNECD/X�DFM�ACDFUa� AHl�INbQDQX GCL ` IKECX�AUVIKEHWsDFE
q
n r]IKU P DQASM�DQIKE � �?> � ( �?@ � �o� � c�D/c�?aW]c�DFE_GCc�D/LNE^X�DFE@LKd I � P UaGH?almLNUBD�b�I P AC?aM�W I ECDQA^LNM�IKM�bQD��hGHc�DAH��IKUaUBDFE/GHc�D�DRY�DQbFG/M�D�IKE/GHc�D0GHE^IKl bQDFM�GCDFE�� � LNM�ACD/� P DFM�GHUa�[� GHc�D ?aM�ACG^IKw�?aUa?tG �,l�ECLNw�UBDF� ?BA ECDQX P bQDQX ?tdF�INA_?aM�L P E@D��9lmDFEH?a�0DFM�G^A��hGHc�D�?BLNM�A[IKECD�bQL�LNUBDQX�bFUBL]ACD/GCL�GHc�DF?aE_�0LNGH?BLNM�IKU}W]ECL P M�X�AHG^IKGCD/wmDQb�I P ACD�GHc�DFMGHc�D�?BLNM�A#�h` I�rsD�d P M�bFGH?BLNM�A LNM�Ua��D��7GCDFM�X,IKwmL P G[GCDFM�M�IKM�LN�0DFGCDFECA[dfECLN�;GHc�D�GHE^IKl�Ie�7?BA��[u d�I�GHE^IKl�Ua?a\xDL P ECA��K`3?aGHc�M�LNM7n c��9lmDFEHwmLNUa?Bb DFUBDQbFGHECL�X�DQA��]?BA AHGH?aUaU�lmDFEpd DQbFGHUa� ��INb^c�?aM�DQX�?aM
I3d L P Epn dfLNUBX�� ?aEHECLNE}AH�9� �0DFGHEH�IKM�X�lmLNGCDFM�GH?VIKUBA

+V
IKM�X −V IKECD0IKl�l�Ut?BDQX GCL X7?VIKWsLNM�IKUaUa��LNl�lmL]AC?tG^D l�IK?aECA��kGHc�DFM GHc�D.%�ECAHG ��UBL `�DQACG"�� P UaGH?almLNUBD
bQLNEHECDQbFGH?BLNM�`3c�?Bb^c,L�bQb P ECA@?BA I %�@en lmLNUBDN��c�D���INX�DQb�IKlmLNUBD����?@ � �o�+�[DQLN�0DFGHEH?Bb�?a� lmDFEpd DQbFGH?BLNM�ALNM GHc�D LNGHc�DFEZc�IKM�X���IKUBACL UBD�INX GCL
UBL `�DFE_LNECX�DFESbQLNM�GHEH?aw P GH?BLNM�A��g�LNE�d P UaU   >�bQLNM %�M�DF�0DFM�GZGHc�D �}I P U ��INACA�%�UaGCDFE3?BA G P EHM�DQX ?aM�GCL0I GHO�6 AF4�E $ 472
G 8:EF4"<�w�� INX�X7?aGH?BLNM�IKUDFUBDQbFGHECL�X�DQA��]b�IKUaUBDQX �vDFM�X9nob�IKl�A �D�NGCLS`3c�?Bb^c�> � n rsLNUaG^IKWsDQATIKECD IKl�l�Ua?BDQX �}g ?aW��   � � AHc�L `ZA IZlmL]ACAH?aw�UBD Ua?aM�D�IKEGHE^IKl bQLNM %�W P E^IKGH?BLNM `3c�DFECD@GHc�D@DFM�X9nob�IKl�AZIKECD@ECL�X9noAHc�IKlmDQX IKM�X l�UVINbQDQX LNM GHc�D_GHE^IKl Ie�7?BA��W- P b^c DFM�X9nb�IKl�WsDQLN�0DFGHEH?BDQA c�I�rsD
wmDQDFM D��9lmDFEH?a�0DFM�G^IKUaUa�,ECD�IKUa? O DQX��?@ %�� w P G/IKUBACL LNGCc�DFE DFM�X9nob�IKl bQLNM %�W P E^IKGH?BLNM�AA P b^c INAYEH?aM�WNnoAHc�IKlmDQX DFM�X9nob�IKl�A IKECL P M�X GHc�D,�Sg n ECL�X�A �?@ � � LNE ACDFW]�0DFM�GCDQX �Sg n ECL�X�A �?@   � @�'��o�*uvG`3?aUaU wmD AHc�L `3M�GHc�IKG0Ie�7?VIKU3bQLNM %�M�DF�0DFM�G w��%> � n rxLNUaG^IKWsDQA
c�INA0I�X�D�d L�b P AH?aM�W�DRY DQbFG LNM�GHc�DYE^INX7?VIKUbQLNM %�M�DF�0DFM�G��Z� c�D M�DF` D/� P IKGH?BLNM�A_LKd �0LNGH?BLNM�M�D�IKEZGHc�D GHE^IKl�bQDFM�GCDFE_IKECD W]?arxDFM w�� �?@�@�� �

d2x

dτ2
+ (b− 2q cos(2τ))x = 0

�   �   �
d2y

dτ2
+ (b+ 2q cos(2τ))y = 0

�   � = �
d2z

dτ2
+ 2bz = 0

�   �?'
�
`3c�DFECD

b =
eαVcap
mL2Ω2

�   �?@
�
�fACDQD�g ?aW��   � � �3`3?aGHc�I M P �0DFEH?Bb�IKU d INbFGCLNE α `3c�?Bb^c,X�DFlmDFM�X�A@LNM�GHc�D/WsDQLN�0DFGHEH��LKd GHc�D/GHE^IKl�bQLNM %�W P nE^IKGH?BLNMk�@uvG_?BA@AHGHE^IK?aW]c�Gpd LNEH` IKECX�GCL ACc�L ` GHc�IKG@GHc�D
Ie�7?VIKU �0LNGH?BLNM,?BA_c�IKEH�0LNM�?Bb�`3?aGHc�I dfECD/� P DFM�bF� ��?aMECD�IKUkGH?a�0D G"�

ωz =

√
b

2
Ω =

√
eαVcap
2mL2

.
�   � H �
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) M IKM�IKUa�9AC?BA��?'�>��V� �?@�@�� LKd GHc�D[�,IKGHc�?BD P D/� P IKGH?BLNM�A��   �   � �K�   � = � dfLNE GHc�D@E^INX7?VIKU��0LNGH?BLNM AHc�L `ZA GHc�IKGIKM ?BLNM � AZ�0LNGH?BLNM�?aM�GHc�?BAZlmLNGCDFM�GH?VIKU ACDFl�IKE^IKGCDQAS?aM�GCL�I ACUBL `=?�A B32 G 47E(;$C�8:O:C76 IKECL P M�X GHc�D GHE^IKl�bQDFM�GCDFEIKM�XYI[d INAHGCDFE X7EH?arxDFM L]A^bF?aUaUBIKGC?aLNM b�IKUaUBDQX^;.O B3EFC7;$C�8:O C76
IKG GHc�DZd�E^D3� P DFM�bF� Ω
IKECL P M�X�GHc�DSGHE^I �HDQbFGCLNEH�0LKdGHc�DSACDQb P UVIKE �0LNGH?BLNMk�T��LNECDQL rsDFE��sd LNE b, q ¿ 1

GHc�DSACDQb P UVIKE �0LNGH?BLNM ?BA c�IKEH�0LNM�?Bb]�TuvM�LNGHc�DFE `�LNECX�A GHc�D?BLNM�ASb�IKM�GHc�DFM�wmD/bQLNM�AH?BX�DFECDQX�GCL �0L rxD ?aM�I
c�IKEH�0LNM�?Bb(� P INAH?tn lmLNGCDFM�GH?VIKU `3c�?Bb^c�?BAZl�ECL�X P bQDQX w�� GHc�D�Sg noX7EH?arxD]�#� c�?BA GHECD�IKGH�0DFM�G3c�LNUBX�AZDFrsDFM ?aM GHc�D�� P IKM�G P � �0DQb^c�IKM�?Bb�IKUkUa?a� ?aG �?@ H �V�7? � D]�TGHc�D@c�IKEH�0LNM�?BbL]ACbF?aUaUVIKGCLNE�LKd3GHc�D0A^DQb P UBIKE/�0LNGH?BLNM�b�IKM wmD � P IKM�GH? O DQX�� P AHG�INA ?aM%I M�LNEC�0IKU ��M�LNM7nV� P INAC?��[lmLNGCDFM�GH?VIKU �
� c�D[dfECD/� P DFM�bF� LKd}GHc�?BAZACDQb P UVIKEZE^INX7?VIKU �0LNGH?BLNM ?BA

ωr = ωx = ωy =
Ω

2

√
1

2
q2 − b

� c�?BA AHc�L `ZA GHc�D_l�ECDFr9?BL P AHUa�0�0DFM�GH?BLNM�DQX X�D�d L�b P ACAH?aM�W
DRY DQbFG LKdkGHc�D[Ie�7?VIKUmbQLNM %�M�DF�0DFM�GZLNMYGHc�DSEJINX7?VIKUGHE^IKl�l�?aM�W �k`3c�DFM�LNlmDFE^IKGH?aM�W@I Ua?aM�D�IKE GHE^IKl�IKG I3bQDFEHG^IK?aM��Sg noX7EH?arsDTlmL `�DFE��e? � D]� I3bQDFEHG^IK?aM��Sg nvIK� l�Ua?aG P X�D
V
��IKM�X�IKGZrsDFEH�YUBL ` DFM�X9nob�IKl rxLNUaG^IKWsDQA

Vcap
�⇒ b ≈ 0

��LNM�D %�M�X�AZGHc�D��ol P ECD��[E^INX7?VIKUkd�ECD/� P DFM�bF�

ωr0 =
qΩ

2
√
2

�   �?(
�
IKM�X w���?aM�bFECD�INAH?aM�W�GHc�D�DFM�X9nob�IKl�rxLNUaG^IKWsDQA��3? � D]� ?aM�bFECD�INAC?aM�W�GHc�D�Ie�9?VIKUSdfECD/� P DFM�bF� ωz � GHc�D�EJINX7?VIKUdfECD/� P DFM�bF�Y?BA3ECDQX P bQDQX GCL

ωr =

√
ω2r0 −

1

2
ω2z .

uvG b�IKM�wmD ACDQDFM�dfECLN� GHc�?BA0D/� P IKGH?BLNM�GHc�IKG dfLNE ωz ¿ ωr0
GHc�D X�D�dfL�b P A^AH?aM�W�?BA
M�D�W]Ua?aW]?aw�UBD]��uvM�GHc�DLNGHc�DFEZUa?a� ?aGZc�L `�DFrxDFE���`3c�DFECD

b¿ 1
M�L
UBLNM�WsDFEZc�LNUBX�A���?aG3c�INAZDRY DQbFGCAZLNM GHEJIKl�l�?aM�W�AHG^IKw�?aUa?aGv� IKM�X GHc�DbQLNM %�W P E^IKGH?BLNM LKdS?BLNM�bFEH�7AHG^IKUBAN�fACDQD IKUBA^L�ACDQbFGH?BLNM   � � � � ��� uvM%d INbFG��TGHc�D b n q noACG^IKw�?aUa?aGv�%X7?VIKW]E^IK� �?@�@��AHc�L `ZAZGHc�IKGZ`3?aGHc�Ie�9?VIKU bQLNM %�M�DF�0DFM�G���? � D]�9d LNE3M�LNM7n O DFECL ωzI
�

ωr
b�IKM M�L UBLNM�WsDFEZwmD/IKEHw�?aGHE^IKEH?aUa� UBL ` �w��

q
b�IKM�wmD,IKwmL rxD�GHc�D�Ua?a� ?aG d LNE I Ua?aM�D�IKE ��INACA %�UaGCDFE `3?aGHc�L P G DFM�X9nob�IKl�A � � �?> � (
��� ��LNECDQL rxDFE��d LNE[c�?aW]c DFM�L P W]c ωz ?aM�l�EH?aM�bF?al�UBD�IKEHw�?aGHE^IKEH?aUa�,c�?aW]c�E^INX7?VIKUTdfECD/� P DFM�bF?BDQA/bQL P UBX,wmD
ECD�INb^c�DQX � uvM,GHc�?BAUa?a� ?aGH?aM�WYb�INACD���c�L `�DFrxDFE���GHc�D l�IKE^IK�0DFGCDFE@E^IKM�WsD dfLNE_AHG^IKw�UBD GHE^IKl�l�?aM�WYwmDQbQLN�0DQA_?aM�bFECD�INAH?aM�W]Ua� M�IKEHECL `IKM�X�d P EHGHc�DFEH�0LNECD3GHc�DZIe�7?VIKU7d�ECD/� P DFM�bF�
IKUa` I��7ATc�INATGCL[wmD UVIKEHWsDFETGHc�IKM0GHc�D E^INX7?VIKU�d�ECD/� P DFM�bF��`3c�?Bb^c0?BAM�LNG3A P ?aG^IKw�UBD@dfLNE GHE^IKl�l�?aM�W Ua?aM�D�IKE ?BLNM ACGHEH?aM�WsA3INA M�DQbQDQACA^IKEH��dfLNE�GCc�D@Gv��lmD[LKd D��9lmDFEH?a�0DFM�GCA3l�ECDQACDFM�GCDQXc�DFECD]�

� � � � �C��{T�
���7�Z��� ��� ��zh�Z� �
���
	��
����� ���
��� � � ��� � ���!� � � � � � �
� c�D lmLNGCDFM�GH?VIKU7DFM�DFEHW]� LKd

N
?BLNM�A LKd���INACA

M
IKM�X�b^c�IKEHWsD

e
bQLNM %�M�DQX�?aM/GHc�D   noX7?a�0DFM�AH?BLNM�IKU7c�IKEH�0LNM�?BbGHE^IKl lmLNGCDFM�GH?VIKU `3?aGHc � IKM�W P UVIKE"��dfECD/� P DFM�bF?BDQA ωx, ωy IKM�X ωz ?BA3W]?arxDFM w�� �?@ H �

U =
M

2

N∑

n=1

(ω2xx
2
n + ω2yy

2
n + ω2zz

2
n) +

e2

8πε0

N∑

n,m=1
m6=n

1

|rn − rm|
,

�   �?>
�

%*=
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`3c�DFECD
rn = (xn, yn, zn)

?BAYGHc�D�lmL]AC?aGH?BLNM�rxDQbFGCLNE LKd GHc�D
n
GHc4?BLNMk�=� c�D^%�ECAHG GCDFEH� ?BA GHc�D�GHE^IKllmLNGCDFM�GH?VIKU � `3c�?aUBD�GHc�D�A^DQbQLNM�X X�DFA^bFEH?awmDQA GHc�D,� P G P IKU � L P UBLN��w ?aM�GCDFE^INbFGH?BLNM�A���uoM I�Ua?aM�D�IKE GHE^IKl`3c�DFECD

ωz
X�DFM�LNGCDQA�GHc�DYIe�9?VIKU dfECD/� P DFM�bF�
� GHc�D�Gv` L�E^INX7?VIKU dfECD/� P DFM�bF?BDQA
IKECD X�DFWsDFM�DFE^IKGCDY?tdZGHc�D�GHE^IKlbQLNM�AHGHE P bFGH?BLNM�?BA3lmDFEpd DQbFGHUa� AC��� �0DFGHEH?Bb��

ωx = ωy = ωr .

� c�DTdfLNUaUBL `3?aM�W_GHECD�IKGH�0DFM�G LKd�D/� P ?aUa?aw�EH? P � lmL]AH?aGH?BLNM�A INACA P �0DQA I3Ua?aM�D�IKE ?BLNM�b^c�IK?aM�bQLNM %�W P E^IKGH?BLNMk�M� c�?BA?BA�GHE P D[LNM�Ua��?td GHc�D@E^INX7?VIKU bQLNM %�M�DF�0DFM�GZ?BA A P ��bF?BDFM�GHUa�YAHGHECLNM�WsDFE GHc�IKM GHc�D Ie�7?VIKU�bQLNM %�M�DF�0DFM�G_IKM�X ?tdGHc�D M P ��wmD�E[LKdT?BLNM�ASJ�?BAZM�LNG_GCL�L0UVIKEHWsD��hLNGHc�D�EC`3?BACD/GHc�D ?BLNM�AS`3?aUaU}INACA P �0D�I O ?aWNn O IKWYLNE_DFrxDFM��0LNECDbQLN� l�Ua?Bb�IKGCDQX   noX7?a�0DFM�AH?BLNM�IKUTWsDQLN�0DFGHEH?Bb
bQLNM %�W P E^IKGH?BLNM�A � �3c�D�D���INbFG[bQLNM�X7?aGH?BLNM�A@d LNE_GHc�D�GHE^IKM�AH?aGH?BLNMdfECLN��Ua?aM�D�IKE@GCL O ?aWNn O IKW bQLNM %�W P E^IKGH?BLNM,`3?aUaU wmD�X7?BACb P ACA^DFX�?aM�A^DQbFGH?BLNM   � � �   � ) Ua?aM�D�IKE[bQLNM %�W P E^IKGH?BLNM?a� l�Ua?BDQA GHc�IKG
x
(0)
n = y

(0)
n = 0

�]`3c�DFECD3GHc�D P l�lmDFE ?aM�X�DJ� (0) X�DFM�LNGCDQA GHc�D ?BLNM�A#�]D/� P ?aUa?aw�EH? P �(lmL]AH?aGH?BLNM�A��
� c�D/Ie�7?VIKUkD/� P ?aUa?aw�EH? P ��lmL]AH?aGH?BLNM�A

z
(0)
n
IKECD GHc�DFM�X�DFGCDFEH� ?aM�DQX w��YGHc�D[dfLNUaUBL `3?aM�W D/� P IKGH?BLNM �

[
∂U

∂zn

]

zn=z
(0)
n , xn=yn=0

= 0 .

g�LNE
N = 2

IKM�X
N = 3

�7GHc�DF� b�IKM wmD ACLNUarxDQX IKM�IKUa�9GH?Bb�IKUtUa� �?@ H � @�(�� �
N = 2 : z1 = −(1/2)2/3 l, z2 = (1/2)2/3 l

�   � % � �
N = 3 : z1 = −(5/4)1/3 l, z2 = 0, z3 = (5/4)1/3 l ,

`3c�DFECD
l =

(
e2

4πε0Mω2z

)1/3 �   �&%�%��
ECDFl�ECDQACDFM�GCA GHc�D3M�IKG P E^IKU�UBDFM�W]GHc A^b�IKUBDZLKd�GHc�D3l�ECLNw�UBDF� �#� c�DSD��9lmDFEH?a�0DFM�GCA l�ECDQACDFM�GCDQX0c�DFECD3`�LNEH\
`3?aGHcIe�7?VIKUmGHE^IKlYdfECD/� P DFM�bF?BDQA3LNMYGHc�D[LNECX�DFE3LKd ωz = 2π · 1 ��� O �}g�LNE 40 � I + ?BLNM�A�GHc�?BAZIK�0L P M�GCA GCL�?aM�GCDFEpn?BLNM7noACDFl�IKE^IKGH?BLNM�A/LKd 4z = 5.6 µ

� IKM�X 4z = 4.8 µ
�;dfLNE

N = 2
IKM�X

N = 3
��ECDQAHlmDQbFGH?arxDFUa�x�/g�LNE�0LNECD[GHc�IKM GHc�ECDQD[?BLNM�A GHc�D@l�ECLNw�UBDF� � P AHG wmD[ACLNUarxDQX M P �0DFEH?Bb�IKUaUa�x� � c�D[AHl�INbF?aM�W wmDFGv`�DQDFM�INX �CINbQDFM�G?BLNM�A GHc�DFM ?aM�bFECD�INACDQA ?aM AH? O D
d�ECLN� GHc�D0bQDFM�GCDFE/GCL GHc�D0L P GCAH?BX�D0LKd GHc�D0AHGHEH?aM�W0�kc�DFM�bQD0GHc�D � ?aM�?a� P �ACDFl�IKE^IKGH?BLNM 4zmin ?aM GHc�D[bFEH�7AHG^IKU L�bQb P ECA wmDFGv`�DQDFM GHc�D bQDFM�GHE^IKU ?BLNM�A��#J P �0DFEH?Bb�IKUkAH?a� P UVIKGH?BLNM�A3��?BDFUBX�?@�(��

4zmin ' 2.0 lN−0.57 .
� c�?BAZIKl�l�ECL��9?a��IKGH?BLNM ECDF��IK?aM�AZINbQb P E^IKGCD@d LNE�GHc�D[DFM�GH?aECD@?BLNM M P ��wmDFE3E^IKM�WsD[LKd ?aM�GCDFECDQAHGZIKM�X DFrxDFM P lGCL
N ' 1000

� g�LNE�� P IKM�G P � bQLN� l P GH?aM�W l P EHlmL]ACDQA[?aM�X7?ar9?BX P IKU}?BLNM INX�X7ECDQACAH?aM�W ?BA[ECD/� P ?aECDQX �(� c�?BAINX�X7ECDQACAH?aM�W�?BAZLNw�r�?BL P ACUa� �0L]ACGZX7? ��b P UaGZd LNE3GHc�D �0L]AHGZbFUBL]A^D�Ua� AHl�INbQDQX bQDFM�GHE^IKUk?BLNM�A��
���
	��
	�� � � � 	 ��� �����9�
g�LNE�AC��IKUaUSL]ACbF?aUaUVIKGH?BLNM�A IKECL P M�X GHc�D D/� P ?aUa?aw�EH? P ��lmL]AH?aGH?BLNM�A

(y
(0)
n = 0, x

(0)
n = 0, z

(0)
n )

GHc�D�j IenW]E^IKM�W]?VIKM
L = T − U LKd}GHc�D AH�9ACGCDF� �

T
wmDF?aM�W0GHc�D \�?aM�DFGH?Bb DFM�DFEHW]�0��G^IK\xDQA3GHc�D[dfLNEH� �?@�>��

L =
M

2

∑

i=x,y,z




N∑

n=1

(%̇2i|n)− ω2z
N∑

n,m=1

(Ci
n,m%i|n%i|m)


 ,

%�'
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`3c�DFECD
%x|n, %y|n

IKM�X
%z|n

IKECD�GCc�D�X7?BACl�UVINbQDF�0D�M9GCA LKd GHc�D
n
GHc�?BLNM�dfECLN�;?aGCA D/� P ?aUa?aw�EH? P � lmL]AC?aGH?BLNM?aM

x, y
IKM�X

z
X7?aECDQbFGH?BLNM ��ECDQAHlmDQbFGH?arxDFUa�s�W� c�D bQL P l�Ua?aM�W���IKGHEH?BbQDQA@IKECD[W]?arxDFM w��

Cz
n,m =





1 + 2
N∑
p=1
p6=m

l3∣∣∣z(0)m −z(0)p

∣∣∣
3

?td
n = m ,

−2l3∣∣∣z(0)m −z(0)n

∣∣∣
3

?td
n 6= m

IKM�X
Cx
n,m = Cy

n,m =

(
1

α
+

1

2

)
δn,m −

1

2
Cz
n,m ,

`3c�DFECD
δn,m

?BA�GHc�D �[ECLNM�DQb^\xD�EZX�DFUaG^I IKM�X
α = (ωz/ωr)

2 ?BA3I�l�IKE^IK�0DFGCDFEZX�DQACbFEH?aw�?aM�W GHc�D IKM�?BACLNGHECLNl��LKdmGCc�D GHE^IKl0lmLNGCDFM�GH?VIKU � uoG b�IKM0wmDZACDQDFM GHc�IKG GHc�D3�0LNGH?BLNM�A ?aM
x, y

IKM�X
z
X7?aECDQbFGH?BLNMYIKECDZbQL P l�UBDQX �#� c�DE^INX7?VIKU�X7?aECDQbFGH?BLNM�A

x
IKM�X

y
IKECDZINACA P �0DQX
GCL wmD3X�DFWsDFM�DFE^IKGCD]� ) A I[bQLNM�ACD/� P DFM�bQD��xGHc�D3A^LNU P GH?BLNM�A LKdmGHc�Dl�ECLNw�UBDF�,� LNw�G^IK?aM�DQX w��,X7?VIKWsLNM�IKUa? O IKGH?BLNM�LKd GHc�D Cx, Cy IKM�X Cz ��IKGHEH?BbQDQA�� IKECD Gv`�L ?aM�X�DFlmDFM�X�DFM�GACDFGCA3LKd M�LNEH��IKUk�0L�X�DQA��Z\_M�D ACDFGZbQLNM�G^IK?aM�AZM�LNEH��IKU �0L�X�DQAZ?aM GHc�D Ie�9?VIKUkX7?aECDQbFGH?BLNM ��GHc�D LNGHc�DFE3?aM GHc�DE^INX7?VIKUZX7?aECDQbFGH?BLNM � GHc�D UVIKGHGCDFE
wmDF?aM�W�Gv`�LKn d LNUBX�X�DFWsD�M�D�EJIKGCD bQLNEHE^DFAClmLNM�X7?aM�W GCL

x
n/IKM�X

y
noX7?aECDQbFGH?BLNM�A��

� c�DFECD/IKECD
N
Ie�9?VIKU IKM�X

2N
E^INX7?VIKUk�0L�X�DQA �

� c�D
l�EH?aM�bF?al�IKU �0L�X�D LKd�GHc�D,4 �7O 47GM;$C#	[A"?_?BA[GHc�D bQDFM�GCDFEpnoLKd�n ��INACA �0L�X�D ?tM�`3c�?Bb^c IKUaUT?BLNM�A �0L rsDl�IKE^IKUaUBDFU ?aM GHc�D�Ie�7?VIKU X7?aECDQbFGH?BLNM `3?aGHc GHc�D0A^IK�0D�IK� l�Ua?aG P X�D]� � c�?BA `3?aUaU wmD0b�IKUaUBDQX GHc�D�Ie�7?VIKU � \@��0L�X�D��xIKM�X�c�INA}GHc�D dfECD/� P DFM�bF� ωz ��GHc�D3Ie�7?VIKU9d�ECD/� P DFM�bF��LKd�I@AH?aM�W]UBD�?BLNM���� �_?tW]c�D�E LNECX�DFE Ie�7?VIKU7�0L�X�DQAIKUa` I��7ASc�I�rsD c�?aW]c�DFE_d�ECD/� P DFM�bF�s��� c�D/ACDQbQLNM�X�Ie�9?VIKU �0L�X�D/?aASGHc�D/w�ECD�IKGHc�?aM�W �0L�X�D��h`3c�DFECD/GHc�D ?BLNM�AL]ACbF?aUaUVIKGCD�`3?aGHc�IK� l�Ua?aG P X�DQA l�ECLNlmLNEHGH?BLNM�IKUTGCL GHc�DF?aE X7?BAHG^IKM�bQD�d�ECLN�;GHc�D�GHE^IKl�bQDFM�GCDFE@n ?aM���IKW]M�?aG P X�DINAS`�DFUaU}INAS?aM�AC?aW]Mk��� c�?BA_�0D�IKM�ASGCc�IKGZd LNE P M�DFrxDFM�?BLNM�M P ��wmDFECA@GHc�D/bQDFM�G^D�E@?BLNM�AHG^IKM�X�A_AHGH?aUaU ?aM�GHc�Dw�ECD�IKGHc�?aM�W �0L�X�D]� �3c�D/d�E^D3� P DFM�bF��LKd GHc�D�w�ECD�IKGHc�?aM�W �0L�X�D�?BA √3ωz �m?aM�X�DFlmDFM�X�DFM�G LKd GHc�D�M P ��wmDFELKd_?BLNM�A ?aM�GHc�D b^c�IK?aMk��� c�DY�0LNGH?BLNM�IKUZwmDFc�I�r9?BL P E0LKd@c�?aW]c�DFE0LNECX�DFE0�0LxX�DFA ?BA X�DQA^bFEH?awmDQX�w��%�0LNECDbQLN� l�Ua?Bb�IKGCDQX�DF?aWsD�M9rsDQbFGCLNECA�� � c�D@d�ECD/� P DFM�bF?BDQAZLKd GHc�DQACD@�0L�X�DQA3c�I�rxD[GCL�wmD X�DFGCDFEH� ?aM�DQX M P �0DFEH?Bb�IKUaUa�IKM�X X�DFlmDFM�X�AHUa?aW]c�GHUa� LNM GHc�D GCLNG^IKUk?BLNM M P ��wmDFE��Z� c�?BASX�DFlmDFM�X�DFM�bQD���c�L `�DFrxDFE���?BASACL
`�D�IK\ GHc�IKG��7d LNED���IK� l�UBD7��dfLNESIKUaU
N ≤ 10

GHc�D/Ie�9?VIKU �0L�X�D[d�ECD/� P DFM�bF?BDQASIKECD X�DQACbFEH?awmDQX `3?aGHc rxDFEH� c�?aW]c�INbQb P E^INbF� w��GHc�D[Ua?BAHG {1, √3, √29/5, 3.051, 3.671, 4.272, 4.864, 5.443, 6.013, 6.576} ?aM P M�?aGCAZLKd ωz �?@�(��o�� c�D�AHl�IKGH?VIKUTD��9GCDFM�AH?BLNM,LKd GHc�D�?BLNM�A#��` I�rxDFl�INb^\xDFGCA@?BA@X�DQACbFEH?awmDQX�w�� GHc�D�AHG^IKM�X�IKECX,X�DFr9?BIKGC?aLNM�LKd GHc�D
� I P ACAC?VIKM W]ECL P M�X�AHG^IKGCD[l�ECLNw�IKw�?aUa?aGv� X7?BAHGHEH?aw P GH?BLNM�LKd}GHc�D Ie�7?VIKU � \@� �0L�X�D���`3c�?Bb^c�?BA3W]?arsDFM w��

δzcom =

√
~

2NMωz
.

� c�?BASDQAHGH?a��IKGCD ?BAZLNM�Ua�YECD�INA^LNM�IKw�UBD���?td}GHc�D ?BLNM�ASIKECD bQL�LNUBDQX rsDFEH� bFUBL]ACD[GCL GHc�D W]ECL P M�X ACG^IKGCD��7`3c�?Bb^c �c�L `�DFrxDFE���?BAZlmL]ACAH?aw�UBD ?aM�L P E_D��9lmDFEH?a�0DFM�G � INAZ`3?aUaU wmD AHc�L `3M ?aM�b^c�IKl�GCDFE H � � ��� g�LNEZGv`�L 40 � I + ?BLNM�AIKM�X
ωz = 2π · 1 ��� O LNM�D.%�M�X�A δzcom = 7.9

M�� `3c�?Bb^c ?BA GHc�ECDQD0LNECX�D�E^A LKd ��IKW]M�?aG P X�D�AC��IKUtUBDFEGHc�IKM GHc�D ACDFl�IKE^IKGH?BLNM�wmDFGv`�DQDFM�GHc�D Gv`�L
?BLNM�A �
� c�D l�EH?aM�bF?al�IKU EF4 	7O 47G ;XC#	[A ?BA_IKWxIK?aM GHc�D bQDFM�GCDFEpnoLKd�n ��INACAS�0L�X�D��hIKUaU ?BLNM�ASL]ACbF?aUaUVIKGH?aM�W�E^INX7?VIKUaUa� ?aMl�c�INACD IKM�X�`3?aGHc�D/� P IKUTIK� l�Ua?aG P X�D0IKG@GHc�D�d�ECD/� P DFM�bF� ωr � � c�?BA[�0L�X�D�?BA_ECD�d DFEHECDQX�GCL INA@GHc�D�EJINX7?VIKU� \@� �0L�X�D]�SuvM�bQLNM�GHE^INACG_GCL�GHc�D�Ie�7?VIKU �0L�X�DQA��hc�L `�DFrxDFE��mDFrxDFEH� c�?aW]c�DFE[LNECX�DFE_�0L�X�D�?BA[IKG[ING C �ZAREdfECD/� P DFM�bF� �?@�>��o�M� c�D�DF?aWsDFM�rsDQbFGCLNECATLKd�GHc�D E^INX7?VIKU7�0L�X�DQA lmLN?aM�G}E^INX7?VIKUaUa�/?aM�AHGCD�INX�LKd�?aM�GHc�D z noX7?aECDQbFGH?BLNMw P GZIKECD[LNGCc�DFEH`3?BACD@dfLNEH��IKUaUa� ?BX�DFM�GH?Bb�IKU G^L�GHc�D[DF?aWsDFM�rsDQbFGCLNECASLKd GHc�D Ie�9?VIKU��0L�X�DQA � ) A�`3?aGHc GHc�D Ie�9?VIKU
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g ?aW P ECD   �   �0J@LNEH��IKU��0L�X�DQA LKdkI[Gv`�LKn ?BLNM bFEH�7AHG^IKU �L� c�D3d�ECD/� P DFM�bF?BDQA IKECD��}Ie�7?VIKU � \@� ωz
�sw�ECD�IKGHc�?aM�W

√
3ωz
�7E^INX7?VIKU � \@� ωr

��ECL�b^\�?aM�W √
ω2r − ω2z

�

� � � � �

2π

g ?aW P ECD   � = ����L�X�D}dfECD/� P DFM�bF� AHlmDQbFGHE P ��LKd�IZbFEH�7AHG^IKUxLKd�GHc�ECDQD 40 � I + ?BLNM�A ?aM�I Ua?aM�D�IKE GHE^IKl/`3?aGHc ωr =
2π·4.5 �#� O IKM�X ωz = 2π·1 �#� O ��`3c�?Bb^c IKECD Gv�9l�?Bb�IKU�l�IKE^IK�0DFGCDFECA d LNE GHc�D D��7lmDFEH?a�0DFM�GCAl�ECDQACDFM�GCDQX c�DFECD���� � c�D
d�ECD/� P DFM�bF?BDQA�IKECD ωaxialCOM = 2π · 1 �#� O � ωbreathing = 2π ·
1.73

�#� O � ωwobble = 2π · 2.41 �#� O � ωzig−zag = 2π · 4.22 �#� O � ωrocking = 2π ·
4.39

�#� O IKM�X ωradialCOM = 2π · 4.5 ��� O �M�3c�D@�0L�X�DQAZIKECD@UVIKwmDFUBDQX `3?aGHc ACb^c�DF��IKGH?Bbl�?BbFG P ECDQASLKd}GHc�DF?aESDF?aWsDFM�rxDQbFGCLNECA��

�0L�X�DQA��sGHc�D�dfECD/� P DFM�bF�
LKdmGHc�D3ACDQbQLNM�X��xLKdfGCDFM0b�IKUaUBDQX ECL�b^\�?aM�W0�s�0L�X�DZb�IKM wmD3X�DFGCDFEH� ?aM�DQX IKM�IKUa�9GH?Bb�IKUaUa�IKM�X X�L�DQAZM�LNGZX�DFlmDFM�X�LNM GHc�D M P ��wmDFESLKd}?BLNM�A3?aM GHc�D b^c�IK?aM �

ωrock =
√
ω2r − ω2z .

� c�DSd�ECD/� P DFM�bF?BDQA�LKd c�?aW]c�DFE LNECX�DFE��0L�X�DQA�� P AHG wmD@b�IKUab P UVIKGCDQX M P �0DFEH?Bb�IKUaUa�YIKM�X IKWxIK?tM X�DFlmDFM�XYLNM�Ua�rxDFEH�YAHUa?aW]c�GHUa� LNM
N
�

� c�D M�LNEH��IKU_�0L�X�DQA LKd Gv`�L�?BLNM�AYIKECD�X�DFl�?BbFGCDQX ?aM4g ?tW��   �   ��`3c�?aUBD�g ?aW��   � =%AHc�L `ZA�GHc�D �0L�X�DAHGHE P bFG P ECD��@LKd I/Ut?aM�D�IKE GHc�ECDQD�n ?BLNM bFEH�9ACG^IKUh?aM I GHE^IKlYlmLNGCDFM�GH?VIKU�Gv�9l�?Bb�IKUhdfLNE�L P E�l�ECDQACDFM�G D��7lmDFEH?a�0DFM�G��
�<� �*+E;�+ ��$-���!3<)�+8 0; 38�.� � +8�7���(�%� 	 �.;-���*+��* �� �(�*,>��	�����,.�*+<;-�.;45�+E; � �:5:+8$	�1���*+��* �� +8$C34�*�.$&+8� �*+<;�+ � �(� "/ ;&����3<@*)� 0;
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\_M�D �0DFGHc�L�X�GCL�b^c�IKE^INbFGCDFEH? O D GHc�D GHE^IKM�?BAH?aGH?BLNM�dfECLN� I�Ua?tM�DQIKE
?BLNM�b^c�IK?aM�GCL,I O ?aWNn O IKW�bFEH�9ACG^IKU IKECDM P �0DFEH?Bb�IKU �0LNUBDQb P UVIKE�X7��M�IK� ?BbQA AC?a� P UVIKGH?BLNM�A LKd�GHc�D�D/� P ?aUa?aw�EH? P � bFEH�9AHGJIKUtUa?aM�D bQLNM %�W P E^IKGH?BLNM�A�INAX�LNM�D3w��$-9b^c�?&Y DFE � HN� �o� ) M�IKUaGCDFEHM�IKGH?arxD_IKl�l�ECLsINb^c �9L@Y�DFEH?aM�W�I@�0LNECDZl�c��9AH?Bb�IKU�l�?BbFG P ECDSLKd�GHc�D3l�ECL�bQDQACA��?BA�I�AHG^IKw�?aUa?aGv� IKM�IKUa�7AH?BA�LKdZGHc�D�E^INX7?VIKU�L]A^bF?aUaUVIKGH?BLNM�A��?@�>�� �X� c�D�E^INX7?VIKU �0L�X�D LKdZc�?aW]c�DQAHG�LNECX�DFEN� IKM�XGHc�DFECD�d LNECD UBL `�DQACGZd�ECD/� P DFM�bF�0� ?aA@IKUa` I��7ASGHc�D O ?aWNn O IKW �0L�X�D `3c�D�E^D/D�INb^c�?BLNM��0L rxDFAS?aM�GHc�D/LNl�lmL]AC?aGCDX7?aECDQbFGH?BLNM4LKd[?aGCA M�DF?aW]c�wmLNE��fA"��� � c�D d�ECD/� P DFM�bF��LKd[GHc�?BA �0L�X�D�X�DQbFECD�INACDQA0`3?aGHc�?aM�bFECD�INAH?aM�W N IKM�X`3?aGHc�?aM�bFECD�INAH?aM�W IKM�?BACLNGCECLNl�� l�IKE^IK�0DFGCDFE

α
� ) M�?aM�AHG^IKw�?aUa?aGv��L�bQb P ECA
`3c�DFM ωzig � zag = 0

�T? � D]� GHc�DbQLNEHECDQAHlmLNM�X7?aM�WYL]ACbF?aUaUVIKGH?BLNM d�ECDQD O DQASL P G_IKM�X GCc�D[M�DF` D/� P ?aUa?aw�EH? P ��bQLNM %�W P E^IKGH?BLNM�?BASI O ?aWNn O IKW��g�LNE GHc�D bFEH?aGH?Bb�IKU�IKM�?BACLNGHECLNl�� l�IKE^IK�0DFGCDFE}`3c�DFECD GHc�D GHE^IKM�AH?aGH?BLNM
L�bQb P ECA}IZlmL `�DFEpn UVI�`�ACb�IKUa?aM�W αcrit =
cNγ ?BAZINbQb P E^IKGCD dfLNE3?BLNM M P ��wmDFECASLKd P l GCL % �]�]� �?@�(��o�Z\Sd GHc�D Gv`�L0IKl�l�ECLsINb^c�DQAS�0DFM�GH?BLNM�DQX�IKwmL rxD���0LNUBDQb P UVIKE X7��M�IK� ?BbQA�AH?a� P UVIKGH?BLNM�A c�I rsDZwmDQDFM lmDFEpdfLNEH�0DQX �0LNECD_D��9GCDFM�AH?arxDFUa�[�s? � D]��LNMYI W]ECD�IKGCDFE�ACDFG LKdr]IKU P DFA���IKM�X GHc�DFECD�d LNECD GHc�DF?aEZECDQA P UtG^A d LNE3GHc�D bQLNM�AHG^IKM�GCA c IKM�X γ IKECD l�ECLNw�IKw�Ua� GHc�D[�0L]ACG3ECDFUa?VIKw�UBD�� �

(
ωz
ωr

)2

crit

= 2.53N−1.73.
�   �&% � �

� c�?BA[A^b�IKUa?aM�W d LNE@GHc�D�GHE^IKM�AH?aGH?BLNM�dfECLN�;Ua?aM�D�IKE[GCL O ?aWNn O IKW bQLNM %�W P E^IKGH?BLNM c�INA@wmDQDFM,?aM�rxDQAHGH?aWxIKGCDQX,D��9nlmDFEH?a�0DFM�G^IKUaUa� w��YR M O DFE A38 47G
	 �?@�>��o�

 P IKM�G P � bQLN� l P G^IKGH?BLNM�INU IKl�l�Ua?Bb�IKGH?BLNM�A � P AHG c�I�rxDZGHc�DZ?BLNM�A ?aMYI Ua?aM�D�IKE�b^c�IK?aM AH?aM�bQDZ?aM I O ?aWNn O IKWbQLNM %�W P E^IKGH?BLNM�GHc�DF� `�L P UBX�DFM�bQL P M�GCDFE
GCL�L�� P b^c�� ?BbFECLN�0LNGH?BLNMk� �3c�?BA�`�L P UBX��}d LNE�D���IK� l�UBD��TUBD�INXGCL D��7bQDQACAC?arsD �0LNGH?BLNM�IKU_c�D�IKGH?aM�W�� � ��l�?Bb�IKU_l�IKE^IK�0DFGCDFECAYLKd L P E D��9lmDFEH?a�0DFM�G IKECD d IKE dfECLN��A P b^c4IWsDQLN�0DFGHEH?Bb/GHE^IKM�AC?aGH?BLNMk� � c�?BA_b�IKM�wmD/ACDQDFM dfLNE_D���IK� l�UBD/?aM�g ?aW��   � =0dfECLN��GHc�D d INbFGSGHc�IKGSGHc�D O ?aWNn O IKW�0L�X�D dfECD/� P DFM�bF� ?BASAHGH?aUaUkd IKE3dfECLN� O DFECL���RW��Mk�'�   �&% � �3b�IKM�wmD P A^DQX GCL0b�IKUBb P UVIKGCD/GHc�D ��Ie�7?a� P ��?BLNMM P ��wmDFE wmD�d LNECD_GHc�D[bFEH�7AHG^IKUmwmDQbQLN�0DQA O ?aWNn O IKWNnoAHc�IKlmDQX dfLNE�GHc�L]ACD@GHE^IKl dfECD/� P DFM�bF?BDQAZIKM�XYGHc�D_ECDQA P UaG ?BA

N < 10
� uvM0l�E^INbFGH?BbQD��xc�L ` D�rxDFE���LNM�DZ?BA Ua?a� ?aGCDQX0GCL AC��IKUaUBDFE ?BLNM�M P ��wmDFECA��#� c�?BA ?BA ��IK?aM�Ua� ECDFUVIKGCDQX0GCLGHc�D[d INbFGZGHc�IKGZGHc�D j IK��w7no>@?Bb^\sD l�IKE^IK�0DFGCDFE_X�DFbFECD�INA^DQAZ`3?aGHc GHc�D M P ��wmDFESLKd}?BLNM�A(�fb�dp��A^DQbFGH?BLNM =�� = ���

�8� �*+ �. 0)�@�+8$D��	�����+9"* 0;4 �� +E��+<;
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g ?aW P ECD   �?' ��RTUBDQbFGHECLNM�?Bb UBDFrxD�UBA LKd 40 � I + �K� c�D,GHE^IKM�AH?aGH?BLNM�A ?aM�X7?Bb�IKGCDQX w���ACLNUa?BX Ua?aM�D IKEHECL `ZA�IKECDINbFGH?arxDFUt��X7EH?arxDFM�w�� UVINACDFE E^INX7?VIKGH?BLNM
?aM�GHc�D�D��9lmDFEH?a�0DFM�GCA �LJ@LNGCD GHc�IKGTIKUaU7AHG^IKGCDQA ?aM�X7?Bb�IKGCDQXc�DFECD AHl�Ua?aG P l ?aM�GCL0A^DFrsDFE^IKUL]mDFDF��IKM7noA P w�AHG^IKGCDQA��

� c�D ?BLNM�LKd[b^c�LN?BbQD dfLNE0L P E$� P IKM�G P � bQLN� l P GH?aM�W%D��9lmDFEH?a�0DFM�GCA0?BA 40 � I + ��g ?aW��   �?',ACc�L `ZA0IKUaUUBDFrxDFUBA `3c�?Bb^c DFrxDFE WsDFG lmLNl P UVIKGCDQXY?aMYGHc�D@D��7lmDFEH?a�0DFM�G�� uvM GHc�DSd LNUaUBL `3?aM�W0�9GHc�DS%�ECAHG�Gv`�L�GCDFEH�0A LKd GHc�DAHlmDQbFGHECL]ACbQLNl�?Bb M�LNG^IKGH?BLNM �fDFUBDQbFGHECLNM�?BbYAHc�DFUaUZ� P IKM�G P � M P ��wmDFE
IKM�X GHc�D0� P UaGH?al�Ua?abF?aGv�0��IKECD�LN� ?aGHGCDQX �
� c�D HN� >�M���GHE^IKM�AH?aGH?BLNM�`3?aUaU�wmD P ACDQX dfLNE�bQLNc�DFECDFM�G
��IKM�?al P UVIKGH?BLNM�A��,uvM�LNGHc�DFE�`�LNECX�A��}GHc�D UBDFrxDFUBA
S1/2

IKM�X
D5/2

`3?aUaU wmD INACACL�bF?VIKGCDQX `3?aGHc%GHc�D0UBLNW]?Bb�ACG^IKGCDQA/LKdSI,� P w�?aG���� L wmD0�0LNECD AHlmDQbF?&%�b�� LNM�DLKd3GHc�D�]mDQDF��IKM�A P w�AHG^IKGCDQA m = {−1/2,+1/2} LKd S1/2 ?BA�ACDFUBDQbFGCDQX�INA/GHc�D0UBLNW]?Bb |0〉 �}IKM�X LNM�D LKdGHc�D�]mDQDF��IKM�A P w�AHG^IKGCDQA m = {−5/2,−3/2,−1/2,+1/2,+3/2,+5/2} LKd D5/2 INA�GHc�D UBLNW]?Bb |1〉 �� c�D LNl�GH?Bb�IKUSGHE^IKM�AC?aGH?BLNM wmDFGv`�DQDFM GHc�D Gv`�L ACG^IKGCDQA ?BA IKM DFUBDQbFGHEH?Bb^� P INX7E P lmLNUBD GHE^IKM�AH?aGH?BLNM �fX7?almLNUBD�nd LNEHw�?BX�X�DFM���� ) bQbQLNECX7?aM�W]Ua�[�3GHc�D
D5/2

AHG^IKGCD�c�INA I E^IKGHc�DFE UBLNM�W�Ua?tdfDFGH?a�0D � ≈ 1
A"�
`3c�?Bb^c DFM�A P ECDQAbQLNc�DFECDFM�bQD
LKdTGHc�D(� P w�?aG@L rxDFE_GHc�?BA_GH?a�0D�ACb�IKUBD]� � c�D�l�IKEHGH?Bb P UVIKE_d D�IKG P ECDQA@LKd GHc�?BA_GHE^IKM�AH?aGH?BLNM�`3?aUaU wmDX7?BACb P ACA^DQX�?aM ACDQbFGH?BLNM   �   �?'7� � c�D � P w�?aG ?BA/bQLNc�DFECDFM�GHUa����IKM�?al P UVIKGCDQX w9��M�IKEHECL `(w�IKM�X7`3?BX7GHc%UVINACDFEE^INX7?VIKGH?BLNM�IKG HN� >
M�� �fb�dH��b^c�IKl�GCDFEL= ���

) � P IKM�G P � bQLN� l P GH?aM�W
l�ECLNGCL�bQLNU IKUBACL/ECD/� P ?aECDQA I�� P w�?aGS; A 4@?"2
E AR; AR6�8Tl�E^LxbQDQX P E^DN� g�LNE GHc�?BA��xGHc�DX7?almLNUBD GHE^IKM�AH?aGH?BLNM�IKG   > H M��-?BA}DF� l�UBL �xDQX
`3c�?Bb^c0bQLNM�M�DQbFGCATGCL[LNM�Ua��LNM�D3LKdhGHc�D � P w�?aGTAHG^IKGCDQA��NM�IK�0DFUa�
S1/2

�(� c�DFECD�d LNECD
`�D b�IKM IKl�l�Ua�,IKM ARG*AFB�8:EFC76 ?D> A3G P�OQ6���GCDQb^c�M�?*� P D � =�� GCL �0D�INA P ECD
GHc�DX� P w�?aG AHG^IKGCD��
- P l�lmL]ACD
GHc�D�?BLNM,?BA@?aM IYA P lmDFEHlmL]AH?aGH?BLNM LKd S1/2 IKM�X D5/2 � j ?aW]c�G/IKG   > H M���?BA IKl�l�Ua?BDQX��kX7EH?ar9?aM�WGHc�D

S1/2 ↔ P1/2
GHE^IKM�AH?aGH?BLNM � IKM�X,GCc�DFECDFw���l�ECL �HDQbFGH?aM�W GHc�D�IKGCLN� ?Bb0AHG^IKGCD GCL DF?aGHc�DFE

S1/2
LNE
D5/2

�
J@L$� P LNECDQA^bFDFM�bQD
?BA[X�DFGCDQbFGCDQX�?td GHc�D�?BLNM,?BA_?aM�GHc�D D5/2 AHG^IKGCD��m`3c�?aUBD�?aM�GHc�D�LNl�lmL]AH?aGCD
b�INACD�Ua?aW]c�G[?BAACb�IKGHGCDFECDQX�LNM,GHc�D

S1/2 ↔ P1/2
GHEJIKM�AH?aGH?BLNMk������ECDFlmD�IKGCDQX7Ua��l�ECDFl�IKEH?aM�W GHc�D�?BLNM,?aM,GHc�D A^IK�0D
AHG^IKGCDIKM�X��0D�INA P EH?aM�W�GHc�D.� P LNECDQACbQDFM�bQD INA X�DQA^bFEH?awmDQX�� GHc�D D5/2 ACG^IKGCD L�bQb P l�IKGH?BLNM�b�IKM wmD X�DFGCDFEH� ?aM�DQX �>[DFG^IK?aUBA_LKdTGHc�?BA_DFUBDQbFGHECLNM�AHc�D�Uar9?aM�W�l�ECL�bQDQX P ECD�c�I�rsD wmDQDFM�X7?BACb P ACACDQX l�ECDFr9?BL P AHUa� � =��o� �3c�D/X�DFGCDQbFGH?BLNMD���bF?BDFM�bF� ?BASUa?a� ?aGCDQX�LNM�Ua� w�� GHc�D�%�M�?aGCD/Ua?td DFGH?a�0D�LKdTGHc�D

D5/2
AHG^IKG^D�IKM�X�b�IKM�wmD�INASc�?aW]c,INA >�>7�?>&%`3?aGHc GHc�D l�ECDQACDFM�GSD��7lmDFEH?a�0DFM�G^IKU ACDFG P lk�

%�>
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� c�D
S1/2 ↔ P1/2

GHE^IKM�AH?aGH?BLNM�?BA INX�X7?aGH?BLNM�IKUaUa� P ACDQX dfLNE >[LNl�l�UBDFE}bQL�LNUt?aM�WX�fb�dH� ACDQbFGH?BLNM H � � �&%�� w�� ECDQX9nX�DFG P M�?aM�W GHc�D@UVINACDFEZIKG   > H M�� w��YIKwmL P G c�IKUtd}I�Ut?aM�DF`3?BX7GCck�#T�c�DFM�DFrsDFE ECDQA^LNM�IKM�G Ua?aW]c�G ?BA ACb�IKGHGCDFECDQXLNM�GHc�?BASGHE^IKM�AH?aGH?BLNM � dfLNE_AHG^IKGCD/X�DFGCDQbFGH?BLNM�LNEZd LNES>[LNl�l�UBDFE@bFL�LNUa?aM�W �ZGHc�D ?BLNM�ACLN�0DFGH?a�0DQA_X�DQb�I��7AZd�ECLN�
P1/2

?aM�GCL�GHc�D
D3/2

AHGJIKGCD]�M� c�DFECD�d LNECD I ECDFl P � l�?aM�W UVINACDFE3IKG (�@�@/M�� ?BA IKUa` I��7A IKl�l�Ua?BDQX IKUBLNM�W
`3?aGHcGHc�D   > H M���Ut?aW]c9G�� � c�D w�E^IKM�b^c�?aM�W E^IKGH?BL ?BAC%�' �&% wmDFGv`�DQDFM�GHc�D
P1/2 → S1/2

IKM�X GHc�D
P1/2 → D3/2X�DQb�I��x�g ?aM�IKUaUa�
� IYUVINACDFE/IKGC(�'.= M�� b�IKM�wmD P ACDQX,GCL ECDFl P � l%IYlmL]A^AH?aw�UBD D5/2 lmLNl P UVIKGH?BLNM GCL GHc�D S1/2AHG^IKGCD LNESGCL$� P DFM�b^c�GHc�D D5/2 UBDFrsDFUk?tdTECD/� P ?aECDQX �,
 P DFM�b^c�?aM�W ?BA3M�DQbQDQACAJIKEH� d LNESAH?BX�DFw�IKM�X�bQL�LNUa?aM�W LNMGHc�D

S1/2 ↔ D5/2
GHE^IKM�AH?aGH?BLNM��fb�dp� ACDQbFGH?BLNM H � � � � ���uvM�GHc�DYdfLNUaUBL `3?aM�W0� GHc�DY?aM�GCDFE^INbFGH?BLNM LKd I�c�IKEH�0LNM�?Bb�IKUaUa��GHE^IKl�lmDQX�Gv`�LKn UBDFrxDFUSIKGCLN� �fLNE
?BLNM���`3?aGHcUa?aW]c�GZ`3?aUaUkwmD X7?BACb P ACACDQX�IKM�X GCc�D S1/2 ↔ D5/2

� P w�?aGZGHE^IKM�AH?aGH?BLNM�`3?aUaU w9� IKM�IKUa�7ACDQX �
���
���
	 �+	�� �0����� � ��� �'� �0�
	��
� � � �
� c�D d LNUaUBL `3?aM�W�Gv`�L,A^DQbFGH?BLNM�A0IKECDYw�INA^DQX�LNM�GHc�D X�?aA^b P ACAH?BLNM�LKd_UVINACDFEpn ?BLNM�?aM�GCDFE^INbFGH?BLNM�?aM�GCc�D �Tc�>GHc�DQAH?BA@LKd � c�EH?BAHGH?VIKM,�SL�L]A � =��o� ) ��IK?aM�X7?&Y�DFECDFM�bQD�c�DFECD/?BASGHc�IKG_GHc�D/ECDFUVIKGH?arxD/l�c�INACD φ wmDFGv`�DQDFM�GHc�DUVINACDFE�%�DFUBX�IKM�X GHc�D/IKGCLN� ?Bb lmLNUVIKEH? O IKGH?BLNM�?BA3?aM�bFU P X�DQX GHc�ECL P W]c�L P GSGHc�D X7?BACb P A^AH?BLNMk�
) M�?aLNM GHE^IKl�lmDQX ?aM IYc�IKEH�0LNM�?Bb0lmLNGCDFM�GH?VIKU `3?aGHc�d�ECD/� P DFM�bF� ω �k?aM�GCDFE^INbFGH?aM�W�`3?aGHc GHc�D GHE^I�rsDFUaUa?aM�W` I�rxD LKd�I@AH?aM�W]UBD��0L�X�D UVINACDFE}G P M�DQX bFUBL]ACD�GCL I_GHE^IKM�AH?aGH?BLNM GHc�IKG}dfLNEH�0A IKM DRY DQbFGH?arsD�G `�LKn UBDFrsDFU�AH�7AHGCDF�,�?BAZX�DQACbFEH?awmDQX w�� GHc�D+�[IK� ?aUaGCLNM�?VIKM � H %�� HN� �

H = H0 +H1
�   �&%   �

H0 =
p2

2m0
+ 1
2m0ω

2x2 + 1
2~ωaσz

�   �&%*= �
H1 = 1

2~Ω(σ
+ + σ−)

(
ei(kx−ωlt+φ) + e−i(kx−ωlt+φ)

)
,

�   �&%�'
�
`3c�DFECD

k
?BA
GCc�DY` I�rxDYM P ��wmDFE�� ωl GHc�DYd�ECD/� P DFM�bF��IKM�X φ GHc�DYl�c�INA^D LKd@GHc�DYUVINACDFE E^INX7?VIKGH?BLNM �3A^DQDACDQbFGH?BLNM � �&% dfLNESI X�DR%�M�?aGH?BLNM�LKd GHc�D ��IKGHEH?BbQDQA σz, σ+ IKM�X σ− � g ?aM�IKUaUa�
� m0 ?BA3GHc�D ��INA^AZLKd}GHc�D ?BLNMk�� c�D l�IKEHG
H0

LKdTGHc�D'�[IK� ?aUaGCLNM�?VIKM�X�DQACbFEH?awmDQASGHc�D/AHG^IKGCD/LKd}GHc�D ?BLNM�`3c�?aUBD GHc�D UVINACDFEpn ?BLNM�?aM�GCDFE^INbFGH?BLNM?BA�bQLNM�G^IK?aM�DQX�?aM
H1
�}?aGCA�ACGHECDFM�W]GHc�wmDF?aM�W,W]?arsDFM�w�� GHc�D bQL P l�Ua?aM�W�bQLNM�AHG^IKM�G Ω � �_DFECD ?aG�c�INA�wmDQDFMINACA P �0DQX�GHc�IKG/LNM�Ua�,I AH?aM�W]UBD
GHE^IKM�AH?aGH?BLNM � ωa wmDF?aM�W GHc�D�IKGCLN� ?Bb GHE^IKM�AH?aGH?BLNM d�ECD/� P DFM�bF�0�_?BA bFUBL]ACD
GCLECDQACLNM�IKM�bQD
IKM�X GHc�IKG_GHc�D/UVINACDFES?BA_X7?aECDQbFGCDQX,IKUBLNM�W GHc�D ��nvIe�7?BASGCL0GHc�D/?BLNMk��� c�D��}I P Ua?}LNlmD�EJIKGCLNECA[INbFGLNM GHc�D[?aM�GCDFEHMhIKU IKGCLN� ?Bb/AHG^IKGCDQA�� |S〉 IKM�X |D〉 � >[DR%�M�?aM�W0GHc�D j IK��w7no>@?Bb^\xD lhIKE^IK�0DFGCDFE��[�

η = k

√
~

2m0ω
,

�   �&%�@
�
GHc�D ?BLNM � A_D��7GCDFEHM�IKU X�DFW]ECDQDQA_LKd d�ECDQDQX�LN�,��? � D]� ?aGCAZc�IKEH�0LNM�?Bb�L]ACbF?aUaUVIKGH?BLNM �hb�IKM wmD/D��9l�ECDQACA^DQX ?aM GCDFEH�0ALKdTb�E^DQIKGC?aLNM�IKM�X�IKM�M�?ac�?aUVIKGH?BLNM�LNlmDFE^IKGCLNECA@INA

H0 = ~ω(a†a+ 1
2) +

1
2~ωaσz

�   �&% H �
H1 = 1

2~Ω
(
eiη(a+a

†)σ+e−i(ωlt+φ) + e−iη(a+a
†)σ−ei(ωlt+φ)

)
.

�   �&%�(
�
�	� 	����*+9)� .$&+<;��($� �� .�> .�*,.)(+

β
��� ���*+9�.$&38�()�)� 0���(�%�6 
:��$�� ���*+25:+	
/���������.�	�/ .$D��� ' + ;�+8"�)� .38+?5	'7=

η = k cosβ
√

~/2mω
F

�]�
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�@DFECD���GHc�D_ECLNG^IKGH?aM�W
` I�rsD[IKl�l�ECL��7?a��IKGH?BLNM � HN  ��c�INA�wmDQDFMY��INX�D]� uoM GHc�D_?aM�GCDFE^INbFGH?BLNM l�?BbFG P ECD@X�DR%�M�DQXw��
U = eiH0t/~ GHc�D'�[IK� ?aUaGCLNM�?VIKM

HI = U †HU
G^IK\xDFAZGHc�D[dfLNEH�

HI =
1
2~Ω

(
eiη(â+â

†)σ+eiφe−i∆t + e−iη(â+â
†)σ−e−iφei∆t

)
,

�   �&%�>
�
`3?aGHc

â = aeiωt
IKM�X

∆ = ωl − ωa
��� c�D UVINACDFE�bQL P l�UBDQA0GHc�D AHG^IKGCD |S, n〉 GCL IKUaUSAHG^IKGCDQA |D,n′〉 �`3c�DFECD

n, n′
IKECD�r�?aw�E^IKGH?BLNM�IKU�� P IKM�G P � M P ��wmDFECA � u d GHc�D�UVINA^D�EY?BA�G P M�DQX4bFUBL]A^D�GCL ECDQACLNM�IKM�bQD�LKdI�GHE^IKM�AH?aGH?BLNM |S, n〉 ↔ |D,n + m〉 `3?aGHc %���DQX m IKM�X

n = 0, 1, 2, 3, ...
��`3c�?Bb^c bQLNEHECDQAHlmLNM�X�A0GCL

(ωl − ωa) ≈ mω
�R�TbQL P l�Ua?aM�W�GCL�LNGHc�DFE�UBDFrxDFUBA�b�IKM�wmD�M�DFW]UBDQbFGCDQX��Tl�ECL r9?BX�DQX GCc�D�UVINACDFE�?aM�GCDFM�AC?aGv� ?BAA P ��bF?BDFM�GHUa��UBL ` � Ω¿ ω

���L� c�?BATINA^A P � l�GH?BLNM
?BA r]IKUa?BX/d LNE}IKUaU�D��9lmDFEH?a�0DFM�GCA}l�ECDQACDFM�GCDQX�?aM�GHc�?BA GHc�DQAH?BA��]�uvM/GHc�IKG b�INA^D��KGHc�D UVINACDFE ?aM�X P bQDQATI3lhIK?tEC`3?BACD bQL P l�Ua?aM�W[wmDFGv`�DQDFM�GHc�D UBDFrxDFUBA |S, n〉 IKM�X |D,n+m〉 �'� c�DGH?a�0D DFrxLNU P GH?BLNM0LKdhGHc�D AHG^IKGCD Ψ(t) =
∑

k(ck(t)|S, k〉+dk(t)|D, k〉)
?BA}WsL rsDFEHM�DQX
w��/GHc�D+-9b^c�E (�X7?aM�WsDFED/� P IKGH?BLNM i~∂tΨ = HΨ

`3c�?Bb^c�?BAZD/� P ?tr]IKUBDFM�GZGCL GHc�D ACDFGZLKdTbQL P l�UBDQX D/� P IKGH?BLNM�A
ċn = −i(1−|m|)eiδte−iφ (Ωn+m,n/2) dn+m

�   � �]� �
ḋn+m = −i(1+|m|)e−iδteiφ (Ωn+m,n/2) cn .

�   � � %��
δ = ∆−mω INbQbQL P M�GCA3d LNESI
X�DFG P M�?aM�W LKd}GHc�D UVINACDFE3d�ECLN� GHc�D[GCE^IKM�AH?aGH?BLNM ��GHc�D bQLNM�AHGJIKM�G

Ωn+m,n := Ω‖〈n+m|eiη(a+a†)|n〉‖ �   � �]� �
?BA b�IKUaUBDQX �@IKw�? dfECD/� P DFM�bF�x�$-9LNU P GH?BLNM�A GCL GHc�DQACD D/� P IKGH?BLNM�A/AHc�L `(IKM L]ACbF?aUaUVIKGCLNEH��IKM�X�bQLN� l�UBDFGCD0D��9nb^c�IKM�WsD�LKd lmLNl P UVIKGH?BLNM wmDFGv`�DQDFM GHc�D0bQL P l�UBDQX UBDFrxDFUBA�� \_M ECDQACLNM�IKM�bQD�� GHc�?BA/L]ACbF?aUaUVIKGH?BLNM G^IK\sDQA l�UVINbQD`3?aGHc,I�dfECD/� P D�M�b�� D/� P IKU GCL0GHc�D/�_IKw�?kd�ECD/� P DFM�bF� Ωn+m,n

��T4c�DFM�GHc�D UVINACDFES?BASX�DFG P M�DQX d�ECLN��ECDQACLKnM�IKM�bQD���GHc�D lmLNl P UVIKGH?BLNM�GHE^IKM�Apd DFEZ?BA3M�L UBLNM�WsDFE_bQLN� l�UBDFGCD � IK� l�Ua?tG P X�D Ω2n+m,n/(δ2 +Ω2n+m,n)
�R���xDFG

?aGZG^IK\sDQA3l�UVINbQD�IKGSI
c�?aW]c�DFE3dfECD/� P DFM�bF� � =√δ2 +Ω2n+m,n
��� =��o�

� E^IKM�AH?aGH?BLNM�A�GHc�IKG X�L/M�LNG b^c�IKM�WsDSGHc�DSM P ��wmDFE�LKdkr�?aw�E^IKGH?BLNM�IKU � P IKM�G^I �↔ m = 0
� IKECDSb�IKUaUBDQX BD47E 


ERO ARE/GHE^IKM�AH?aGH?BLNM�A�� ) GHE^IKM�AH?aGH?BLNM ?BA GCDFEH�0DQX �3G 20A ?"O 	[A � 476
	@?td IKM IKw�ACLNEHl�GH?BLNM l�ECL�bQDQACA ?BA INbQbQLN� l�IKM�?BDQXw�� IKM ?aM�bFECD�INACD ?aM GHc�D[�0LNGH?BLNM�IKU!� P IKM�G P � M P ��wmDFE��↔ m = +1
� `3c�?aUBD[?aG3?BA GCDFEH�0DQX E A 	$?"O 	[A � 476
	?td ?aGSX�DQbFECD�INACDQA P lmLNM�IKw�ACLNEHl�GH?BLNM��↔ m = −1 ���

���
���
� �+	�� � ��� � ��� ��� � � � ���

g�LNE I W]?arxDFM j IK��w7no>@?Bb^\xD�l�IKE^IK�0DFGCDFE
η
�ZGHc�D,bQL P l�Ua?aM�W�AHGHECDFM�W]GHc�A Ωn,n

�
Ωn−1,n

IKM�X
Ωn+1,n

LKdb�IKEHEH?BDFE��3ECDQX�IKM�X w�U P D�AH?BX�DFw�IKM�X��3ECDQAHlmDQbFGH?arxDFUa�
�SINAYI,d P M�GH?BLNM�LKd n b�IKM4wmD�b�IKUBb P UVIKGCDQX � =�� P AH?aM�WD/��Mk� �   � �]� � �9ACDQD@g ?aW��   �?@7�#� c�?BA b�IKUBb P UVIKGH?BLNM bQLNM�AH?BX�DFE^IKw�Ua� AH?a� l�Ua?&%�DQA ?aM GHc�D@ACLKnob�IKUaUBDQXYj IK��w7no>_?Bb^\xDECDFW]?a�0DYX�DR%�M�DQX w���GHc�D bQLNM�X7?aGH?BLNM
η2(2n + 1) ¿ 1

� uoM GHc�?BA�ECDFW]?a�0D�� GHc�DYIKGCLN� ?Bb ` I�rxD�lhINb^\sDFG�?BAbQLNM %�M�DQX�GCL I ACl�INbQD � P b^c�AH��IKUaUBDFESGHc�IKM�GHc�D ` I�rsDFUBDFM�W]GHc�LKdTGHc�D GHE^IKM�AH?aGH?BLNMk� ) %�ECAHG_LNECX�DFES� I ��UBLNED��7l�IKM�AH?BLNM ?aM D/��Mk� �   � �]� � ?BA3GHc�DFM�I�rxDFEH� WsL�L�X�IKl�l�ECL��9?a��IKGH?BLNM �
eiη(a

†+a) = 1 + iη(a† + a) +O(η2) .
� � � ":;��(�*38�("*)(+ ��������� �%@:;>$&+E��@*" 38�%�*5������(�%��$	38�%@�) 5 ' + ;�+? .34�*+85 �����*+E;�+

Ω
 0�/5

ω
 ;�+ �%� ���*+6$� �� +6�0;45�+<;?F � ��+

"/ ;&����3<@*)� 0;�"�;��%"�+E;&����+<$���	1������$ ;�+<,%�
� +C ;�+ �	 .5�+9@*$&+2��	 ���	����+ ":;��%"��.$� .)�'7=
	%�%�* 0���* .� ��� )(+8�*�(��
��C����,.�7� � ��� � 	 �.;
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g ?aW P ECD   �?@ �Y�SDFUVIKGH?arxDSbQL P l�Ut?aM�W AHGHECDFM�W]GHc Ωn+m,n/Ω
dfLNE

η = 0.05
LNMYb�IKEHEH?BDFE3IKM�X %�ECAHG IKM�X ACDQbQLNM�XAH?BX�DFw�IKM�X � d�ECLN� � =��Q���M� c�DZr]IKU P DSLKd η = 0.05

E^D�l�ECDQACDFM�GCA�I Gv��l�?Bb�IKUhLNECX�DFE LKd ��IKW]M�?aG P X�DdfLNE}L P ETD��7lmD�EC?t�0DFM9GCA��W\_M�GHc�D ACb�IKUBD�LKd�GHc�?BA}W]E^IKl�c
GHc�D�X7?&Y DFECDFM�bQD�wmDFGv`�DQDFM ECDQX
IKM�X�w�U P DAH?BX�DFw�IKM�X ?BA3A^L�AC��IKUaU�GHc�IKG3?aG ?BA M�LNG3r9?BAH?aw�UBD]�#� c�D j IK��w7no>@?Bb^\sD ECDFW]?a�0D bQLNEHECDQAHlmLNM�X�A3GCLGHc�DSECDFW]?BLNM LKdkUBL `
n . 100

`3c�DFECD_GHc�D_b�IKEHEH?BDFE bQL P l�Ut?aM�W
?BA�bQLNM�AH?BX�DFE^IKw�Ua� AHGHECLNM�WsDFE�GHc�IKMIKUaU AH?BX�DFw�IKM�X bQL P l�Ua?aM�WsA��

R}�7l�Ua?BbF?aGHUa�
��GHc�D bQL P l�Ua?aM�W AHGHECDFM�W]GHc�LNM GHc�D bQIKECEH?BD�ES?BA3`�DFUaU IKl�l�ECL��7?a��IKGCDQX w��
Ωn,n = (1− η2n)Ω �   � �]  �

\_M ECDQACLNM�IKM�bQD���GHc�D[?aM�G^D�EJINb�GC?aLNM#�[IK� ?aUaGCLNM�?VIKM��   �&%�>
��ECDQX P bQDQAZGCL
HI =

1
2~Ωn,n(σ

+eiφ + σ−e−iφ) .

J@LNGCD GHc�IKG ?aM0GHc�D3ECDQACLNM�IKM�G b�INACD3GHc�D3GH?a�0DZX�DFlmDFM�X�DFM�bQDSLKd
HI

rNIKM�?BACc�DQA�� uodmGHc�D UVINA^DFET?BATl P UBA^DQX��sGHc�DFMGHc�?BA3?aM�GCDFE^INbFGH?BLNM�?BAZLNM�Ua�YLNM d LNESI�bQDFEHG^IK?aM�l P UBACD X P E^IKGH?BLNM t �#� c�D INbFGH?BLNM�LKd}A P b^c I
b�IKEHEH?BDFEZl P UBA^D[?BAX�DQACbFEH?awmDQX w�� GHc�D P M�?aG^IKEH� LNlmDFE^IKGCLNE
R(θ, φ) = eiHI t/~ = ei

θ
2
(eiφσ++e−iφσ−),

`3c�DFECD
θ = Ωn,nt

�'� c�?BA}?BA}GHc�D P M�?aG^IKEH��LNlmDFE^IKGCLNETE^D�l�ECDQACDFM�GH?aM�W/IKM DFUBDF�0DFM�G^IKEH��AC?aM�W]UBD � P w�?aG}ECLNG^IKGH?BLNM`3c�?Bb^c c�INA_IKUaECD�INX7�YwmDQDFM�?aM�GHECL�X P bQDQX ?aM�ACDQbFGH?BLNM � �&% �fD/�xMk�!� � �   �F���
-�?BX�DFw�IKM�X � L P l�Ua?aM�W�?BA3W]?arxDFM w��

Ωn−1,n = η
√
nΩ

�   � � = �
LNM GHc�D[ECDQX AH?BX�DFw�IKM�X�IKM�X

Ωn+1,n = η
√
n+ 1Ω

�   � � '
�
LNM�GHc�D/w�U P D�AH?BX�DFw�IKM�X � \_M�GHc�D/ECDQX�AH?BX�DFw�IKM�X � |S, n〉 ↔ |D,n − 1〉 �R�hGHc�D&�[IK� ?aUaGCLNM�?VIKM�G^IK\xDQASGHc�Dd LNEH�

HI =
1
2~ηΩ(aσ

+eiφ − a†σ−e−iφ) , �   � � @
�

�]�
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`3c�?Bb^c�b�IKM�IKUBACL wmD[`3EC?tGCGCDFM�INA
HI =

1
2~Ωn−1,n(arσ

+eiφ − a†rσ−e−iφ)`3?aGHc�GHc�D��oM�LNEH��IKUa? O DQX �/bFECD�IKGH?BLNM�IKM�X�IKM�M�?ac�?aUVIKGH?BLNM�LNlmDFE^IKGCLNECA ar = a/
√
n
IKM�X

a†r = a†/
√
n
�W� c�?BAX�DR%�M�?aGH?BLNM DFM�A P ECDQA GHc�IKG GHc�D3LNlmDFE^IKGCLNECA arσ+ IKM�X a†rσ− X�L M�LNG b^c�IKM�WsDZGHc�D M�LNEH�(LKdkI[AHG^IKGCD rxDQbFGCLNE��

) bQbQLNECX7?aM�W]Ua�
�9GHc�DS��IKGHEH?t��LKd I ECDQA^LNM�IKM�G UVINACDFE l P UBACD_LKd X P E^IKGH?BLNM t LNM GHc�DSECDQX AH?BX�DFw�IKM�X ?BA W]?arsDFM w��
R−(θ, φ) = ei

θ
2
(eiφσ+ar−e−iφσ−a†r),

�   � �IH �
`3c�DFECD

θ = Ωn−1,nt
�

\_M GHc�D w�U P D AH?BX�DFw�IKM�X � |S, n〉 ↔ |D,n+ 1〉 �

HI =
1
2~ηΩ(a

†σ+eiφ − aσ−e−iφ) .
��� GHc�D A^IK�0D/IKEHW P �0DFM�G@INA d LNE3ECDQX AH?BX�DFw�IKM�X bQL P l�Ua?aM�W0��GHc�?BA �[IK� ?aUaGCLNM�?VIKM�b�IKM wmD[ECDF`3EH?aGHGCDFM�INA

HI =
1
2~Ωn+1,n(a

†
bσ
+eiφ − abσ−e−iφ) ,

`3c�DFECD
ab = a/

√
n+ 1

IKM�X
a†b = a†/

√
n+ 1

� ) ECDQACLNM�IKM�G/UVINACDFE l P UBACD0LNM GHc�D w�U P D�AH?BX�DFw�IKM�X ?BAW]?arxDFM w��
R+(θ, φ) = ei

θ
2
(eiφσ+a†

b
−e−iφσ−ab),

�   � � (
�
`3c�DFECD

θ = Ωn+1,nt
�

���
������� � ���0�
	 �
��� 	 � � � �Z� � 
��&��� � ����� �

+C:��.!6!�� 

�1�T! ��"���������M /F����! ��������M � g�LNESGHc�D/A^IK\xD LKdTM�LNG^IKGH?BLNM�IKU AH?a� l�Ua?BbF?aGv�[��GHc�D l�E^D�r9?BL P A_X7?BACb P AHnAH?BLNM
` INA}Ua?a� ?aGCDQX GCL@GHc�D AC?a� l�UBD b�INACD LKd IKM
?BLNM bQLNM %�M�DQX
?aM0I@LNM�D�noX7?a�0DFM�AH?BLNM�INU�c�IKEH�0LNM�?Bb3lmLNGCDFM�GH?VIKU �
�[DFM�DFE^IKUa? O IKGH?BLNM GCLYGHc�D b�INACD LKd I GHc�ECDQD X7?a�0DFM�AC?aLNMhIKUTc�IKEH�0LNM�?Bb lmLNGCDFM�GH?VIKU ?BA AHGHE^IK?aW]c�Gpd LNEH` IKECX IKM�XLNM�Ua� IK�0L P M�GCA GCL ECDFl�UVINbF?aM�W kx w���GHc�DZACb�IKUVIKE l�ECL�X P bFG k · r �M� c�DZLNlmDFE^IKGCLNE exp(iη(a†+a)) ?BA GHc�DFMECDFl�UVINbQDQX w��

exp(ik · r) =∏m exp(iηm(a
†
m+ am))

��GCc�DFECDFw��YIKUaUBL `3?aM�W l�ECL�bQDQACA^DQA�GHc�IKG3b^c�IKM�WsD[GHc�D
� P IKM�G P � M P ��wmDFECA_LKd Gv`�L0LNESDFrsDFM�IKUaU GHc�ECDQD/L]ACbF?aUaUVIKGCLNECASAH?a� P UaG^IKM�DQL P ACUa�s�
� ��M9��� � ����� �I� �G"�����M � ) AH?a� ?aUVIKE b�IKUBb P UVIKGH?BLNM b�IKM,wmD�lmDFEpd LNEH�0DQX,?aM�GHc�D
b�INACD
LKd IKM,bFEH�7AHG^IKUTLKd N?BLNM�A�� uoM GHc�?BASb�INACD GHc�D[?aM�GCDFE^INbFGH?BLNM#�@IK� ?aUaGCLNM�?VIKM

H1
?BA3W]?arsDFM ?aM GHc�D(-9b^c�E (�X7?aM�WsDFESl�?BbFG P ECD w��

H1 =
1
2

∑

j

~Ωjσ
+
j exp

(
i
∑

m

ηjm(a
†
m + am)

)
exp(−i(ωlt− φj)) + h.c. ,

�   � � >
�
`3c�DFECD

a†m
IKM�X

am
IKECD/GHc�D�bFECD�IKGH?BLNM�IKM�X�IKM�M�?ac�?aUVIKGH?BLNM�LNlmDFE^IKGCLNECA_dfLNE_GHc�D/M�LNEH��IKU �0L�X�DQA@LKd L]ACbF?aUtnUVIKGH?BLNM,UBIKwmDFUBDQX�w��
m
�h`3c�?aUBD�GHc�D�?aM�X�D��

j = {1, . . . , N} ECD�dfDFECA@GCL GHc�D�?aM�X7?ar�?BX P IKU}?BLNM�A���J@LNGCD/GHc�IKGGHc�D l�c�INACDQA
φj
IKM�X bFL P l�Ua?tM�W�ACGHECDFM�W]GHc�A Ωj

d LNE3GHc�D X7?&Y DFECDFM�GZ?BLNM�A_IKECD[M�LNGZM�DQbQDQACAJIKEH?aUa� D/� P IKU �uvM GHc�D^8�� C�
VO C76 BD4@?/A/� GHc�D0�0L�X P U P A�LKd3GHc�D�j IK��w7no>@?Bb^\sD0d INbFGCLNECA |ηjm| =: ηm
X�DFlmDFM�X�A�LNM�Ua��LNMGHc�D �0L�X�D �

m
�R��`3c�?aUBD GHc�D AH?aW]M LKd

ηjm
?aM WsDFM�DFE^IKU X�DFlmDFM�X�A_LNM

j
�W� c�D

ηm
IKECD W]?arxDFM w��

ηm = k cosβ

√
~

2mcωm
,

�   �  ]� �

�] 
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`3c�DFECD
mc = 2m0

�
ωm

X�DFM�LNGCDQA GHc�D�d�ECD/� P DFM�bF� LKd/GHc�D�ECDQAHlmDQbFGH?arxD��0L�X�D��Sb�dH� D/��Mk� �   �&%�@
��� ) A�0DFM�GH?BLNM�DQX��
β
?BA GHc�D IKM�W]UaD�wmDFGv`�DQDFM%GHc�DYINX�X7ECDQACAH?aM�W�UVINACDFE/wmD�IK� IKM�X GHc�D�L]ACbF?aUaUVIKGH?BLNM�Ie�9?BA −→e LKdGHc�D�?BLNMk� J_LNGCD�GHc�IKG@?aM�I�Ua?aM�D�IKE[bFEH�7AHG^IKU � −→e lmLN?aM�GCA@?aM�Ie�7?VIKU X7?aECDQbFGH?BLNM,dfLNE IKUaUTIe�9?VIKU �0L�X�DQA IKM�X�?aME^INX7?VIKUTX7?aECDQb�GC?aLNM,dfLNE IKUaU E^INX7?VIKU �0L�X�DQA��m?aM�X�DFlmDFM�X�DFM�G LKd `3c�?Bb^c,?BLNM�?aM�GHc�D�AHGHEH?aM�WY?BA[INX�X7ECDQACA^DQX �@uvMWsDFM�DFE^IKU ��GHc�D/j IK��w7no>_?Bb^\xD d INbFGCLNECA_ACb�IKUBD `3?aGHc�GHc�D/A � P IKECD E^LxLNG@LKdTGHc�D GCLNG^IKU ��INACA mc = N ·m0

LKdGHc�D bFEH�9ACG^IKU �(� c�?BA l�ECLNlmDFEHGv�,b�IKM,lmL]A^D�l�ECLNw�UBDF�0A `3c�DFM IKM�?BLNM,GHE^IKl � P IKM�G P � l�ECL�bQDQA^ACLNE ?BA[GCLYwmDACb�IKUBDQX P lY?aMY?BLNMYM P ��wmDFE�� uoMYGHc�D_Gv`�LKn ?BLNM D��7lmDFEH?a�0DFM�GCA l�ECDQACDFM�GCDQXYc�DFECD��9Gv��l�?ab�IKUaUa� LNM�Ua��LNM�D@LKd GHc�DGv`�L
?BLNM�A3?BA3LNl�GH?Bb�IKUaUa� INX�X7ECDQACA^DFX�IKG3LNM�D[GH?a�0D]� � LNM�A^D/� P DFM�GHUa�[�7GCL0I�WsL�L�X�IKl�l�ECL��9?a��IKGH?BLNM ��GHc�D A P �L rxDFE
j
b�IKM wmD X7ECLNl�lmDQX �

J@LNGCD/GHc�IKG@dfLNE@�0LNECD�GHc�IKM�Gv`�L ?BLNM�A@GHc�D��0L�X P U P A |ηjm| ?aM�WsDFM�DFE^IKUTX�DFlmDFM�X�A[LNM�wmLNGHc,GHc�D��0L�X�D�
m
� IKM�X GHc�D ?BLNM �

j
���?@ H �V��X�DFlmDFM�X7?aM�WYLNM GCc�D DF?aWsDFM�rxDQbFGCLNE_LKd GHc�D �0L�X�D �fb�dH��A^DQb�GC?aLNM   � � � � ���

���
������� ����� � 	 �W� � � � � � � �
	�� � � � � � �
� c�D �0L�X�DFU d LNESUVINACDFEpn ?BLNM�?aM�GCDFE^INbFGH?BLNM,X�DFrxDFUBLNlmDQX�?aM�GHc�D l�ECDFr9?BL P A@ACDQbFGH?BLNM�A �   �   � � GCL   �   � = �3?BASM�L `IKl�l�Ua?BDQX GCL GHc�D$� P w�?aG GHE^IKM�AH?aGH?BLNM ��uoM GHc�D0D��7lmDFEH?a�0D�M9GCA/l�ECDQACDFM�GCDQX c�DFECD�IN� P INX7E P lmLNUBD0GHE^IKM�AH?aGH?BLNM �dfECLN� GHc�D3W]ECL P M�X0AHG^IKGCD3GCL[GHc�D D5/2 AHG^IKGCD3?aM 40 � I + IKG HN� >@M��,�s` INA b^c�L]ACDFM dfLNE bQLNc�DFECDFM�GZ� P IKM�G P ���IKM�?al P UVIKGH?BLNM�A �N� c�D�?aM�X P bQDQX%DFUBDQbFGHEH?Bb�nV� P INX7E P lmLNU IKE��0LN�0DFM�G Q̂ bQL P l�UBDQA�GCL GHc�D�W]E^INX7?BDFM�G�LKd3GHc�DDFUBDQbFGHECLN��IKW]M�DFGC?Bb�%�DFUBX��

HI = Q̂∇E(t)
� c�?BA�Gv��lmD LKdS?aM�GCDFE^INbFGH?BLNM�G^IK\xDQA�GHc�DYAHc�IKlmD LKd_D/�xMk� �   �&%�'
� `3c�DFM�GHc�DY�_IKw�? dfECD/� P DFM�bF� ?BA�X�DR%�M�DQXINA �?@ H �

Ω =

∣∣∣∣
eE0
2~
〈S,m|(ε · r)(k · r)|D,m′〉

∣∣∣∣ ,
�   �   %��

`3c�DFECD
E0

?BA}GHc�D3DFUBDQbFGHEH?Bb %�DFUBX0IK� l�Ua?aG P X�D�� r ?BA}GHc�D3LNlmDFE^IKGCLNE X�DQACbFEH?aw�?aM�W GHc�D lmL]AH?aGH?BLNM0LKdmGHc�D r]IKUBDFM�bQDDFUBDQbFGHECLNM�ECDFUVIKGH?arxD�GCL GHc�D�IKGCLN� ?Bb�bQD�M9GHECD�LKd ��INACA IKM�X
m
�
m′ ?aM�X7?Bb�IKGCD�GHc�D���IKW]M�DFGH?Bb � P IKM�G P �M P ��wmDFE��s�TuoM I � P INX7E P lmLNUaD[GHEJIKM�AH?aGH?BLNM ��b^c�IKM�WsDQA ?aM GHc�D@��IKW]M�DFGH?Bb�� P IKM�G P � M P ��wmDFE�dfECLN� ∆m :=

m′ −m = 0 P l GCL ∆m = ±2 IKECD/IKUaUBL `�DQX � uoM�L P ESb�INACD���WsLN?aM�W dfECLN� GHc�D
S1/2

W]ECL P M�X�AHG^IKGCD `3?aGHcGv`�L,]mDQDF��IKM7noA P w�UBDFrsDFUBA m = ±1/2 GCLYGHc�D D5/2 ACG^IKGCD�`3?aGHc�AH?t��A P w�UBDFrxDFUBA m′ = −5/2, . . . ,+5/2
�GHc�?BA}ACDFUBDQbFGH?BLNM
E P UBD UBD�I�rxDQATISGCLNG^IKU7LKd�GCDFM.� P INX7E P lmLNUBD3IKUaUBL `�DQX�GHE^IKM�AH?aGH?BLNM�A�� uvM�l�EH?aM�bF?al�UBDZIKM��/LKd�GHc�DQACDGHE^IKM�AH?aGH?BLNM�ATbQL P UBX�wmD P ACDQX/dfLNE}bQLNc�DFECDFM�G}��IKM�?al P UVIKGH?BLNM�A LKd�GCc�D ?BLNM � AM� P IKM�G P �-ACG^IKGCD]�'�3c�DQACD rNIKEH?BL P AGHE^IKM�AH?aGH?BLNM�A�c�I�rxD_X7?&Y�DFECDFM9G�bQL P l�Ua?aM�W AHGHECDFM�W]GHc�A Ω `3c�?Bb^c X�DFlmDFM�XYLNMYGHc�D

(m,m′)
bQLN��w�?aM�IKGH?BLNM IKM�XLNM�GHc�D WsDQLN�0DFGHEH�
� ? � D]� LNM�GHc�D ECDFUVIKGH?arsD0X7?aECDQbFGH?BLNM�A�LKd�GHc�D
��IKW]M�DFGH?BbX%�DFUBX��kGHc�D
lmLNUVIKEH? O IKGH?BLNM ε IKM�XGHc�D_` I�rsD_rsDQbFGCLNE

k
LKdkGHc�D_UVINACDFE��#� c�DSdfLNUaUBL `3?aM�W D/� P IKGH?BLNMYdfLNE Ω ECDFl�ECDQACDFM�GCAZI/A P ?aG^IKw�UBDSd LNEH� P UVIKGH?BLNMd LNEZL P ESb�INACD$�fX�DFEH?arxDQX ?aM ) l�lmDFM�X7?t� ) �&%�� �

Ω =

∣∣∣∣
eE0
2~
〈S1/2,m|(ε · r)(k · r)|D5/2,m′〉

∣∣∣∣

= κE0

√
A

k3
Λ(m,m′)g(∆m)(φ, γ) ,

�   �  ]� �
`3?aGHc

κ =
e

2~

(
15

cα

)1/2
= 3.089× 1012

� −1 �fAH� � −1/2 ,
�
	��.; ����+ $� �� + ��	����.�4 0���(�.�/ .):$&�
� "*)(�(38��� = �%"��%$&$&�('*)(+�)(�?� +<; �(�/5��(38+<$

j

�%�(�/5��(3? ���(�*,2���* 0� ����+ �  0,%�*+E����3 �7@/ .�7��@ � � @ �#'�+E;�$
;�+�	 +E; ���#����+2���.�4 .)� .�*,.@*)� 0; � � � +8�7��@ �

J
�/ ;�+-5:;��%"�"�+?5 � ��;���������,

m
 0�/5

m′
�(��$ ��+? %5>��	

mj

 .�*5
m′j

F

� =
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g ?aW P ECD   � H ��]mDQDF��IKM�A P w�AHGHE P bFG P ECD
LKd GHc�D S1/2 ↔ D5/2
GHE^IKM�AH?aGH?BLNM�� d�ECLN� � =��Q���X� I
�SuoM,I�M�LNM7n O DFECL��IKW]M�DFGH?Bb�%�DFUBX GHc�D

S1/2 ↔ D5/2
� P INX7E P lmLNUBD GHE^IKM�AH?aGH?BLNM�ACl�Ua?tG^A ?aM�G^L
GCDFM�bQLN� lmLNM�DFM�GCA��

� c�D bQLNEHECDQAHlmLNM�X7?aM�W�AHlmDQbFGHE^IKUTlmL]AH?aGH?BLNM�A/IKECD X7E^I�`3M�?aM P M�?aGCA LKd µBB/~ ��`3c�DFECD µB ?BA� LNc�E � A3��IKW]M�DFGCLNM����Z� c�D[c�DF?aW]c�GSLKd}GHc�D[w�IKECAZECDFl�ECDQACDFM�GCAZGHc�D AHlmDQbF?&%�b � UBDFw�ACb^c7n�� LNECX�IKMbQL�D���bF?BDFM�GCA
Λ2
����w�� ) UaUaLe`�DQX0GHE^IKM�AH?aGH?BLNM�A ?tM�GHc�DSb�INACD

ε ⊥ B ⊥ k (φ = γ = 90◦)
�M� c�Dc�DF?aW]c�G@LKd GHc�D/w�IKECAS?aM�X7?Bb�IKGCDQA@GHc�D/ECDFUVIKGH?arsD�Ut?aM�D�ACGHECDFM�W]GHc�A

(Λg(∆m))2
�fb��S-7IK�0D�INA ��w��w P G3dfLNEZGHc�D[WsDQLN�0DFGHEH� φ = 45◦, γ = 0◦

�

`3c�DFECD
A
?BA/GHc�D�AHlmLNM�G^IKM�DQL P A
X�DQb�I���E^IKGCD LKd3GHc�D D5/2 AHG^IKGCD]�N� c�D AHlmDQbF?&%�b � UBDFw�ACb^c7n��[LNECX�IKM�bQLKnD���bF?BDFM�GCA
Λ(m,m′)

IKECD�ACc�L `3M ?aM4g ?aW��   � H � I
�,��ECDQAClmDQb�GC?trxDFUa��GHc�DF?aEYA � P IKECDQA"� IKM�X Ua?BAHGCDQX�?aM GHc�DIKl�lmDFM�X7?t� ) �&%]�N� c�D0d P M�bFGH?BLNM�A g(∆m) bFLNM9G^IK?aM%GHc�D�WsDQLN�0DFGHEH�xnoX�D�lmDQM�X�DFM�b�DYLKd Ω � `3c�DFECD φ ?BA/GHc�DIKM�W]UBDZwmDFGv`�DQDFM�GCc�D3UVINACDFE wmD�IK� IKM�X0GHc�D3��IKW]M�DFGH?Bb+%�DFUBX IKM�X
γ
GHc�DSIKM�W]UBDZwmDFGv`�DQDFM GHc�D3lmLNUVIKEH? O IKGH?BLNMIKM�X GHc�D���IKW]M�DFGH?Bb %�DFUBX%rsDQbFGCLNE�l�ECL �HDQbFGCDQX%?aM�GCL�GHc�D�l�UVIKM�D LKdZ?aM�bF?BX�DFM�bQD]� � c�DF� IKECD�Ua?BAHGCDQX ?aM%GHc�D

) l�lmDFM�X7?t� ) �&%]� uoG ?BA[GHc P A lmL]ACAH?aw�UBD
GCL A P l�l�ECDQACA ACLN�0D LKd�GHc�D GHE^IKM�AH?aGH?BLNM�A w��,IYl�ECLNlmDFE/b^c�LN?BbQD0LKdGHc�D�WsDQLN�0DFGHEH�s� ) X�X7?aGH?BLNM�IKUaUa�[�m?aM�GHc�D�D��7lmDFEH?a�0DFM�G
σ−

lmLNUVIKEH? O DQX�Ua?aW]c�G[LNM�GHc�D�X7?almLNUBD�GHE^IKM�AH?aGH?BLNM�IKG  > H M�� ?BA P ACDQXYGCL
l P � l GHc�D[?BLNM ?aM�GCL
GHc�D m = −1/2 A P w�AHG^IKGCD[l�EH?BLNE3GCL bQLNc�DFECDFM�GZ��IKM�?al P UVIKGH?BLNM�A

� '



� � ����� �.� � � � ��� � � � � �������.� 	���� ����� � ������� �����

LNM GHc�D�� P INX7E P lmLNUBD GHE^IKM�AH?aGH?BLNM��]�#� c�D[d LNUaUBL `3?aM�W0Gv`�L0bQLNM %�W P E^IKGH?BLNM�A@IKECD l�IKEHGH?Bb P UVIKEHUa� P A^D�d P U � =��o�
φ = 90◦, γ = 90◦

�@uod GHc�D
lmLNUVIKEH? O IKGH?BLNM � GHc�D�wmD�IK��Ie�7?BA IKM�X�GCc�D
X7?aECDQbFGH?BLNM LKd ��IKW]M�DFGH?Bb.%�DFUBX IKECD� P G P IKUaUa� LNEHGHc�LNWsLNM�IKU �hLNM�Ua�YGHc�D ∆m = ±2 bQLN� lmLNM�DFM�GCA@IKECD D��7bF?aGCDQX �
φ = 45◦, γ = 0◦

� uvM
GHc�?BA bQLNM %�W P E^IKGH?BLNM!�xGHc�D ∆m = 0
GHE^IKM�AH?aGH?BLNM�A IKECD3D���bF?aGCDQX
�0L]ACGTACGHECLNM�W]Ua��`3c�?aUBDGHc�D

∆m = ±1 GHE^IKM�AH?aGH?BLNM�A_X�L
M�LNGSbQL P l�UBD GCL
GHc�D UVINACDFE��g ?aWsA��   � H ��w�� �X�fb��SAHc�L ` GHc�D ECDFUVIKGH?arxD Ua?aM�D/AHGCECDFM�W]GHc�A � ∝ Ω2
�3LKdTGHc�D rNIKEH?BL P ASGHE^IKM�AC?aGH?BLNM�AS?aM�GHc�D Gv`�Lb�INACDQA�� uvM�d INbFG��kIKUaUTD��7lmD�EC?t�0DFM9G^IKUTECDQA P UaGCA[l�ECDQACDFM�GCDQX,?aM�GCc�?BA@GHc�DQAH?BA[c�I�rxD�wmDQDFM�LNw�GJIK?tM�DFX�?aM,LNM�D
LKdGHc�DQACD3Gv`�L bQLNM %�W P E^IKGH?BLNM�A��#� c�D %�ECAHG bQLNM %�W P E^IKGH?BLNMYL@Y DFECATGHc�D3AH?a� l�UBDQA AHlmDQbFGHE P �*`3?aGHc0GHc�DZAH��IKUaUBDQAHGlmL]ACAH?aw�UBD�M P ��wmDFE
LKd_IKUaUBL `�DQX%GHE^IKM�AH?aGH?BLNM�A���uoG�c�INA�� c�L `�DFrxDFE�� GHc�D�X7?BAJINX7rNIKM�G^IKWsD GHc�IKG�GHc�DYIKUaUBL `�DQXGHE^IKM�AH?aGH?BLNM0IKECD d IKE}L P GCAH?BX�D�?aM�GHc�D�AClmDQbFGHE P �,�]c�DFM�bQD GHc�DF?aE dfECD/� P DFM�bF?BDQATX�DFlmDFM�X
AHGHECLNM�W]Ua��LNM�GHc�D���IKWNnM�DFGH?Bb�%�DFUBX �S��IKW]M�DFGH?Bb�%�DFUBX�M�LN?BACD�AHc�?tdfGCASGHc�D E^DFA^LNM�IKM�bQD dfECD/� P DFM�bF?BDFA@E^IKM�X�LN� Ua�
�hGHc P A_bQLNM�GHEH?aw P GH?aM�WGCL�X�DQbQLNc�DFECDFM�bQD]��� c�?BA_DRY DQbFGS?BA�%�rxD GH?a�0DQAS` DQIK\xDFE_LNM�GHc�D
S1/2(m = −1/2)↔ D5/2(m

′ = −1/2)GHE^IKM�AH?aGH?BLNMk� ) A_��IKW]M�DFGH?Bb(%�DFUBX^� P bFG P IKGH?BLNM�A IKECD
IKM�?BACA P D/?aM�GHc�D�l�ECDQA^DFM�G[ACDFG P l �fACDQD�A^DQbFGH?BLNM H �   �R�IKUaU DJ�7lmDFEH?a�0DFM�GCA X7?aECDQbFGHUa� ECDFUVIKGCDQX�GCL � P IKM�G P � bQLN� l P GH?aM�W�DF� l�UBL � GHc�D AHG^IKGCDQA S1/2(m = −1/2)IKM�X
D5/2(m

′ = −1/2) GCL E^D�l�ECDQACDFM�G�GHc�D ?tM9GCDFEHM�IKU � P w�?aG���g�LNE/M�LNG^IKGH?BLNM�IKU AH?a� l�Ua?BbF?aGv�[� GHc�DQA^D0Gv` LAHG^IKGCDQAZ`3?aUaU P A P IKUaUa�YwmD X�DFM�LNGCDQX
|S〉 := S1/2(m = −1/2)
|D〉 := D5/2(m

′ = −1/2)
GHc�ECL P W]c�L P GSGHc�D ECDQAHGSLKd GHc�?BAZGHc�DQAH?BA��
) M D��7lmDFEH?a�0DFM�G^IKU b^c�IKUaUBDFM�WsD0dfLNE�� P IKM�G P ��bQLN� l P G^IKGH?BLNM%?BA GHc�D�I�rNIK?aUVIKw�?aUa?aGv��LKdZIKM%IKl�l�ECLNl�EH?VIKGCDUa?aW]c�G ACL P ECbQD]� uoM�L P E b�INACD GHc�DYUa?tdfDFGH?a�0D 1/A

LKdSGHc�DY�0DFG^INAHG^IKw�UBD
D5/2

UBDFrxDFU�?BA %]�&% H A��?@ %��o� � c�DbQLNc�DFECDFM�bQD�GH?a�0D�LKd3L P E�D��7lmDFEH?a�0DFM�GCA�� c�L `�DFrxDFE�� ?BA M�LNG�INA UBLNM�W�INA GCc�IKG�� `3c�?Bb^c ?BA/X P D0GCL�ACDFrxD�EJIKU�0DQb^c�IKM�?BAH�0A0A P b^c�INA(� P bFG P IKGH?BLNM�A�LKd_GHc�DY��IKW]M�DFGH?Bb %�DFUBX � uvM�L P E
l�ECDQACDFM�G0DJ�7lmDFEH?a�0DFM�G ?aG
G P EHM�AL P G/GHc�IKG�GHc�D�A P � LKdSIKUaU�bQLNM�GHEH?aw P GH?BLNM�A IK�0L P M�GCA�GCL�I bQLNc�DFECDFM�bQD�GH?a�0D LKdSIKG�IKwmL P G 600 µ A �fACDQDACDQbFGH?BLNM H �   ���M� c�DSUVINACDFE�IKG HN� > M��#� P AHG c�I�rxDSI Ua?aM�DF`3?BX7GHc LKdF% �]� � O LNE UBDQA^A ?aM LNECX�DFE GCL ��IK?aM�G^IK?aMbQLNc�DFECDFM�bQD/L rxDFE3GHc�IKGZGH?a�0D ACb�IKUBD]�
���
������� � � �R� ��� � �W	��!� � �!� �0�
	��
� � � � �

-9L�d IKE���IKUaU�M�LNM7n ECDQACLNM�IKM�GZl�ECL�bQDQACACDQA c�I�rxD@wmDQDFM M�DFW]UBDQbFGCDQX���INACA P � ?aM�W
GHc�IKG GHc�DF?aEZbQL P l�Ua?aM�W0ACGHECDFM�W]GHc
Ωi

?BA
� P b^c�AH��IKUaUBDFE
GHc�IKM�GHc�D X�DFG P M�?aM�W���uoG
G P EHM�A L P G GHc�IKG
?aM�L P E0D��9lmDFEH?a�0DFM�GCA�� DQAHlmDQbF?VIKUaUa�%?aMGHc�D@j IK��w7no>@?Bb^\sD@ECDFW]?a�0D[IKM�X `3c�DFMYGHc�DSUVINACDFE D��7bF?aGCDQA AH?BX�DFw�IKM�X GHE^IKM�AH?aGH?BLNM�A��7L@Ymn ECDQACLNM�IKM�G bQL P l�Ua?aM�WGCL�GCc�D b�IKEHEH?BDFE0c�INA
GCL,wmD bQLNM�AH?BX�DFECDQX � � `�L�X7?&Y DFECDFM�G l�ECL�bQDQACACDQA0b�IKM�wmD X7?BAHGH?aM�W P ?BACc�DQX�IKM�X�`3?aUaUwmD
X7?BACb P ACA^DQX�?aM�GHc�D�dfLNUaUBL `3?aM�W �@lmLNl P UVIKGH?BLNM GHE^IKM�Apd DFE IKM�X�Ua?aW]c�G AHc�?tdfGCA���� IK\9?aM�W GHc�L]ACD
DRY DQbFGCA[?aM�GCLINbQbQL P M�G ?BA l�IKEHGH?Bb P UVIKEHUa�0?a� lmLNEHG^IKM�G ?aM�GHc�D �vX�DQAH?aW]M �ZLKd � P IKM9G P � IKUaWsLNEH?aGHc��0A IKM�X0?aM�GHc�DSDFrNIKU P IKGH?BLNMLKd}GHc�DF?aEZUa?a� ?aGCA��
� �4/
��M�� ������� +-�.����" � !6� � c�DFECD@?BA IKUa`3I��9A3I�AH��IKUaUmGHEJIKM�ApdfDFE LKd lmLNl P UVIKGH?BLNM GCL�GHc�D_M�LNM7n ECDQACLNM�IKM�GHUa�bQL P l�UBDQX�UBDFrxDFUBA�� u dF��d LNE[DJ��IK� l�UBD���GHc�D
AH?BX�DFw�IKM�X�GHE^IKM�AH?aGH?BLNM |S, 0〉 ↔ |D, 1〉 ?BA[X7EH?arxDFM�`3?aGHc IKUaU}GHc�DlmLNl P UVIKGH?BLNM�?aM�?aGH?VIKUaUa��?aM |S, 0〉 ��GHc�DFM GHc�D�lmLNl P UVIKGH?BLNM�AYLKd GHc�D UBDFrxDFUBA |D, 0〉 IKM�X |S, 1〉 L]ACbF?aUaUVIKGCDQA
� � @ � "*�(��, ���7���

m = +1/2
�������

σ+
� )(�(,%�7� �($�+ �7@/ .)()�=>"��.$&$&��'�)(+%F
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� P ?Bb^\�Ua� IKGZI d�ECD/� P DFM�bF� LKd √Ω2 +∆2
�fL@Ymn ECDQACLNM�IKM�GZ�_IKw�?�L]ACbF?aUaUVIKGH?BLNM�A"� `3?aGHc IKM IK� l�Ua?aG P X�D LKd � HN  �

p =

(
Ω

∆

)2

� d LNE
∆À Ω

�����@DFM�bQD��
p
?BA_I��0D�INA P ECD[d LNEZL@Ymn ECDQACLNM�IKM�G_D��7bF?aG^IKGH?BLNM�A � uod GHc�D AH?BX�DFw�IKM�X GHE^IKM�AH?aGH?BLNM�?BAX7EH?arxDFM�ECDQACLNM�IKM�GHUa�
�hGHc�D�X�DFG P M�?aM�W ∆

dfECLN��GHc�D/b�IKEHEC?aDFE@?BA
∆ = ωm

��`3c�DFECD
ωm

?BASGHc�D dfECD/� P DFM�bF� LKdGHc�D bQLNEHECDQAHlmLNM�X7?aM�W r�?aw�E^IKGH?BLNM�IKU �0L�X�D���GHc P ASL@Ymn ECDQACLNM�IKM�GSb�IKEHEH?BDFE_D��7bF?aG^IKGH?BLNM�A@IKECD W]?arsDFM w��

p =

(
Ω

ωm

)2
.

) bQbQLNECX7?aM�WYGCL D/��Mk�L�   � � '
�R�mGHc�D��@IKw�? d�ECD/� P DFM�bF� ΩS = Ω1,0
LKd GHc�D�AH?BX�DFw�IKM�X�GHE^IKM�AC?aGH?BLNM � |S, 0〉 ↔

|D, 1〉 � ?BA
ΩS = ηΩ .uvM � P IKM�G P � bQLN� l P G^IKGH?BLNM�`3?aGHc,GHE^IKl�lmDQX�?BLNM�A���AH?BX�DFw�IKM�X�GHE^IKM�AC?aGH?BLNM�A IKECD IKM,DQACACDFM�GH?VIKU}?aM�W]ECDQX7?BDFM�G

�fb�dH� ACDQbFGH?BLNM � �&%YIKM�X%b^c�IKl�GCDFE = ��� uoM r9?BDF` LKdSI Ua?a� ?aGCDQX%bQLNc�DFECDFM�bQDYGH?a�0D�� `3c�?Bb^c%?BA
IKUa` I��9A�W]?arsDFM?aM�ECD�IKU AC�9AHGCDF�0A��fb�dH� ACDQbFGH?BLNM H �   �R�T?aG�?BA
LKdS?aM�GCDFECDQAHG
GCL�X7EH?arsD GHc�DQA^DYAH?BX�DFw�IKM�X�GHE^IKM�AH?aGH?BLNM�A0INA/d INAHGINAZlmL]A^AH?aw�UBD���?aM�LNECX�DFESGCL INbQbQLN� l�Ua?BAHc,INAS��IKM�� WxIKGCD/LNlmDFE^IKGH?BLNM�A[INASlmL]ACAH?aw�UBD `3?aGHc�?aM�GHc�D/bQLNc�DFECDFM�bQDGH?a�0D]��� c�D P l�lmDFE_Ua?a� ?aGZd LNESGHc�D/AH?BX�DFw�IKM�X��@IKw�?kd�ECD/� P DFM�bF� ΩS
?BA_ACDFGSw�� L@Ymn ECDQACLNM�IKM�G@D��7bF?aG^IKGH?BLNM�A �uvM
LNGHc�DFE}`�LNECX�A��Kd LNETI@A P ��bF?BDFM�GW� P IKUa?aGv��LKdhGHc�D � P IKM�G P �-WxIKGCD3LNlmDFE^IKGH?BLNM�A��sL@Ymn ECDQACLNM�IKM�G D��7bF?aG^IKGH?BLNM�AIKECD3ECD/� P ?tE^DFX0GCL[wmDZAH��IKUaUBDFE GCc�IKM�ACLN�0D r]IKU P D p0 �s`3c�?Bb^c0?BATGv�9l�?Bb�IKUaUa�
LNM0GHc�DZLNECX�DFE LKdkI_d DF`�lmDFECbQDFM�G��

p < p0
�#� c�D Ua?a� ?aG3d LNE

ΩS
?BA3GHc�DFECD�dfLNECD W]?arsDFM w��YGHc�D ?aM�D/� P IKUa?aGv�

p =

(
ΩS

ηωm

)2
< p0 ,

`3c�?Bb^c�b�IKM wmD ECDF`3EH?aGHGCDFM�INA
ΩS < ηωm

√
p0 .

�   �  ]  �
��LNECDQL rsDFE��7GHc�D j IK��w7no>@?Bb^\xD@d INbFGCLNE ?BA l�ECLNlmLNEHGH?BLNM�IKU GCL�GHc�D[?aM�rsDFECA^D[A � P IKECD@ECL�LNGZLKd GHc�D@r9?aw�E^IKGH?BLNM�IKUdfECD/� P DFM�bF�[� η ∝ (ωm)

−1/2 �fACDQD0D/� P IKGH?BLNM�A �   �&%�@
� IKM�X �   �  ]� �F�F� � LNM�ACD/� P DFM�GCUt�[� ?td `�D�INA^A P �0D GHc�D?BLNM�M P ��wmDFE��mGHc�D/wmD�IK�;WsDQLN�0DFGHEH���
β
�SIKM�X�GHc�D���Ie�7?a� P � IKUaUBL `�DQX�L@Ymn ECDQACLNM�IKM�G[D���bF?aG^IKGH?BLNM

p0
GCLwmD %��7DQX �fbQLNM�AHG^IKM�G"�R��?aM�D/� P IKUa?tG �   �  ]  b�IKM wmD `3EH?aGHGCDFM�INA

ΩS <
bQLNM�AHG�� · √ωm .

�   �   = �
� c�?BA[�0D�IKM�A[GHc�IKG[GHc�D���Ie�9?a� P ��IKUaUBL `�DQX�AH?BX�DFw�IKM�X,�@IKw�? dfECD/� P DFM�bF��?aM�bFECD�INACDQA[`3?aGHc √ωm � � LNM7nACD/� P DFM�GHUa�
� ?td�GHc�DFECD ?aA/IYb^c�LN?BbQD wmDFGv`�DQDFM ACDFrxDFE^IKUTr�?aw�E^IKGH?BLNM�IKU �0L�X�DQA `3c�?Bb^c b�IKM�wmD DF� l�UBL �xDQX�d LNE
� P IKM�G P ��bQLN� l P G^IKGH?BLNM ��?aG3?BASINX�rNIKM�G^IKWsDQL P ASGCL0b^c�L]ACD[GCc�D[�0L�X�D `3?aGHc GHc�D c�?aW]c�DQAHG3d�ECD/� P DFM�bF� ωm �
;<��2�:�� "�:�� � ��" uvM WsDFM�DFE^IKU �SIKM9��Gv`�L�IKGCLN� ?Bb�UBDFrxDFUBA���`3?aGHc IKM�DFM�DFEHW]� X7?&Y�DFECDFM�bQD

E = ~ω
��IKECDAHc�?tdfGCDQX w��,GHc�D�X7�9M�IK� ?Bb�-�G^IKEH\ DRY�DQbFG�?td��fL@Yhn ECDQA^LNM�IKM�G"� Ua?aW]c�G�LKd d�ECD/� P DFM�bF� ωl ?BA�AHc�LNM�D�LNM9GCL GHc�DIKGCLN� ��ECDQAHlmDQbFGH?arxDFUa��?BLNM���� HN  �o��uvM,GHc�?BA b�INACD�� GHc�D DFM�DFEHWsDFGH?Bb�IKUaUa��UBL ` DFE UBDFrsDFUT?BA AHc�?td�GCDQX���w�� Ω2/4∆IKM�X�GHc�D P l�lmDFE
UBDFrxDFU�w�� −Ω2/4∆ �}`3c�DFECD ∆ = ωl − ω

IKM�X
Ω
X�DFM�LNGCDQA
GHc�DY�@IKw�? dfECD/� P DFM�bF� LKd

���9)()�)(+�� +8)�$&�*� 	 ��$9 0;�+C,%�
� +<�!�(� @*������$���	  .��,%@�)� 0; 	 ;�+ �7@*+8��3<=7F
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GHc�D_GHE^IKM�AH?aGH?BLNM wmDFGv`�DQDFM GHc�D_Gv`�L�UBDFrxDFUBA���?td GHc�D_GHE^IKM�AH?aGH?BLNM ` INA X7EH?arsDFMYECDQACLNMhIKM�GHUa�0`3?aGHc Ua?aW]c�G LKd GHc�DA^IK�0D�?aM�GCDFM�AH?aG ��IKM�X,lmLNUVIKEH? O IKGH?BLNM����
u dF�hd LNE[D���IK� l�UBD�� GHc�D�Ua?aW]c�G ?BA[ECDQX9noX�DFG P M�DQX��k? � D]� ∆ < 0
��GHc�DFMGHc�D[UBL `�DFEZUBDFrsDFU ?BA3ACc�?td�GCDQX X�L `3M ��`3c�?aUBD[GHc�D P l�lmDFEZUBDFrxDFU�?BAZAHc�?tdfGCDQX P lk�W� c�?BA3l�?BbFG P ECD c�LNUBX�AZLNM�Ua� ?aMIYECDFW]?a�0D
`Zc�DFECD
GHc�D X�DFG P M�?aM�W ∆

?BA[UVIKEHWsD0DFM�L P W]c ACLYGHc�IKG rsDFEH��Ua?aGHGHUBD lmLNl P UVIKGH?BLNM GHE^IKM�AHdfDFE G^IK\xDQAl�UVINbQD���? � D]�7d LNE
∆À Ω

�uvM4GCc�D�b�INACD,LKd/GHE^IKl�lmDQX ?BLNM�AY?aM GHc�D�j IK��w7no>_?Bb^\xD,ECDFW]?a�0D�� P A P IKUaUa�4LNM�Ua� Ua?aW]c�G AHc�?tdfGCA X P D�GCLbQL P l�Ua?aM�W
GCL
b�IKEHEH?BDFE GHE^IKM�AH?aGH?BLNM�A � P AHG�wmD_G^IK\xDFMY?aM�GCL INbQbQL P M�G `3c�?aUBD[AH?BX�DFw�IKM�XYGHE^IKM�AH?aGH?BLNM�A l�ECL�X P bQDLNM�Ua��� ?aM�LNE Ua?aW]c�G/AHc�?td�GCA INA[GHc�DF?aE
Ω
?BA ECDFUVIKGH?arsDFUa�,AH��IKUaU � �_Le`�DFrsDFE/IKG AClmDQbF?BIKUaUa�,b^c�L]ACDFM X�DFG P M�?aM�WsAIKM�X ?tdkGHc�D ) � nI-�G^IKEH\�AHc�?tdfG�X P DSGCL�GHc�D_b�IKEHEH?BDFECA�?BA�bQLN� lmDFM�A^IKGCDQX d LNE���AC?BX�DFw�IKM�X9n ?aM�X P bQDQX UBDFrsDFUmACc�?td�GCAb�IKM wmD D��7lmDFEH?a�0DFM�G^IKUaUa� X�DFGCDQbFGCDQX � � c�D bQLNEHECDQAHlmLNM�X7?aM�W D��9lmDFEH?a�0DFM�GCA_IKECD[l�E^DFA^DFM�GCDQX ?aM A^DQbFGH?BLNM (7�&%]�uvM I_Gv�9l�?Bb�IKU�AHlmDQbFGHECL]ACbQLNl���D��7lmDFEH?a�0DFM�G LNM0L P E#� P w�?aG}GHE^IKM�AH?aGH?BLNM!�fA"� GHc�D ) � -�G^IKEH\�DRY DQbFG IKl�lmD�IKECA��d LNESDJ��IK� l�UBD���?aM�I AHc�?tdfGSLKd}GHc�D/LNw�ACDFEHrxDQX AH?BX�DFw�IKM�X ECDQACLNM�IKM�bQD dfECD/� P DFM�bF� � j DFG P A_INACA P �0D GHc�IKGS`�Dc�I�rxD�bQL�LNUBDQX IKM�?BLNM4GCL%?aGCA �0LNGH?BLNM�IKU[W]ECL P M�X�AHG^IKG^D�IKM�X4GHc�DFM�GHEH��GCL�X7EH?arsD�GHc�D�w�U P D�AC?aX�D�whIKM�X

|S, 0〉 ↔ |D, 1〉 ECDQACLNM�IKM�GHUa��w���ACDFGHGH?aM�W�GHc�D�X�DFG P M�?aM�W ∆ = ωl − ωa
GCL GHc�D�r�?aw�E^IKGH?BLNM�IKU[�0L�X�DdfECD/� P DFM�bF� ωm

��M�LNG^D�GHc�IKG
ωa

?BA GHc�D�dfECD/� P DFM�bF��LKd
I BD47ERE"O ARE%GHE^IKM�AC?aGH?BLNM����K� c�D |S, 0〉 UBDFrsDFU[?BAGHc�DFM -�G^IKEH\�AHc�?tdfGCDQX 2�<%X P DYGCL,L@Yhn ECDQA^LNM�IKM�G bQL P l�Ua?aM�W�GCL�GHc�D b�IKEHEH?BDFE GHE^IKM�AH?aGH?BLNM |S, 0〉 ↔ |D, 0〉w��
δ1 = Ω20,0/4∆

�T`3c�?aUBD bQL P l�Ua?aM�W,GCL�GHc�DYb�IKEHEH?BDFE |S, 1〉 ↔ |D, 1〉 ACc�?td�GCA�GHc�D |D, 1〉 UBDFrsDFU 	
C��#6w��
δ2 = Ω21,1/4∆

�%uvM�GHc�D j IK��w7no>@?Bb^\sD ECDFW]?a�0D��
Ω1,1 ≈ Ω0,0 = Ω

IKM�X�GHc�DYGCLNG^IKUSAHc�?td�G LKd@GHc�DAH?BX�DFw�IKM�X GHE^IKM�AC?aGH?BLNM wmDQbQLN�0DQA
δ0 = −(δ1 + δ2) = −Ω2/2∆ � uvM�WsDFM�DFE^IKU �}AH?BX�DFw�IKM�X�A�IKECD IKUa` I��9AAHc�?tdfGCDQX 8 C � 47E 	@?X8Q> A BD47ERE"O ARE3� �0D�IKM�?aM�W GHc�IKG ECDQX�AH?BX�DFw�IKM�X�A/IKECD AHc�?tdfGCDQX P l�`3c�?aUBD
w�U P D AC?BX�DFw�IKM�X�AIKECD�AHc�?tdfGCDQX�X�L `3M,?aM�dfECD/� P DFM�bF�s�@uvM�GHc�D�D���IK� l�UBD IKwmL rxD7�mGHc�D�UVINACDFE@Ua?aW]c�G[`�L P UBX�wmD�X�DFG P M�DQX�d�ECLN�GHc�DZAC?BX�DFw�IKM�X0ECDQACLNM�IKM�bQDZw��

δ0
IKUaGHc�L P W]c ∆

?BA ACDFG D���INbFGHUa�
GCL GHc�DZr�?aw�E^IKGH?BLNM�IKUh�0L�X�D3d�ECD/� P DFM�bF� ωm �-9L�d IKE�LNM�Ua� GHc�DYAHGHECLNM�WsDQAHG
ACL P ECbQDYLKdSUaDFrxDFU�ACc�?td�GCA�� ? � D]� bQL P l�Ua?aM�W,GCL�GHc�D M�D�IKECDQAHG
b�IKEHEH?BDFE LKdZGHc�D
]mDQDF��IKM7n ��IKM�?td LNUBX0?BA}G^IK\xDFM
?aM�GCL INbQbQL P M�G��TuoM ECD�IKUa?tG �
�xDFrsDFEH��b�IKEHEH?BDFE bQLNM9GHEH?aw P GCDQA GCL@GHc�D3L rxDFE^IKUaU�UBDFrsDFUAHc�?tdfG/`3?aGHc�?aGCA�ECDQAHlmDQbFGH?arsDYbQL P l�Ua?aM�W,ACGHECDFM�W]GHc Ωq

IKM�X�X�DFG P M�?aM�W ∆q
����LNECDQL rxDFE��TbQL P l�Ua?aM�W�GCL�GHc�D

S1/2 −D5/2
� P INX7E P lmLNUBD GHE^IKM�AH?aGH?BLNM!�fAR� ?BA3M�LNGSGHc�D LNM�Ua� ACL P ECbQD LKdTUBDFrsDFU AHc�? dfGCA�� X7?almLNUBD GHE^IKM�AH?aGH?BLNM�A��GCL�`3c�?Bb^c�GHc�DYX�DFG P M�?aM�W�?BA�� P b^c�UVIKEHWsDFE,��`3c�DFM�`�LNEH\�?aM�W���M�D�IKE"�/ECDQACLNM�IKM�GHUa�%LNM�GHc�D S1/2 − D5/2GHE^IKM�AH?aGH?BLNM��TbQLN� lmDFM�A^IKGCDZGHc�?BA w�� IKl�l�ECL��9?a��IKGCDFUa�0ACDFrsDFM�LNECX�DFECA LKdm��IKW]M�?aG P X�D_AHGHECLNM�WsDFE bQL P l�Ua?aM�W ��?aMGCDFEH�0ASLKd

Ω2
���uvM�GHc�D D��7lmDFEH?a�0DFM�G�� `�D b�IKM P ACD I��_IK�0ACDF��n Gv��lmD AHlmDQbFGHECL]ACbQLNl�?Bb �0DFGHc�L�X �fA^DQDYA^DQbFGH?BLNM H �?@
�/GCL�0D�INA P ECD ) � nI-�G^IKEH\,AHc�?tdfGCA��(� c�?BA �0DFGHc�L�X�l�ECLNwmDQA GHc�D
ECDFUVIKGH?arxD AHc�?tdfG δAC LKd�Gv`�L IKGCLN� ?Bb
UBDFrxDFUBA )IKM�X�� `3c�?Bb^c�?BAZl�ECL�X P bQDQX�w�� L@Ymn ECDQACLNM�IKM�G_Ua?tW]c9G@IKG_I
UVINA^DFE3dfECD/� P DFM�bF� ωs AHc�LNM�D/LNM�GCL0GHc�D ?BLNMk� uvMLNGHc�DFEZ`�LNECX�A��

δAC = 1
~
[
(Es

A − Es
B)− (EA − EB)

]
,

�   �   '
�
`3c�DFECD

EA
IKM�X

EB
IKE^D/GHc�D�DFM�DFEHW]?BDQA LKd GHc�D/Gv`�L UBDFrsDFUBASd LNE_GHc�D/?BA^LNUVIKGCDQX�� P M�lmDFEHG P EHwmDQX IKGCLN� "e?BLNM �`3c�?aUBD

Es
A

IKM�X
Es
B

IKECDSGHc�D ) � nI-�G^IKEH\�AHc�?td�GCDQX DFM�DFEHW]� UBDFrxDFUBA P M�X�DFE GHc�DS?aM � P DFM�bQD@LKd UVINACDFE E^INX7?VIKGH?BLNMIKG3d�ECD/� P DFM�bF� ωs �uvM%GHc�D�d LNUaUBL `3?aM�W0� I d LNEH� P UVI d LNE δAC `3?aUaU�wmDYX�DFrxDFUBLNlmDFXk�,uvM%GHc�DYD��7lmDFEH?a�0DFM�G0INA�?aG�c�INA�wmDQDFMb�IKEHEH?BDQX�L P G�� GHc�D %�ECAHG�UaDFrxDFU � ) �[` INA |S〉 � = S1/2,m = −1/2 ����uoG�`3?aUaU wmDYINACA P �0DQX GHc�IKG ωs ?BAM�D�IKE�ECDQACLNM�IKM�G�GCL�GCc�D
S1/2 ↔ D5/2

GHE^IKM�AC?aGH?BLNM!�fA"� w P G IKG�GHc�DYA^IK�0D�GH?a�0D�d IKE�DFM�L P W]c%dfECLN� IKM��ECDQACLNM�IKM�bQD�A^L0GHc�IKG@M�L�lmLNl P UVIKGH?BLNM,GHE^IKM�AHdfDFE_G^IK\xDQA_l�UVINbQD]�_��LNECDQL rsDFE��mGHc�D/WsDQLN�0DFGHEH?Bb
bQLNM %�W P E^IKGH?BLNM
φ = 45◦, γ = 0◦

�fb�dH� A^DQbFGH?BLNM   �   �?'
�0` INA b^c�L]ACDFMk�=� c�?BAY�0D�IKM�AYGHc�IKG LNM�Ua� GHE^IKM�AH?aGH?BLNM�AYGCL%GHc�DAHG^IKGCDQA
D5/2,m

′ = {−5/2,−1/2,+3/2} ��`3c�?Bb^c `3?aUaU�wmD X�DFM�LNGCDQX c�DFECDZINA |D−5〉, |D−1〉
IKM�X |D+3〉 �
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g ?aW P ECD   �?( � ) � nI-�G^IKEH\�AHc�?tdfGCA LKd3?aM�X7?ar�?BX P IKU IKGCLN� ?Bb0UBDFrxDFUBA ?aM 40 � I + �fACDQD�IKUBACL GCD��9G"�[?aM�X P bQDQX w��L@Ymn ECDQACLNM�IKM�GSUa?aW]c�G@IKG3d�ECD/� P DFM�bF� ωs � uoM�X7?ar9?BX P IKU AHc�?td�GCA_IKECD ?aM�X7?Bb�IKGCDQX�w��YW]ECDF� IKEHECL `ZA��R INb^c�W]ECDF�xnoACb�IKUBD/bQLNEHECDQAClmLNM�X�ASGCL0GHc�D/AHc�?tdfGCA3?aM�X P bQDQX�w�� bQL P l�Ua?aM�W GCL0LNM�D/LKdTGHc�D GHc�ECDQDLNl�GH?Bb�IKU GHE^IKM�AC?aGH?BLNM�A��ZuoM�GHc�D�D��9lmDFEH?a�0DFM�G��hGCc�D ECDFUVIKGH?arxD/UBDFrsDFU AHc�?td�G
δAC

wmDFGv`�DQDFM |D−1〉��UBDFrxDFU ) � IKM�X |S〉 ��UBDFrsDFU_�+��?BA0l�ECLNwmDQX � � LNM�ACD/� P DFM�GHUa�
� GHc�D�D��9lmDFEH?a�0DFM�G ?BA�X�L P w�UBDACDFM�AH?aGH?arxD GCL GHc�D�ACc�?td�GCA ?aM�X7?Bb�IKGCDQX%w��,�0DQX7? P � W]ECDF� IKEHECL `ZA�� `3c�?Bb^c�INbQbQL P M�GCA/d LNE GHc�Dd INb�G^LNE3LKd � ?aM D/��Mk���   �   @
��� uvM l�E^INbFGH?BbQD[GHc�DFECD IKECD IKUBACL��0LNGH?BLNM�IKU AH?BX�DFw�IKM�X�A3GCL DQINb^c LKdGHc�D@GHc�ECDQD b�IKEHEH?BDFE3GHE^IKM�AH?aGH?BLNM�A3w P G GHc�DQACD[b�IKM wmD@M�DFW]UBDQbFGCDQX c�DFECD INA�GHc�DF� IKECD@ECDFUVIKGH?arsDFUa�`�D�IK\��

ECDQAHlmDQbFGH?arxDFUa�	����IKECD[IKUaUBL `�DQX �W� c�D[AHG^IKGCD |D−1〉
` INA b^c�L]ACDFM INA�GHc�D@A^DQbQLNM�X UBDFrxDFU#�f�+��� � c�D@AH?aG P IKGC?aLNM?BA}X�DFl�?BbFGCDQX�?aM g ?aW��   �?(7�L� c�D�M�LNG^IKGH?BLNM Ωq

?BA P ACDQX/d LNE GHc�D bQL P l�Ua?aM�W ��?aM�GCDFEH�0ATLKdh�_IKw�?�dfECD/� P DFM�bF�0� LKdGHc�DZL@Yhn ECDQACLNMhIKM�G Ua?aW]c�GS�
ωs
� GCL[GHc�D |S〉 ↔ |Dq〉

GHE^IKM�AH?aGH?BLNMk� ) bQbQLNECX7?aM�W]Ua�
�
∆q

X�DFM�LNGCDQA GHc�DZX�DFG P M�?aM�WLKd
ωs
dfECLN�(GHc�D |S〉 ↔ |Dq〉

ECDQACLNM�IKM�bQD@IKG
ωq
�xGHc P A ∆q = ωs−ωq

�M� c�DSUa?aW]c�G�LKd�dfECD/� P DFM�bF� ωs M�L `AHc�?tdfGCA IKUaU�UBD�rxDFUBAT?aM�rxLNUarsDQX ?aM0X7?&Y�DFECDFM9GT` I �9A�� L@Ymn ECDQACLNM�IKM�G bQL P l�Ua?aM�W/GCL[GHc�D |S〉 ↔ |D−5〉
GHE^IKM�AH?aGH?BLNM �d LNE
D���IK� l�UBD�� AHc�?tdfGCA |S〉 w�� Ω2−5/4∆−5

IKM�X%GHc�D AHG^IKGCD |D−5〉
w�� −Ω2−5/4∆−5

� J@LNGCD c�L `�DFrxDFE��GHc�IKG�L P E/l�ECLNwmD0�0DFGHc�L�X ?BA/A^DFM�AH?aGH?arsD0LNM�Ua�,GCL�AHc�?tdfGCA LKd3GHc�D |S〉 ↔ |D−1〉
ECDQACLNM�IKM�bQD]� ��LNECDQL rxDFE��bQL P l�Ua?aM�W%G^L rNIKEH?BL P A X7?almLNUBD�GHEJIKM�AH?aGH?BLNM�A `3?aUaU@IKUBACL AHc�?tdfG0GCc�D UBDFrsDFUBA |S〉 IKM�X |D−1〉

� D�INb^c4X�?tlmLNUBDGHE^IKM�AH?aGH?BLNM bQLNM�GHEC?tw P GH?aM�W�`3?aGHcYI[ACc�?td�G l�ECLNlmLNEHGH?BLNM�IKUhGCL Ω2dip,i/∆dip,i
�M� c�DZ?aM�X�D��

i
bQL P M�GCAS4�G�GNX7?almLNUBDGHE^IKM�AH?aGH?BLNM�A �+� c�D/ECDQAHlmDQbFGH?arxD�bQL P l�Ua?aM�W AHGHECDFM�W]GHc�A Ωdip,i

IKECD�� � P AHGSUa?a\xD/D�INb^c Ωq
LKd GHc�D�� P INX7E P lmLNUBDGHE^IKM�AH?aGH?BLNM�A��kl�ECLNlmLNEHGH?BLNM�IKU GCL GHc�D Ua?aW]c�G ?aM�GCDFM�AH?aGv�x� � LNM�ACD/� P DFM�GHUa�
� D�INb^c Ω2dip,i
?BA l�ECLNlmLNEHGH?BLNM�IKU GCL5�d LNE D���IK� l�UBD��

Ω2−1
��q_M�X�DFE GHc�D bQLNM�X7?aGH?BLNM�A/LKd L P E/D��9lmDFEH?a�0DFM�G�� `3c�DFECD `�D0IKUa` I��9A `�LNEH\�M�D�IKE GHc�D

S1/2 − D5/2
ECDQACLNM�IKM�bQD
�fAR��GCL�`Z?tGCc�?aM I,ACDFrxDFE^IKUZ��� O � `�D b�IKM INACA P �0DYGHc�D X�DFG P M�?aM�WsA ∆dip,i

GCLwmD�bQLNM�ACG^IKM�G��S� IK\�?aM�W IKUaU GHc�?BA@?aM�GCLYINbQbQL P M�G��m`�D�b�IKM�`3EH?aGCD�GHc�D 8 C
8 47GTUa?aW]c�G[AHc�?td�G_wmDFGv`�DQDFM |S〉 IKM�X
|D−1〉

INA
δAC =

Ω2−1
4

(
d− a−5

∆−5
− 2

∆−1
− a+3

∆+3

)
,

�   �   @
�
`3c�DFECD�GHc�D

aq
IKECD GHc�D�A � P IKECDQA�LKd GHc�D ECDFUVIKGH?arxD�bQL P l�Ua?aM�W�AHGHECDFM�W]GHc�A `3?aGHc E^DFAClmDQbFG�GCL GHc�D�l�ECLNwmDGHE^IKM�AH?aGH?BLNM |S〉 ↔ |D−1〉

� `3c�?Bb^c d LNE/GHc�D0W]?arxDFM WsDQLN�0DFGHEH� ECD�INX
a−5 = 0.278

IKM�X
a+3 = 0.0556
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�
a−1

wmDF?aM�W LNM�D/w���X�DR%�M�?aGH?BLNM��R��b�dH�hg ?aW��   � H �fb������ c�D�bQLNM�AHG^IKM9G d bQLNM�G^IK?aM�A@GHc�D��fA � P IKE^DFX���E ARG 4�8:OQP@AbQL P l�Ua?aM�W�AHGHECDFM�W]GHc�AZLKdF��INA `�DFUaU INA GHc�D X�DFG P M�?aM�WsA3GCL5� 47GQG X7?almLNUBD[GHE^IKM�AH?aGH?BLNM�A �WJ_LNGCD[GHc�IKG d ECD�IKUaUa�Y?BAI0bQLNM�ACG^IKM�G_wmDQb�I P ACD/GHc�D�A P �;LKd ECDFUBIKGC?trxD/Ua?aM�D�AHGHECDFM�W]GCc�A@LKd I0GHE^IKM�AH?aGH?BLNM � A�]mDQDF��IKM7n ��IKM�?tdfLNUBX,X�L�DQA
6�C�8�X�DFlmDFM�X�LNM�GHc�D WsDQLN�0D�GCEH�s� � c�DFECD�d LNECD

d
?aM�l�EH?aM�bF?al�UBD ?BA0I,X7?aECDQbFG
d P M�bFGH?BLNM�LKd_d P M�X�IK�0DFM�G^IKUbQLNM�AHG^IKM�GCA3n�I
bQLN� l�Ua?Bb�IKGCDQX�LNM�D���c�L `�DFrsDFE��uvM�l�E^INbFGH?BbQD�GHc�D wmD�IK�-WsDQLN�0DFGHEH�/?BA M�DFrsDFE lmDFEpd DQbFGHUa�/ECD�IKUa? O DQX��]? � D]� a−5 IKM�X a+3 `3?aUaU7X7?&Y DFE}AHUa?aW]c�GHUa�dfECLN��GHc�DF?aETGHc�DQLNECDFGH?Bb�IKU�r]IKU P DQA��L� c�D �_IK�0ACDF��n Gv�9lmD �0D�INA P ECDF�0DFM�GTdfLNE δAC �0DFM�GH?BLNM�DQX0IKwmL rxD��]`3c�DFECDM�L `(GHc�D d�ECD/� P DFM�bF� ωs ?BA rNIKEC?aDQX L rxDFE�I `3?BX�D0E^IKM�WsD��}IKUaUBL `ZA�LNM�D0GCL ��IKl%D/��Mk� �   �   @
��� ) A �0DFM7nGH?BLNM�DQX�� GHc�D0bQLNEHECDQAClmLNM�X7?aM�W�D��7lmDFEH?a�0DFM�G�?BA/X�DQACbFEH?awmDQX ?aM ACDQbFGH?BLNM H �?@7� ) %�G/GCL GHc�DQACD�X�IKG^I �9?aDFUBX�Ar]IKU P DFA dfLNE d � a−5 IKM�X a+3 � �[M�L `3UBDQX7WsD�LKd�GHc�DQACD
GHc�ECDQD l�IKE^IK�0DFGCDFECA/GHc�DFM%IKUaUBL `ZA LNM�D
GCL l�ECDQX7?BbFGIKM�X��vDFM�W]?aM�DQDFE � UBDFrxDFUkAHc�?tdfGCA��

� c�?BA}?BA}l�IKEHGH?Bb P UVIKEHUa�
?a� lmLNEHG^IKM�GTdfLNE}GHc�D UBDFrsDFUBA |S〉 IKM�X |D〉 = |D−1〉
`3c�?Bb^c�IKECD P A^DQX�GCL[DFM�bQL�X�DZI

� P w�?aG�� ) UBDFrxDFU�`3c�?Bb^c0?BA ) � nI-�G^IKEH\ AHc�?tdfGCDQX
?aM d�ECD/� P DFM�bF��w�� δ d LNE I@GH?a�0D t ��INb3� P ?aECDQA I@l�c�INA^D�d INbFGCLNE
eiδ·t

� uoM GCc�D0?a� l�UBDF�0DFM�G^IKGH?BLNM�LKd+� P IKM�G P � IKUaWsLNEH?aGHc��0A�A P b^c l�c�INACD d INbFGCLNECA�b�IKM�M�LNG�wmD0GCLNUBDFE^IKGCDQX
� P M�UBDQACA GHc�DF��IKECD `�DFUaUZbQLNM�GHECLNUaUBDQX9� INA
GHc�D�� P IKM�G P � l�c�INA^DY?BA
GHc�D DQA^ACDFM�GH?VIKU3b�IKEHEH?BDFE�LKd�� P IKM�G P �?aM7d LNEH��IKGH?BLNMk�uod �Nd LNE D���IK� l�UBD��xGHc�D3w�U P DSAH?BX�DFw�IKM�X�LKd�GHc�D |S〉 ↔ |D〉 GHE^IKM�AH?aGH?BLNM�?BA X7EH?arxDFM0ECDQACLNM�IKM�GHUa�[�sGHc�DFM�GHc�?BAAHc�?tdfGCA GHc�D |S〉 ↔ |D〉 E^DFA^LNM�IKM�bQD@INbQbQLNECX7?aM�W�GCL/D/�xMk���   �   @
���T� ECLNw�UBDF�0A�X P DSGCL P M�` IKM�GCDQX ) � nI-�G^IKEH\AHc�?tdfGCA D��7?BAHG IKUBACL ?aM0l�ECDQbF?BAH?BLNM AClmDQbFGHECL]ACbQLNl�� � H =���IKM�X `3?aGHc LNl�GH?Bb�IKUhbFUBL�b^\7A � H ' � H @��o� \ P E ACLNU P GH?BLNM0d LNEGHc�D �I���T/F! ��"�� �������E� � A P b^c P M�` IKM9GCDQX � B ��N ���0� � "�:�� � ��" bQLNM�AH?BACGCA3LKd}AH?a� P UaG^IKM�DQL P ACUa� IKl�l�Ua�9?aM�WIKM INX�X7?aGH?BLNM�IKU�Ua?aW]c�GW%�DFUBX �M� c�DZX�DFG P M�?aM�W�IKM�X0?aM�GCDFM�AH?aGv�
LKd�GHc�D3UVIKGHGCDFE ?BA b^c�L]ACDFM�A P b^c GHc�IKG GHc�DSINX�X7?tnGH?BLNM�IKU
%�DFUBX
l�ECL�X P bQDQA}GHc�D LNl�lmL]AC?aGCD ) � nI-�G^IKEH\�AHc�?tdfG���? � D]�NLNl�lmL]AH?aGCD ?aM
AC?aW]M IKM�X
D/� P IKU7?aM���IKW]M�?aG P X�D��IKM�X GHc P A/M P UaUBA/GHc�D L rxDFE^IKUaU AHc�?tdfG���� c�D X�DFG P M�?aM�W�?BA/b^c�L]A^DFM d IKE d�ECLN��IKM9�,ECDQACLNM�IKM�bQDYACL GHchIKG/M�LINX�X7?aGH?BLNM�IKUhlmLNl P UVIKGH?BLNM GHE^IKM�ApdfDFE L�bFb P E^A��W\ P E �0DFGHc�L�X�?BATECDFUVIKGCDQX0GCL�� H�H �V�x`3c�DFECDZGHc�D3?aM�c�LN�0LNWsDFM�L P Aw�ECLsINX�DFM�?aM�W
LKdkI c��9lmDFE %�M�DZGHE^IKM�AH?aGH?BLNMYLKd 85 �Zw7nvIKGCLN�0A ` INA A P l�l�ECDQACACDQX P AH?aM�W�I w�?Bb^c�ECLN��IKGH?Bb_X7?almLNUBDGHE^IKlk�
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) A �0DFM�GH?BLNM�DQX wmD�d LNECD��9?aM L P E D��7lmDFEH?a�0DFM�G3Gv`�LX]mDQDF��IKM7noA P w�UBDFrsDFUBA |S〉 IKM�X |D〉 �fACDQD@ACDQbFGH?BLNM   �   �?'
�IKECDZb^c�L]ACDFM INATGHc�D3Gv`�L ?aM�GCDFEHM�IKU�� P w�?aG ACG^IKGCDQA LKdkI 40 � I + ?BLNMk�W-9DQbFGH?BLNM � �&%ZX7?BACb P ACA^DQX
c�L `4IKEHw�?aGHE^IKEH�ECLNG^IKGH?BLNM�A}LKd�GHc�?BAZOQ698VARER6�47G 132 �RO:8kb�IKM�wmD�INbQbQLN� l�Ua?BAHc�DQX�w��[ECDQA^LNM�IKM�G D���bF?aG^IKGH?BLNM�A

R(θ, φ)
IKM�X�ACDQbFGH?BLNM

  �   �   AHc�L ` DQX c�L ` GHc�D UVIKGHGCDFE_b�IKM wmD ?a� l�UBDF�0DFM�GCDQX�w�� � INX�X7ECDQACACDQX9� b�IKEHEH?BDFESl P UBACDQA�� D3��Mk�!�   �   �   �F���
� c�D GHEH?Bb^\ GCL���IK\sDYD���bF?BDFM�G
?BLNM�GHE^IKl � P IKM�G P � bQLN� l P G^IKGH?BLNM�lmL]A^AH?aw�UBD�l�ECLNlmL]A^DQX%w�� � ?aE^INb IKM�X
]mLNUaUBDFE��   =�� ?BASGCL D�� l�UaLe� LNM�D�LKdTGHc�D/r�?aw�E^IKGH?BLNM�IKU �0L�X�DQA��h�0LNECD/l�ECDQbF?BACDFUa� ?aGCASUBL `�DQACGSGv`�L � P IKM�G P �AHG^IKGCDQA |n = 0〉 IKM�X |n = 1〉 � INA IKM�INX�X7?aGH?BLNM�IKU+� P w�?aG��}GHc�D P�O �REF4�8:O C76�47G�132 �RO:8 � � c�D AH?aG P IKGH?BLNM�?BA?aUaU P AHGHE^IKGCDQX�?aM�g ?aW���=��&%]�}uvM GHc�?BA `3I��
DFrxDFM I ?"OQ6��7G*AZGHE^IKl�lmDQX�?BLNM0?aM�bQLN��w�?aM�IKGH?BLNMY`3?aGHc I[r9?aw�E^IKGH?BLNM�IKU�0L�X�D�ECDFl�ECDQA^D�M9GCA I 8�� CNnV� P w�?aG�� P IKM�G P � ?aM7dfLNEH��IKGH?BLNM�l�ECL�bQDQACA^LNE��(-9DQbFGH?BLNM3=�� � X7?BACb P ACACDQA@?aM�X�DFG^IK?aUc�L ` P M�?arsDFECA^IKUZGv`�LKnV� P w�?aG0WxIKGCDQA0wmDFGv`�DQDFM�?aM�GCDFEHM�IKU_IKM�X�r�?aw�E^IKGH?BLNM�IKUS� P w�?aG�b�IKM�wmD ?a� l�UBDF�0DFM�GCDQXP AH?aM�W_UVINACDFE l P UBACDQA LNM�GHc�D ECDQX/AH?BX�DFw�IKM�X R−(θ, φ)

�fD/�xMk�
�   � �IH �F� IKM�X/LNM�GHc�D w�U P D AH?BX�DFw�IKM�X R+(θ, φ)�fD/��Mk�!�   � � (
�F�3?aM�INX�X7?aGH?BLNM�GCL�b�IKEHEH?BDFE_l P UBACDQA���-9DQbFGH?BLNM =��   X7?BACb P A^ACDQAZGHc�D >[D P GCACb^c�nVUsL O A^I IKUaWsLNEH?aGHc��IKM�X c�L ` ?aGZb�IKM wmD ?a� l�UBDF�0DFM�GCDQX�LNM A P b^c�I
Gv`�LKnV� P w�?aGS� P IKM�G P ��bQLN� l P GCDFE��
-9DQbFGH?BLNM =�� =�ACc�L `ZA�c�L ` GHc�D � P IKM�G P � bQLN� l P GJIKGH?BLNM�ACb^c�DF�0DYb�IKM�wmDYD��9GCDFM�X�DQX�GCL�I�ACGHEH?aM�W�LKdGHE^IKl�lmDQX ?BLNM^� P w�?aGCA��
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g ?aW P ECD =��&%��0� c�D�DFUBDF�0DFM�G^IKEH��Gv`�LKnV� P w�?aG[AH�7AHGCDF��n�GHc�D�?aM�GCDFEHM�IKU��fDFUBDQbFGHECLNM�?Bb��@X�DFW]ECDQD�LKd d�ECDQDQX�LN��LKdIKM4?aM�X7?ar9?BX P IKU@?BLNM �SbQLN��w�?aM�DQX4`3?aGHc I r9?aw�E^IKGH?BLNM�IKU@�0L�X�D]� � c�D��0L�X�D�ECDFl�ECDQA^DFM�GCA Ic�IKEH�0LNM�?Bb�L]ACbF?aUaUVIKGCLNE � dfECD/� P DFM�bF� ν ��� uoGCA Gv`�L UBL `�DQACG UBDFrxDFUBA |n = 0〉 IKM�X |n = 1〉 IKECD?BX�DFM�GH?&%�DQXYINA GHc�D�P�O �REF4
8:O:C76 47G 132!�3OQ8 �#� c�DSbQLN� l P G^IKGH?BLNM�IKUmw�INAH?BA AHG^IKGCDQA LKd�GHc�DSbQLN��w�?aM�DQXAH�7AHGCDF� �fX7E^I�`3M ?aM w�UVINb^\ LNM GHc�DZEH?aW]c�G c�IKM�X AH?BX�D��}`3?aUaU�wmD_X�DFM�LNGCDQX�Ua?a\xD |S, n〉 �}> INAHc�DQXIKEHECL `ZA��TECDQX�IKM�X w�U P D AH?BX�DFw�IKM�X GHE^IKM�AH?aGH?BLNM�A ��-9LNUa?BX�IKEHECL `ZA�� b�IKEHEH?BDFESGHE^IKM�AH?aGH?BLNM�A��
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� c�?BA ACDQbFGH?BLNM�X�D�IKUBA@`3?aGHc IYAH?aM�W]UBD�?aLNM�bQL P l�UBDQX,GCL I r�?aw�E^IKGH?BLNM�IKUT�0L�X�D]��J@LNGCD��mc�L `�DFrxDFE���GHc�IKG[GHc�DA^IK�0D/dfLNEH��IKUa?BAH� IKl�l�Ua?BDQA@?td GHc�D/?BLNM�?BA_l�IKEHG[LKd�I�AHGHEH?aM�W IKM�X�GCc�D/�0L�X�D�?BA[I bQLN� �0LNM�r9?aw�E^IKGH?BLNM,LKdGHc�D DFM�GH?aECD bFEH�7AHG^IKU�n�INA3UBLNM�W INAZLNM�Ua�YGHc�?BASLNM�D ?BLNM ?BASLNl�GH?Bb�IKUaUa� INX�X7ECDQACACDQX �q@AH?aM�W
I$?"OQ6��7G*A@GHE^IKl�lmDQX ?aLNM INA I�bQLN� l�UBDFGCD@Gv`�LKnV� P w�?aG�� P IKM�G P � bQLN� l P GCDFE3ECD/� P ?aECDQA3I P M�?arxDFECA^IKUACDFG@LKd � P IKM�G P �;WxIKGCDQA.�fb�dH�hACDQbFGH?BLNM � � � ���S� c�?BA_?aM�bFU P X�DQA AH?aM�W]UBD(� P w�?aG_ECLNG^IKGH?BLNM�A[LKd GHc�D P�O �REF4
8:O:C76�4�G
� P w�?aG�� - P b^c�ECLNG^IKGH?BLNM�A0LKd_GHc�D r9?aw�E^IKGH?BLNM�IKU+� P w�?aG
lmL]ACD bQDFEHG^IK?aM�l�ECLNw�UBDF�0A IKEH?BAH?aM�W�dfECLN� GHc�DYd INbFGGHc�IKG�GHc�D��0L�X�D�c�INA���IKM�� A 132 O 	7O�?R8 47698/L]ACbF?aUaUVIKGCLNE�UBDFrxDFUBA�� M�LNG � P AHG/GHc�D � P w�?aG�UBDFrsDFUBA |n = 0〉 IKM�X
|n = 1〉 ��� c�DQACD ECLNG^IKGH?BLNM�A@b�IKM�M�LNG_wmD/X7?aECDQbFGHUa� X7EH?arxDFM�w�� ECDQACLNM�IKM�GSE^INX7?VIKGH?BLNM ��`3c�?Bb^c�` L P UBX wmD ?aMGHc�D E^INX7?BLKdfECD/� P DFM�bF� E^IKM�WsD/LKd I�d DF` �#� O � ��- P b^c�I
ECDQA^LNM�IKM�G_D��7bF?aG^IKGH?BLNM�`�L P UBX���dfLNESD���IK� l�UBD���M�LNGLNM�Ua��D���bF?aGCD
GHc�D |S, 0〉 ↔ |S, 1〉 GHE^IKM�AH?aGH?BLNM �kw P G GHc�D |S, 1〉 lmLNl P UVIKGH?BLNM `�L P UBX AH?a� P UaG^IKM�DQL P AHUa��wmDGHE^IKM�Apd DFEHECDQX�LNM GCL |S, 2〉 � |S, 3〉 IKM�X�ACL0LNMk� uoM�LNGHc�DFES`�LNECX�A���GHc�D/bQLN� l P G^IKGH?BLNM�IKU}AHl�INbQD `�L P UBX M�LNGwmD bQLNM�ACDFEHrsDQX �
-�?aM�W]UBD�� P w�?aG LNlmDFE^IKGH?BLNM�ATLNM�GHc�D OQ698VARER6�47G�AHG^IKGCD��NLNM�GHc�D�LNGHc�DFE c�IKM�X��]b�IKM�wmD D���bF?BDFM�GHUa�/lmDFEpdfLNEH�0DQXw���b�IKEHEH?BDFE�l P UBACDQA�� � c P A���I,M�IKG P E^IKU_IKl�l�ECLsINb^c ?BA GCL�AH` IKl�GHc�D ?aM�GCDFEHM�IKU@IKM�X�r9?aw�E^IKGH?BLNM�IKUS� P w�?aG?aM7d LNEH��IKGH?BLNM ��GHc�DFM�lmDFEpdfLNEH��GHc�D X�DQAC?aECDQX LNlmDFE^IKGH?BLNM�LNM GHc�D ?aM�GCDFEHM�IKU'� P w�?aG_IKM�X�%�MhIKUtUa� AC` IKl w�INb^\m�

� c�D X�DQAH?aECDQX AH` IKl LNlmDFE^IKGH?BLNM�AHc�L P UBX ?aM�GCDFECb^c�IKM�WsD GHc�D lmLNl P UVIKGH?BLNM�ASLKd |D, 0〉 IKM�X |S, 1〉 IKM�X UBD�I�rxDGHc�D lmLNl P UVIKGH?BLNM�A�LKd[GHc�D LNGHc�DFE0Gv`�L bQLN� l P G^IKGH?BLNM�IKUSw�INAC?BA0AHG^IKGCDQA^� |S, 0〉 IKM�X |D, 1〉 � P M�I Y DQbFGCDQX �) bQbQLNECX7?aM�W]Ua�
��GHc�D bFLNECECDQAHlmLNM�X7?aM�W���IKGHEH?t� ?aM GHc�D w�INAH?BASLNECX�DFE � |S, 0〉, |D, 0〉, |S, 1〉, |D, 1〉 	 ECD�INX�A

SWAP =




1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


 .

) ECDQX�AH?BX�DFw�IKM�X
π
n l P UBACD R−(π, φ)

`�L P UBX�?aM�GCDFECb^c�IKM�WsD GHc�D lmLNl P UVIKGH?BLNM�A0LKd |D, 0〉 IKM�X |S, 1〉 INAX�DQAH?aECDQX ���0L�X P UBL/bQDFEHG^IK?aM�l�c�INA^D d INbFGCLNECA `3c�?Bb^c X�DFlmD�M�X�LNM φ ��� �_L `�DFrxDFE��xA P b^cYIKM�LNlmDFE^IKGH?BLNM�`�L P UaXIKUBACLX��lhIKEHGH?VIKUaUt�0� GHE^IKM�Apd DFE I_lmL]A^AH?aw�UBD |D, 1〉 ACG^IKGCD�lmLNl P UVIKGH?BLNM ��`3c�?Bb^c0?BATA P l�lmL]ACDQX
GCL[wmD P M�I Y DQbFGCDQX9�GCL GHc�D |S, 2〉 ACG^IKGCD]� ) WxIK?aM�GHc�DZl�ECLNw�UBDF�#?BA GHc�DSbQLNM�A^DFEHrNIKGH?BLNMYLKd bQLN� l P G^IKGH?BLNM�IKU�AHl�INbQD]�M� c�DZG^INAC\
LKd?a� l�UBDF�0DFM�GH?aM�W�I
SWAP

LNlmDFE^IKGH?BLNM �7`3c�?Bb^cY��I���ACDQDF�#?a� lmL]A^AH?aw�UBD[IKG %�ECAHG��9b�IKMY?aM�d INbFG wmDSd P U&%�UaUBDQXw���GHc�D
GCDQb^c�M�?*� P D0LKd�BDC7;S< C@?ROQ8VA <�2 G ?/AR?R�k`3c�?Bb^c�?aM�GHc�D�dfE^IK�0DF`�LNEH\,LKd�J@���-c�I�rxD
wmDFDFM ?aM P ACD�d LNEACDFrxDFE^IKU3�sD�IKECA�� H ( � H >��o� � c�?BA GCDQb^c�M�?*� P D G^IK\xDQA0INX7r]IKM�G^IKWsD LKd@GHc�DYd INbFG GHc�IKG GHc�D �_IKw�? d�ECD/� P DFM�bF�LKd�I�AH?BX�DFw�IKM�X�GHE^IKM�AH?aGH?BLNM�X�DFlmDFM�X�A[AHGHE^LNM�W]Ua��LNM�GHc�D��0LNGH?BLNM�IKU#� P IKM�G P ��M P ��wmDFE���b�dH�hD/��Mk�L�   � � = ���uvM l�IKEHGH?Bb P UVIKE��}GHc�D |D, 1〉 ↔ |S, 2〉 �_IKw�? d�ECD/� P DFM�bF��?aA/UVIKEHWsDFE�w�� I d INbFGCLNE�LKd √2 GHc�IKM%GHc�D��@IKw�?dfECD/� P DFM�bF� LKd GHc�D |D, 0〉 ↔ |S, 1〉 GHE^IKM�AH?aGH?BLNM �fb�dH�9g ?aW��#=�� � ��� q_AC?aM�W�GHc�?BA���?aG ?BA lmL]A^AH?aw�UBD_GCL
bQLNM�AHGHE P bFGI
A^DFEH?BDQAZLKd l P UBACDQA3`3c�?Bb^c d P U&%�UaUBAZGHc�D IKwmL rxD ECD/� P ?aECDF�0DFM�GCA �
Rswap(φ0) = R−(

π√
2
, φ0) R

−(
2π√
2
, φ0 + φswap) R

−(
π√
2
, φ0),

��=��&%��
`3?aGHc

φswap = arccos(cot2( π√
2
)) ' 0.303π

�?( � �o�M� c�D �0D�IKM�?aM�W LKd φ0 `3?aUaU9wmD D��7l�UVIK?aM�DQX�wmD�UBL `/�L� c�DECLNG^IKGH?BLNM IKM�W]UBDQA
θ
c�DFECD�ECD�d DFE@GCLYGHc�D |D, 0〉 ↔ |S, 1〉 GHE^IKM�AH?aGH?BLNMk��� c�D
A^IK�0D�Ua?aW]c�G[l P UBACD
ACD/� P DFM�bQDbQLNEHECDQAHlmLNM�X�ASGCL
GHc�D LNlmDFE^IKGH?BLNM
R′
swap(φ0) = R−(π, φ0) R

−(2π, φ0 + φswap) R
−(π, φ0),

 ]�
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g ?aW P ECD =�� � �!� I
�Z��U P D�AC?BX�DFw�IKM�X�bQL P l�Ua?aM�W��.��w��Z�SDQX�AH?BX�DFw�IKM�X�bQL P l�Ua?aM�W���� c�D��_IKw�? d�ECD/� P DFM�bF?BDQA@LKdGHc�D�UBL `�DQACG AH?BX�DFw�IKM�X,GHE^IKM�AH?aGH?BLNM�A � % IKM�X,� %
IKECD
D/� P IKU � `3c�?aUBD�GHc�D �_IKw�? d�ECD/� P DFM�bF?BDQALKdT� � IKM�X � � IKECD w�?aW]WsDFEZw�� I�d INbFGCLNESLKd √2 �fACDQD ACDQbFGH?BLNM   �   �   ���

LNM |D, 1〉 ↔ |S, 2〉 �N`3c�DFECD GHc�D ECLNG^IKGH?BLNM IKM�W]UBDQA θ IKECD UVIKEHWsDFETw�� √2 �L� c�D3��UBL�b^c0AHl�c�DFECD GHE^I �pDQbFGCLNEH?BDQALKd GHc�D[AHG^IKGCD@rsDQbFGCLNEZIKECD[X�DFl�?BbFGCDQX ?aM g ?aW�� =��   �TuvG�?BA�?a� lmLNEHG^IKM�GZGCL�M�LNGCD[GHc�IKGZI�AC?BX�DFw�IKM�XYGHE^IKM�AH?aGH?BLNMX�L�DQA
M�LNG bQLNEHECDQAHlmLNM�X�GCL�I�AC?aM�W]UBD�� P w�?aG
ECLNGJIKGH?BLNM � E^IKGHc�DFE�I�l�IK?aEH`3?BACD bQL P l�Ua?aM�W�wmDFGv`�DQDFM�bQDFEHG^IK?aMUBDFrxDFUBAZLKd}GHc�D bQLN��w�?aM�DQX�AH�9ACGCDF� H bQLN� lmL]ACDQX�LKd}GHc�D ?aM�GCDFEHM�IKU'� P w�?aG_IKM�X GHc�D �0LNGH?BLNM�IKU ACG^IKGCDQA |n〉 ��SDQX AH?BX�DFw�IKM�X�LNlmDFE^IKGH?BLNM�A_wmDFGv`�DQDFM |D, 1〉 ↔ |S, 2〉 INASX�DFl�?BbFGCDQX ?aM�g ?aW��0=��   ��EH?aW]c�G"�R��d LNEZD���IK� l�UBD��b^c�IKM�WsD�wmLNGHc �0LNGH?BLNM�IKU IKM�X ?aM�GCDFEHM�IKU X�DFW]ECDQD LKd�dfECDQDQX�LN� � ) bQbQLNECX7?aM�W�GCL GHc�D�bQLNM�bFU P X7?aM�W�ECDF��IKEH\LKdTACDQbFGH?BLNM � � � ��?td}GHc�D�� P IKM�G P ��X7��MhIK� ?abQA_LKdTA P b^c�I A P w�AH�7AHGCDF� � |D, 1〉 IKM�X |S, 2〉 ��?BASb�IKUBb P UVIKGCDQX��l�c�INACD�d INbFGCLNECAY`3c�?Bb^c IKl�lmD�IKE W]UBLNw�IKU[?aM GHc�D,A P w�AH�7AHGCDF� b�IKM M�LNG wmD,X7ECLNl�lmDQX INAYGHc�DF��IKECD�M�LNGW]UBLNw�IKU3?tM�GHc�D bQLN� l�UBDFGCD AH�7AHGCDF� H � � c�DY��UBL�b^c�AHl�c�DFECD l�?BbFG P ECD X7?aECDQbFGHUa��X7?BAHl�UVI��7A
LNM�Ua� ECDFUVIKGH?arxDl�c�INACDQA���� c�D
bQLN� l�UBDFGCD$� P IKM9G P ��l�c�INACD
DFrxLNU P GH?BLNM X P D�GCL IYACDFEH?BDQA LKd ECLNG^IKGH?BLNM�A b�IKM,wmD�ECDFrxD�IKUBDQXw��Y� P UaGH?al�Ua��?aM�W�GHc�D ��IKGHEH?BbQDQA_LKd GHc�D ?aM�X7?ar9?BX P IKUkECLNG^IKGH?BLNM�A �uvM GHc�D b�INA^D LKdSL P E�AH` IKl�l�?aM�W�l P UBACD A^D/� P DFM�bQD��}rNIKEH�9?aM�W�LNM�Ua� GHc�DYIKM�W]UBD φ0 ECLNG^IKGCDQA�GHc�D `3c�LNUBDGHE^I �HDQbFGCLNEH?BDQA�IKwmL P G GHc�D z nvIe�7?BA LKd GHc�DS��UBL�b^c AHl�c�DFECDQA��M� c�?BA b^c�IKM�WsDQA M�LNGHc�?aM�W/?aM�GHc�D |D, 1〉 ↔ |S, 2〉A P w�AHlhINbFD�� GHc�DYL rxDFE^IKUaU3ACD/� P DFM�bQD R′
swap

IKUa` I��9A0INbFGCA
Ut?a\xD IKM�DRY DQbFGH?arsD
4π

l P UBACD�� c�DFM�bQDYUa?a\xD GHc�D?BX�DFM�GH?aGv� LNlmDFE^IKGH?BLNM
I
� uoM d INbFG��}IKM���l P UBACD�ACD/� P DFM�bQD R′ = R−(π, φ1)R−(2π, φ2)R−(π, φ1)

`3?aGHcIKEHw�?aGHE^IKEH�
φ1

IKM�X
φ2

�0DQDFGCA�GHc�?BA�ECD/� P ?aECDF�0DFM�G�� \_M�GHc�D |D, 0〉 ↔ |S, 1〉 GHE^IKM�AH?aGH?BLNM � φ0 l�UVI��7A IAH?a� ?aUVIKEZECLNUBD/INA
φ
?aM�I
AH?aM�W]UBD

π
n l P UBACD R−(π, φ)

� ) A3?aM GHc�IKGSb�INACD���M�L0IKM�W]UBD
φ
D��9?BACGCA `3c�?Bb^c `�L P UBXbQLNEHECDQAHlmLNM�X GCL I,lmDFEpd DQbFG AH` IKl�l�?aM�W%LNlmDFE^IKGH?BLNMk� � c�L�L]AH?aM�W φ0 = 1√

2
π ' 0.707

�9?BDFUBX�A I �oWsL�L�X
IKl�l�ECL��7?a��IKGH?BLNM ���?( � �V��? � D]�

|D, 0〉 7→ −|S, 1〉 IKM�X |S, 1〉 7→ |D, 0〉 ,
ACL
GHc�IKGZGHc�D bQLN� l�UBDFGCD ��IKGHEH?t� LKd GHc�?BA������ $ LNlmDFE^IKGH?BLNM�ECD�INX�A

SWAP (
1√
2
π) =




1 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 1


 .

J@LNGCD3GHc�IKG GHc�D3M�LNG^IKGH?BLNM������ $ (φ0)
d LNETGHc�DZL rxDFE^IKUaU�LNlmDFE^IKGH?BLNM INA I@d P M�bFGH?BLNM�LKd φ0 c�INA wmDQDFM�?aM�GHECLKnX P bQDQX � � c�D P M�`3IKM�GCDQX�� ?aM P A_AH?aW]M�?aM������ $ ( 1√

2
π)
bQL P UBX���?aM�l�EH?aM�bF?al�UBD��hwmD/bQLN� lmDFM�A^IKGCDQX d LNEZw��

 ] 
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g ?aW P ECD =��   �,� UBL�b^c�AHl�c�DFECD�GHE^I �pDQbFGCLNEH?BDQA@d LNE@GHc�D�bQLN� lmL]AH?aGCD ����� $ LNlmDFE^IKGH?BLNM�`3?aGHc φ0 = 0.707π
�

;F! � � � � UBL�b^c ACl�c�DFECD[LKd GHc�D � P INAC?tn Gv`�LKn UBDFrsDFUtnoAH�7AHGCDF� |D, 0〉 ↔ |S, 1〉 �M� c�D@?aM�?aGH?VIKU ACG^IKGCD?BA[INA^A P �0DQX�GCL wmD |D, 0〉 �h`3c�?Bb^c,?BA_��IKEH\xDQX�w�� GHc�D�w�UVINb^\�IKEHECL ` � � P UBACD�M P ��wmDFE�%�LKdGHc�D[ACD/� P DFM�bQD.� R−( π√
2
, 0.707π)

� ECLNG^IKGCDQA GHc�D[AHG^IKGCD@rxDQbFGCLNE �0LNECD@GHc�IKM c�IKUtd ` I�� X�L `3Mk�� P UBACD M P ��wmDFE � w�EH?aM�WsA ?aG w�INb^\ P l�GCL ?aGCA � ?aEHECLNE ?a��IKWsD�IKwmL P G GHc�D x n y n l�UVIKM�D]�$� c�DIKM�W]UBD
φswap = arccos(cot2( π√

2
))
?BA�l�ECDQbF?BACDFUa��b^c�L]ACDFM�GCL�INbQbQLN� l�Ua?BAHc�GHc�?BA�� � UBD�IKEHUa�[�l P UBACD�M P ��wmDFE   GHc�DFM�ECLNG^IKGCDQA GHc�D
AHG^IKGCD
rsDQbFGCLNE/IKUaU}GHc�D
` I���X�L `3M�GCLYGCc�D�wmLNGHGCLN� LKdGHc�DYAHl�c�DFECD]� � c�D$%�M�IKU AHGJIKGCD ��W]ECDF�%IKEHECL `S�/GHc P A�?BA |S, 1〉 � GH?a�0DQA
ACLN�0D�l�c�INA^D0d INbFGCLNE`3c�?Bb^c�?BA�M�LNG
r9?BAH?aw�UBDY?aM�GHc�D ��UBL�b^c�ACl�c�DFECDYl�?BbFG P ECD]� � �92�:�� � � c�D A^IK�0DYUVINACDFE
l P UBACDACD/� P DFM�bQD IKM�X�?aGCA INbFGH?BLNM�LNM,GHc�D |D, 1〉 ↔ |S, 2〉 A P w�AHl�INbQD]� ) UaU ?aM�X7?ar9?BX P IKUTl P UBACDQA LKd

R′
swap(φ0)

IKECD�� P UaGH?al�UBDQA/LKd π ?aM,UBDFM�W]GHck��uvG@?BA D�INAH��GCL P M�X�DFECAHG^IKM�X,GHchIKG[GHc�D
L rxDFE^IKUaUACD/� P DFM�bQDSw�EH?aM�WsA�GHc�D@AHG^IKGCDSrxDQbFGCLNE w�INb^\0GCL�?aGCA�AHG^IKEHGH?aM�W�lmLN?aM�G���w�UVINb^\ IKEHECL ` �7AJI�� |D, 1〉dfLNE_D���IK� l�UBD��SIKM�X�GHc�IKGSGHc�D�INb/� P ?aECDQX�l�c�INA^D d INbFGCLNECA@b�IKM�bQDFU L P G��3uoM�LNGHc�DFE_`�LNECX�A���GHc�DACD/� P DFM�bQD c�DFECD bQLNEHE^DFAClmLNM�X�AZGCL�I�GHE P D ?BX�DFM�GH?aGv� LNlmDFE^IKGH?BLNMk�

IKM�IKl�l�ECLNl�EH?VIKGCD ACDFEH?BDQA[LKd AC?aM�W]UBD � P w�?aG@ECLNG^IKGH?BLNM�A INX�X�DQX�wmD�d LNECD
IKM�X,IedfGCDFE ����� $ (φ0) � ) A_?aM�GHc�Db�INACDSLKd ?a� l�UBDF�0DFM�GH?aM�W �[INX�IK��IKECX�WxIKGCDQA��fA^DQDSACDQbFGH?BLNM � �&%��R��GHc�DFECDZ?BA�I AH?a� l�UBDFE�� �vbQLN� l�?aUBDQX �ZrxDFECAH?BLNM �uvM�GHc�D_bQLN� l�UBDFGCD@ACD/� P DFM�bQD_LKd IKM IKUaWsLNEH?aGHc��,�9GHc�D ����� $ LNlmDFE^IKGH?BLNM `3?aUaUhGv�9l�?Bb�IKUaUa��IKl�lmD�IKE�?aM l�IK?aECA��� c�D_l�ECLNw�UBDF� LKdkGHc�D P M�` IKM�GCDQXYl�c�INACDSd INbFGCLNE −1 ?BA�ACLNUarxDQX�w���AH` IKl�l�?aM�W�GHc�D_Gv`�L � P w�?aGCA %�ECAHG�`3?aGHcACLN�0D�IKEHw�?aGHE^IKEH�
φ0
� d LNE_D���IK� l�UBD ����� $ (0) �ZIKM�X�AH` IKl�l�?aM�W w�INb^\ UVIKGCDFE_`3?aGHc�I φ0 X7?&Y�DFECDFM�G_w�� π� ����� $ (π) ��� T4?aGHc GHc�D0c�DFUal%LKd3GHc�D�bQLN� lmL]AH?aGCD������ $ LNlmDFE^IKGH?BLNM%?aG/?aA/lmL]ACAH?aw�UBD0GCL lmDFEpdfLNEH� 4�G�GAH?aM�W]UBD�� P w�?aG3ECLNG^IKGH?BLNM�AS?aM L P ESbQLN� l P G^IKGH?BLNM�INU ACl�INbQD]�

� c�D UVINAHG0� ?BACAH?aM�W w P ?aUBX7?aM�W w�UBL�b^\�GCL���IK\xD L P E�AC?tM�W]UaD ?aLNM � P IKM�G P � WxIKGCD GCL�LNUawmL���bQLN� l�UBDFGCD ?BAI 2 60OQP@ARE"?34�G�8�� C 
I132 �RO:8 �
4
8VA wmDFGv`�DQDFM�?aM�GCDFEHM�IKUZIKM�X%r�?aw�E^IKGH?BLNM�IKU�� P w�?aG�� �3c�?BA�`3?aUaU�G ��l�?Bb�IKUaUa� wmDYIP M�?arxDFECA^IKU�l�c�INACD WxIKGCD���Ua?a\xD Φ
LKd_ACDQbFGH?BLNM � � � ��� ) G�l�ECDQACDFM�G�?aM�L P E
D��7lmDFEH?a�0DFM�G��TGHc�DFECD IKECD GHc�ECDQDX7?&Y DFECDFM�GZ�0DFGHc�L�X�A_IKGZc�IKM�X GCL ?a� l�UBDF�0DFM�G P M�?arxDFECA^IKUkl�c�INACD WxIKGCDQA��
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g ?aW P ECD =�� = ��� `�LYX7?&Y DFECDFM�G[�0DFGHc�L�X�A[GCL ?a� l�UBDF�0DFM�G/I�l�c�INACD�WxIKGCD
D��9lmDFEH?a�0DFM�G^IKUaUa�x� � I
� � c�D I P ��n?aUa?VIKEH� UBDFrsDFU �0DFGHc�L�X�ECD/� P ?aECDQA@IKM,INX�X7?aGH?BLNM�IKU ?aM�GCDFEHM�IKU UBDFrxDFU D∗ � ) AC?aM�W]UBD 2π l P UBACD/LNMGHc�D/ECDQX�AC?BX�DFw�IKM�X�LKdTGHc�D�I P �7?aUa?VIKEH� GHE^IKM�AH?aGH?BLNM�IKl�l�Ua?BDQA_GHc�D/l�c�INACD d INbFGCLNE@LKd −1 GCL�GHc�DAHG^IKGCD |S, 1〉 � ��w�� ) bQLN� lmL]AH?aGCD ACD/� P DFM�bQD LKdSl P UBACDQA
b�IKM�wmD dfL P M�X%`3c�?ab^c�DRY DQbFGH?arxDFUa�INbFGCAZUa?a\sD I
2π

l P UBACD LNM � C�8Q> w�U P D AC?BX�DFw�IKM�X GHE^IKM�AH?aGH?BLNM�A_� %/IKM�X � � ��b�dH��g ?aW�� =�� � �

• � c�D �0DFGHc�L�X DF� l�UBL �xDQX
?aM
GHc�D � ?aE^INb�nI]mLNUaUBDFE l�ECLNlmL]A^IKU �   =���w�INACDQX
LNM P AH?aM�W IKM^472 �7OQG O 47E ��G*ARP@ARG&�`3c�?Bb^c `3?aUaUkwmD X7?BACb P ACACDQX ?aM GHc�D[d LNUaUBL `3?aM�W��
• � c�D B C�; <5C@?ROQ8VA�<�2
G ?�A GCDQb^c�M�?*� P D���`3c�?Bb^c `3?aUaU IKUBACL wmD X�DFG^IK?aUBDQX wmDFUBL ` �
• � c�D3�0DFGHc�L�X LKdW132547698:O���A 	 � � 
 ��8 47E�� ?D>[O �R8Q?Z`3c�?Bb^c�`3?aUaU�M�LNG wmDZX7?BACb P ACA^DQX
c�DFECDZw P G ?aM�ACDQbFGH?BLNM(7�&% IKUBLNM�W�`3?aGHc ?aGCAZD��7lmDFEH?a�0DFM�G^IKU ECD�IKUa? O IKGH?BLNMk�

� c�D ����K��1M1�9�0� � M�!���! M A^b^c�DF�0D ?BA�X�DFl�?BbFGCDQX�?aM�g ?aW���=�� =9� I
��� � c�D −1 l�c�INACDYLNM�LNM�DYLKdSGHc�D w�INAC?BAAHG^IKGCDQA[?BA INb/� P ?aECDQX,w���I 2π
ECLNG^IKGH?BLNM LNM,GHc�D�ECDQX,AC?BX�DFw�IKM�X,LKd IKM�I P �7?aUa?VIKEH��GHE^IKM�AH?aGH?BLNMk� \_M�Ua��GHc�D

|S, 1〉 AHG^IKG^D lmLNl P UBIKGC?aLNM P M�X�DFEHWsL�DQA I GHEJIKM�AH?aGH?BLNM �h`Zc�?aUaD |S, 0〉 � |D, 0〉 IKM�X |D, 1〉 IKECD/M�LNG[I Y DQbFGCDQX��?tdTL@Ymn ECDQACLNM�IKM�G_D��7bF?aG^IKGH?BLNM�A@IKECD M�DFW]Ua?aW]?aw�UBD������ c�D �0DFGHc�L�X ECD/� P ?aECDQA���LKdTbQL P ECACD���GHc�D�I�rNIK?aUVIKw�?aUa?aGv� LKdIKM I P �7?aUa?VIKEH��UBDFrxDFU �/uoM,L P E b�INA^D��kI P �9?aUa?VIKEH��UBDFrsDFUBA IKECD�ECD�INX7?aUa�,IKG[c�IKM�X,?tM�d LNEH� LKd�LNGHc�DFE�]mDQDF��IKMA P w�UBDFrxDFUBA_LKdTGHc�D D5/2 ACG^IKGCD]� J@LNGCD���c�L `�DFrxDFE���GHc�IKG_��IKW]M�DFGH?Bb�A P w�UBDFrsDFUBA_LNGHc�DFE_GHc�IKM |D〉 IKECD/�0LNECDACDFM�AH?aGH?arxD[GCL ��IKW]M�DFGH?Bb�%�DFUBX�� P bFG P IKGH?BLNM�A@INAZX�DFG^IK?aUBDQX ?aM�ACDQbFGH?BLNM   �   �?'7�
�@L `�b�IKM I@l�c�INACD3WxIKGCD3wmD ?a� l�UBDF�0DFM�GCD�X0`3?aGHc0GHc�D3c�DFUal�LKd �I���T/F��"��9��! /���M9"�!6" � g ?aW���=�� = ACc�L `ZAGHc�IKG
I l P UBA^D�ACD/� P DFM�bQD�`3c�?Bb^c�DRY�DQbFGH?arxDFUa� bQLNEHECDQAHlmLNM�X�A�GCL�I 2π

ECLNG^IKGH?BLNM �}? � D]� GCL −1 · I � LNM%GHc�D
|S, 0〉 ↔ |D, 1〉 476 	YLNM GHc�D |S, 1〉 ↔ |D, 2〉 GHE^IKM�AH?aGH?BLNM �fX�DQAHl�?aGCD[GHc�D X7?&Y DFECDFM�bQD[?aM �_IKw�?�d�ECD/� P DFM�bF�w���I[d INbFGCLNE √

2
�}` L P UBX X�L/GHc�DSGHEH?Bb^\m�#� c�D_AHG^IKGCDQA |S, 0〉 � |S, 1〉 IKM�X |D, 1〉 GHc�DFM INb/� P ?aECD@I −1 AH?aW]M �`3c�?aUBD |D, 0〉 ECDF��IK?aM�A P M�I Y�DQbFGCDQX � � c�D bQLNEHECDQAHlmLNM�X7?aM�W ��IKGHEH?t� ECD�INX�A

Φ′ =




1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1


 .

J@LNGCD3GHc�IKG I[l�c�INACD d INbFGCLNE LKd −1 �s`3c�?Bb^c�?BA W]UBLNw�IKU�?aM0GHc�DZbQLN� l P G^IKGH?BLNM�IKU�AHl�INbQD��sc�INA wmDQDFM X7ECLNl�lmDQX �) bQLN� lmL]AC?aGCD l P UBA^D ACD/� P DFM�bQD `3c�?Bb^c �0DQDFGCAZGHc�DQACD ECD/� P ?aECDF�0D�M9GCAZ?BA
Rphase = R+(π,

π

2
) R+(

π√
2
, 0) R+(π,

π

2
) R+(

π√
2
, 0)

��=�� � �
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g ?aW P ECD =��?' ��� UBL�b^c AHl�c�DFECD�GHE^I �HDQbFGCLNEH?BDQA d LNE�GHc�D�bFLN� lmL]AC?aGCD�l�c�INACD�LNlmDFE^IKGH?BLNM Φ′ � ;<! � � ����UBL�b^cAHl�c�DFECD LKd�GHc�DZ� P INAH?tn Gv`�LKn UBDFrxDFUtnoAH�7AHGCDF� |S, 0〉 ↔ |D, 1〉 �'� c�D ?aM�?aGH?VIKU7AHG^IKGCD ?BA INACA P �0DQX/GCLwmD |S, 0〉 �s`3c�?Bb^c�?BAT��IKEH\xDQX w���GHc�D3w�UVINb^\0IKEHECL ` �M� c�D3l P UBACDZACD/� P DFM�bQD3?BA Rphase
�}� P UBACDM P ��wmDFE�%�LKd3GHc�D�ACD/� P DFM�bQD � R+( π√

2
, 0)
�[ECLNG^IKGCDQA/GHc�D AHG^IKGCD0rxDFbFGCLNE
IKwmL P G/GHc�D x nvIe�7?aAw�� π√

2

� � P UBACD�M P ��wmDFE � INbQbQLN� l�Ua?aACc�DQA/I π n ECLNG^IKGH?BLNM%IKwmL P G[GHc�D y nvIe�9?BA�� uvG@GHc�DFECD�dfLNE^DGHE^IKM�Apd LNEH�0A3GHc�D AHG^IKGCD[GCL
?aGCA3� ?aEHECLNEZ?a��IKWsD/IKwmL P G3GHc�D x n y n l�UVIKM�D]� � LNM�ACD/� P DFM�GHUa�
��UVINACDFEl P UBACD�M P ��wmDFE   �]`3c�?Bb^c ?BA}?BX�DFM�GH?Bb�IKU�GCL@M P ��wmDFEL%��NECLNG^IKGCDQATGHc�D3AHG^IKGCD rsDQbFGCLNE IKUaU7GHc�D ` I��X�L `3MYGCL�GHc�D_wmLNGHG^LN� LKd GHc�D@ACl�c�DFECD]�T� P UBACD@M P ��wmDFE =0� � P AHG Ua?a\sD_M P ��wmDFE � ��ECDFl�E^DFA^DFM�GCAI
π
n ECLNG^IKGH?BLNM IKwmL P G@GHc�D y nvIe�9?BA �S�3c�D�%�M�IKU}AHG^IKGCD�GHc P A@?BA_?BX�DFM�GH?Bb�IKU}GCL GHc�D�?aM�?aGH?VIKUTLNM�D���0L�X P UBL�A^LN�0DYl�c�INACD]��uoG
G P EHM�A0L P G GHc�IKG GHc�D INb/� P ?aECDQX�l�c�INACDYd INb�G^LNE LKd@GHc�D L rxDFE^IKUaULNlmDFE^IKGH?BLNM ?BA −1 �sc�DFM�bQDZGHc�DSACD/� P D�M�bFD_INbFGCA Ua?a\xDSI AH?aM�W]UBD 2π n ECLNG^IKGC?aLNM � |S, 0〉 7→ −|S, 0〉IKM�X |D, 1〉 7→ −|D, 1〉 � � ��2�:�� ��� c�D0A^IK�0D UVINA^DFE l P UBACD0ACD/� P DFM�bQD�IKM�X�?aGCA�INbFGH?BLNM%LNMGHc�D |S, 1〉 ↔ |D, 2〉 A P w�AHl�INbQD]� uvG ?BA/D�INAH��GCL P M�X�DFECAHG^IKM�X GHc�IKG GHc�D�L rsDFE^IKUaU ACD/� P D�M�bFDw�EH?aM�WsA}GHc�D AHG^IKGCD�rsDQbFGCLNE}w�INb^\/GCL@?aGCA}ACG^IKEHGH?aM�W[lmLN?aM�G+��w�UVINb^\
IKEHECL `S� �0L�X P UBL ACLN�0D�l�c�INACD]�� P UtGC?tl�Ut�9?aM�W GHc�D/��IKGHEH?BbQDQA@LKd GHc�D/?aM�X7?ar�?BX P IKU l P UBACDQASECDFrxD�IKUBASGHchIKGSGHc�D�INb/� P ?aECDQX�l�c�INACD?BASIKWxIK?aM −1 �#� c P A�� R′

phase

IKUBACL0INbFGCA3Ua?a\xD I
AH?aM�W]UBD
2π
n ECLNG^IKGH?BLNM � |S, 1〉 7→ −|S, 1〉 IKM�X

|D, 2〉 7→ −|D, 2〉 �

LNM GHc�D |S, 0〉 ↔ |D, 1〉 ��w�U P D�� AH?BX�DFw�IKM�X ��\_M GHc�D |S, 1〉 ↔ |D, 2〉 A P w�AHl�INbQD ?aGZECD�INX�A

R′
phase = R+(

√
2π,

π

2
) R+(π, 0) R+(

√
2π,

π

2
) R+(π, 0).

g ?aW���=��?'�?aUaU P ACGHE^IKGCDQA[GHc�D�ACD/� P DFM�bQDQA@?aM�GHc�D
� UBL�b^c�AHl�c�DFECD�l�?BbFG P ECD]��J@L I P �9?aUa?VIKEH��UBDFrxDFU ?BA@ECD/� P ?tE^DFX �`3c�?Bb^c ��IK\xDQA0GHc�D �0DFGHc�L�X��0LNECD P M�?arxDFECA^IKU � � c�D�ACD/� P DFM�bQD G^IK\xDQA I,GCLNG^IKU_LKd 3.4π LKd AH?BX�DFw�IKM�XECLNG^IKGH?BLNM�A�� ) GCDQb^c�M�?Bb�IKU X7? ��b P UaGv� LKd3GHc�D�bQLN� lmL]AH?aGCD l P UBACD0GCDQb^c�M�?*� P D bQLNM�AH?BACGCA/?aM GHc�D bQLNM�GHECLNUaUBDQXAH`3?aGCb^c�?aM�W LKd GHc�D UVINACDFEZl�c�INACDQA���ACDQD ACDQbFGH?BLNM '7�   �
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� �����-� �Z� �m�pzm~�� � �pzh~���y[�C���Z�C{ �9�S�
� �
���
� � ��� � � � � � � � � �
uvM%GHc�D�wmDFW]?aM�M�?aM�W LKdZGHc�?BA
ACDQbFGH?BLNM �}GHc�D P M�X�DFEHUa�9?aM�W�l�ECLNw�UBDF� LKdSGHc�D >[D P GCACb^c�nVUsL O A^I,IKUaWsLNEH?aGHc�� ?BAl�ECDQACDFM�GCDQX � �3c�D l�ECLNw�UBDF� c�INA(%�ECACG�wmDQDFM�X�DR%�M�DQX�w��%>@D P GCA^b^c �&% � �SIKM�X�?BA�GHc�DFECD�dfLNE^D bQLN� �0LNM�Ua�ECD�d DFEHECDQX GCL0INA �v>@D P GCA^b^c � AZl�ECLNw�UBDF���^�
� LNM�AH?BX�DFESIKM P M�\�M�L `3M � L�LNUBD�IKM d P M�bFGH?BLNM f(a) `3c�?Bb^c�INbFbQDFl�GCAZLNM�D$�fbFUVINACAH?Bb�IKU�� w�?aGZINA ?aM�l P GSIKM�Xl�ECL�X P bQDQA[LNM�D��fbFUVINACAH?Bb�IKU��Zw�?aG[INA@L P GHl P G��S� c�DFECD�D��7?BAHGSdfL P E@A P b^c�d P M�bFGH?BLNM�A IKUaGCLNWsDFGHc�DFE��m`3c�?Bb^c�IKECDX�DQACbFEH?awmDQX w�� GHc�D GHE P GHc�G^IKw�UBD

a f1(a) f2(a) f3(a) f4(a)� � % � %
% � % % �

� c�D�%�ECAHGZGv`�L d P M�bFGH?BLNM�A�� f1 IKM�X f2 ���9?BDFUBX�IKUa` I��7AZGHc�D A^IK�0D/L P GHl P G���?aM�X�DFlmDFM�X�DFM�G@LKdTGHc�D ?aM�l P G aIKM�X0IKE^D GHc�DFECD�dfLNECD3wmDZbQIKUaUBDQX^BDC760?R8 47698 � R INb^c�LNM�D3LKdmGHc�D3LNGCc�DFETGv`�L5�
f3
IKM�X

f4
�]c�INATwmLNGHc � IKM�X %ZINAISlmL]A^AH?aw�UBD�L P GHl P G��M� c�DF��IKECD b�IKUaUaDQX � 47G&4�6�B"A 	�d P M�bFGH?BLNM�A �L� c�D�l�ECLNw�UBDF� ?BA M�L `�GCL@X�DFGCDFEH� ?aM�D3`3c�?Bb^cbFUVINACA �fbQLNM�AHGJIKM�G@LNESw�IKUVIKM�bQDQX9�_I0W]?arsDFM P M�\�M�L `3M�d P M�bFGH?BLNM�wmDFUBLNM�WsA_GCL �hc�L ` ��IKM�� bQLN� l P G^IKGH?BLNM�IKUAHGCDFl�A IKECD�M�DQDQX�DQX � J@LNGCD�GHc�IKG[`�D IKECD
M�LNG INAH\9?aM�WYdfLNE[GHc�D
l�IKEHGH?Bb P UVIKE r]IKU P DQA fi(0) IKM�X fi(1) w P Gd LNESI�W]UBLNw�IKU l�ECLNlmDFEHGv� LKd

fi
�

� c�D3bFUVINACAC?ab�IKU�rxDFECAH?BLNM0LKdhGHc�D l�ECLNw�UBDF�(b�IKM wmD�dfLNEH� P UVIKGCDQX�INA}dfLNUaUBL `ZA�� �[?arsDFM�I@LNM�D�n w�?aG bQLN� l P GCDFEINA I �ow�UVINb^\�wmL�� ��`3c�?Bb^c b�IKUBb P UVIKGCDQA/LNM�D
LKd�GHc�D�d P M�bFGH?BLNM�A fi ��GHc�D ACLKdfGv` IKECD��_w P G ?aG[?BA M�LNG[\9M�L `3M`3c�?Bb^ck�#� c�DSWsLsIKUh?BA GCL�X�DFGCDFEH� ?aM�D��9`3c�?Bb^c Gv��lmDSLKdkl�ECLNW]E^IK� ��? � D]�}`3c�?Bb^c Gv��lmD_LKd�d P M�bFGH?BLNM �9bQLNM�ACG^IKM�GLNE w�IKUVIKM�bQDQX9�T?BATE P M�M�?aM�W�LNM�GHc�DZbQLN� l P GCDFE��MT�?aGHc I$B3G 4@?D?RO:BD47G�bQLN� l P GCDFE GHc�D d P M�bFGH?BLNM�� P AHG IKUa` I��9AwmD0DFrNIKU P IKGCDQX Gv`3?BbQD^��GHc�D l�ECLNW]E^IK� � P ACG wmD E P M�Gv`3?BbQD��[GCL %�M�X L P G�� uod ��dfLNE/D���IK� l�UBD�� GHc�D ?aM�l P G
% ?BA_b^c�L]ACDFM,IKM�X�GHc�D�L P GHl P G_G P EHM�A@L P GSGCL�wmD � ��GHc�DFM�GHc�D d P M�bFGH?BLNM,bFL P UaX�wmD f1 �fbQLNM�AHG^IKM�G"�SLNE f4��w�IKUVIKM�bQDQX9��� ) A^DQbQLNM�X,DFrNIKU P IKGH?BLNM �kGHc�?BA[GH?a�0D�`3?aGHc � INA[?aM�l P G�� ?BA@M�DQbQDQACA^IKEH��GCL X�DFGCDFEH� ?aM�D
?td GHc�Dd P M�bFGH?BLNM ?BAZbQLNM�AHG^IKM�G_LNE3w�IKUVIKM�bQDQX �uvG
`3?aUaU3M�L ` wmD AHc�L `3M�c�L ` `3?aGHc I�AC?a� l�UBDN� P IKM�G P � bQLN� l P GCDFE0GHc�D AH�9� �0D�GCEH� �fbQLNM�AHG^IKM�G0LNEw�IKUVIKM�bQDQX9� LKd IKM P M�\9M�L `3M d P M�bFGH?BLNM ?BA LNw�G^IK?aM�DQX ?aM � P AHG LNM�D,E P Mk� � c�D � P IKM�G P � l�ECL�bQDQX P ECDL P GHUa?aM�DQX�?aM�GHc�D�dfLNUaUBL `3?aM�W ` INA l�ECLNlmL]ACDQX�w�� � UBDFrxD�� RT\xDFEHG�� ��INbQb^c�?VI�rxDFUaUBL�IKM�X���L]ACb�I �&%�>��S� d LNE/Ic�?BAHGCLNEH��LKd�GHc�D >@D P GCA^b^c7nVUsL O A^I IKUaWsLNEH?aGHc��,� A^DQD�GHc�D DFM�X,LKd�GHc�?BA ACDQbFGH?BLNM���� � c�DX� P IKM�G P � l�ECLNw�UBDF�ECD/� P ?aECDQAYINX�IKl�G^IKGH?BLNM�LKd GHc�D d P M�bFGH?BLNM�A�� � c�?BA�?BA�M�DQbQDQACA^IKEH��INA�M�LNGYIKUaUZd P M�bFGH?BLNM�A LKd GHc�D�ACDFG f1 n
f4
IKECD P M�?aG^IKEH�
� `3c�DFM�GHc�DF��IKECD ECD�INX�INA LNlmDFE^IKGH?BLNM�A0`3c�?Bb^c���IKl�dfECLN� LNM�D 132 �RO:8�GCL�LNM�DN� P w�?aG��uvM4l�IKEHGH?Bb P UVIKE��_GHc�D�bQLNM�ACG^IKM�GYd P M�bFGH?BLNM�A IKECD�M�LNG�� � c�D�WsDFM�DFEH?Bb�l�ECL�bQDQX P ECD,GCL�INX�IKl�G A P b^c�M�LNM7nP M�?aG^IKEH� bFUVINA^AH?Bb�IKUkLNlmDFE^IKGH?BLNM�AZd LNE+� P IKM�G P ��bQLN� l P G^IKGH?BLNM�?BA3GCL0INX�X�IKM�IKM�bF?aUaUVIX� P w�?aG �&%   � %�>��o� � c�DbQLN� l P G^IKGH?BLNM�IKU AHl�INbQD/GHc P A@bQLNM�AH?BAHGCA@LKd Gv`�L � P w�?aGCA��hGHc�DF?aE�� P IKM�G P ��AHG^IKGCD/`3?aUaU wmD�X�DFM�LNG^DFX |a,w〉 �uvG@`3?aUaUTwmD
AHc�L `3M,GCc�IKG IYA P ?aG^IKw�UBD
` I���GCL D��7GCDFM�X�GHc�D�d P M�bFGH?BLNM�A fi GCLYGHc�D�Gv` LKnV� P w�?aG AHl�INbQD
?BA@GCLECDFl�UVINbQD GHc�DF� w�� 2 60O:8 47E ��GHE^IKM�Apd LNEH��IKGH?BLNM�A

Ui
`3c�?Bb^c�IKECD X�DR%�M�DQX w��YGHc�D[��IKl

Ui : |a,w〉 7→ |a,w ⊕ fi(a)〉,
��=��   �

`3c�DFECD ⊕ ?aM�X7?Bb�IKGCDQA INX�X7?aGH?BLNM �0L�X P UBL�Gv`�L���R � P ?ar]IKUBDFM�GHUa� GCL%GHc�D�bFUVINACAH?Bb�IKU[b�INACD��ZGHc�D � P IKM�G P �l�ECLNw�UBDF�;b�IKM�M�L ` wmD D��7l�ECDQACACDQX�INAZdfLNUaUBL `ZA�� �@?arxDFM�I,��w�UVINb^\ wmL��0� Gv`�LKnV� P w�?aGS� P IKM�G P ��bQLN� l P GCDFELNM `3c�?Bb^c�LNM�D�LKd GHc�D �ol�ECLNW]E^IK�0A �
Ui

?BA0?a� l�UBDF�0DFM�GCDQX IKM�X�?aG�?BA�M�LNG�\9M�L `3M `3c�?Bb^ck� � c�D WsLsIKU?BA�GCL�X�DFGCDFEH� ?aM�DY?aM�LNM�Ua� LNM�D�E P M�LKdZGHc�D � P IKM�G P � bQLN� l P GCDFE
?tdZGHc�D�l�ECLNW]E^IK� bQLNEHECDQAHlmLNM�X�A�GCL,I
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⊗
 �

|ψ >0 |ψ >1 |ψ >2 |ψ >3



| >


| >


g ?aW P ECD =��?@ �	
 P IKM�G P ��bF?aECb P ?aGSECDFl�ECDQACDFM�G^IKGH?BLNM�LKd GHc�D >[D P GCACb^c7nVUsL O A^I�IKUaWsLNEH?aGHc�� �

bQLNM�AHG^IKM�G�LNE I�w�IKUVIKM�bQDQX
fi
� ) \xD��%dfD�IKG P ECD LKd[GHc�D IKUaWsLNEH?aGHc�� ?BA0GCL�DFr]IKU P IKGCD Ui `3?aGHc�GHc�D Gv`�L� P w�?aGCA ?aM�A P lmDFEHlmL]AH?aGH?BLNM�A IKGYGHc�D�?aM�l P G��ZGHc�?BA ` I�� IKUaUBL `3?aM�W � P IKM�G P � ?tM9GCDFEpdfDFECDFM�bQD,LKd/X7?&Y DFECDFM�GbQLN� l P G^IKGH?BLNM�IKU l�IKGHc�A �&%�>��o�/��LNECD�l�ECDQbF?BACDFUa�
� GHc�D�l�E^LxbQDQX P E^D AHG^IKEHGCA@`3?aGHc�GHc�D�ACG^IKGCD |a,w〉 = |0, 1〉IKM�X GHc�DFM GHc�D ACD/� P DFM�bQD LKdTLNlmDFE^IKGH?BLNM�A

UDJ = H1 H2 Ui H2 H1
��=�� = �

?BAZIKl�l�Ua?BDQX �W� c�D�%�ECAHG3Gv`�L �[INX�IK��IKECX WxIKGCDQAZbFECD�IKGCD[GHc�D A P lmDFEHlmL]AH?aGH?BLNM�A��7`3c�?aUBD[GHc�D[Gv`�L �@INX�IK��IKECXWxIKGCDQAYIed�GCDFE
Ui

ACDFEHrxD GCL�ECDQbQLN��w�?aM�D�X7?&Y DFECDFM�G�l�IKGHc�AYIKM�X���IK\xD GHc�D�� ?aM�G^D�EHdfDFECD]� � c�D�bQLN� l�UBDFGCDIKUaWsLNEH?aGHc���?BAZX�DFl�?BbFGCDQX�?aM�g ?aW��0=��?@7� jkDFG P A3dfLNUaUBL ` GHc�D�� P IKM�G P ��ACG^IKGCD LKd}GHc�D AC�9AHGCDF� GHc�ECL P W]c�GHc�DIKUaWsLNEH?aGHc�� � � c�D ?aM�l P G_AHG^IKGCD |ψ0〉 = |0, 1〉 ?BA3GHE^IKM�Apd LNEH�0DQX w��YGHc�D %�ECAHG3G `�L �[INX�IK��IKECX WxIKGCDQAZ?tM9GCL

|ψ1〉 =

[ |0〉+ |1〉√
2

]
⊗
[ |0〉 − |1〉√

2

]

=
1

2
[|0, 0〉 − |0, 1〉+ |1, 0〉 − |1, 1〉] .

J@L `
Ui
?BA_IKl�l�Ua?BDFX ��ECDQA P UaGH?aM�W0?aM GHc�D ACG^IKGCD

|ψ2〉 =
1

2
[|0〉|fi(0)〉 − |0〉|fi(0)⊕ 1〉+ |1〉|fi(1)〉 − |1〉|fi(1)⊕ 1〉]

=
1

2

[
(−1)fi(0)|0〉(|0〉 − |1〉) + (−1)fi(1)|1〉(|0〉 − |1〉)

]

=

[
(−1)fi(0)|0〉+ (−1)fi(1)|1〉√

2

]
⊗
[ |0〉 − |1〉√

2

]

� c�D UVINAHG3Gv` L AC?aM�W]UBD�� P w�?aGZECLNG^IKGH?BLNM�AZ�9?BDFUBX GHc�D %�M�IKU ACG^IKGCD[wmD�d LNECD GHc�D[�0D�INA P ECDF�0DFM�G��

|ψ3〉 =

[
(−1)fi(0)(|0〉+ |1〉) + (−1)fi(1)(|0〉 − |1〉)

2

]
⊗ |1〉

=

[
(−1)fi(0) + (−1)fi(1)

2
|0〉+ (−1)fi(0) − (−1)fi(1)

2
|1〉
]
⊗ |1〉.
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) bFUBL]ACDFE UBL�LN\ IKG GHc�D %�M�IKU�AHG^IKGCDZLKd�GHc�D %�ECAHG � P w�?aG ECDFrxD�IKUBA GHc�IKGS���0L�X P UBL�I@lmL]A^AH?aw�UBD���W]UBLNw�IKU�� d INbFGCLNELKd −1 � ?aGSE^DQINX�A |0〉 ?td fi(0)⊕ fi(1) = 0
��`3c�?Bb^c�?BAZGHc�D�b�INACD ?td � IKM�X�LNM�Ua� ?td"�

fi
bQLNM�AHG^IKM�G��S\_M�GHc�DLNGHc�DFE c�IKM�X GHc�D %�ECAHGW� P w�?aG � A AHG^IKGCD3ECD�INX�A |1〉 ?td fi(0)⊕fi(1) = 1

�s`3c�?Bb^c0?BATGHc�D3b�INA^D ?td#� IKM�X0LNM�Ua��?td"�
fi
w�IKUVIKM�bQDQX �W� c�?BA�?BA GHc�D@X�DQAH?aECDQX ECDQA P UaG��M� c�D_rNIKU P D@LKdkGHc�D+%�ECAHG�� P w�?aG��:� P w�?aG a � IKG�GHc�D_DFM�XYLKdkGHc�DACD/� P DFM�bQD
?BA |0〉 LNE |1〉 X�DFlmDFM�X7?aM�W�LNM�GHc�D AH��� �0DFGHEC��LKd fi � ) bQbQLNECX7?aM�W]Ua�
�kGHc�D0IKUaWsLNEH?aGHc�� %�M�?BAHc�DQA`3?aGHc�I_�0D�INA P ECDF�0DFM�G LKdhGHc�DZ%�ECACG#� P w�?aG��M� c�D�ECDQA P UaG LKdhGHc�?BA}�0D�INA P ECDF�0DFM�G ?aM�X7?Bb�IKGCDQAT`3?aGHc0bQDFEHG^IK?aM�Gv�`�DFGHc�DFE

fi
?BA�bQLNM�AHGJIKM�G LNE�w�IKUVIKM�bQDQX �WJ@LNGCD_GHc�IKG�?aMYGHc�?BA�l�ECLNGCL�bQLNU GHc�DSd P M�bFGH?BLNM fi ?BA�DFr]IKU P IKGCDQX LNM�Ua�LNM�bQD�� P M�Ua?a\xD_?aMYGHc�D@bFUVINACAC?BbQIKU b�INACD]�TuoM INX�X7?aGH?BLNM ��LNM�Ua��LNM�D�� P w�?aG��0D�INA P ECDF�0DFM�G3?BA M�DQbQDQA^A^IKEH�
�9`3c�?aUBDGHc�D bFUVINACAH?Bb�IKUkl�ECLNGCL�bQLNU ECD/� P ?aECDQAZGv`�L �0D�INA P ECDF�0DFM�GCA �

� c�DSUVINACG �[INX�IK��IKECXYLNlmDFE^IKGH?BLNM LNM GHc�D_A^DQbQLNM�X � P w�?aG � H2 �}?BA M�LNG ECD/� P ?aECDQX�d LNE GHc�DSlmDFEpd LNEH��IKM�bQDLKd@GHc�D�IKUaWsLNEH?aGHc�� w P G ` INA0?aM�GHECL�X P bQDQX�c�DFECDYd LNE ECD�INACLNM�A�LKd[AH�9� �0DFGHEH�s� � c�?BA `3?aUaUSAH?a� l�Ua?tdf�%GHc�DGHE^IKM�AHUVIKGH?BLNM�LKd}GHc�D IKUaWsLNEH?aGHc���?aM�GCL UVINACDFE3l P UBA^DQASINbFGH?aM�W�LNM�I
GHE^IKl�lmDQX ?BLNMk�
� c�D�IKwmL rxD�IKUaWsLNEH?aGHc��;ECDFl�ECDQACDFM�GCA[IKM�?a� l�ECL rxDFX�rxDFECAH?BLNM �&%   � %�>��}LKdTGHc�D/LNEH?aW]?aM�IKUL� P IKM�G P ��IKUaWsLKnEH?aGHc�� l�ECLNlmL]A^DQX w���>@D P GCA^b^c � % � �V�9`3c�?Bb^c ECDFl�ECDQACDFM�GCA LNM�Ua� I l�ECLNw�IKw�Ua?BAHGH?Bb[ACLNU P GH?BLNM �TuoM GHc�D@LNEH?aW]?aM�IKUIKUaWsLNEH?aGHc���GHc�D@d P M�bFGH?BLNM fi ?BAZDFr]IKU P IKGCDQX LNM�Ua� LNM�bQD[w P GZGHc�DFECD/IKECD[GHc�ECDQD lmL]ACAC?aw�UBD L P GCbQLN�0DQA�� �vbQLNM7nAHG^IKM�G �D� �ow�IKUVIKM�bQDQX �@IKM�X��o?aM�bQLNM�bFU P AH?arxD��^�Tg�LNE�IKM�� fi �xGHc�D_IKUaWsLNEH?aGHc�� `3?aUaUmL P GHl P G `3?aGHcYI l�ECLNw�IKw�?aUa?aGv�LKdO' � %�DF?tGCc�DFE��vbQLNM�AHG^IKM�G �0LNE��ow�IKUVIKM�bQDQX � IKM�X,GCc�D L P GHl P G/GHc�DFM bQLNEHECDQbFGHUa��X�DQACbFEH?awmDQA fi �0uoM�GHc�DQACDb�INACDQA��mGHc�D�AC��� �0DFGHEH��LKd

fi
?BA@LNw�G^IK?aM�DQX�?aM�I AH?aM�W]UBD
DFrNIKU P IKGH?BLNM � `3c�?Bb^c,b�IKM,M�LNG@wmD
INbQbQLN� l�Ua?BACc�DQXw��0bFUVINACAH?Bb�IKUmbQLN� l P G^IKGH?BLNMk� uoM GHc�D_LNGHc�DFE ' � %*LKd b�INACDQA���? � D]�}`3c�DFMYGHc�D_L P GHl P G ?BA �o?aM�bQLNM�bFU P AH?arsD��D�9M�L?aM7d LNEH��IKGH?BLNM�?BAZLNw�G^IK?aM�DQX �

� c�DFECD/D��7?BAHGCA_IKM�D��7GCDFM�AH?BLNM�LKdT>[D P GCACb^c � ASl�ECLNw�UBDF�,��`3c�?Bb^c�` INA�%�ECAHGZl�ECDQA^DFM�GCDQX w�� >[D P GCACb^c�IKM�X
UsL O A^I �&%�(�� � �@?arxD�M,I d P M�bFGH?BLNM F (a) `3c�?Bb^c�INbQbQDFl�GCA I�AHGHEH?aM�WYLKd n ?aM�l P G@w�?aGCA���? � D]��I M P ��wmDFE@d�ECLN�� GCL 2n − 1

��IKM�X l�ECL�X P bQDQA_LNM�D w�?aG_INASL P GHl P G�� ��LNECDQL rxDFE�� F ?BAZLKdTLNM�D LKd}Gv`�L \9?aM�X�A ��DF?aGHc�DFE
F (a)?BANBDC765?38 47698 dfLNE IKUaU r]IKU P DQA LKd a � LNE
DFUBA^D F (a) ?BA�� 47G 476�B"A 	
� GHc�IKG
?BA��TD/� P IKU GCL % d LNE
D���INbFGHUa�%c�IKUtdLKd IKUaU}lmL]ACAH?aw�UBD

a
�kIKM�X � dfLNE[GHc�D
LNGHc�DFE c�IKUtdp�/uvM�GHc�DF?aE�%�ECACG@l�E^LNlmLNAJIKUT>[D P GCACb^c IKM�X�UsL O A^IYl�ECDQACDFM�GI � P IKM�G P � IKUaWsLNEH?aGHc�� `3c�?Bb^c�ECD/� P ?aECDQA�Gv`�L,DFrNIKU P IKGH?BLNM�A LKd F � ) UBA^L�?aM�GHc�?BA
b�INA^D � UBDFrsD�� RT\xDFEHG���,INbQb^c�?VI�rsDFUaUBL�IKM�X���L]ACb�I �&%�>��mc�I�rsD3d L P M�X IKM0?a� l�ECL rxDQX � P IKM�G P � IKUaWsLNEH?aGHc�� �W� c�DZUVIKGHGCDFE ECD/� P ?aECDQALNM�Ua��I ?"OQ6��7G*A DFr]IKU P IKGH?BLNM LKd F IKM�X�I ?RO�6���G A �0D�INA P E^D��0DFM9G ��GHc�?BA GH?a�0D LKd IKM n nV� P w�?aG ECDFW]?BAHGCDFE"�GCLYECDFrxD�IKU}GHc�D�W]UBLNw�IKU AH�9� �0DFGHEH��l�ECLNlmDFEHG ��LKd

F
� ) X7?aECDQbFG bQLN� l�IKEH?BACLNM LKd lmDFEpd LNEH��IKM�bQD
`3?aGHc�GHc�DbFUVINACAH?Bb�IKU A^LNU P GH?BLNM ?BA�� c�L `�DFrxDFE�� �0LNECD X7? ��b P UtG�GHc�IKM d LNE/>[D P GCACb^c � A�LNEH?aW]?aM�IKU l�ECLNw�UBDF� � � UBD�IKEHUa�
�TIbFUVINACAH?Bb�IKU bQLN� l P G^IKGH?BLNM `3?aUaU�ECD/� P ?aECD 2n−1+1

DFr]IKU P IKGH?BLNM�A��fD�INb^c DFr]IKU P IKGH?BLNM ?aM�bFU P X7?aM�W�I�AH?aM�W]UBD�n w�?aG�0D�INA P ECDF�0DFM�G"� GCL,l�ECL rxD `3?aGHc bQDFEHG^IK?aM�Gv��GHc�IKG0GHc�D P M�\9M�L `3M�d P M�bFGH?BLNM�?BA0bQLNM�AHG^IKM�G�� �@D�M�bFD�� GHc�DbFUVINACAH?Bb�IKU A^LNU P GH?BLNM�ACb�IKUBDQA@D��7lmLNM�DFM�GH?VIKUaUa� `Z?tGCc n �SuoM�GHc�D/wmDQAHG@b�INACD���c�L `�DFrsDFE��hGv` L DFrNIKU P IKGH?BLNM�A IKECDDFM�L P W]c ��? � D]�9?td GHc�DS%�ECAHG�Gv`�L�DFr]IKU P IKGH?BLNM�A3LKd F `3?aGHc Gv`�L�E^IKM�X�LN� Ua� b^c�L]ACDFM
a
��?BDFUBX

0
IKM�X

1
��c�DFM�bQD

F
?BA \9M�L `3M�GCL�wmD w�IKUVIKM�bQDQX9��� ) l�ECLNw�IKw�IKUa?BAHGH?Bb�bFUVINACAH?Bb�IKUSbQLN� l P GCDFE�`3c�?Bb^c DFr]IKU P IKGCDQA F (a) dfLNEI dfDF` E^IKM�X�LN� Ua��b^c�L]ACDFM

a
�kbQL P UBX � P ?Bb^\9Ua��X�DFGCDFEH� ?aM�D `3?aGHc c�?aW]c�l�ECLNw�IKw�?aUa?aGv�,?td F ?BA bQLNM�AHGJIKM�G LNEw�IKUVIKM�bQDQX �

) UaGHc�L P W]c �9INA l�ECDQA^DFM�GCDQX��x?a� l�ECL rxDQX0rxDFECAH?BLNM�A LKd GHc�DZLNEH?aW]?aM�IKUhl�ECLNlmL]A^IKUBA D��7?BAHG���IKUaU�� P IKM�G P � IKUaWsLKnEH?aGHc��0AZX7?BA^b P ACACDQXYc�DFECD/IKECD bQLN� �0LNM�Ua�YECD�d DFEHECDQX GCL0INA �v>[D P GCACb^c7nVUxL O A^I�� IKUaWsLNEH?aGHc��0A �&%   � ?aM c�LNM�L P ELKd GHc�D
bFE P bF?VIKUTX7?BACbQL rxDFEH?BDQA bQLNM�G^IK?aM�DQX,?aM�GHc�D�LNEH?aW]?aM�IKUTl�IKlmDFECA��_>[D P GCACb^c � A IKUaWsLNEH?aGHc�� ` INA[GHc�D�%�ECACGbQLNM�bFECDFGCD�X�DF�0LNM�AHGHE^IKGH?BLNM�GHc�IKG@IX� P IKM�G P ��bQLN� l P GCDFE@bQL P UBX�X�L0ACLN�0DFGHc�?aM�W�d INAHGCDFEZGHc�IKM�I bFUVINACAH?Bb�IKUbQLN� l P GCDFE �TGHc�D�D��9GCDFM�AC?BLNM w���>@D P GCA^b^c�IKM�X UsL O A^I ` INA/GHc�DX%�ECAHG/D���IK� l�UBD�LKdSI ACb�IKUVIKw�UBD0l�ECLNw�UBDF�`3c�DFECD/GHc�D�� P IKM�G P � IKUaWsLNEH?aGHc���L P GHlmDFEpdfLNEH�0A@GHc�D�bFUVINACAC?ab�IKU A^LNU P GH?BLNM�ECDFWxIKECX7?aM�WYGHc�D�ACb�IKUa?aM�WYLKd GHc�DGH?a�0D ECD/� P ?aECDQX GCL0ACLNUarsD[GHc�D l�ECLNw�UBDF� � IKGZUBD�INAHG3dfLNEZA P ?aG^IKw�Ua� b^c�L]ACDFM�bFEH?aGCDFEH?VI0LKd}bQLN� l�IKEH?BACLNM��F�
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uvM GHc�?BA ACDQbFGH?BLNM/GHc�D >[D P GCACb^c7nVUxL O A^ISIKUaWsLNEH?aGHc�� ?BAkGHE^IKM�AHUVIKGCDQX/LKd7?aM�GCL_I3ACDFEH?BDQA LKd7UVINACDFEkl P UBACDQA INbFGH?aM�W_LNMI�?RO�6���G A GHE^IKl�lmDQX
?BLNM �N`3c�?Bb^c0INbQbQLNECX7?aM�W GCL@ACDQbFGH?BLNMS=�� � ECDFl�ECDQACDFM�GCA I_Gv`�LKnV� P w�?aGW� P IKM�G P �-l�ECL�bFDQA^ACLNE��uvG c�INA wmDQDFM L P GHUa?aM�DQX
?aM ACDQbFGH?BLNM � � � GHc�IKG��@INX�IK��IKECX
WxIKGCDQA IKECD M�LNG}l�IKEHGH?Bb P UVIKEHUa��`�DFUaU�A P ?aGCDQX�dfLNETIl�c��7AH?Bb�IKU�?t� l�UaDF�0DFM�GJIKGH?BLNMYw P G GHc�IKG GHc�DF� b�IKM�Gv�9l�?Bb�IKUaUa�
wmDZGHE^IKM�AHUVIKGCDQX�?aM�GCL/A P ?aG^IKw�UBD π/2 ECLNG^IKGH?BLNM�A��) bQbQLNECX7?aM�W]Ua�
�T?aM�GHc�DYb�INACD LKdSGHc�DY>[D P GCACb^c7nVUsL O A^I,IKUaWsLNEH?aGHc��,� GHc�DYACD/� P DFM�bQD LKd_D/��Mk����=�� = �/b�IKM�wmDGHE^IKM�AHUVIKGCDQX ?aM�GCL

U ′
DJ = Ry1(π/2) Ry2(π/2) Ui Ry2(π/2) Ry1(π/2).

��=��?'
�
uvG b�IKMYwmD_D�INAC?aUa� rxDFEH?&%�DQX GHc�IKG�GHc�?BA�ACD/� P DFM�bQD ��`3?aGHcYGHc�D@A^IK�0D_?aM�l P G |ψ0〉 = |0, 1〉 �T�9?BDFUBX�A GHc�D@A^IK�0D%�M�IKUkECDQA P UaG_INA3GHc�D ACD/� P DFM�bQD LKd}D/��Mk� ��=�� = ���
J@D��9G��TGHc�D ��IKGHEH?BbQDQA LKd_GHc�D GHE^IKM�AHdfLNEH��IKGH?BLNM�A

Ui
IKECD b�IKUab P UVIKGCDQX INbQbFLNE^X7?aM�W,GCL�GHc�DF?aE X�DR%�M�?aGH?BLNM

��=��   �/IKM�X GHE^IKM�AHUVIKGCDQX ?aM�GCL�A P ?aG^IKw�UBD LNlmDFE^IKGH?BLNM�A�`3c�?Bb^c�b�IKM wmD�?a� l�UBDF�0DFM�GCDQX%?aM%L P E�D��7lmDFEH?a�0DFM�G��
U1

?BA3GHc�D ?BX�DFM�GH?aGv�

U1 =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 = I,

? � D]�
U1

b�IKM wmD[?a� l�UBDF�0DFM�GCDQX�w�� �vX�LN?aM�W0M�LNGHc�?aM�W��^�

U2 =




0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


 .

) bFUBL]ACDFE UBL�LN\�IKG GHc�?BA ��IKGHEC? � AHc�L `ZA GHc�IKG
U2

?BA/I ����� LNlmDFE^IKGH?BLNM%LNM�GHc�D0ACDQbQLNM�X � P w�?aG��kc�DFM�bQD
U2 = −iRx2(π)

�fb�dH��A^DQb�GC?aLNM � �&%����

U3 =




1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0


 ,

U3
LNw�r9?BL P AHUa� ECDFl�ECDQACDFM�GCA[I � � ��� LNlmDFE^IKGH?BLNM,bQLNM�GHECLNUaUBDQX�w�� GHc�D�%�ECACGS� P w�?aG��h`3c�?Bb^c�INbQbQLNECX7?aM�WYGCLACDQbFGH?BLNM � � � b�IKM wmD[`3EC?tGCGCDFM�INA U3 = Ry2(π/2) Φ Ry2(π/2)

�

U4 =




0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1


 .

U4
G P EHM�A[L P G@GCL wmD I�� 
 � � � ��LNlmDFE^IKGH?BLNM � IKWxIK?aM�bQLNM�GHECLNUaUBDQX,w�� GHc�D�%�ECAHG � P w�?aG��[uvG[b�IKM�GHc P A@wmD`3EH?aGHGCDFM�INA

U4 = Rx1(π) Ry2(π/2) Φ Ry2(π/2) Rx1(π)
�

� c�D M�D��9G AHGCDFl/?BA GCLZ?BX�DFM�GH?tdf� GHc�D � P w�?aGCA��'� c�D#%�E^AHG'� P w�?aG � a ��?BA GHc�D LNM�D GHc�IKG chINA GCLZwmD �0D�INA P ECDQX �
� UBD�IKEHUa�[�mGHc�D/?aM�GCDFEHM�IKU#� P w�?aG_?BA_l�E^DJd DFE^IKw�Ua� P ACDQX d LNE_GHc�?BA@G^INAH\�INA[L P E@DFUBDQbFGHECLNM�ACc�DFUtr9?aM�WYGCDQb^c�M�?*� P Dl�ECDQbF?BACDFUa��X7?BAHGH?aM�W P ?BAHc�DQA�wmDFGv`�DQDFM |S〉 IKM�X |D〉 � ) X7?aECDQbFG�ECD�INX9noL P G LKdkGHc�DSr9?aw�E^IKGH?BLNM�IKU � P w�?aG�LNM GHc�D

= �
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π/2)�
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π/2)�
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π/2)�
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π/2)�

g ?aW P ECD =�� H �0� c�D bQLN� l�UBDFGCD/>[D P GCACb^c7nVUsL O A^I�IKUaWsLNEH?aGHc��;INX�IKl�GCDQX d LNE3GHc�D D��9lmDFEH?a�0DFM�G��

LNGHc�DFE/c�IKM�X ?BA M�LNG/lmL]ACAH?aw�UBD0?aM�I AH?aM�W]UBD�AHc�LNG/�0DQINA P ECDF�0DFM�G��N� c�D IKUaWsLNEH?aGHc�� ECD/� P ?aECDQA/GHc�D0?aM�l P G
|0〉 d LNE GHc�DS%�ECAHG�� P w�?aGSIKM�X GHc�D[?BLNM M�IKG P E^IKUaUa�Y?BA ?aM GHc�D |S〉 ACG^IKGCD IKG3GHc�D[wmDFW]?aM�M�?aM�W LKd}I
ACD/� P DFM�bQD]�� c�DFECD�d LNECD/GHc�D/UBDFrsDFUBA@IKECD/?BX�DFM�GH?&%�DQX,INAZd LNUaUBL `ZA�� |S〉 ≡ |0〉 IKM�X |D〉 ≡ |1〉 ��� c�D/r�?aw�E^IKGH?BLNM�IKUM� P w�?aGGHc�DFM c�INA GCL wmD G^IK\xDFM%INA GHc�D0ACDQbQLNM�X � P w�?aG � w �[LKd GHc�D�IKUaWsLKEC?tGCc�� � w ?BA/A P l�lmL]ACDQX�GCL wmD
?aM GHc�DUBLNW]?BbYAHG^IKGCD |1〉 IKG�GHc�D�wmDFW]?aM�M�?aM�W,LKdZGHc�DYACD/� P D�M�bFD]� � c�D�r9?aw�E^IKGH?BLNM�IKU��0L�X�D IKG�GHc�?BA�lmLN?aM�G�� IedfGCDFEAH?BX�DFw�IKM�XYbQL�LNUa?aM�W � ?BA ?aM GHc�D |n = 0〉 AHGJIKGCD]�}uvG GHc�DFECD�d LNECD_bQLN�0DQA�M�IKG P E^IKUaUa�0GCL/��IK\xDSGHc�D@INACACL�bF?VIKGH?BLNM
|n = 1〉 ≡ |0〉 IKM�X |n = 0〉 ≡ |1〉 �) ACUa?aW]c�G �0L�X7?&%�b�IKGH?BLNM LKdkGHc�D[IKUaWsLNEH?aGHc�� ?BA ��INX�D_w��0AClmDQb�?tdf�9?aM�W�GHc�D_w�UVINb^\0wmL�� INA wmDF?aM�W AHUa?aW]c�GHUa�UVIKEHWsDFE�GHc�IKM

Ui
�^� c�D�M�DF`#w�UVINb^\ wmL�� bQLNEHECDQAHlmLNM�X�A�GCL�GHc�D X�INAHc�DQX wmL�� ?aM�g ?aW���=�� H A P b^c%GHc�IKG�?aG?aM�bFU P X�DQA GHc�D
Gv`�L π/2 l P UBACDQA LNM�GHc�D ACDQbQLNM�X � P w�?aG��.� c�?BA ?BA � P AHG I bQLNM�bQDFl�G P IKU b^c�IKM�WsD ��INX�D
GCLAH?a� l�Ua?tdf� GHc�DYL rxDFE^IKUaU ACD/� P DFM�bQD]��� c�?BA
b^c�IKM�WsD bQLNEHECDQAHlmLNM�X�A
GCL,I Ui `3c�?Bb^c�LNM�GHc�DYACDQbQLNM�X � P w�?aGLNlmDFE^IKGCDQAS?aM GHc�D
(|0〉+ |1〉), (|0〉+ |1〉) w�INAH?BA��7EJIKGHc�DFEZGHc�IKM ?aM GHc�D |0〉, |1〉 w�INAH?BA �� c�D Gv`�L

π/2
ECLNG^IKGH?BLNM�A_LKd}GHc�D�%�ECAHGS� P w�?aGS?tM�GHc�D/L rsDFE^IKUaU ACD/� P DFM�bQD �fD/��Mk�!��=��?'
�F�R� Ry1(π/2)

IKM�X
Ry1(π/2)

�Nb�IKM�bQLNM�rxDFM�?BDFM�GHUa� wmD ?a� l�UBDF�0DFM�GCDQX INA b�IKEHEH?BDFE l P UBACDQA `3?aGHc�GHc�D�IKl�l�ECLNl�EH?VIKGCD UVINACDFE l�c�INACDQA��
T�c�IKG ECDF��IK?tM�AZIKECD@GHc�D_d L P E X7?&Y DFECDFM�G���w�UVINb^\�wmL��9� LNlmDFE^IKGH?BLNM�A Ry2(π/2) Ui Ry2(π/2)

�9`3c�?Bb^c b�IKMwmD ?a� l�UBDF�0DFM�GCDQX�INA3dfLNUaUBL `ZA��
• i = 1

�
Ry2(π/2) U1 Ry2(π/2) = Ry2(π/2) I Ry2(π/2) = I

?BA3GHc�D[?BX�DFM9GH?aGv� LNlmDFE^IKGCLNE��
• i = 2

�
Ry2(π/2) U2 Ry2(π/2) = Ry2(π/2) Rx2(π) Ry2(π/2)

�0L�X P UBL�IKM�?aEHECDFUBDFrNIKM�G W]UBLNw�IKUl�c�INACD�� −i ���M� c�?BA}?BATI@ACDFEH?BDQATLKdmAH?aM�W]UBD � P w�?aG}ECLNG^IKGH?BLNM�A��s`3c�?Bb^c ��I���ACDQDF� D�INAH�/GCL@?a� l�UBDF�0DFM�G��
T D IKECD���c�L `�DFrxDFE���bQLNM�bQDFEHM�DQX `3?aGHc ECLNG^IKGH?BLNM�A_LKd GHc�D A^DQbQLNM�X���GHc�IKG3?BA��7GHc�DXP�O �REF4�8:O C76�47GM� P w�?aG��
� c�D ` I��@GCLZ?a� l�UBDF�0DFM�G GHc�?BAkchINAkwmDQDFM�L P GHUa?aM�DQX/?aM/ACDQbFGH?BLNMC=�� � �kLNlmDFE^IKGH?BLNM�A LNM/GHc�DTr9?aw�E^IKGH?BLNM�IKU
� P w�?aG3IKECD@INb^c�?BDFrsDQX w���A^IKM�X7`3?Bb^c�?aM�W�GHc�D@LNlmDFE^IKGH?BLNM ��IKl�l�Ua?BDQXYGCL/GHc�DS?aM�GCDFEHM�IKU � P w�?aG���wmDFGv`�DQDFMGv`�L ����� $ LNlmDFE^IKGH?BLNM�AS`3?aGHc `�DFUaU X�DR%�M�DQX ECDFUVIKGH?arxD l�c�INACD���? � D]�

Ry2(π/2) U2 Ry2(π/2) =
����� $ (π) Ry1(π/2) Rx1(π) Ry1(π/2)

��� � $ (0).
� c�D bQLNEHECDQAHlmLNM�X7?aM�W A^DFEH?BDFASLKd UVINA^DFE3l P UBACDQAZECD�INX�A

Rswap(π) Ry1(π/2) Rx1(π) Ry1(π/2) Rswap(0).
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���
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Φ
���

π,π� ���
π/2,−π/2 ����

π,π�

Φ
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g ?tW P ECD =��?( � � LN� l�UBDFGCD/ACD/� P DFM�bQD@d LNESIKUaU dfL P ESb�INACDQA i = 1 . . . 4
LKd GHc�D >[D P GCACb^c7nVUsL O AJI0IKUaWsLNEH?aGHc�� �

• i = 3
�
Ry2(π/2) U3 Ry2(π/2) = Ry2(π/2) Ry2(π/2) Φ Ry2(π/2) Ry2(π/2) = Φ

� -9L GHc�Dw�UVINb^\YwmL�� bQLNEHECDQAHlmLNM�X�ASGCL0I
l�c�INACD WxIKGCD]�
• i = 4

�
Ry2(π/2) U4 Ry2(π/2) = Ry2(π/2)Rx1(π)Ry2(π/2) ΦRy2(π/2)Rx1(π)Ry2(π/2)

= Rx1(π) Φ Rx1(π)
�NJ_LNGCD�GHc�IKG�AH?aM�W]UBD � P w�?aG�ECLNG^IKGH?BLNM�A
INbFGH?aM�W�LNM%X7?&Y DFECDFM�G � P w�?aGCA�bQLN�
n� P GCD]�M� c P A��s?aM0b�INACD = `�D WsDFG I@l�c�INA^D WxIKGCD��xA P EHECL P M�X�DQX0w���Gv`�L π n ECLNG^IKGH?BLNM�A LKdmGHc�D ?aM�GCDFEHM�IKU� P w�?aG��

-9DQbFGH?BLNM =�� � X7?BACb P ACA^DQX GHc�IKG dfLNE GHc�D ?a� l�UBDF�0DFM�G^IKGH?BLNM LKdhIZl�c�INACD WxIKGCD Φ `�D c�I�rxD GHc�D b^c�LN?BbQD wmDFGv`�DQDFMGHc�ECDQD X7?&Y DFECDFM�G��0DFGHc�L�X�A��,� L�?a� l�UBDF�0DFM�G�GHc�D >[D P GCACb^c7nVUsL O A^I�IKUaWsLNEH?aGHc���`�D X�DQbF?BX�DQX GCL P ACD0GHc�DbQLN� lmL]AH?aGCD l P UBACDYGCDQb^c�M�?*� P DYd LNE Φ �%�SDF�0DF��wmDFE GHc�IKG
d LNE
GHc�DYr9?aw�E^IKGH?BLNM�IKU+� P w�?aG
c�DFECD GHc�DN� P w�?aG?BX�DFM�GH?&%�b�IKGH?BLNM |n = 1〉 ≡ |0〉 IKM�X |n = 0〉 ≡ |1〉 ` INA/b^c�L]ACDFMk�0uoM�GHc�?BA w�INAH?BA LKd UBLNW]?Bb0AHG^IKGCDQA��kGHc�DbQLN� lmL]AH?aGCD�l�c�INA^D0WxIKGCD ACD/� P DFM�bQD LKdZD/��Mk�Z��=�� � �[l�ECDQbF?BA^DFUa��?a� l�UBDF�0DFM�GCA�GHc�D X�DQAH?aECDQX l�c�INACD0WxIKGCD Φ�fD/��Mk�0� � �?(
�F�}AC?aM�bQD ?aG IKl�l�Ua?BDQA�I@l�c�INACD d INbFGCLNE LKd −1 GCL[GHc�D3UBLNW]?BbZAHG^IKGCD |1, 1〉 � = |D, 0〉 ���L� c�D ����� $LNlmDFE^IKGH?BLNM�LKdTD/�xMk�!��=��&%��R��c�L `�DFrxDFE���� P AHGZ�0L�X7?&%�DQX�X P D GCL
GHc�?BAZl�IKEHGH?Bb P UVIKES� P w�?aG3?BX�DFM�GH?&%�b�IKGH?BLNM � )bFUBL]ACDFE IKM�IKUa�7AH?BA@ECDFrxD�IKUBA@GHc�IKG[?aG A P ��bQDQA[GCL P A^D �RGH25A0?aM�AHGCD�INX,LKd E^DFX,AH?BX�DFw�IKM�X�l P UBACDQA�� ACL GHc�IKG[GHc�DACD/� P DFM�bQD GCL
wmD P ACDQX c�DFECD ECD�INX�A

Rswap(φ0) = R+(
π√
2
, φ0) R

+(
2π√
2
, φ0 + φswap) R

+(
π√
2
, φ0).
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) � P IKM�G P � bF?aECb P ?aG�ECDFl�ECDQACDFM�G^IKGH?BLNM�LKdZGHc�D bQLN� l�UBDFGCD ACD/� P DFM�bQDQA�?BA�AHc�L `3M%?aM�g ?aW���=��?( ����uvM GHc�DINbFG P IKUmD��9lmDFEH?a�0DFM�G�GHc�DZw�UVINb^\ wmL�� wmL P M�X�IKEH� ?BA LKdkbQL P ECACD_I[d LNEH��IKUhbQLNM�AHGHE P bFG INA GHc�DSD��7lmDFEH?a�0DFM�GCDFE\9M�L `ZA�`3c�?Bb^c4\9?aM�X LKd[d P M�bFGH?BLNM4?BA�wmDF?aM�W%lmDFEpd LNEH�0DQX � uvM l�EH?aM�bF?al�UBD��3c�L `�DFrxDFE��ZI GHc�?aECX l�IKEHGv��?BA?aM�r9?aGCDQX,?aM�GCL GHc�D UVIKwmLNE^IKGCLNEH��GCL A^DFG[GHc�D �ow�UVINb^\�wmL�� �N�fb^c�L�L]ACD
GHc�D0bFLN� l P GCDFE l�ECLNW]E^IK� �@`3c�?tUBD GHc�DD��7lmDFEH?a�0DFM�GCDFE ?BA0M�LNG�l�ECDQACDFM�G��ZIKM�X4IedfGCDFE0GHc�?BA�GHc�D�D��9lmDFEH?a�0DFM�GCDFEYE P M�A�GHc�D `3c�LNUBD�IKUaWsLNEH?aGHc���w��INX�X7?aM�W�GHc�D[G `�L
π/2

l P UBACDQA3GCL GHc�D ACD/� P DFM�bQD/IKM�X ECD�INX7?aM�W L P GZGHc�D[?aM�GCDFEHMhIKU!� P w�?aG��
� � � � ���Z�_zh�
� � �S�;|
� zh�3zh�C�Z��� �pzm~�� �4� �Z��� � �
��{ �9�Z���
uvM I�AHGCEH?aM�W�LKd�GHE^IKl�lmDQX ?BLNM�A�	7OQE A B/8 AHl�?aM7noAHl�?aM Gv��lmD�bQL P l�Ua?aM�W wmDFGv`�DQDFMK��M�DF?aW]c�wmLNEH?aM�W � ?aM�GCDFEHM�IKU
� P w�?aGCA�?BA�M�DFW]Ua?aW]?aw�UBD INA�GHc�DY?BLNM�A0IKECD ACDFl�IKE^IKGCDQX�w��%ACDFrxDFE^IKU�� ?BbFECLN�0DFGCDFECA `3c�?aUBD GHc�DF?aE
?aM�X7?ar�?BX P IKU` I�rxD�d P M�bFGH?BLNM�A D��9GCDFM�X�L rxDFEYACDFrxDFE^IKU_M�IKM�LN�0DFGCDFECA LNM�Ua� �fb�dp� A^DQbFGH?BLNM   � � ����uoM�LNECX�DFE GCL lmDFEpd LNEH�I � P IKM�G P � WxIKGCD�wmDFGv`�DQDFM4Gv`�L ?aM�GCDFEHM�IKU�� P w�?aGCA ��?BLNM %�IKM�X�?BLNM � �
GHc�D l�ECLNlmL]A^IKU_LKd � ?aE^INb�IKM�X
]mLNUaUBDFE �   =�� P ACDQAZLNM�D LKd}GHc�D r�?aw�E^IKGH?BLNM�IKU �0L�X�DQAZGCL �0DQX7?VIKGCD GHc�D bQL P l�Ua?aM�W�� � c�?BAZr9?aw�E^IKGH?BLNM�IKU �0L�X�D?BAZ?BX�DFM�GH?&%�DQX�INA@IX� P w�?aG � P AHG_INAZ?aM�GHc�D l�ECDFr9?BL P ASA^DQbFGH?BLNM�A@IKM�X c�INAZGCL0wmD l�ECDFl�IKECDQX�?aM�GHc�D |n = 0〉AHG^IKGCD]�W� c�D D��9lmDFEH?a�0DFM�GJIKU l�ECLNGCL�bQLNU GHc�DFM ECD�INX�A��
• -�GCDFlD%��T�,IKl GHc�D$�:� P IKM�G P � � ?aM7dfLNEH��IKGH?BLNM�LKd}?BLNMD%[GCL GHc�D[r9?aw�E^IKGH?BLNM�IKU'� P w�?aG��
• -�GCDFl � �T�}DFEpdfLNEH��GHc�D X�DQAH?aECDQX WxIKGCD wmDFGv`�DQDFM�GHc�D r�?aw�E^IKGH?BLNM�IKU'� P w�?aGSIKM�X ?BLNM � �
• -�GCDFl   �T�,IKl ��whINb^\5��GHc�D ?aM7dfLNEH��IKGH?BLNM dfECLN� GHc�D[r9?aw�E^IKGH?BLNM�IKU'� P w�?aGZGCL ?BLNMT%]�

g�LNE/GHc�D���IKl�l�?aM�W,LKd � P IKM�G P � ?aM7d LNEH��IKGH?BLNM%dfECLN��IKM%?BLNM GCL�GHc�D�r�?aw�E^IKGH?BLNM�IKU��0L�X�D � IKM�X whINb^\5�R�I�AH?aM�W]UBD
π
n l P UBACD�LNM�GHc�D/ECDQX�AH?BX�DFw�IKM�X���LNl�GH?Bb�IKUaUa��INX�X7ECDQA^ACDQX�LNM�?BLNM %��h?BA[IKl�l�Ua?BDQX �   =�����GHc�D�bQLNEHECD�nAHlmLNM�X7?aM�W LNlmDFE^IKGH?BLNM�?BA3?aUaU P AHGHE^IKGCDQX ?aM g ?aW��0=��?>0IKM�X `3?aUaUkwmD X�DFM�LNGCDQX � � $ �

� � $ (φ0) = R−(π, φ0).

) A GHc�D��0L�X�D�?BA/?aM�?aGH?VIKUaUa��?aM%GHc�D |n = 0〉 AHG^IKGCD�� GHc�D |D, 1〉 AHG^IKGCD0M�DFrxDFE/wmDQbQLN�0DQA�lmLNl P UVIKGCDQX%?aMGHc�D�L rsDFE^IKUaU l�ECL�bQDQX P ECD IKM�X�ACL�?aGCA@bQL P l�Ua?aM�WYGCL GHc�D |S, 2〉 AHG^IKGCD�L P GCAC?BX�D/GHc�D�bQLN� l P G^IKGH?BLNM�IKU AHl�INbQDr9?VI GHc�D_E^DFX AH?BX�DFw�IKM�X X�L�DQA�M�LNG bQLN�0D@?aM�GCL�l�UVI��x� ) UaUmD��7lmDFEH?a�0DFM�G^IKU GCDQb^c�M�?*� P DQA ECD/� P ?aECDQX�d LNE�ACGCDFl �c�I�rxD@wmDQDFM�X7?BACb P ACACDQX ?aM ACDQbFGH?BLNM =�� � �WJ_LNGCD[GHc�IKG3?aM bQLNM�GHE^INAHGZGCL
A^DQbFGH?BLNM =�� � `3c�DFECD[GHc�D@r9?aw�E^IKGH?BLNM�IKU
� P w�?aG
?BA
d P UaUa� P ACDQX�INA0IKM�?aM�X�DFlmDFM�X�DFM�G � P w�?aG�� c�DFECD ?tG0LNM�Ua��A^DFEHrsDQA0INA�I�8:EF4760? ��ARE � P w�?aG�IKM�X�?BAGHc�DFECD�d LNECD�LKdfGCDFM�ECD�d DFEHECDQX�GCLYINA_GHc�D�132547698:2
; �R2 ?���� c�?BA@r�?aw�E^IKGH?BLNM�IKU#� P w�?aG_ECDFlmD�IKGCDQX7Ua��AHGCLNECDQA[IKM�Xl�INACACDQA/LNM � P IKM�G P � ?aM7dfLNEH��IKGH?BLNM � w P G�bQLN�0DQA�w�INb^\,GCL GHc�D�AHG^IKGCD |n = 0〉 IedfGCDFE�bQLN� l�UBDFGH?BLNM�LKdSIGv`�LKn ?BLNM�WxIKGCD]�}uvM�X7?ar�?BX P IKU�E^LNG^IKGH?BLNM�A LKd�GHc�D3r9?tw�E^IKGH?BLNM�IKU9� P w�?aG IKECD3M�LNG M�DQDQX�DQX � ) wmD�I P GH?td P U�d D�IKG P ECDLKdmGHc�D � ?aE^INb�nI]mLNUaUBDFE l�ECLNG^LxbQLNU�?BATGHc�IKGTGv`�LKnV� P w�?aGTWxIKGCDQA b�IKM wmD lmDFEpdfLNEH�0DQX0X7?aECDQbFGHUa��wmDFGv`�DQDFM IKM���Gv`�L?BLNM�AZ?aM�I
AHGHEH?aM�W�LKdF�7?aM l�EH?aM�bF?al�UBD��hIKEHw�?aGHEJIKEH?aUt� ��IKM��Y?BLNM�A �WU P AHG_INAZ`3c�DFM GHc�D ����� $ (φ0) A^D3� P DFM�bQD` INA P ACDQX dfLNE@AH?aM�W]UBD/?BLNM � P IKM9G P ��UBLNW]?Bb�� P M�` IKM�GCDQX�l�c�INACD d INbFGCLNECA@b�IKM�wmD�I�rxLN?BX�DQX�c�DFECD/w�� P AH?aM�WX7?&Y DFECDFM�G_UVINACDFESl�c�INACDQA

φ0 = 0
IKM�X

φ0 = π
d LNESGHc�D Gv`�L A P EHECL P M�X7?aM�W � � $ LNlmDFE^IKGH?BLNM�A��Zg�LNE_AHGCDFl� ��GHc�D UVINACDFESc�INAZGCL0wmD�INX�X7ECDQACACDQX�LNM�?BLNM 2
��`3c�?aUBD/GHc�D UVINACDFE3d L�b P AZ� P ACGZwmD/AH`3?aGCb^c�DQX�GCL ?BLNM 1

d LNE
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g ?aW P ECD =��?> ��-�GCDFlE%0IKM�X�AHGCDFl   LKd�GHc�D � ?aE^INb�nI]mLNUaUBDFE/l�ECLNGCL�bQLNU �
� LNGHc�%�W P ECDQA/X7?BAHl�UVI���GHc�D
?aM�GCDFEHM�IKU
� P w�?tG@AHG^IKGCDQA@LKd�O C76���bQLN��w�?aM�DQX�`3?aGHc�GHc�D/ACG^IKGCDQA_LKdTGHc�D/r9?aw�E^IKGH?BLNM�IKU �0L�X�D]��� I
�S-�GCDFl
%�� � c�D��0L�X�D
c�INA@wmDQDFM,l�ECDFl�IKECDQX,?aM |n = 0〉 `3c�?aUBD�GHc�D�?aM�GCDFEHM�IKUW� P w�?aG@?aM,WsDFM�DFE^IKU}?BA?aM ACLN�0D_A P lmDFEHlmL]AH?aGH?BLNMk� ) bQbQLNECX7?aM�W]Ua�0GHc�D_bFLN��w�?aM�DQX AC�9AHGCDF�(?BA ?aMYI A P lmDFEHlmL]AC?tGC?tGC?aLNM LKd
|S, 0〉 IKM�X |D, 0〉 `3c�?Bb^c ?BA ?aM�X7?Bb�IKGCDQX w���I/w�UVINb^\YIKM�X I W]ECDF� bF?aECbFUBD]�#� c�D_��IKl�l�?tM�W
ECDQXAH?BX�DFw�IKM�X

π
n l P UBACD0bQLN� l�UBDFGCDFUa��GCE^IKM�ApdfDFECA GHc�D |D, 0〉 lmLNl P UVIKGH?BLNM GCL |S, 1〉 ��W]ECDF�,bF?aECbFUBD`3?aGHcYX�INAHc�DQX wmL P M�X�IKEH�5��� ) dfGCDFE GHc�?BA�LNlmDFE^IKGH?BLNM �9GHc�DS?aM�GCDFEHM�IKU � P w�?aG ?BA ?aM GHc�D |S〉 AHG^IKGCD`3c�?aUBDZGHc�DZA P lmDFEHlmL]AH?aGH?BLNM�?BA M�L ` DFM�bQL�X�DQX0?aM0GHc�D3�0LNGH?BLNM�IKUmAHG^IKGCDQA |n = 0〉 IKM�X |n = 1〉 ���w��L-�GCDFl   � ?aM�GHc�D �0D�IKM�GH?a�0D��fAHGCDFl � � IS� P IKM�G P �-WxIKGCD wmDFGv` DQD�M GHc�D r9?aw�E^IKGH?BLNM�IKU0� P w�?aGIKM�X�?BLNM � c�INA wmDQDFM�lmDFEpd LNEH�0DQX��]`3c�?Bb^c�?aM�WsDFM�DFE^IKU�b^c�IKM�WsDQA}GHc�D�AHG^IKGCD IK� l�Ua?aG P X�DQATLKd�GHc�Dr�?aw�E^IKGC?aLNMhIKUM� P w�?aG��h`3c�?aUBD�GHc�D�?aM�GCDFEHM�IKUTAHG^IKGCD�LKd ?BLNM %�ECDF��IK?aM�A P M�I Y DQbFGCDQX��m? � D]�h?BA |S〉 �� c P A�GCc�D@bQLN��w�?aM�DQX AH�7AHGCDF�#?BA�?aM I/M�DF` A P lmDFEHlmL]AH?aGH?BLNM LKd |S, 0〉 IKM�X |S, 1〉 ��?aM�X7?Bb�IKGCDQXw�� bF?aECbFUBDQA@LKd X7?&Y�DFECDFM�G@W]ECDF�xnoACb�IKUBD]� � c�D/ECDQX�AH?BX�DFw�IKM�X

π
n l P UBACD d LNESGHc�D/w�INb^\�n ��IKl�l�?aM�WGHE^IKM�Apd DFECA GHc�D |S, 1〉 lmLNl P UVIKGH?BLNM bFLN� l�UaDFGCDFUa��GCL |D, 0〉 �fbF?aECbFUBDS`3?aGHcYX�INAHc�DQX�wmL P M�X�IKEH�0���uoM GHc�?BA3` I��YGHc�D�� P IKM�G P ��?tM�dfLNEH��IKGH?BLNM�`3c�?Bb^c�` INAZDFM�bQL�X�DQX ?aM GHc�D r9?aw�E^IKGH?BLNM�IKU'� P w�?aG?BA}GHE^IKM�Apd D�E^DFX
w�INb^\�GCL@GHc�D ?aM�GCDFEHM�IKU0� P w�?aGTLKdh?BLNM %��N`3c�?aUBD GHc�D r�?aw�E^IKGH?BLNM�IKU��0L�X�D ECDFG P EHM�AGCL GHc�D |n = 0〉 ACG^IKGCD]�

GHc�D A P EHECL P M�X7?aM�W � � $ WxIKGCDQA��J@LNGCD@GHc�IKGZGHc�?BA l�ECL�bQDQX P ECD�IKUaUBL `ZA3GHc�D[?a� l�UBDF�0DFM�G^IKGC?BLNM�LKd�476 � � P IKM�G P � WxIKGCD[wmDFGv`�DQDFM GHc�D[Gv`�L?aM�GCDFEHM�IKU'� P w�?aGCA�� uod GHc�?BA � P IKM�G P ��WxIKGCD ?BA��9d LNESD���IK� l�UBD��hI � � � � WxIKGCD���GHc�D AHG^IKM�X�IKECX �0DFGHc�L�X�LKd?a� l�UBDF�0DFM�GH?aM�W AHGCDFl � � � ����� wmDFGv`�DQDFM�r9?aw�E^IKGH?BLNM�IKU}IKM�X ?aM�GCDFEHM�IKUL� P w�?aG"� ?BASGCL�A^IKM�X7`3?Bb^c�I l�c�INACDWxIKGCD
Φ
��wmDFGv`�DQDFM�r9?aw�E^IKGH?BLNM�IKU3IKM�X%?aM�GCDFEHM�IKU � P w�?aG"� wmDFGv`�DQDFM�Gv`�L�AH?aM�W]UBD � P w�?aG π/2 n ECLNG^IKGH?BLNM�A
LNM?BLNM � �fACDQD ACDQbFGH?BLNM � � � ���W� c�?BAZ��?BDFUBX�A_I � � � � bQLNM�GHECLNUaUBDQX w��YGHc�D�� P IKM�G P � w P A��

� ���������	��
 →2 = Ry2(π/2) Φ
���	��


↔2 Ry2(π/2).

� c P A GCc�DSL rxDFE^IKUaUhA^D/� P DFM�bQDZdfLNE�I � � � ��wmDFGv`�DQDFM GCc�DZGv`�L/?BLNM�A��x`3c�DFECDS?BLNMU%Z?BA GHc�DSbQLNM�GHECLNU � P w�?aG��ECD�INX�A
� � � � 1→2 = R−

1 (π, π) Ry2(π/2) Φ
���	��


↔2 Ry2(π/2) R
−
1 (π, 0).

) A@?aM�GHc�D AC?aM�W]UBD
?BLNM b�INACD,�fACDQbFGH?BLNM3=�� � �R�kGHc�D
ECDF��IK?aM�?aM�W d�ECDQDQX�LN� Ua?BDQA[?aM�GHc�D
�0DFGHc�L�X IKl�l�Ua?BDQX�GCL?a� l�UBDF�0DFM�G
Φ
���
��


↔2
�4uoM�GHc�DN%�ECAHG�D��7lmDFEH?a�0DFM�GCA LNM GHc�D Gv`�LKn ?BLNM � � � �L�TGHc�D bQLN� lmL]AC?aGCD l P UBACDGCDQb^c�M�?*� P D�` INAYDF� l�UBL �xDQX � g�LNE GHc�D�bQLN� lmL]AH?aGCD�l�c�INACD�WxIKGCD Φ′ LKd/D3��Mk����=�� � �R�ZbQL P l�Ua?aM�W�LNM4GHc�D
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w�U P D�AH?BX�DFw�IKM�X�?BA P ACDQX �Sg�ECLN� IKM�D��9lmDFEH?a�0DFM�G^IKU}lmLN?aM�G[LKd r�?BDF` ?aG_?BA@X�DQAH?aE^IKw�UBD�GCL P ACD�I0� ?aM�?a� P �M P ��wmDFE@LKdTX7?&Y DFECDFM�GSUVINACDFEZd�ECD/� P DFM�bF?BDQA�� ) bQbQLNECX7?aM�W]Ua�
��GHc�D `3c�LNUBD/ACD/� P DFM�bQD ?BAZECD�IKEHE^IKM�WsDQX�?aM�LNECX�DFEGCL bQLN� l�EH?BACD�LNM�Ua��w�U P D�AC?BX�DFw�IKM�X�IKM�X b�IKEHEH?BDFE l P UBACDQA � \_M�D�b�IKM ��d LNE�D���IK� l�UBD�� ?a� l�UBDF�0DFM�GYGHc�D
� � $ LNlmDFE^IKGH?BLNM�A3w�� π n l P UBACDQA3LNM GHc�D �RG 20A/AH?BX�DFw�IKM�X R+(π, φ0) ?aM�AHGCD�INX LKd GHc�D@ECDQX AH?BX�DFw�IKM�X IKM�XbQLN� lmDFM�A^IKGCD d LNEZGHc�?BA_b^c�IKM�WsD w�� IKl�l�Ua�9?tM�WYI � 
 � ����� ���
��
 →2 ?aM�AHGCD�INX�LKdTGHc�D � � ��� ���
��
 →2 WxIKGCD]�� c�D UVIKGHGCDFESb�IKM wmD ECD�IKUa? O DQX�INA��fACDQD A^DQbFGH?BLNM�A � � � IKM�X =�� � �

� 
 � ���������	��
 →2 = Ry2(π/2) Φ
′���
��


↔2 Ry2(π/2)

� c�D bQLN� l�UBDFGCD/ACD/� P DFM�bQD[dfLNE3GHc�?BAZGv`�LKn ?BLNM � �����L�7D��7l�ECDQACACDQX ?aM UVINACDFEZl P UBACDQA���GHc P A3ECD�INX�A �
� ����� 1→2 = R+1 (π, π) Ry2(π/2) Φ

′
2 Ry2(π/2) R

+
1 (π, 0),

��=��?@
�
`3?aGHc

Φ′
2 = R+2 (π,

π

2
) R+2 (

π√
2
, 0) R+2 (π,

π

2
) R+2 (

π√
2
, 0).


 P IKM�G P � bQLN� l P G^IKGH?BLNM�D��9lmDFEH?a�0DFM�GCA@`3?aGHc�Gv`�L �fLNE_�0LNECD��Z?BLNM�A[IKECD��h?aM�WsDFM�DFE^IKU �m�0LNECD�X7? ��b P UaGGHc�IKM
`3?aGHc I_AH?aM�W]UBD ?BLNMk�L� c�D���I �pLNE E^DQINA^LNM�d LNE GHc�?BA Ua?BDQA ?aM�GHc�D ECDQX P bQDQX.� P IKM�G P �-WxIKGCD�AHlmDQDQX�`3c�?Bb^c?BA D��7l�UVIK?aM�DQX ?aM GHc�D_dfLNUaUBL `3?aM�W�� uoG�?BA3L P GHUa?aM�DQX ?aM ) l�lmDFM�X7?t� ) �   GHc�IKG dfLNE Gv`�LKn ?BLNM D��9lmDFEH?a�0DFM�GCA3GHc�Dj IK��w7no>@?Bb^\xD0d INbFGCLNE
η
?aM�DFr9?aG^IKw�Ua��?BA/AH��IKUaUBDFE/GHc�IKM ?aM GHc�D�AH?aM�W]UBD�n ?BLNM%D��7lmDFEH?a�0DFM�GCA�� ? � D]�

η = 1.8%�fbQLN� l�IKECDQX�GCL
η = 6.8%

?aM�AH?aM�W]UBD�n ?BLNM,b�INACD���� � c�?BA_?BA P UaGH?a��IKGCDFUa��X P D/GCL�GHc�D/M�DQDQX d LNES?aM�X7?ar9?BX P IKUINX�X7ECDQACAH?aM�W ?aM,GHc�D�� P UaGH?tn ?BLNM b�INACD]� ) bQbQLNECX7?aM�W GCLY?aM�D/� P IKUa?tG �   �  ]  � IYAH��IKUaUBDFE η bQLNEHECDQAHlmLNM�X�A GCL IAH��IKUaUBDFE
ΩS
�7c�DFM�bQD�I�ECDQX P bQDQX WxIKGCD AHlmDQDQX �

J@LNGCD GHc�IKGS`3?aGHc�bQLN� lmL]AH?aGCD l P UBACDQAS`�D c�I�rxD/I
GCDQb^c�M�?*� P D�IKGZc�IKM�X `3c�?Bb^c�IKUaUBL `ZASGHc�D ECD�IKUa? O IKGH?BLNMLKdTI�ECD�IKU ����� $ LNlmDFE^IKGH?BLNMk� � c�DFECD�d LNECD���`�D[b�IKM ��?aM l�EH?aM�bF?al�UBD�� P ACD@GHc�D[�0L�X�D INAZINB C�; < G A38VA(� P w�?aGDFrxDFM�?aM,GCc�D
� P UaGH?tn ?BLNM b�INACD]�.� c�?BA�IKWxIK?aM��0D�IKM�A GHc�IKG `3?aGHc Gv`�L GHE^IKl�lmDQX�?BLNM�A `�D bQL P UBX�lmDFEpd LNEH�IKEHw�?aGHE^IKEH� GHc�ECDQD+� P w�?aG � P IKM9G P �(bQLN� l P G^IKGH?BLNM�A � \_M�DSbFL P UaX�DFrxDFM�bQLNM�bQDF?arsDSLKd P AH?aM�WX?�ARP@AREF4�G��0L�X�DQALKd I�� P UaGH?tn ?BLNM AHGHEH?aM�W0INA3INX�X7?aGH?BLNM�IKU � P w�?aGCA � ) G�l�ECDQACDFM�G��7`�D@b�IKM M�LNG�d P UaUa��l�ECL@%�G�dfECLN� GHc�?BA3LNl�GH?BLNMwmDQb�I P ACD3`3?aGHc Gv`�L LNET�0LNECD ?BLNM�AT`�DZIKECD�d LNECbQDQX
GCL LNlmDFE^IKGCDSIKG}d IK?aEHUa��UBL `�AH?BX�DFw�IKM�X0�_IKw�?7d�ECD/� P DFM�bF?BDQAd LNE3ECD�INACLNM�AZW]?arsDFM�IKwmL rxD]�#� c�D�E^DJd LNECD��hIKG3�0L]ACG3Gv`�L ����� $ LNlmDFE^IKGH?BLNM�A@IKECD lmL]ACAH?aw�UBD/IKG3l�ECDQACDFM�G��uod I�Gv`�LKn ?BLNM � P IKM�G P � WxIKGCD c�INA0wmDQDFM ?a� l�UBDF�0DFM�GCDQX��SI,M�IKG P E^IKUSWsLsIKUS?BA0GCL�l�ECLNwmD GHc�D l�c�INACDbQLNc�DFECDFM�bQD LKd GHc�D�WxIKGCD]� � c�?BA[b�IKM�wmD�X�LNM�D�w�� ECDQbQLNECX7?aM�WN� P IKM�G P � L]ACbF?aUaUVIKGH?BLNM�A � =6> � ' � � ( %��o��� c�?BAGv�9l�?Bb�IKUaUa� ?aM�rxLNUarsDQA l�ECLNw�?aM�W�GHc�DS� P IKM�G P �#WxIKGCDS`3?aGHc � P w�?aG�A P lmDFEHlmL]AH?aGH?BLNM�A3INA ?aM�l P GCA ��l�ECDFl�IKECDQX w���_IK�0A^DF�xn Gv�9lmD
π/2

l P UBACDQA"�[IKM�X,ECD�INX7?aM�W�L P G GHc�D
?aM�GCDFEpdfDFECDFM�bQD0l�IKGHGCDFEHM `3?aGHc INX�X7?aGH?BLNM�IKU �_IK�0ACDF��nGv�9lmD
π/2

l P UBACDQATINX�X�DQX Ied�GCDFE GHc�D�WxIKGCD�LNlmDFE^IKGH?BLNM,��GHc�D�l�c�INACD�LKd�`3c�?Bb^c
?BA ACb�IKM�M�DQX9�F�LJ@LNGCD GHc�IKG}A P b^cIKM�?aM�GCDFEpdfDFECLN�0DFGHEH?Bb �0DFGHc�L�X �&%�>�� ?BA�bQLNM�bQDFl P G^IKUaUa��D/� P ?ar]IKUBDFM�G�GCL�GHc�D ` I�� GHc�DYLNlmDFE^IKGH?BLNM�A Ui IKECDl�ECLNwmDQX�?aM�GHc�D�>[D P ACb^c7nVUsL O A^I IKUaWsLNEH?aGHc�� �_��� GHc�D�A^IK�0D/Gv�9lmD/LKd l�ECL�bQDQX P ECD���GHc�D(� P IKM9G P ��l�c�INACDQALKd�IKM�?a� l�UBDF�0DFM�GCDQX,WxIKGCD�LNlmDFE^IKGH?BLNM�b�IKM�wmD��0D�INA P ECDQX���?aM�GHc�?BA_` I � lmDFEpdfLNEH� ?aM�W I � P IKM�G P �;WxIKGCDGCLN�0LNW]E^IKl�c����?( � � (.=��o�}g�LNE I CNOT WxIKGCD���I[l�IKEHGH?Bb P UVIKEHUa� ?aM�GCDFECDQACGH?aM�W�b�INACDSIKEH?BACDQA ?td�GHc�D�BDC7698:EFC7GN?BLNM?BAT?aM�I[A P lmDFEHlmL]AH?aGH?BLNM IKGTGHc�D3?aM�l P G��}g�LNETGHc�?BAT\9?tM�X LKdm?tM�l P GTGHc�D+� P IKM�G P �*WxIKGCD3l�ECL�X P bQDQA DFM�G^IKM�W]UBDQXAHG^IKGCDQA��h? � D]���SA3G�G 
 ��8 4�8VA"?3� INA@IKM,L P GHl P G��_g�LNE@D���IK� l�UBD���IKM�?aM�l P G[AHG^IKGCD (|S〉 + |D〉)|S〉 �f`3c�DFECD/GCc�D%�ECAHG3?BLNM ECDFl�ECDQACDFM�GCAZGHc�D bQLNM�GHECLNU!� P w�?aG"� ?BA3GHE^IKM�Apd LNEH�0DQX ?aM�GCL
GCc�D � DFUaUkAHG^IKGCD |S, S〉+ |D,D〉 w�� IKM?BX�D�IKU
CNOT

LNlmDFE^IKGH?BLNMk�

=6'
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� c�D�%�ECAHG LNM�DZIKM�X0I@c�IKUtdm�xD�IKECATLKdmGHc�?BA �Tc�>�`�LNEH\ P ACDQX0I_Ua?aM�D�IKE ?BLNM GHE^IKl `3c�?Bb^c0c�INX
wmDQDFM0X�DQAC?aW]M�DQXIKM�X�l�E^D�lhIKECDQX ��w P G/M�LNG �xDFG P A^DQX9�@w�� �[IKM�M�Apn � c�EH?BAHGCLNl�c J[iKWsDFEHU ?aM c�?BA/�Tc�> �?' %���IKM�X ?aG `3?aUaU wmDECD�d DFEHECDQX GCL�?aG3INA GCc�D �vLNUBX GHE^IKl �^�#�3c�D_`�LNEH\ IKM�XYGHc�D_ECDQA P UaGCA LNw�G^IK?aM�DQXY`3?aGHc GHc�?BA GCE^IKl IKECD_ECDFlmLNEHGCDQX?aM�GHc�D �Tc�>�GHc�DQAH?BA�LKd �[IKE^IKUBX��_LNc�X�D �?' � �o� ) A^b^c�DF��IKGH?Bb l�?BbFG P ECD�LKd@GHc�D LNUBX�GHE^IKl�?BA0ACc�L `3M�?aMg ?aW���'7�&%]� �@DFECD GHc�D�DFM�X9nob�IKl�A/`�DFECD0��INX�D INA EH?aM�WsA�IKECL P M�X GHc�D��Sg n ECL�X�A�� � c�D�DFM�X9nob�IKl rxLNUaG^IKWsD` INA_Ua?a� ?aGCDQX�w�� GHc�D�AHlmDQbF?&%�b�IKGH?BLNM�A[LKd GHc�D�bQLNEHECDQAClmLNM�X7?aM�W d DQDQX9n GHc�ECL P W]c�A[LKd GHc�D/r]INb P�P �;rsDQACA^D�U GCL
Vcap ≤ 2000

�
� ) G
Vcap = 2000

�#IKM Ie�9?VIKU dfECD/� P DFM�bF� ωz = 2π · 700 \ � O `3INA@ECD�INb^c�DQX ��g�ECLN�GHc�?BA D��9lmDFEH?a�0DFM�G^IKU_ECDQA P UaG I�WsDQLN�0DFGHEH��d INbFGCLNE α = 0.81
b�IKM wmD X�DQX P bQDQX �fD/�xM � �   �?@
�F�����@INX7?VIKUdfECD/� P DFM�bF?BDQA ωr LKd P l�GCL 2π · 1.8 �#� O `�DFECD�LNw�G^IK?aM�DQX�`3?aGHc,�Sg noX7EH?arxD lmL `�DFECA@LKd P l�GCL 5

T IKG[IdfECD/� P DFM�bF� Ω = 2π · 16 ��� O �
) M�DF` GHE^IKl�X�DQAH?aW]M �Tb�IKUaUBDQX%GHc�D �oM�DF` GHE^IKl �D�}` INA�DFM�r9?BA^IKWsDQX ?aM%GHc�D �sD�IKE �]�]�]� GCL�?a� l�ECL rxD LNMACDFrxDFE^IKU�l�ECLNw�UBDF�0A DFM�bQL P M�GCDFECDQXY`3?aGHc GHc�D_LNUBX�GHE^IKlk�#� c�DQACDSl�ECLNw�UBDF�0A3IKM�X�GHc�D_X�DQAH?aW]M l�IKGHcYGCL ` IKECX�AGHc�D M�DF` GHE^IKl `3?aUaUkwmD DFUVIKwmLNE^IKGCDQX�?aM GHc�D[d LNUaUBL `3?aM�W��
T�c�DFM�UBLsINX7?aM�W�I GHE^IKl w���?BLNM�? O ?aM�W � IenvIKGCLN�0A dfECLN��IKM%IKGCLN� ?Bb0LersDFM r�?VI DFUBDQbFGHECLNM ?a� l�INbFG/?BLNM7n? O IKGH?BLNM � � ��IKM�� AHGCE^I���DFUBDQbFGHECLNM�A IKECD X�DFlmL]AH?aGCDQX%LNM�DFUBDQbFGHEH?Bb�IKUaUa� ?aM�A P UVIKGH?aM�W�A P Epd INbQDQA�� d LNE�D���IK� l�UBDLNM%bQDFE^IK� ?Bb A P l�lmLNEHG�AHGCE P bFG P ECDQA�LKd3GHc�D�GHE^IKl%bQLNM�AHGHE P bFGH?BLNMk�^-�lmDQbF?VIKU D"Y LNEHG/GCL d L�b P A/GHc�D0?BLNM�? O ?aM�WDFUBDQbFGHECLNM wmD�IK� `�DFUaUT?aM�GCL GHc�D
GHE^IKl bQDFM�GCDFE ?BA@d P GH?aUBD
wmDQb�I P ACD
GHc�D
l�ECDQACDFM�bQD LKd�GHc�D
GHE^IKl�l�?aM�W E^INX7?BLKndfECD/� P DFM�bF�.%�DFUBX�A b�I P A^DQA�I UVIKEHWsD_X�D�dfL�b P ACAC?aM�W�LKd GHc�DSwmD�IK� �T>[DFlmL]AH?aGCDQX b^c�IKEHWsDQA�bFECD�IKGCD_> � %�DFUBX�A�IKGGHc�D_GHE^IKl bQDFM�GCDFE `3c�?Bb^cY� P ACG�wmD@bQLN� lmDFM�A^IKGCDQXYdfLNE��#� c�?BA�?BA INb^c�?BDFrxDQXYw�� INX�X7?aGH?BLNM�IKU bQLN� lmDFM�AJIKGH?BLNM
� � � ����+ ���
� +����*+ �*+<� �&;4 ." �� .$#5�+<$&��,.�*+?5 � �&;4 ." )��% %5��(��,6�� .$ $ ���()() 3? ;&;���+85 �%@:� '7= +8)(+<3<�&;��%� �
� "* .3<� �(�%��� 
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z

L

g ?aW P ECDC'7�&%���>[DQAH?aW]M,LKd GHc�D�LNUBX�GHE^IKlk� L ?BAS% � � � IKM�X
r0
n GHc�D�ACc�LNEHGCDQAHG[X7?BAHG^IKM�bQD�dfECLN�;GHc�D�GHE^IKlIe�7?BA GCL/GHc�D@�_g n ECL�X A P Epd INbQDQA n}?BA 1.2 � � �#� c�D@�Sg n ECL�X�A c�I�rxD[I/X7?VIK�0DFGCDFE3LKd 0.6 � � �

= H
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DFUBDQbFGHECL�X�DQA IKECL P M�X�GHc�D�GHE^IKl�GCL `3c�?Bb^c IKl�l�ECLNl�EH?VIKGCD
> � rxLNUaG^IKWsDQA IKECD
IKl�l�Ua?BDQX �[g ?aM�X7?aM�W GHc�D�EH?aW]c�GbQLN� lmDFM�A^IKGH?BLNM�rxLNUaG^IKWsDQAT?BA I�� P ?aGCD GCDQX7?BL P A�IKM�X
GH?a�0DZbQLNM�A P � ?aM�W/l�ECL�bQDQX P ECD(�fACDQDZIKUBACL b^c�IKl�GCDFE @7� � ���
� c�D LNUBX�GHE^IKl�` INA[c�DFUBX�G^LNWsD�GCc�DFE w���ECDFUVIKGH?arxDFUa��UVIKEHWsD P M�bQL rxDFECDQX�bQDFE^IK� ?Bb
l�UVIKGCDQA `3c�?Bb^c bQLNUaUBDQbFGCDQXUVIKEHWsD/IK�0L P M�GCA_LKdTDFUBDQbFGHECLNM�A�� g�LNEZGHc�D M�DF` GHE^IKl�X�DQAH?aW]M�bQD�EJIK� ?ab l�IKECGCAZ`�DFECD GCL wmD[� ?aM�?a� ? O DQX�IKM�XbQL rxDFECDQX w�� �0DFG^IKU `3c�DFECDFrsDFESlmL]ACAH?aw�UBD]�uvG ` INA dfL P M�XYD��9lmDFEH?a�0DFM�G^IKUaUa� `3?aGHc GHc�D@LNUBX�GHE^IKl!��GHc�IKG�GHc�DSE^INX7?VIKUm�0L�X�D[IKG 2π · 1.8 ��� O INA ` D�UaUINA�GHc�D Ie�9?VIKU��0L�X�D IKG

2π · 700 \ � O Ied�GCDFE3>[LNl�l�UBDFEZbQL�LNUt?aM�W ` DFECD@UBD�d�G `3?aGHc �0D�IKM l�c�LNM�LNM M P ��wmDFECA
n̄
LKd IKwmL P G 45 �?' � � `3c�?Bb^c�?BAZAHGH?aUaUkECDFUVIKGH?arxDFUt� c�?aW]ck�Z� c�D DFM�r�?BAJIKWsDQX D��9lmDFEH?a�0DFM�GCA���c�L `�DFrsDFE���ECD/� P ?aECDWsL�L�X bQL�LNUt?aM�W�?aM�GCDFEH�0A LKd I UBL `

n̄
dfLNE�47G�G�r9?aw�E^IKGH?BLNM�IKUh�0L�X�DQA�� bJdH�xACDQbFGH?BLNM H � � ��� ) UBL ` n̄ LKd I[�0L�X�D?BA �0L]AHG D�INAH?aUa��ECD�INb^c�DQX0w�� I[c�?aW]c��0L�X�D dfECD/� P D�M�b��x�}g�LNE GHc�D3E^INX7?VIKU�d�ECD/� P DFM�bF?BDQA GHc�DFECDZ?BA DQA^ACDFM�GH?VIKUaUa�M�L�Ua?a� ?aG[IKM�X�?tM,I�ACDFM�ACD �oGHc�D/c�?aW]c�DFE@GHc�D/wmDFGHGCDFE �^�S� c�D�Ie�9?VIKU dfECD/� P DFM�bF�
��c�L ` DFrsDFE��mb�IKM�M�LNG@wmD/GCL�Lc�?aW]c�INASLNl�GH?Bb�IKU AH?aM�W]UBD ?BLNM�INX�X7ECDQACAH?aM�W�?BAZECD/� P ?aECDQX � T�c�DFM GHc�D M�DF` GHE^IKl ` INASX�DQAC?aW]M�DQX���GHc�D ` IK?BAHGLKdmGCc�DZINX�X7ECDQA^AH?aM�W wmD�IK�#IKG HN� >[M�� ` INA �0D�INA P ECDQX0GCL[wmDSIKwmL P G   � H µ � �?' � �o�M� c�?BA Ua?a� ?aGCA ?aM�GCDFEpn ?BLNMACDFl�IKE^IKGH?BLNM�A�GCL,I � ?tM�?t� P � LKd_IKwmL P G H µ � `3c�?Bb^c�IKWxIK?aM�Ua?a� ?aGCA Ie�9?VIKU dfECD/� P DFM�bF?aDQA�GCL�M�LNG��0LNECDGHc�IKM HN�]� \ � O ��w�� b^c�IKM�bQD[GHc�D@Ua?a� ?aG3LKd GHc�D[LNUBXYGCE^IKl����#� c�D[M�DF` GHE^IKl ` INA ?aM�GCDFM�X�DQX GCL��9?BDFUBX Ie�9?VIKUdfECD/� P DFM�bF?BDQA LKd P l�GCL %]�?' �#� O wmDQb�I P ACD�lmL]ACAH?aw�UBD�d P G P ECD�?a� l�ECL rsDF�0DFM�GCA LKd GHc�D INX�X7ECDQACAH?aM�W LNl�GH?BbQA`�L P UBX GHc�DFM�IKUaUBL ` GHc�D LNlmDFE^IKGH?BLNM�LKd}GHc�D[GHE^IKl `3?aGHc�I
AHGHECLNM�WsDFE_Ie�7?VIKUkbQLNM %�M�DF�0DFM�G��Z� c�?BA3?BASINX7r]IKM7nG^IKWsDQL P A3wmDQb�I P ACD[?aG�d INbF?aUa?aG^IKGCDQA3W]ECL P M�X AHG^IKGCD[bQL�LNUa?aM�W0LKd GHc�D Ie�7?VIKU��0L�X�D
�fA"� IKM�X IKUBA^L�?aM�bFECD�INA^DQA GHc�DAHlmDQDQX LKdM� P IKM�G P � WxIKGCDQA(�fACDQD D/�xMk�!�   �   = �F���

T�c�DFM LNl�GH?a� ? O ?aM�W GHc�D,GHE^IKl X�DQAH?aW]M dfLNE c�?aW]c�DFE E^INX7?VIKU dfECD/� P DFM�bF?BDQA�ACDFrsDFE^IKU/INAClmDQbFGCA � P AHG wmDG^IK\xDFM�?aM�GCL�INbQbQL P M�G���g ?aECAHGHUa�
�kGHc�D0AHG^IKw�?aUa?aGv��l�IKE^IK�0DFGCDFE q AHc�L P UBX�wmD0bFUBD�IKEHUa��wmDFUBL ` � �?>7�0uvM LNECX�DFEGCL�I�rxLN?BX�lmLNGCDFM�GH?VIKU M�LNM�Ua?aM�D�IKE/ECDQACLNMhIKM�bQDFA �fA^DQD0ACDQbFGH?BLNM   �&%��[?aG ?BA/X�DQAH?aE^IKw�UBD0GCL \xDQDFl q wmDFUBL ` � �?'7�g�ECLN� D/�xMk���   �?(
�/?aG
?BA�d L P M�X��TdfLNE
D���IK� l�UBD�� GHc�IKG
`3?aGHc�GHc�D LNUBX�GHE^IKl�GHc�DYGv�9l�?Bb�IKU `�LNEH\�?aM�W�lmLN?aM�G
�
ωr0 = 2π · 1.8 ��� O � Ω = 2π · 16 �#� O � ` INA q = 0.32

��R �xMk� �   �?(
��IKUBACL�AHc�L `ZA�GHc�IKG
`3?aGHc�IUa?a� ?aGCDQX
q
GHc�D�LNM�Ua� ` I�� GCL�?aM�bFECD�INA^D

ωr0
d P EHGHc�DFE@?BA_GCL WsL�GCL c�?aW]c�DFE[X7EH?arxD dfECD/� P DFM�bF?BDQA Ω � ) G_GHc�DA^IK�0D GH?a�0D ?aG3?BA d L P M�X ��?aM�ACDFEHGH?aM�W D/�xMk�!�   � � ��?aM�GCL0D/�xMk�!�   �?(
�F��GHc�IKG
ωro ∝

V

r20Ω

� '7�&%��
`3c�?Bb^c�?aM�X7?Bb�IKGCDQAZGCc�IKGZ?aM�bFECD�INAH?aM�W

Ω
?aM GHc�D %�ECAHGZl�UVINbQD 	[AFB/E A 4@?/A"?3GHc�D E^INX7?VIKUkdfECD/� P DFM�bF�x�W� c�?BAZ� P AHGGHc�DFMYwmD_bQLN� lmDFM�A^IKGCDQX d LNE�DF?aGHc�DFE�w���IKMY?aM�bFECD�INACDQXY�Sg%IK� l�Ua?aG P X�D V LNE3I/X�DQbFECD�INACDQX Ua?aM�D�IKE X7?a�0DFM7nAH?BLNM

r0
LKd3GHc�D0GHE^IKlk� uoM�bFECD�INAC?aM�W

V
�0DQIKM�A/?aM�bFECD�INAH?aM�W�GHc�D �Sg X7EH?arsD0lmL `�DFE

P
� w P G�INA V ACb�IKUBDQAINA √

P
IKM�X

P
?BA Ua?a� ?aGCDQX � GCL�I dfDF` T%IKGHGCA/LNM�D�b�IKM�M�LNG�D��9lmDQbFG/GCL ECD�INb^c%rNIKU P DQA�LKd V d IKE�IKwmL rsDGHc�D0LNM�DQA E^DQINb^c�DFX `3?aGHc GHc�D�LNUBX�GHE^IKl � P l GCL�IKwmL P G % �]�]� ����� � c�DFECD�d LNECD0GHc�D0LNM�Ua��ACLNU P GH?BLNM ?BA GCLX�L `3M7noAH? O D GHc�D
GHE^IKl � T�c�DFM X�L `3M7noAH? O ?aM�W GHc�D GHE^IKl LNM�D
c�INA GCL `�LNEHEH��IKwmL P G c�D�IKGH?aM�W�LKd�GHc�D
?BLNM�Ab�I P ACDQX w���M�D�IKEHw���DFUBDQbFGHECL�X�D A P Epd INbQDQA�INA/LNw�ACDFEHrxDFX ?aM LNGHc�DFE�D��7lmDFEH?a�0DFM�GCA �?@.=�� �fACDQD�IKUBACL b^c�IKl�GCDFE

@
��� � c�L]ACDYD��7lmDFEH?a�0DFM�GCA��T`3?aGHc�X7?BAHG^IKM�bFDQA
r0
LNM�GHc�DYLNECX�DFE LKd � �&% � �,� A P Y DFECDQX%ACDFEH?BL P A�c�D�IKGH?aM�Wl�ECLNw�UBDF�0A�� `3c�?aUBD0IKG GHc�D0A^IK�0D
GH?a�0D D��7lmDFEH?a�0DFM�GCA ?aM uvM�M�AHw�E P b^\�`3?aGHc r0 = 0.7

� � AHc�L `�DQX LNM�Ua�M�DFW]Ua?aW]?aw�UBD�c�D�IKGH?aM�W E^IKGCDQA�� =��o� � LNM�ACD/� P DFM�GHUa�
� I0�0L�X�DFE^IKGCD
AH? O D�n ECDQX P bFGH?BLNM�`3?aGHc�ECDQAHlmDQbFG@GCL�GHc�D�LNUBXGHE^IKl w�� I�d INbFGCLNE %]�?'�n ? � DN�7dfECLN�
r0 = 1.2

� � GCL � �?(
� � n ` INASDFM�r�?BAJIKWsDQX �
� L0A P � ��IKEH? O D GHc�D X�DQAH?aW]M W P ?BX�DFUa?aM�DQA3d LNE3GHc�D M�DF` GHE^IKl �
• >@L `ZM7noAH? O D GHc�D E^INX7?VIKU AHGCE P bFG P ECD w�� I�d INb�G^LNE %]�?'
`3?aGHc ECDQAHlmDQbFGSGCL
GHc�D LNUBX GHE^IKlk�

�<� �*+�� 	 � "��?� +<;9�($2)(�
� �(��+85!+8$&$&+8�7���� .)()�= '7=! ��+? 0���(��, @*"!��	 ����+-+8)(+83<�&;��(3? 0) 	 +8+?5 � ���:;��%@�,%�*$9 .�/5 ����+C�&;4 ."6�(��$&+<) 	 � $&+<+
34�/ .":��+<; �-F � � F
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• uoM LNECX�DFE GCL/?aM�bFECD�INACDSGHc�D@Ie�9?VIKU�d�ECD/� P DFM�bF�
d�ECLN� HN�]� \ � O GCL�IKwmL P G %]�?' �#� O �s? � D]�}w��0I d INbFGCLNELKd � ��INbQbQLNECX7?aM�W GCL0D/�xMk�!�   � H � GHc�D X7?BAHGJIKM�bQD L wmDFGv`�DQDFM�GHc�D/DFM�X9nob�IKl�ASc�INAZGCL wmD ECDQX P bQDQX w��IKl�l�ECL��9?a��IKGCDFUa��GHc�D�A^IK�0D
d INbFGCLNE �fX�DFlmDFM�X7?aM�W,IKUBACL LNM GHc�D0M�DF`(DFM�X9nob�IKl WsDQLN�0DFGHEH�[� ? � D]� GHc�DM�DF`
α
���

• ) UaU}bQDFE^IK� ?Bb A P Epd INbQDQAX�fLNE[?aM�A P UVIKGCLNECA[?aM�WsDFM�DFE^IKU��Sd INbF?aM�WYGCL ` IKECX�A GHc�D�GHE^IKl�AHc�L P UBX�wmD�� ?aM�?tn� ? O DQX ?aM�AH? O D]�
>[L `3M7noAH? O ?aM�W�GHc�D0E^INX7?VIKU AHGHE P bFG P ECDYIKM�X�\xDQDFl�?aM�W�GHc�D�DFUBDQbFGHECL�X�DQA�ECL�X9n Ua?a\sD0lmL]A^DQA l�ECLNw�UBDF�0A�LKd d IKw7nEH?Bb�IKGH?BLNM�?aM�I ��INb^c�?aM�D AHc�LNl �TDQAHlmDQbF?VIKUaUa�%INA
I�c�?aW]c�ECDFUVIKGH?arsD INbQb P E^INbF� ?BA�ECD/� P ?aECDQX � ) w�UVINX�D�n Ua?a\sDbQLNM�AHGHE P bFGH?BLNM�bQL P UBX wmD@d IKw�EH?Bb�IKGCDQX `3?aGHc �0LNECD l�ECDQbF?BAH?BLNM�IKGZGHc�DQACD AH��IKUaU ACb�IKUBDQA��g ?aM�IKUaUa�
�kGHc�D0X�DQAH?aW]M � P AHG ?aM�bQLNEHlmLNE^IKGCD�DFUBDQbFGHECL�X�DQA/GCL bQLN� lmDFM�A^IKGCD d LNE AHGHE^I���> � %�DFUBX�A�IKG GHc�DGHE^IKl�bQDFM�GCDFE�lmLN?aM�GH?aM�W�?aM%GHc�D�E^INX7?VIKU�X7?aECDQbFGH?BLNM�A

x
IKM�X

y
�,� c�DQACD bQLN� lmDFM�A^IKGH?BLNM�DFUBDQbFGHECL�X�DQA�� P AHGM�LNG3wmD[GCL�L bFUBL]ACD[GCL�GHc�D[GHE^IKl rxLNU P �0D���INA3GHc�DF?aE3l�ECDQACDFM�bQD ��I��YX7?BAHGCLNEHG3GHc�D[GHE^IKl�%�DFUBX�A��W� c�DF� � P AHGIKUBACL UBD�I�rxDZLNl�GH?Bb�IKU�INbQbQDQACATd LNE l�c�LNGCLNM bQL P M�GH?aM�W
IKM�X INX�X7ECDQACAH?aM�W�� ) G GHc�DSA^IK�0D3GC?t�0DZGHc�DSbQLN� lmDFM�A^IenGH?BLNM DFUBDQbFGHECL�X�DQAZ� P AHG3wmD[M�D�IKESIKM�X UVIKEHWsD DFM�L P W]c GCL�l�ECL�X P bQD A P ��b�?BDFM�GCUt� AHGHECLNM�W0> � %�DFUBX�ASIKG3GHc�DGHE^IKl bQDFM�GCDFE��W� c�D@X�DQAH?aW]M W P ?BX�DFUa?aM�D@`3INA GHc�IKG�GHc�DF��AHc�L P UBX l�ECL�X P bQDS%�DFUBXYAHGHECDFM�W]GHc�A bQLN� l�IKE^IKw�UBD@GCLGHc�D/bQLN� lmDFM�AJIKGH?BLNM,DFUBDQbFGHECL�X�DQA@LKdTGHc�D�LNUBX GHE^IKl P AH?aM�W�rxLNUaG^IKWsDQA_LKd IKwmL P G % �]� �
�0� c�?BA_UBDQI rsDQA_ACLN�0DA^Ied DFGv�Y��IKEHW]?aM,INAZGHc�D/L rxDFE^IKUaU A^DFGpn P l���?aM�bFU P X7?aM�WYDFUBDQbFGHEH?Bb�IKU d DQDQX9n GHc�ECL P W]c�A"�3` INASX�DQAC?aW]M�DQX GCL IKUaUBL `d LNE rxLNUaG^IKWsDQA P l G^L IKG3UBD�INAHG  ]�]�]� �
�7uvG ?BA M�LNG3lmL]ACAH?aw�UBD[GCL b�IKUBb P UVIKGCD/IKM�IKUa�9GH?Bb�IKUaUa�YGHc�D DFUBDQbFGHEH?Bb %�DFUBXAHGHECDFM�W]GHc l�ECL�X P bQDQX w�� I�W]?arsDFM bQLN� lmDFM�AJIKGH?BLNM�DFUBDQbFGHECL�X�D/bQLNM %�W P E^IKGH?BLNM�IKG3GHc�D bQDFM�GCDFESLKdTI�bQDFEHG^IK?aMGHE^IKl0WsDQLN�0DFGHEH�
M�LNE ?BAT?aGTlmL]ACAH?aw�UBD3GCL IKM�IKUa�9GH?Bb�IKUaUa� b�IKUBb P UVIKGCDZGHc�D WsDQLN�0DFGHEH��d INbFGCLNE α LKd I[W]?arsDFM0GHE^IKlk�� c�DFECD�d LNECDZAC?a� P UVIKGH?BLNM�A LKd�X7?&Y DFECDFM�G GHE^IKl�bQLNM %�W P E^IKGH?BLNM�A��x?aM�bFU P X7?aM�W�bQLN� lmDFM�A^IKGH?BLNMYDFUBDQbFGHECL�X�DQA `�DFECDlmDFEpd LNEH�0DQX�`3?aGHc�GHc�D�ACLKd�Gv` IKECD -7uv��u \�J���>[DF�0LNM�AHGHE^IKGH?arxD/l�?BbFG P ECDQA_LKd A P b^c�M P �0DFEH?Bb�IKU AH?a� P UVIKGH?BLNM�AIKECDYAHc�L `3M�?aM�g ?aW�� '7� � � � c�D %�M�IKU3X�DQAH?aW]M�LKdSGHc�D M�DF` GHE^IKl�G^IK\9?aM�W�?aM�GCL,INbQbQL P M�G�IKUaU�GHc�DQACDYbQLNM7nAH?BX�DFE^IKGH?BLNM�A ?BA[l�ECDQACDFM�G^DFX�?aM g ?aW��G'7�   � `3c�?aUBD0g ?aW���'7� =�AHc�L `ZA[l�c�LNGCLNW]E^IKl�c�A/LKd�GHc�D bQLN� l�UBDFGCD0ACDFG P l?aM�bFU P X7?aM�W0A P l�lmLNEHG3AHGHE P bFG P ECDQAZIKM�X DFUBDQbFGHEH?Bb[bQLNM�M�DFbFGH?BLNM�A �W� c�D@Gv��l�?ab�IKU���INb^c�?aM�?aM�W l�ECDQbF?BAH?BLNM dfLNE3IKUaU�0D�INA P ECDQA/?BA8% � µ �,� X�L `3M GCL '

µ
� dfLNE/bFEH?aGH?Bb�IKU l�IKEHGCA�� � c�D�A P l�lmLNEHG�AHGHE P bFG P ECDQA�� `3c�?Bb^c%b�IKM wmDACDQDFM0?aM GCc�D3L rxDFE^IKUaU�l�?BbFG P ECDQA�� d�ECLNM�G r9?BDF` IKM�X0AH?BX�D3r9?BD�`��}IKECD3��INX�DSLKd��,INbQLNE r bQD�EJIK� ?abQA � ) AT� P b^c�,INbQLNE r INA/lmL]ACAC?aw�UBD0c�INA�wmDQDFM%� ?aUaUBDQX%L@YT� ) X�X7?aGH?BLNM�IKUaUa�
�}GHc�D DFM�X9nob�IKl�A�c�I�rxD I ( � ��X7?VIK�0DFGCDFEw�INACD�l�UVIKGCD
`3c�?Bb^c�bQL rxDFECA[�0L]AHG LKd GHc�D
bQDFM�GHE^IKU �,INbQLNE r A P Epd INbQD]� ) A[b�IKM�wmD
ACDQDFM,?aM,GHc�D
X7E^Ied�G LKdGHc�D DFM�X9nob�IKl�A��kGHc�?aA w�INA^D�l�UVIKGCD ?BA[��INb^c�?aM�DQX A P b^c�GHc�IKG ?aG GCL P b^c�DQA GHc�D �,INbQLNE r LNM�Ua�,IKECL P M�X�GHc�DbQDFM�GCDFE���`3c�?aUBDSGHc�DSL P GCDFE EH?aM�W�LKd ?aG c�INA�I � � � � �#WxIKlk�M� c�?BA ?BA wmDQb�I P ACDS?aM�l�ECDFr�?BL P A�D��9lmDFEH?a�0DFM�GCA ?aGc�INA_wmDQDFM�LNw�ACDFEHrsDQX�GHc�IKG[�,INbQLNE r A P Epd INbQDQA_�0DQX7?VIKGCD�rxLNUaG^IKWsD�AHc�LNEHGCA_� P b^c�wmDFGHGCDFE[GHc�IKM�d�ECDQD P UaGHE^Ic�?aW]c�r]INb P�P ��WxIKl�A ��uvM d INbFG���GHc�D/L P GCDFE@DQX7WsD/LKdTGHc�D w�INACD l�UVIKGCDQA_bQLN�0D�INASbFUBL]ACD�INA %]�?' � ��GCL0GHc�Dw�UVINX�DQA IKM�X�rxLNUaG^IKWsDQA LKd�IKECL P M�X  ]�]�]� �*wmDFGv`�DQDFM�GHc�DF� LxbQb P E `3c�DFM�GHc�D�GHE^IKl,?BA[LNlmD�EJIKGH?aM�W���� c�Dw�UVINX�DQA��hINA3`�DFUaU INAZGHc�D bQLN� lmDFM�A^IKGH?BLNM�DFUBDQbFGHECL�X�DQA��hIKECD ��INX�D/LKdTAHG^IK?aM�UBDQACASAHGCDQDFU � ��LNUa�9wmX�DFM P � `3INA

P ACDQX dfLNE_GHc�D�DFM�X9nob�IKl�A�� � c�D/w�UVINX�DQA_`�DFECD/��INb^c�?aM�DQX�w9� I0`3?aECD�DFECL]AH?BLNM�GCDQb^c�M�?*� P D�`3c�?Bb^c�DFM�A P ECDQArxDFEH�0c�?aW]c l�ECDQbF?BAH?BLNM �7?aMYl�IKEHGH?Bb P UVIKE dfLNE�GHc�D@c�LNUBDQA�`3c�?Bb^c E P M GHc�ECL P W]c GHc�D@`3c�LNUBD@UBDFM�W]GHc LKd  ]� � � �
� c�D
GHE^IKl�?BA A P AHlmDFM�X�DQX,?aM�GHc�D
r]INb P�P � b^c�IK��wmDFE/LNM,d L P E AHGCDQDFUTECL�X�A���uvM�d INbFG��kg ?aW���'7� = ACc�L `ZAP l�AH?BX�D�noX�L `3MYr9?BDF`ZA��MJ@LNGCDSGHc�IKG GHc�D_�Sg n w�UVINX�DQA IKECD_bQLNM�M�DQbFGCDQX GCL/GHc�DSc�DFUa?Bb�IKUhECDQA^LNM�IKGCLNE w�� \@g � �bQLNl�lmDFE w�E^IK?BX�A�� `3c�?aUBD0IKUaUT> � bQLNM�M�DQbFGH?BLNM�A�IKECD bQLsIe�9?VIKUaUa��ACc�?BDFUBX�DQX�AHGCDQDFU}`3?aECDQA�� � c�IKl�GCDFE H ACc�L `ZAGHc�IKG@GHc�D�lmDFEpd LNEH��IKM�bQD
LKd GHc�D�ECD�IKU}GHE^IKl�?BA_rxDFEH��bFUBL]ACD�GCL `3c�IKG@?BA@D��7lmDQbFGCDQX�d�ECLN�;GHc�D�AH?a� P UVIKGH?BLNM�A
�fD]� W���GCL `3?aGHc�?aM '&% ?aM GCDFEH�0AZLKd}GHE^IKl dfECD/� P DFM�bF?BDQA"���

=6>



����� � ��� � � �	���4� � � ��� � �




g ?aW P ECDC'7� � ��I
�#-�?a� P UVIKGH?BLNMYLKdmGHc�DZbQLN� lmDFM�A^IKGH?BLNMYDFUBDQbFGHECL�X�DSACDFGpn P l�LKdmGHc�DZLNUBX GHE^IKl INA I[bFECL]ACAHnob^c�DQb^\dfLNE GHc�D�AH?a� P UVIKGH?BLNM l�ECL�bQDQX P ECD]�YuvM�GHc�D0bQDFM�G^D�E � GHc�D dfL P E/�Sg noDFUBDQbFGHECL�X�DQA�LKd GHc�D0GHE^IKlk�
� c�D Gv`�L LNGHc�DFE ECL�X�A/IKECD0bQLNM�M�DQbFGCDQX GCL GHc�D0A^IK�0D
lmLNGCDFM�GH?VIKU�IKM�X,d LNEH� LNM�D0DFUBDQbFGHECL�X�DdfLNE_c�LNEH? O LNM�G^IKUTbQLN� lmDFM�A^IKGH?BLNMk� � DFEHGH?Bb�IKU}bQLN� lmDFM�A^IKGH?BLNM,?BA_lmDFEpdfLNEH�0DQX�w���IKM�LNGHc�DFE@ECL�Xl�IK?aEY`3c�?ab^c ?BAYM�LNG ?tM�b�U P X�DFX c�DFECD]�-w�� � LN� lmDFM�A^IKGH?BLNM DFUBDQbFGHECL�X�DQA LKd/GHc�D�M�DF`�GHE^IKl
� IKl�l�ECL��7?a��IKGH?BLNM�LKd_GHc�D %�M�IKU3X�DQAH?aW]M���� � c�D DFUBDQbFGHECL�X�D dfLNE
c�LNEH? O LNM�G^IKUZbQLN� lmDFM�A^IKGH?BLNM` INA�AHl�Ua?aG P l%?aM�GCL G `�L ECL�X�A/?aM�LNECX�DFE�GCL UBD�I�rsD LNl�GH?Bb�IKU INbQbQDQACA�LNlmDFM d LNE�� P LNECDQACbQDFM�bQDbQL P M�GH?aM�W�� g�LNE3rxDFEHGH?Bb�IKU bQLN� lmDFM�A^IKGH?BLNM �mI
AH?aM�W]UBD ECL�X ` INA P ACDQX � b���-�?a� P UVIKGH?BLNM d LNE3GHc�DIe�9?VIKUZGHE^IKl�l�?aM�W%AHGHECDFM�W]GHc4LKd@GHc�D M�DF` GHE^IKlk��� c�D AC?a� P UVIKGH?BLNM�?BA   noX�?t�0DFM�AC?BLNM�IKU ��GHc�?BAl�?BbFG P ECD@AHc�L `3?aM�W
I � > b P G IKUBLNM�W�GHc�DSGHE^IKl Ie�9?BA �L� c�?BA WsDQLN�0DFGHEH�[��`3c�?Bb^c ?BA�bFUBL]ACDZGCL/GHc�D
%�M�IKU}X�DQAC?tW]M!�m��?BDFUBX�DQX�IKM�Ie�9?VIKU dfECD/� P D�M�b���LKd�IKwmL P GS%]�?'Y��� O d LNE[IKM,DFM�X9nob�IKl,rxLNUaG^IKWsDLKd

2000
��?aM GHc�D AH?a� P UBIKGC?aLNM �
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g ?aW P ECDC'7�   � � LNM�AHGHE P bFGH?BLNM�LKd}GHc�D M�DF` GHE^IKlk�WJ P ��wmDFECAZ`3?aGHc�L P G P M�?tG^ASIKECD ?aM � ?aUaUa?t�0DFGCDFECA �
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g ?aW P ECDC'7� = ���Tc�LNGCLNW]E^IKl�c�A@LKd}GHc�D M�DF` GHE^IKl�ACDFG P lk� � LNl � AH?BX�DFr9?BDF` � � LNGHGCLN� � AHl�INbQD X�?BIKWsLNMhIKU r�?BDF`d�ECLN� GHc�D LNGHc�DFESAH?BX�D ��M�LNGCD GHc�D bQLN� lmDFM�A^IKGH?BLNM�DFUBDQbFGHECL�X�DQA��
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g ?aW P ECDC'7�?' �	�[DFM�DFE^IKUTACDFG P l �m?aM�l�IKEHGH?Bb P UVIKE[UVINACDFE[ACL P ECbQDQA�� � c�D�?aM�X7?ar�?BX P IKUTDFUBDF�0DFM�GCA IKECD�X7?BACb P ACA^DQX?aM GCc�D[GCD��7G��

��� � � � �h{��*y � ��zm{ � � �Q�
� 40 � � +

� c�DZD��7lmDFEH?a�0DFM�GCA l�ECDQACDFM�GCDQX0c�DFECD P ACD3UVINACDFECA IKG   > H M��,� HN� >[M��,�#(�@�@[M��#IKM�X8(�'.=/M�� �fb�dp�sACDQbFGH?BLNM
  �   �&%���� ) M L rxDFEHr9?BDF` LKd�GHc�D,LNl�GH?Bb�IKU A^DFG P l ?BAYW]?arxDFM ?aM g ?aW�� '7�?'7� \_M�Ua� GHc�D�DQACACDFM�GH?VIKU LNl�GH?Bb�IKUDFUBDF�0DFM�GCAZIKECD@AHc�L `ZMk�#� c�D@D��9lmDFEH?a�0DFM�G^IKUkACDFG P lY?BA AHl�ECD�INXYL rxDFE�Gv`�L�G^IKw�UBDQA��Z\_l�GH?Bb�IeU G^IKw�UBD � ��IKUBLNM�W`3?aGHc IKUaU_UVINACDFEYACL P ECbQDQA IKM�X�I ��� >�b�IK�0DFE^I�d LNE�?BLNM�LNw�A^D�ECrNIKGH?BLNM �3?BAYAHc�IKECDQX `3?aGHc�L P EYb�IKUBbF? P �b�I�r9?aGv�xn�
@R >�D��7lmDFEH?a�0DFM�G�� � c�D�?BLNM4GHE^IKl�ACDFG P l `3?aUaU_wmD�D��9l�UVIK?aM�DQX4?aM GHc�D�M�D��7G ACDQbFGH?BLNMk� R INb^cUVINACDFE
?BA�d�ECD/� P DFM�bF� UBL�b^\xDQX�GCL�?aGCA
?aM�X7?ar9?BX P IKUZLNl�GH?Bb�IKU3ECD�dfDFECDFM�bQD b�I�r9?aGv� P AH?aM�W,GCc�D � L P M�X9no>@ECDFrsDFEpn
�[IKUaU �0DFGHc�L�X �?(�'��o��R rsDFEH� ECD�dfDFECDFM�bQDYb�I�r9?aGv��?BA�l�UVINbQDQX%?aM�I GCDF� lmDFE^IKG P ECD ACG^IKw�?aUa? O DQX�rsDQACA^DFU �,� c�DrxDQACACDFUBAZdfLNE_GHc�D HN� >�M���IKM�X�GHc�DS(�@�@0M���UBL�b^\�bQLNM�AH?BAHG@LKd Gv`�L UVI��sDFECA_?aM�AH?BX�D�D�INb^c,LNGHc�DFE���DQINb^c,LNM�D

'  
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wmDF?aM�W ?aM�X�DFlmDFM�X�DFM�GHUB��GCDF� lmDFE^IKG P ECD AHG^IKw�?aUa? O DQX ��� c�D
b�I�r9?aGv� dfLNE[GHc�D HN� >�M���UVINACDFE[?BA INX�X7?aGH?BLNM�IKUaUa�l�UVINbQDQX�?aM I rNINb P�P ��b^c�IK��wmDFE�IKM�X,��INX�D0LKd P UaGHE^I UBL ` GHc�DFEH��IKU D��9lhIKM�AH?BLNM���IKG^D�EC?BIKU ��>[DFG^IK?aUBA LKdGHc�D AHlmDQbF?&%�b
UVINACDFECA/IKM�X,GHc�DF?aE[dfECD/� P DFM�bF��UBL�b^\9A c�I�rsD
wmDQDFM�l�ECDQACDFM�GCDQX�?aM�l�ECDFr�?BL P A � c�>#GHc�DFA^DQA LNMGHc�D@uoM�M�ACw�E P b^\�b�IKUBb�? P � D��7lmDFEH?a�0DFM�GCA��?' %��V� � =��V�
�?' � �o�#J@L/l�EH?aM�bF?al�IKU b^c�IKM�WsDQA c�I�rsD_wmDQDFMY��INX�D@AH?aM�bQD��IKUaGHc�L P W]c��0L]AHG_bQLN� lmLNM�DFM�GCASn ?aM�bFU P X7?aM�WYLNl�GH?BbQA���UVINA^DFECA_IKM�X�DFUBDQbFGHECLNM�?BbQASn c�I�rxD wmDQDFM�?a� l�ECL rxDQX�LNEECDFl�UVINbQDQX w��YwmDFGHGCDFEZrxDFECAH?BLNM�AZX P EH?aM�W0GCc�D[UVINAHGZGv`�L �sD�IKECA �
� c�D LNl�GH?Bb�IKU9DFUBDF�0DFM�G UVIKwmDFUaUBDQX �vL rsDFEHUVIKl�lmDFE � ?aM�g ?aW��	'7�?'Z?BA I3W]UVINACA A P w�ACGHE^IKGCD `3?aGHc�c�?aW]c/ECDR��DQbFGH?ar9?aGv�bQLsIKGH?aM�W�d LNE   > H M�� LNM�LNM�DYAH?BX�D `3c�?aUBDYwmLNGHc�AH?BX�DQA IKECD IKM�GH?tn ECDR��DQbFGH?BL]M�bQLsIKGCDQX%dfLNE�Ua?aW]c�G IKECL P M�X

(�@ � M�� �W� c�?BAZIKUaUBL `ZA3A P lmDFEH?a� lmL]AC?aM�W UVINACDFE wmD�IK�0ASIKGO(�@�@�M�� IKM�X (�'.= M�� LNM�GCL I   > H M�� wmD�IK� �
) AH?aM�W]UBD ' � �?' � wmD�IK� ACl�Ua?aGHGCDFE ?BA P ACDQX,GCL AHl�Ua?aG GHc�D
UVINACDFE wmD�IK�0A�IKGC(�@�@YM���IKM�XD(�'.= M���IKM�X IKGGHc�DYA^IK�0D GH?a�0DYL rxDFEHUVIKl�GHc�D ECDQA P UaGH?aM�W,wmD�IK�0A�� - P w�A^D3� P DFM�GHUa�%D�INb^c�LKdSGHc�DQACDYX�L P w�UBD ` I�rxDFUBDFM�W]GHc?aM7dfE^IKECDQX�wmD�IK�0A ?aA L rxDFEHUVIKl�lmDQX `3?aGHc I   > H M��(wmD�IK� �#� c�DSECDQA P UaGH?aM�W�GHEH?al�UBDS` I�rxDFUBDFM�W]GHc wmD�IK�0A IKECDb�IKUaUBDQX >[LNlG%/IKM�X >[LNl � �uvGZb�IKM�IKUBA^L
wmD ACDQDFM GCc�IKGSD�INb^c UVINACDFE3wmD�IK��b�IKM wmD AC`3?aGCb^c�DQX LNM�IKM�X L@Y�`3?aGHc�DF?aGHc�DFE@I
AC?tM�W]UaD LNEI�X�L P w�UBD�l�INACA@INbQL P ACGCLKnoLNl�GH?Bb�IKU}�0L�X P UVIKGCLNEX� ) \@� � UVIKwmDFUaUBDQX ) \ % . . . ) \ @7� ) \ � � ) \   � ) \ = IKM�X) \ ' IKECD X7EH?arxDFM%IKG %���DQX�dfECD/� P DFM�bF?BDQA �fDF?aGHc�DFE ( � LNE �IHN� �#� O �[IKM�X IKECD P A^DQX�dfLNE AC`3?aGCb^c�?aM�W�IKM�XUa?aW]c�G ?aM�GCDFM�AH?aGv� bQLNM�GHECLNU �Tg�ECD/� P DFM�bF��G P M�?aM�W�LKdmGHc�D3bQLNEHECDQAHlmLNM�X�?tM�W/UVINACDFECA IKG   > H M��,��IKM�X8(�'.= M��*?BAINb^c�?BDFrxDQX�w�� A^b�IKM�M�?aM�W�GHc�DSUBDFM�W]GHcYLKdkGHc�DF?aE ECD�dfDFECDFM�bQD@b�I�r�?aGH?BDQA P AH?aM�W�l�?BD O L]A��#� c�DSECD�dfDFECDFM�bQD@b�I�r�?aGH?BDQAd LNEO(�@�@�M���IKM�X HN� >�M�� X�L
M�LNG dfD�IKG P ECD[l�?BD O L]A n IKM�X bQLNM�ACD/� P DFM�GHUa� IKECD[M�LNG3A^b�IKM�M�IKw�UBD@n ?aM LNECX�DFEGCLYINb^c�?BDFrsD�� ?aM�?a� P �;Ua?aM�DF`3?BX7GHc IKM�X d�ECD/� P DFM�bF� X7EH?tdfG��h?tM�l�IKEHGH?Bb P UVIKE@dfLNE_GHc�D HN� >0M���Ua?aW]c�G��S� c�DF?aEdfECD/� P DFM�bF?BDQA�IKECDYG P M�DQX�`3?aGHc�GHc�D c�DFUal�LKd_GHc�D X�L P w�UBD l�INACA ACDFG P l�A
w��%bQLNM9GHECLNUaUa?tM�W GHc�D �_g X7EH?arsDdfECD/� P DFM�bF?BDQAZLKd ) \ % IKM�X ) \ @7�Tg�LNE3GHc�D LNl�GH?Bb�IKUkb^c�IKM�M�DFU b�IKUaUBDQX 397σ

bF?aECb P UVIKEHUa�YlmLNUVIKEH? O DQX Ua?aW]c�G3?BAl�ECL�X P bQDQX IKM�X,GHc�DFM�AHc�LNM�D�?aM,l�IKE^IKUaUBDFUTGCLYGHc�D���IKW]M�DFGH?Bb.%�DFUBX�rxDQbFGCLNE IKG[GHc�D�lmL]AH?aGH?BLNM LKd GHc�D�GHE^IKlbQDFM�GCDFE3?aM LNECX�DFE3GCL�l�ECL r�?BX�D
σ−

lmLNUVIKEH? O DQX   > H M�� Ua?aW]c�G�� ) \ � ECDFl�ECDQACDFM�GCASIKM INX�X7?aGH?BLNM�IKUkAH`3?aGCb^c GCLl�ECL r9?BX�D�LNl�GH?a� P � b�IKM�bQDFUaUa?aM�W LKd   > H M��;Ua?aW]c�G X P EH?aM�W lmDFEH?BL�X�A LKd bQLNc�DFECDFM�G[��IKM�?al P UBIKGC?aL]M LNM�GHc�D
HN� >0M��;GHE^IKM�AH?aGH?BLNMk�@�SDQAH?BX P IKU   > H M���Ua?aW]c�G@`�L P UBX�LNGHc�DFEH`3?BACD�w�ECLsINX�DFM,GHc�D S1/2 W]ECL P M�X�AHG^IKGCD
�fA"�AH?aW]M�?&%�b�IKM�GHUa� IKM�X GHc P ASX�DQAHGHECL � bQLNc�DFECDFM�bQD/LNM GHc�D�� P w�?aG3GHE^IKM�AH?aGH?BLNM�IKG HN� >�M�� �uvM0INX�X7?aGH?BLNM0GCL[`3c�IKGT?BATACc�L `3M ?aM g ?aW��I'7�?' �sAC��IKUaU7d�E^INbFGH?BLNM�A}dfECLN�(IKUaU�` I�rsDFUBDFM�W]GHc�ACL P ECbQDQA IKECD3A^D�M9GGCL
c�LN�0D w P ?aUaGZ` I�rxDF�0DFGCDFECA���IKUaUBL `3?aM�W d LNEZbQLsIKECACD ` I�rsDFUBDFM�W]GHc��0D�INA P ECDF�0DFM�GCAS`3?aGHc�IKM�INbQb P E^INbF� LKdIKwmL P G 10−6 �� c�D Ua?aW]c�G}IKG HN� >3M�� ?BA DF?aGHc�DFE ACDFM�G GCLZGHc�D HN� > ) LNE GHc�D HN� >7J�b^c�IKM�M�DFU �K`3c�?aUBD GHc�D ECDQAClmDFbFGH?arxD LNGHc�DFEb^c�IKM�M�DFU}?BA@GHc�DFM�w�UBL�b^\xDQX � � c�D HN� > ) Ua?aW]c�G[l�INACACDQA@GHc�ECL P W]c I AHlmDQbF?VIKU}LNl�GH?BbQA[l�ECL�X P bF?aM�W I�GH?aW]c�GHUa�d Lxb P A^ACDQX�wmD�IK��IKG[GHc�D�GHE^IKl bQDFM�GCDFE X�DQAH?aW]M�DQX�GCL INX�X7ECDQA^A[?aM�X7?ar�?BX P IKUT?BLNM�A LKd IYb^c�IK?aM �fACDQD
ACDQbFGH?BLNM
H � = ���W� c�D HN� >7J Ua?aW]c�GZ?BA dfL�b P A^ACDQX LNM�GCL
GHc�D ?BLNM�A3w��YAH?aM�W]UBD UBDFM�A3l�ECL�X P bF?aM�WYI
bQLN� l�IKE^IKGH?arxDFUa� UVIKEHWsDUVINACDFE ` IK?BAHG�LKd IKwmL P G 20 µ � �}j INA^D�E^A ?aM GHc�D_b^c�IKM�M�DFUBA >[LNlG%��9>[LNl � IKM�X 397σ

IKECD@IKUBACL d L�b P ACACDQX�w��
� P AHG�I AH?aM�W]UBDSUBDFM�A �M� c�D_bQLNEHECDQAHlmLNM�X7?aM�W
UVINACDFE ` IK?BAHGCA IKG GHc�DSGHE^IKl bQDFM�GCDFE IKECD_LNM GHc�D_LNECX�DFE�LKd 50 µ �d LNESIKUaU   > H M�� wmD�IK�0A_IKM�X�IKwmL P G 300 µ � d LNE3GHc�DC(�'.=0M���IKM�X (�@�@
M�� wmD�IK�0A��

��� � � ��{ �@��{T� � � �S��� ��~�� ��{�� �Z�@z �m�S� � z�� ��� �
�
� c�D � P IKM�G P � bQLN� l P G^IKGH?BLNM l�ECLNGCL�bQLNUBA3l�ECDQACDFM�GCDQX ?aM b^c�IKl�GCDFECA � IKM�X�=
ECD/� P ?aECD@M�LNG3LNM�Ua� I�l�ECDQbF?BACDUVINACDFE_lmL `�DFE IKM�X dfECD/� P DFM�bF� w P G[IKUBACL AClmDQbF?BIKU l�c�INACD�bQLNM�GHECLNU �m?aM�l�IKEHGH?Bb P UVIKE@dfLNE_GHc�D�IKl�l�Ua?Bb�IKGH?BLNM�LKdbQLN� lmL]AH?aGCD�l P UBACD0LNlmDFE^IKGH?BLNM�A��fb�dH��=�� � ��� ) bQLN� l�UBDFGCD � P IKM�G P ��WxIKGCD0l�ECLNGCL�bQLNU ?aM%L P E/D��7lmDFEH?a�0DFM�GGv�9l�?Bb�IKUaUa��ECD/� P ?aECDQA/IKG UBD�INACG %�rsD X7?&Y D�E^D�M9G UVINACDFE d�ECD/� P DFM�bF?BDQA/IKG HN� >YM���dfLNE W]ECL P M�X AHG^IKGCD bQL�LNUa?aM�W

'.=
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g ?aW P ECDC'7�?@ ��J@DFGv`�LNEH\ dfLNE@UVINACDFE[lmL `�DFE��mdfECD/� P DFM�bF��IKM�X�l�c�INACD
bQLNM�GHECLNU IKG HN� > M�� ��� c�D�DFUBDF�0DFM�GCAg %�nog '�IKECD�AH?aW]M�IKU WsDFM�DFE^IKGCLNECA@E P M�M�?aM�W IKG_bQLNM�AHG^IKM�GSdfECD/� P DFM�bF��IKM�X�lmL `�DFE@X P EH?aM�WYLNM�DX�IKG^I[INb/� P ?BAH?VIKGH?BLNM0ACb�IKM �xA�%�noA�% � X�DFM�LNGCD ���3j bQLNM�GHECLNUaUBDQX0�Sg�AH`3?aGCb^c�DQA��sb�%�nob*= IKE^D�lmL `�DFEbQLN��w�?aM�DFECA�IKM�X,� ?BA/I � ?t��DFE��.� c�D
UBL�b�IKU L]A^bF?aUaUVIKGCLNE/j'\#?BA LNlmDFE^IKGCDQX IKG ∼ 600
�#� OIKM�X�GHc�D,ACL P ECbQDQA g %�nog '�IKG�IKECL P M�X 370

�#� O � � c�D�L P GHl P G d�ECD/� P DFM�bF�4?BAYGHc P A ∼
230

�#� O ��GHc�D�A P � dfECD/� P DFM�bF� LKd ∼ 1
�+� O ?BA_AHGHECLNM�W]Ua� A P l�l�ECDQA^ACDQX w�� GHc�D d LNUaUBL `3?aM�W�Sg�IK� l�Ua?&%�DFECA@IKM�X GCc�D HN� >
M�� ) \@�����

IKM�X bQLNc�DFECDFM�G ��IKM�?al P UVIKGH?BLNM�A�� � LN� lmL]AH?aGCD�l P UBACD�LNlmDFE^IKGH?BLNM�A b�IKM wmD�AH?a� l�Ua?&%�DQX�w P G DFrxDFM�GHc�DFMECD/� P ?aECD/ACDFrxDFE^IKU `�DFUaU X�DR%�M�DQX�AH`3?aGCb^c�IKw�UaD�UVINACDFESl�c�INACDQA@IKG_bQDFEHG^IK?aM�dfECD/� P DFM�bF?BDQA���� c�D ��IKM�?al P UVIKGH?BLNMLKd HN� >,M�� Ua?aW]c�G0?tM�GHc�D D��7lmDFEH?a�0DFM�G0?BA�INb^c�?BDFrsDQX�w���IKl�l�Ua�9?aM�W A P ?aG^IKw�UBD l P UBACD ACD/� P DFM�bQDQA ?aM�GHc�D�Sg�E^IKM�WsD�IKECL P M�X �] ]� ��� O GCL GHc�D bQLNEHECDQAHlmLNM�X7?aM�W�X�L P w�UBD l�INACA ) \@� � ) \ %
?aM g ?aW���'7�?'
���X� c�DP UaGH?a��IKGCD�GCL�LNU_dfLNE GHc�D�ECD/� P ?aECDQX4GH?a� ?aM�W0�3lmL `�DFE IKM�X�dfECD/� P DFM�bF��bQLNM�GHECLNU@`�L P UBX4wmD�I AH?aM�W]UBD��_gl P UBACD ACL P ECbQD�� `3c�?Bb^c�c�INA�� P AHG�LNM�D L P GHl P G
b^c�IKM�M�DFU IKM�X%b�IKM%wmD bQLN� l P GCDFE
bQLNM�GHECLNUaUBDQX ��- P b^c�IKM?aM�AHGHE P �0DFM�G@`�L P UBX�M�DQDQX�GCL�wmD�AHlmDQbF?VIKUaUa��X�DQAH?aW]M�DQX�IKM�X�l�ECL�X P bQDQX�dfLNE_GHc�D/l�IKEHGH?Bb P UVIKE IKl�l�Ua?Bb�IKGH?BLNM �M�DFrxDFEHGHc�DFUBDQACAZ?aM GHc�D[UBLNM�W0GCDFEH� GCc�D D��7lmDFEH?a�0DFM�GS`3?aUaUkECD/� P ?aECD A P b^c�I
X�D�r9?BbQD]�g�LNE[GHc�D
D��7lmDFEH?a�0DFM�GCA l�ECDQACDFM�GCDQX,c�DFECD
`�D
c�I�rxD�w P ?aUaG/IYE^INX7?BLKn d�ECD/� P DFM�bF��M�DFGv`�LNEH\�`3c�?Bb^c A^LNUarsDQAGHc�DQACDZl�ECLNw�UBDF�0A d LNE GHc�D3GH?a�0DZwmDF?aM�W��Tg ?aW��#'7�?@ AHc�L `ZA GHc�D3M�DFGv`�LNEH\�IKM�X�AHc�L P UBX0wmDZACDQDFMYINA I �[AR6 ARE"O BECDFl�ECDQACDFM�G^IKGH?BLNMk� � c�D@ECD�IKU ACDFG P l ?BA A P w �HDQbFG�GCL
bQLNM�GH?aM P IKU �0L�X7?&%�b�IKGH?BLNM�A3GCL��0DQDFG GHc�D@ECD/� P ?aECDF�0DFM�GCALKd D�INb^c�?aM�X7?ar9?BX P IKU}D��7lmDFEH?a�0D�M9G���� c�D/ECDQA^LNM�IKM�bQDQA@?aM�GHc�D S1/2 ↔ D5/2
AClmDQbFGHE P � IKECD/rxDFEH� AHG^IKw�UBD`3?aGHcYECDQAHlmDQbFG�GCL�D�INb^c LNGHc�DFE��9Gv�9l�?Bb�IKUaUa�0wmDFGHGCDFE�GHc�IKM %S\ � O �M� c�D@LNM�Ua��b^c�IKM�WsD[IKEH?BACDQA dfECLN�#GHc�D@X7EH?td�GLKdSGHc�D HN� >�M���ECD�d DFECDFM�bQD b�I�r9?aGv�x��� c�DFECD�d LNECDY`�D P ACD�dfECD/� P DFM�bF� � ?t�7?aM�W,GCL�l�ECL�X P bQD GHc�DYL P GHl P GAH?aW]M�IKU ��� c�D INX7rNIKM�G^IKWsD ?BA
GHc�IKG GHc�D dfECD/� P DFM�bF�%A^L P ECbQDQA g %�nog '�b�IKM�wmD %��7DQX�� `3c�?aUBD GHc�D L rxDFE^IKUaUX7EH?tdfGS?BA_bQLN� lmDFM�A^IKGCDQX�d LNESw�� GHc�D/UBL�b�IKU L]ACbF?aUaUVIKGCLNE.�fjL\��SIKUBLNM�D]�Zg�=YIKM�X�g
' IKECD P ACDQX dfLNE_AC?BX�DFw�IKM�X

'�'
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bQL�LNUa?aM�W���j INACDFE l�c�INACDQA0IKECD bQLNM�GHECLNUaUBDQX�w���AH`3?aGCb^c�?aM�W�wmDFGv`�DQDFM X7?&Y DFECDFM�G0AH?aW]M�IKU3l�IKGHc�A P AC?aM�W,GHc�DAH`3?aGCb^c�DQA/A H noA >7�.� c�D
UBDFM�W]GHc�A/LKd�GHc�D0b�IKw�UBDQA X�DFM�LNGCDQX φ0 n φ3 IKECD0b�IKECD�d P UaUa��G^IK?aUBLNECDQX�GCL ?a� l�UBDF�0DFM�GGHc�D X�DQAC?tE^DFX%l�c�INACDQA��}`3c�?Bb^c�X�DFlmDFM�X�LNM%GHc�D D��7lmDFEH?a�0DFM�G�GCL�wmD�lmDFEpd LNEH�0DQX ���@DFM�bQD0d LNE�I�bQDFEHG^IK?aMD��7lmD�EC?t�0DFM9G^IKUZl�ECLNGCL�bQLNU3l�ECDFl�IKE^IKGH?BLNM4LKd_GHc�D IKl�l�ECLNl�EH?VIKGCD ACDFG LKd@b�IKw�UBDQA
φ0
n
φ3

?BA
ECD/� P ?aECDQX ��� c�?BA�0DFGHc�L�X c�INA ACDFEHrxDQX INAZIKMY?aM�GCDFEH?a� ACLNU P GH?BLNM LKd GHc�D@l�c�INACD[AH`3?aGCb^c�?aM�W l�ECLNw�UBDF� d LNE�GHc�D[D��9lmDFEH?a�0DFM�GCAl�ECDQACDFM�GCDQX�?aM�GHc�?BA GHc�DQAC?BA�� � P AHG^LN�
n ��INX�D�l�c�INA^D�AH`3?aGCb^c�?aM�W X�DFr9?BbFDQA dfLNE GHc�D ECD/� P ?aECDQX�E^INX7?BLKd�ECD/� P DFM�bF�E^IKM�WsD3IKECD�bQLN� �0DFECbF?VIKUaUa� I�rNIK?aUVIKw�UBD��]w P G dfD�IKG P ECD�UBLNM�W[X�DFUa?arxDFEH�/GH?a�0DQA��L� c�D M�DFG `�LNEH\�LKd�l�c�INACD�nob�IKw�UBDQAIKM�X AH`3?aGCb^c�DQA(��wmDFGv`�DQDFM�A @ IKM�X b*= ��?BAZb P EHECDFM�GHUa� wmDF?aM�W0ECDFl�UVINbQDQX w�� A P b^c�IN�fAH?aM�W]UBD�� X�DFr9?BbQD � �
��� � � � � ���
� � { �
��{T� �Z��� � |/zh� � �Z� � � � { �
�
� c�D X7?&Y DFECDFM�G3UVINACDFE3wmD�IK�0AZX7?BACb P ACACDQX ?aM GHc�D[l�ECDFr9?BL P AZb^c�IKl�GCDFE_IKECD[X7?aECDQbFGCDQX GCL
GHc�D[GHE^IKl bQDFM�GCDFESIKGr]IKEH?BL P AZIKM�W]UBDQA `3?aGHc ECDQAClmDQbFG GCL�GHc�D@GHE^IKl�Ie�7DQAZIKM�XYGHc�D@��IKW]M�DFGH?Bb %�DFUBX �Tg ?aW��0'7� H ACc�L `ZA�GHc�D[WsDFLN�
nDFGHEH��LKdkGHc�D_rNINb P�P � b^c�IK��wmDFE��W� c�D_Ua?aM�D�IKE�GHE^IKlY?BA IKG GHc�D@bFDFM9GCDFE LKdkGHc�D_rsDQACA^DFUhbQLNM�AHGHE P bFGH?BLNM �7? � D]��LKdGHc�D

x′
n
y′
n
z′
bQL�LNECX7?aM�IKGCD
AH�7AHGCDF�,�mIKM�X�?BA_?aM�X7?Bb�IKGCDQX�w�� Gv`�L ACLNUa?BX�w�IKECA �+J@LNGCD/GHc�IKG_GCc�?BA_bQL�LNECX7?aM�IKG^DAH�7AHGCDF�(X7?&Y DFECA���w���I ECLNG^IKGH?BLNM��Td�ECLN�(GCc�D

x
n
y
n
z
bQL�LNECX7?aM�IKGCD@AC�9AHGCDF�#DF� l�UBL �xDQX�GCL/X�DQACbFEH?awmDSGHc�DSGHE^IKl?aGCACDFUtd �fb�dp� ACDQbFGH?BLNM   �&%������ c�D GHE^IKl�Ie�7?BA�� z � ?BA�c�LNEH? O LNM�G^IKU � ? � D]� ?tG�Ua?BDQA�?aM�GHc�D x′ n y′ l�UVIKM�D�� IKM�X%?BAECDFl�ECDQACDFM�GCDQX%w�� I X�INAHc7noX�LNGHGCDQX%Ua?aM�D]�N� c�D��_g DFUBDQbFGHECL�X�D�w�UVINX�DQA
IKECDYIKGC=6' ◦ `3?aGHc%ECDQAHlmDQbFG�GCL GHc�D

x′
n
y′
l�UVIKM�D]� uoGSb�IKM wmD/ACDQDFM GHc�IKGZGCc�D GHE^IKl�Ie�7?BAZ?BA3GH?aUaGCDQX `3?aGHc�ECDQAHlmDQbFGSGCL GHc�D

x′
nvIe�9?BAZw�� IKM�IKM�W]UBD

α = 22.5◦
� � c�D ECD�INA^LNM�d LNE GHc�?BA ?BA GHc�IKG ?aM%L P E l�ECDQA^D�M9G/ACb^c�DF�0D0GHc�D HN� > ) wmD�IK��� P AHG�INX�X7ECDQACA?aM�X7?ar9?BX P IKU ?BLNM�A�w P G0IKG�GHc�D A^IK�0D GH?a�0DYc�I�rxDYACLN�0D l�ECL �HDQbFGH?BLNM�IKUBLNM�W,GHc�DYGHE^IKl�Ie�9?BA�?aM�LNECX�DFE
GCLbQL P l�UBD GCL0AH?BX�DFw�IKM�X�ASLKd Ie�7?VIKU �0LNGH?BLNM��fACDQD IKUBA^L ) l�lmDFM�X7?t� ) �   ���g�LNE
GHc�D D��7lmDFEH?a�0DFM�GCA `�DYM�DQDQX�I�`�DFUaUtnoX�DR%�M�DQX���IKW]M�DFGH?Bb�%�DFUBX�GCL,ACl�Ua?tG GHc�D,]mDQDF��IKM7noA P w�UBDFrxDFUBALKd GHc�D

S1/2 ↔ D5/2
GHE^IKM�AH?aGH?BLNMk� � c�D0bF?aECb P UVIKEHUa��lmLNUVIKEH? O DQX 397σ

Ua?tW]c9G/X7EH?arxDQA
σ
GHEJIKM�AH?aGH?BLNM�A�IKM�XGHc�DFECDFw���l�ECL r9?BX�DQA LNl�GH?Bb�IKUTl P � l�?aM�W ?aM�GCL LNM�D���IKW]M�DFGH?Bb A P w�UBDFrxDFUTLKd GHc�D S1/2 ACG^IKGCD]� g�LNE[GHc�?BA[GHc�DUVINACDFESwmD�IK��� P AHGSlmLN?aM�G@IKUBLNM�W�GHc�D ��IKW]M�DFGH?Bb�%�DFUBX�Ie�7?BA�� uvM GHc�D D��7lmDFEH?a�0DFM�GCA_l�ECDQACDFM�GCDQX�c�DFECD���Gv`�LX7?&Y DFECDFM�G[��IKW]M�DFGH?Bb.%�DFUBX�bQLNM %�W P E^IKGH?BLNM�A c�I�rxD�wmDQD�M P ACDQX ��GHc�D
�0LNGH?ar]IKGH?BLNM,dfLNE[GHc�?BA[?BA X�DFG^IK?aUBDQX,?aM

) l�lmDFM�X7?t� ) �   ����uvM�GHc�D %�ECAHG�bQLNM %�W P E^IKGH?BLNM ��`3c�?Bb^c ` INA P ACDQX�d LNE0AH?aM�W]UBD ?BLNM D��7lmD�EC?t�0DFM9GCA�� GHc�D��IKW]M�DFGH?Bb�%�DFUBX lmLN?aM�GCA_IKUBLNM�W0GHc�D
x′
nvIe�7?BA��f� %��3IKM�X ?BA3l�ECL�X P bQDQX w�� GCc�D bQLN?aU � � � �#� c�D LNGHc�DFESbQLN?aUBAIKECD P ACDQX�GCL�M P UaU}IKUaU}D��9GCDFEHM�IKU ��IKW]M�DFGH?Bb�%�DFUBX�A_lmDFEHlmDFM�X7?Bb P UVINE[GCL x′ � ) bQbQLNECX7?aM�W]Ua�[�hGHc�D 397σ Ua?aW]c�G` INA_X7?aECDQbFGCDQX,IKUBLNM�W GHc�D

397σ1
b^c�IKM�M�DFU �Sg�LNE_Gv`�LKn ?BLNM�D��7lmDFEH?a�0DFM�GCA���IKM�LNGHc�DFE[bQLNM %�W P E^IKGH?BLNM��f� � �R�`3c�DFECD
GHc�D���IKW]M�DFGH?Bb.%�DFUBX,lmLN?aM�GCA IKUBLNM�W�I =6' ◦ X�?BIKWsLNMhIKU Ie�7?BA@?aM,GHc�D x′ n y′ l�UVIKM�D�� ` INA P A^DQX ��� c�D%�DFUBX � � ?BA3l�ECL�X P bQDQX w�� GHc�D bQLN?aU � X �T�}DFEHlmDFM�X7?Bb P UVIKE+%hD�UBX�AZ`�DFECD bQLN� lmDFM�A^IKGCDQX dfLNE3`3?aGHc GHc�D[c�DFUalLKd@GHc�D rxDFEHGH?Bb�IKUSbQLN?tUBA � � O % � � O � �0IKM�X � �x���3c�D UVIKGHGCDFE0c�INA�I,bQLNM�GHEH?aw P GH?BLNM�IKUBLNM�W GHc�D � X�Ie�7?BA��`3c�?Bb^c�AHUa?aW]c�GHUa� bQLN� l�Ua?Bb�IKGCDQA@GHc�D ��IKW]M�DFGH?Bb�%�DFUBX�bQLN� lmDFM�A^IKGH?BLNM�l�ECL�bQDQX P ECD]� uoM GHc�?BA_bQLNM %�W P E^IKGH?BLNM �GHc�D

397σ2
b^c�IKM�M�DFU ?BA P ACDQXYd LNEZLNl�GH?Bb�IKU l P � l�?aM�W��

\_M�D�IKEH� LKd�GHc�D rxDQACACDFUs?BA P ACDQX d LNE IKUaU�D/� P ?al��0DFM�G ECDFUVIKGCDQX/GCLZGHc�D rNINb P�P � �L� c�D X7?&Y�DFECDFM�G DFUBDF�0DFM�GCAIKECD �vu �[� � n3?BLNM,WsDFGHGCDFE l P � l � � � -9� � nZGH?aG^IKM�? P � A P w�Ua?a��IKGH?BLNM l P � l �
���)� � n3l�ECDQACA P ECD�WxI P WsD�� IKM�X
��� � nTd P UtUk�0DFG^IKU bQLNEHM�DFESrNIKUarxD]�#� c�D UVIKGHGCDFEZ` INA P ACDQX GCL bQLNM�M�DQbFG@I�G P EHwmL0l P � l dfLNEZGHc�D w�IK\sD�noL P G��uvM�IX%�ECAHG_X�DQAC?aW]M �hA^LN�0D/LKd GHc�D/rxDQACACDFU � A_bQLNM�rxDFM�GH?BLNM�IKU r9?BDF`3lmLNEHGCA_`�DFECD/E^D�l�UBINbQDQX�w��N� P IKEHG O A P w7nAHGHE^IKGCDQA�LKd[c�?aW]c LNl�GH?Bb�IKUS� P IKUa?aGv��IKM�X4IKM�GH?tn ECDR��DQbFGH?BLNM�bQLsIKGCDQX�d LNE   > H M�� � � c�D l P EHlmL]ACD LKd[GHc�?BA
����� �����
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ACB�DFE;G�H7�JILKNMLOQPRGTSVUXWYAZO\[X]^WYPRG`_%U%OTDFDRSa_7G�b;b;GTcdUXeRfgc�U%bQGTEhOQPiUXeFeRGTcZb��3jkU%bYPRG�fgcCACeRG�blACeRf�AZOmUXW;Gn[%oFWYAZOmUXc
_LAZGqpro [%EYW;brp3PFACcZG�UXcCcs[%WYPRGTEro [%EYW;bhUXE;GkDRb;G�fgU%blGTcCG�OTWYEYAZOmUXcs]tG�G�fLuvWYPFE;[%DFB�PRb��

p�U%b3W;[\EQGTfFDRO�GkbYWYEQU �VcCACB�P<Wrp3PRGTewWYPRGxAZ[%eRbmyLzRDR[%E;G�b;O�GTeRO�GkAZbrfFGTW;G�OTW;G�f{UXeRf|WYP<DRbrbYo G�G�fLuvDFogWYPRGk}7DF~FACW
E;GmU%fLu�[%DFW�����GTcCAZO�[XziGq� r bQG�UXcZb�p�GTE;GhDRbQGTfV]�[%E�WYPFAZb�oFDFEYo [�b;G]���le�]�[%EYWYDFeiUXW;GTca�7�LS�[�bYW�[X]�WYPR[�bQGlp3ACeRfF[:prb
p�GTE;GxOmUXEY_7G�f�ACe|~��VWYPRGxbYPiUXEYo|~Fc�U%fFG�br[X]dWYPRGxb;GmUXcZb3UXeRf|~FE;[%��Gxf�DFEYACeFB�~iUX�7Gqu�[%DFW�� �^E;[%~iUX~Fca�|bYDFACWQUX~FcZG
b;GmUXcZbxO�[%DFcZf�~ G�]vUX~FEYAZOmUXW;G�f�~FDFW�p�Gn]t[%DFeRf�W;PRGno GTE;b;[%eFeRGTc^[X]���GTcCAZO�[XziGq� r � E;G�bYo G�OTWYAC_7GTca�{ACW;bxf�AZbYWYEYAC~�u
DFW;[%E;bm�
]vUXACEYca��DFe<p3ACcCcCACeFB�W;[�O�[%eRbYAZfFGTE�WYPRG�OmU%b;G]����[%eRbQGT}<DRGTe<WYca�7��WYPRG�b;G�p3ACeRfF[�prb\p�GTE;G�E;GToFc�U%O�G�f�~��
O�[%e<_7GTe<WYAZ[%eiUXcd}7DiUXEYWY�`_LAZGTp3o [%EYW;bhUXe<WYA�uvE;GqziG�OTWYAZ[%e�O�[�UXW;G�fw]t[%El����I\eFS �
��ACWYP�WYPRG�[%cZf�WYEQUXo�p�G�[%~Rb;GTEY_7G�f�WYPiUXW�UXW�~iU%OQ�LB�E;[%DFeRf�oFE;G�b;bYDFE;G�b\[X]rbQGT_�GTEQUXc

10−10
Sn~iUXE\GT_�GTe

o GTEYSVUXeRGTe<WYca��O�[<[%cZG�f�AZ[%eRb�b;[%S�GTWYACS�G�b�bYo [%e<WQUXeRG�[%DRbYca��cZGq] W^WYPRG�WYEQUXo���p3PFACcZGlUXW
1 ·10−10 Sn~iUXEl¡ p3PFAZOQPp�U%b�WYPRG3~ G�bYW�U%OQPFAZGT_�G�fi¢^WYPFAZb�PiUXoFo GTeRG�f�[%eRct��EQUXE;GTca�s����[�p�GT_7GTEm�7GT_7GTe�UXW

1 ·10−10 Sn~iUXEm�7AZ[%eRb�p�[%DFcZfbYWYACcCcsB�GTWlcZ[�bYWlp3ACWYPFACe�UX~ [%DFWn£mH�S�ACe<DFW;G�bhp3PRGTe{cZGq]tWlDFeRO�[<[%cCG�f �3�¤G�O�[%eROTc�DifFG�WYPiUXWloFE;G�b;b;DFE;G�brACe{WYPRG

H�I
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10−11
Sn~iUXErEQUXeFB�G�UXE;GkE;G�O�[%S�S�GTeRfRUX~RcZGnUXeRfwSVUX�7G`Gq�Lo GTEYACS�GTe<WQUXcsp�[%EY�wGmU%bYAZGTE��

��PRGTE;Gq]�[%E;G���b;o G�OTA�UXc�OmUXE;Gnp�U%b�WQUX��GTe�ACe�WYPRG\fFG�bYACB�e¤UXeRf�~iUX��Gqu�[%DFWk[X]�WYPRGneRGTp b;GTWYDFo�ACe�[%E;fFGTE�W;[
U%OQPFAZGT_7G�UgB�[<[<f�_�U%OTDFDFS ����PRG�_�G�b;bQGTc�p�U%b�~iUX�7G�f�[%DFW�UXW������ ◦ � ]�[%E`]�[%DFE\fRU��Lbnp3ACWYP�WYPRG�}<DiUXEYWY�
_LAZGqpro [%EYW;b�E;GToFc�U%O�G�f�~9��~Fc�UXeF�Lb3U%b�WYPRGF��UXE;G�[%eFca��bYo G�OTA �iG�f�W;[�U�SVU:�LACSnDFS W;GTS�o GTEQUXWYDFE;Gk[X]!����� ◦ �@�
" cCc�~iUX�LACeFB�[%DFW3p�U%brOmUXEYEYAZG�fg[%DFW3ACe{U�b;GTc�] uv~FDFACcCWrO�[%S�oFDFW;GTE u�O�[%e<WYEQ[%cCcZG�f�£�S × £xS × £xS [�_7GTe|p3PFAZOQP
PiU%b3~ G�GTe{[%oFWYACS�AC�mG�fw]t[%ElU\PR[%S�[%B�GTeRG�[%DiblW;GTS�o GqE UXWYDFE;G�f�AZbYWYEYAC~FDFWYAZ[%ek��@RDFEYWYPRGTEYS�[%E;G��RW;GTS�o GTEQUXWYDFEQG�b
p�GTE;G�UXcCp�U��Lb�EQUXS�o G�f�DFo�[%ExfF[�p3e�b;cZ[�p3ca��UXW ±7◦ � o GTE�PR[%DFE��$#�Gq�LWm� WYPRG\}<DiUXEYWY�Tuv_<AZGTp3o [%EYW;bkp�GTE;G
ACeRbYWQUXcCcZG�f ��j�DFEYACeFB�WYPFAZb�oFE;[<O�G�f�DFE;G��RWYPRG�_7G�b;b;GTc p�U%b3o GTEYSVUXeRGTe<WYca��_7GTe<W;G�f�p3ACWYPweFACWYE;[%B�GTe�UXWrU\bYcCACB�P<W
[�_7GTEYoFE;G�b;bYDFE;G\ACe�[%E;fFGTEkW;[|Gq��OTcCDRfFG�UXSn~FAZGTe<W�UXACE��&% e�U�b;G�O�[%eRf�b;G�bQbYAZ[%e�WYPRG\_7G�b;b;GTc
p�U%bxWYPRGTe�~iUX��G�f
[%DFWhUXW'����� ◦ � ]t[%E3]t[%DFElfRU��Lb �

��PRG(�ReiUXcsoFE;G�b;bYDFE;GkAZbr~ GTcZ[�p WYPRGkE UXeFB�G`[X]�WYPRGkoFE;G�b;b;DFE;GkB7UXDFB�G��FA � G]�R~ GTcZ[�p
2× 10−11

Sn~iUXE��)#�[
~iU%OQ�LB�E;[%DFeRfLuvoFE;G�b;bYDFE;GquvE;G�c�UXW;G�fgcZ[�b;b3[X]dAZ[%eRb3PiU%b3GT_7GTE�~ G�GTeg[%~Rb;GTEY_7G�fwf�DFEYACeFB�o GTEYSVUXeRGTe<Wrc�U%b;GTErO�[<[%c�u
ACeFB��*��PRG�WYEQUXoFoFACeFB�bYWQUX~FACcCACWv��[X]�DFeRO�[<[%cZG�f¤AZ[%eRb`PiU%b`eR[%W`~ G�GTe�bYWYDRf�AZG�f¤bH��bYW;GTSVUXWYAZOmUXcCca�x����[�p�GT_�GTEm�
b;[%S�GTWYACS�G�b�WYEQUXoFo G�f AZ[%e bQUXS�oFcZG�b\p�GTE;G�cZGq]tW\DFeRO�[<[%cZG�f ]t[%E�bQGT_�GTEQUXck¡ DFo W;[�GTACB�P<W ¢�PR[%DFE;bm�^p3ACWYPR[%DFW
AZ[%e�cZ[�b;b��+% WxPiU%bxWYP<DRbk~ G�GTe�o [�b;bYAC~FcZG�W;[|p�[%EY��DFo�WQ[�£�����PR[%DFE;b`O�[%e<WYACe<DR[%DRbYca��p3ACWYP�WYPRG�bQUXS�G�AZ[%e
bQUXS�oFcZG]�

��PRG�f�EYAC_�Gg_7[%cCWQUXB�Gg]t[%EVWYPRG��^UXDFchWYEQUXo AZbVB�GTeRGTEQUXW;G�f DRbYACeFB U�PRGTcCAZOmUXc
λ/4

uvE;G�b;[%eiUXW;[%Em�rfFGTeR[%W;G�f
, �@�.-^�w��GTcCAZOmUXc�E;G�b;[%eiUXW;[%E\fRGTb;ACB�e�AZbnf�AZb;OTDRb;b;G�f�ACe " oFo GTeRf�A�� " �/�7�g�heFcCAC��G�GmUXEYcCAZGTEn_7G�b;b;GTc�fFG�bYACB�eRbm�
U{b;GToiUXEQUXW;GV]tG�G�fLuvWYPFE;[%DFB�P p�U%bnDRb;G�f¤]t[%EnWYPRG�O�[%eFeRG�OTWYAZ[%e [X]rWYPRGVPRGTcCAZOmUXc�E;G�b;[%eiUXW;[%E\W;[{WYPRGVWYEQUXo�ACe
[%E;fFGTElW;[VUm_�[%AZfgo [�b;bYAC~FcZG �h@�oFAZOQ�<uvDFo�[%egWYPRG`j`��uv_7[%cCWQUXB�G`cZGmU%fFbrWYPFE;[%DFB�P�OmUXoiU%OTACWYAC_7G�O�[%DFoFcCACeFBVACe�U
O�[%S�S�[%ew]tG�G�fLuvWYPFE;[%DFB�Pk��@i[%E�WYPRGkbQUXS�GxE;GmU%b;[%e���WYPRGxcZGmU%fFb�]�[%E3j`��uv_�[%cCWQUXB�G�b�]tE;[%S WYPRG�]�G�G�fLuvWYPFE;[%DFB�P
¡ , j`�)-�¢�W;[�WYPRGxWYEQUXogp�GTE;G`O�[�U:�LA�UXcCca�wbYPFAZGTcZfFG�f�¡tOq]H�F@
ACB��RH7� 0<¢��

��PRGl[�_7GTeRb�UXeRf�WYPRGlGTcZG�OTWYE;[%e�B�DFeRbh¡ W p�[�[X]�GmU%OQPN¢�UXE;GrS�[%DFe<W;G�f�f�ACE;G�OTWYca��[%e<W;[`WYPRGTACE�]�G�G�fLuvWYPFE;[%DFB�P
¡ ,21(3(4 -�¢�� 4 U%OQP¤[�_7GTe�O�[%eRbYAZbYW;bk[X]�U�WYPFACe�uvp�UXcCcZG�f £]�/5�S�S f�A�UXS�GTW;GTE�bYWQUXACeFcZG�b;bkbYW;G�GTc�WYDF~ G�p3PFAZOQP�AZb
PRGmUXW;G�fg~��|bQGqeif�ACeFB�UXe�GTcCG�OTWYEYAZOnOTDFEYE;GTe<WlWYPFE;[%DFB�P�UXeRfwp3PFAZOQP{AZblf�ACE;G�OTW;G�fgW;[�p�UXE;fFblWYPRG`WYEQUXo{O�GTe<W;GTE��
��PRGhUXW;[%S�AZOlOmUXcZOTACDFS ~ GmUXS AZb�b;OTE;G�GTeRG�f�~���UXe�U%fFf�ACWYAZ[%eiUXcv�LbYPR[%EYW)0`S�S f�A�UXS�GTW;GTE�WYDR~ G3oFc�U%O�G�f�[�_�GTE
WYPRG|GTeRf [X]hWYPRG|[�_7GTe WYDF~ G]����PFAZb�oFE;[<f�DRO�G�bVU{~ GmUXS p3ACWYP UXe UXeFB�DFc�UXE�f�AC_7GTEYB�GTeRO�Gw[X]\£�I ◦ �6��PRG
b;OTE;G�GTeFACeFB{W;DF~ G�PiU%b\Uwf�AZbYWQUXeRO�GV[X]`£]� HwOTS ] E;[%S WYPRG�W;EQUXo�O�GTe<W;GTEm�dprPRGTE;G�WYPRGVUXW;[%S�AZOV~ GmUXS WYPRGTe
PiU%bkUVf�A�UXS�GTW;GTE`[X]87�S�S � 1 _7GTe�fFG�bYACB�eRbkUXE;G\f�AZb;OTDRb;bQG�f{ACe�S�[%E;G�fFGTWQUXACc
ACe�WYPRG\f�ACoFcZ[%SVU�WYPiGTb;AZb�[X]
jkUXeFAZGTc �l[%WYW;GTE&9/5�7�:o�

��PRGwGTcZGTS�GTe<W;b�fFGTeR[%W;G�f ,21 -�ACe @dACB���H7�JI�UXE;G�S�AZOTE;[�bQO�[%o Gw[%~<;YG�OTWYAC_7G�b	=N�>��PRGF��PiUm_�GgU�p�[%EY�LACeFB
f�AZbYWQUXeRO�G�[X]lUX~ [%DFW?7�HwS�S UXeRf�UXE;G�WYPRGTE;Gq]�[%E;G�S�[%DFe<W;G�f�ACe<W;[gACe<_7GqE;W;G�f¤_LAZGTp3o [%EYW;b�W;[goFc�U%O�GVWYPRGTS
OTcZ[�b;G\GTeR[%DFB�P�W;[�WYPRG\WYEQUXo�O�GTe<W;GTE�� 1 eRG�[%~<; G�OTWYAC_7G\O�[%cCcZG�OTW;b�zRDR[%E;G�b;O�GTeRO�G\]t[%E�WYPRGnoFPR[%W;[%SnDFcCWYACoFcZAZGTEA@
¡f�CBD�l¢��E��PRG�WYEQUXo�O�GTe<W;GTE�E;GTB�AZ[%e�AZb`ACSVUXB�G�f¤W;[�U�]�[<OmUXc�oFc�UXeRG�UX~ [%DFW+07HwOTS ] E;[%S WYPRGV[%~<; G�OTWYAC_7G]�
" W�WYPiUXWko [%ACe<WkA�e�] E;[%e<Wk[X]�WYPRG
�CBD��WYPRG\ACSVUXB�G�AZbkbYoiUXWYA�UXcCca���RcCW;GTE;G�f�~���U�f�A�UXoFPFEQUXB�S O�[%eRb;AZbYWYACeFB
[X]�]t[%DFE�ACeRf�AC_<AZf�DiUXcCca��U%fF;�DRbYW UX~FcZGn~Fc�U%fFG�b��G% e�WYPFAZb�p�U��gWYPRGnE;G�OTWQUXeFB�DFc�UXE`UXo GTEYWYDRE;G�OmUXe�~ G\U%fF; DRbYW;G�f
]�[%E�SVU:�LACSnDFS zRDR[%E;G�b;O�GTeRO�G�UXeRf S�ACeFACSnDFS bQOmUXWYW;GTE;G�f cCACB�P<W�UXW�����I�eFS �H%�fFGmUXcCca����[%eFca� cCACB�P<W�UXW
����I�eFS AZb�WQ[�~ GgfFGTW;G�OTW;G�f �I% e oiUXEYWYAZOTDFc�UXEm�rU%fFf�E;G�b;bYACeFB¤cCACB�P<W�UXW�IJ����eFS p3PFAZOQP PFACW;b�WYPRG �CBD�
PRGmU%fLu�[%e|SnDRbYW�~ G�bYDFoFoFE;G�b;b;G�f ����PRGh~FA�UXcC��UXcCA oFPR[%W;[�OmUXWYPR[<fFG�~���ACW;b;GTc�]
UXcCE;GmU%f7�Vb;WYE;[%eFB�ca�VbYDFoFoFE;G�bQb;G�b
cCACB�P<WhUX~ [�_7G&7�H���eFS UXeRfw~ GTcZ[�p ������eFSg�Fp3PFACcZG�UXWh����I\eFS ACWrPiU%blU�bYo G�OTA �iG�f{}7DiUXe<WYDFS GLKVOTAZGTeROF�
[X]M��5ONY� " fFf�ACWYAZ[%eiUXcCca���^WYPRG �)BP� p3ACeRfF[�p AZb\O�[�_7GTE;G�f�~��¤b;WQUXACeRG�f�B�c�U%bQb&�RcCW;GTE;bm��Wv�<o GY�.Q`����UXeRf�RQk�7�S%�e�[%E;fFGTE�W;[kE;G�f�DRO�GrE;GqziG�OTWYAC_�GrcZ[�b;b;G�b�UXcCcT�RcCW;GTE;b�PiUm_�G3~ G�GTe�UXe<WYA�uvE;GqziG�OTWYAZ[%e�O�[�UXW;G�f�]t[%E�����I�eFS �
UWV!X/Y[Z]\ 	GV��_^a`]b�c	d]egf�hjilknm]\?cLo d	p
q flknrWsWtvuwZL\$xzyF{�r2|2}Ji 	(x~t�����rS��cLc]cLo
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��PRG �RQk���+�RcCW;GTErbYWYE;[%eFB�ca��b;DFoFoFE;G�b;b;G�b�cCACB�P<WlUX~ [�_7G 7�H��\eFSg��p3PFACcZGxS�[�bYW3cCACB�P<W3ACewWYPRG�_LAZbYAC~FcZGxEQUXeFB�G
¡a0 5��:u 7�5���eFS�¢�AZb.�RcCW;GTE;G�f{[%DFWr~���WYPRG �RQk�\B�c�U%bQb��C��PRGkc�UXWYW;GTErAZbrDRb;G�fwW;[VUXcCcZ[�p ]�[%E3p�[%EY�LACeFBV[%egWYPRG
Gq��o GTEYACS�GTe<Wlp3ACWYP{b;[%S�GxeR[%EYSVUXcsE;[<[%S cCACB�P<Wl[%ek�

��PRG�[%WYPRGTE`[%~<;YGTOTWYAC_7G\ACSVUXB�G�bkWYPRG\AZ[%eRbk[%e<W;[�WYPRG��3��j OmUXS�GTEQU��s� % e�oFE;GT_<AZ[%DRb`Gq�Lo GTEYACS�GTe<W;bkWYPRG
OmUXS�GTEQU{p�U%b�UXcCp�U��LbnE;GmU%f [%DFW�O�[%e<WYACe<DR[%DRbYca�x�D%�W\b;GTEY_7G�f�[%eFca��]�[%EnWYPRG�Gq��o GTEYACS�GTe<W;GTE;b�W;[{S�[%eFACW;[%E
WYPRGnAZ[%e�OTEH�Lb;WQUXc ����G�E;G�O�GTe<WYca��bYWQUXEYW;G�f�W;[�E;GmU%f�[%DFWxWYPRG\OmUXS�GTEQU�cZ[<OmUXcCca��UXW�WYPRGnAZ[%e�o [�bYACWYAZ[%eRb�¡tbQG�G
b;G�OTWYAZ[%egI9� 0<¢q�LB7UXW;GhWYPRGhE;GmU%fLu�[%DFWrUXeRf�bH�LeROQPFE;[%eFAC�mGhACW�p3ACWYP�oFDFcZb;G�f�Gq��o GTEYACS�GTe<W;b��C��PFAZb�ACb�ACS�o [%EYWQUXe<W
p3PRGTewO�[%eRf�ACWYAZ[%eiUXc�f7�<eiUXS�AZO�brUXeRf�}<DiUXe<WYDFS UXcCB�[%EYACWYPFS�brUXE;G�o GTE ]t[%EYS�G�f|p3ACWYP�W p�[�[%E�S�[%E;G�AC[%eib��S% W
AZb�cCAC��GTca�VWYPiUXW�WYPRGhE;GmU%fLu�[%DFWr[X]soFA��FGTc UXEYEQU���b3U%b;b;[<OTA�UXW;G�f�p3ACWYPwf�A���GTE;GTe<W�AZ[%eRb�p3ACcCc�GT_7GTe<WYDiUXcCca�VE;GToFc�U%O�G
WYPRG �CBD� �
����� ����������� � !�"�#%$'&�()!	*+�

�d[�U%fFf�E;G�bQb�WYPRGhAZ[%eRb�p3ACWYP{IJ����eFS cCACB�P<W�p�GhDRb;GhWYPRG�bQUXS�Gh_LAZGTp3o [%EYWrUXeRf�[%~T; G�OTWYAC_7GxU%b�]t[%E�ACSVUXB�ACeFB
WYPRG�����I�zRDR[%E;G�b;O�GTeRO�G�cCACB�P<Wk[%e<W;[|WYPRG��3��j
� " bxOmUXe�~ G�b;G�GTe�ACe�@
ACB�� H7�/5���p�G\DRb;G�UVW;GTcZG�bQO�[%o G uvcCAC�7G
ACSVUXB�ACeFB�bH�Lb;W;GTS O�[%eRbYAZb;WYACeFB�[X]�W p�[�cZGTeRb;G�bm�-,�£V¡ ]/.(��H�S�S�¢rUXeRf0,_�g¡ ]/.xH�����S�S�¢q�NUXeRf�UXe{GTcZG�OTWYE;[Xu
[%oFWYAZO�fFGqziG�OTW;[%E	1�¡tj`¢^W;[�WQUXACcZ[%E�WYPRGxIJ����eFS ~ GmUXS UXeRf�W;[nbYW;G�GTE�WYPRGl]t[<OTDRb�UXW�WYPRGlAZ[%e�o [�b;ACWYAZ[%ek����PRG

243658749:;<
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>8?8@8A

B)C
BED

F�G

@
ACB�DFE;G�H7�/5�K " fFf�E;G�b;bYACeFB�[%oFWYAZO�b�bQGqW;DFok�¤@i[%E�U{cZGTB�GTeRf b;G�G�@
ACB��^H7� H���Oq]p�^UXcZb;[�@
ACB��^H7�JI9��j(B AZb�U
f�AZOQPFE;[%AZO�S�ACEYE;[%E�p3PFAZOQP¤PiU%bnU|PFACB�P¤E;GqziG�OTWYAC_LACWv�¤UXW\IJ���|eFS UXeRf�U|PFACB�P¤WYEQUXeRb;S�AZb;bYAZ[%e
]�[%El����I\eFS cCACB�P<W��

}<DiUXcCACWv��[X] WYPRG3]t[<OTDRb�oFE;[F�RcZGhUXW�WYPRGrAZ[%eRb�AZb�fFGTW;GTEYS�ACeRG�f�~���WYPRGhUX~ GTEYEQUXWYAZ[%eRb�[X]sUXcCcN[%oFWYAZOmUXcNGTcZGTS�GTe<W;b��
��PFAZb
ACeROTcCDRfFG�b
W;PRG�cCGTeRbQG�bm�XWYPRG�[%~<;YG�OTWYAC_�G��%WYPRG�_LAZGTp3o [%EYW
p3ACeRfF[�p`��WYPRG�fFGqziG�OTW;[%Em��S�ACEYE;[%E^bYDFE ]vU%O�G�b�UXeRf
WYPRG

λ/2
oFc�UXW;G�b�����PRG�bQGkUX~ GTEYEQUXWYAZ[%eRbrWv�<oFAZOmUXcCca��cZGmU%f|W;[�U\fFGT_<A�UXWYAZ[%e|]tE;[%S U QkUXDRbQbYA�UXe�]t[<OTDRb�oFE;[F�RcZG]�

��PFACcZG�U|c�UXEYB�G�]tEQU%OTWYAZ[%e�[X]�WYPRG�cCACB�P<W�bYWYACcCc�B�[<G�b`A�eLW;[wWYPRG Q`UXDRb;bYA�UXe�O�GTe<W;GTE`oiUXEYWm�sWYPRG�E;G�bYWk]t[%EYS�bnU
S�[%E;G\p�GmUX�<ca�g]�[7OTDRbQb;G�f�UXeRf�[X]tW;GTe�ACEYE;GTB�DFc�UXEx~NU%OQ�<B�E;[%DFeRf � % WhAZb�WYPFAZb�~iU%OQ�<B�EQ[%DFeRf�p3PFAZOQP�Wv�LoFAZOmUXcCca�
cCACS�ACW;bhWYPRG�}<DiUXcCACWv�w[X]�[%DFExU%fFf�E;G�b;bYACeFB��.��PRG�oFE;G�b;GTe<W�bH�Lb;W;GTS cZGmUm_7G�bhb;[%S�G`E;[<[%Sa]t[%ElACS�oFE;[�_7GTS�GTe<W��
ML[%S�Gh[X] WYPFAZb�ACS�oFE;[�_�GTS�GTe<Wm�LPR[�p�GT_7GTEm�7p3ACcCcNACe<_�[%cC_7GrSVU�; [%E�OQPiUXeRB�GTb�cCAC�7GlUXe�[%~<; G�OTWYAC_7GroFc�U%O�G�fVACeRbYAZfFG
WYPRGk_%U%OTDFDFS OQPiUXSn~ GTE��
H2iluwX/\�s2rWtwZ]\�Ia\F| tvuwyKJ.r2\ tw|LI�^�i<r2\ t�mNM�OQP
R�S mA|vrWuUT�Z8J.�OZ]\Fr2\ tw|2}�f�h6`	^WV]b]e
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" eR[%WYPRGTExAZb;bYDRGn~ G�bYAZfFG�bk[%oFWYACS�AC��ACeFBwWYPRG�}<DiUXcCACWv��[X]�WYPRG�[%oFWYAZO�bxAZb�WYPRG�}7DRG�bYWYAZ[%e���PR[�p SVUXe��{AZ[%eRb
OmUXe�~ G�U%fFf�E;G�bQb;G�f�ACe�oFEYACeROTACoFcZG\~��{b;DROQP�UVb;GTWYDRok� " e�UXeiUXca�LbYAZbx[X]�WYPRGnAZfFGmUXcr¡�UX~ GTEYEQUXWYAZ[%e�] E;G�G�UXeRf
f�A���EQU%OTWYAZ[%e{cCACS�ACW;G�fi¢rbC�LbYW;GTS PiU%bl~ G�GTe{o GTE ]t[%EYS�G�f � 1 eRG`ACe<W;GTE;G�bYWYACeFB�E;G�bYDFcCWlAZbrWYPiUXW�UXcCcsoiUXEQUXS�GTW;GTE;b
[X]`WYPiG{ACSVUXB�ACeFB bH��bYW;GTS f�E;[%o [%DFW�[X]�WYPRG�G�}7DiUXWYAZ[%eRb�� ��PFAZb�ACeROTcCDRfFG�b�WYPRG��R~ GTE|O�[%cCcCACSVUXW;[%Em�lWYPRG
W;GTcZG�b;O�[%o G`UXeRf|WYPRGx[%~<;YG�OTWYAC_�G`U%b�p�GTcCcsU%b�WYPRGTACE3b;oiUXWYA�UXc�UXEYEQUXeFB�GTS�GTe<W�� ��PRGxOTEYDROTA�UXc�G�}<DiUXWYAZ[%e|]t[%E�WYPRG
f�AZbYoFc�U%O�GTS�GTe<W

dF
[X]
WYPRGkAZ[%ew]t[<OTDRbro GTEr_�[%cCWQUXB�G�UXoFoFcCAZG�fgW;[�WYPRGkfFGqziG�OTW;[%ElAZb

dF =
π

λ
wDwFα,

¡�H7�/��¢
p3PRGTE;G

α
AZb`WYPRGVUXeFB�cZG�¡ o GTE`_7[%cCWQUXB�GVUXoFoFcCAZG�fi¢k~���p3PFAZOQP¤WYPRGVfFGqziG�OTW;[%E�~ GTeRfFbnU|~ GmUXS��

wD
AZbkWYPRG

p�UXAZbYW�[X]NWYPRG�~ GmUXS p3PRGTE;G�ACW
oiU%b;bQGTb
WYPFE;[%DFB�P�WYPRG�fFGqziG�OTW;[%Em��p3PFACcZG
wF

AZb
WYPRG�p�UXAZbYW�[X]iWYPRG�c�U%b;GTEd]�[<OTDRb
UXWxWYPRG�AZ[%e�o [�bYACWYAZ[%e ¡ WYEQUXo¤O�GTe<W;GTE ¢��

wD
AZb�cCACS�ACW;G�f�~��{WYPRG�UXo GTEYWYDFE;G

a
[X]�WYPRG�fFGqziG�OTW;[%E�� ,�[<[%�<ACeFB

UXWhWYPRG\bYo G�OTA �iOmUXWYAZ[%eRbx[X]�[%DFE�¡�UXeRf�[%WYPRGTE ¢lfFGqziG�OTW;[%E�Wv�Lo G�¡tb ¢q� [%eRG&�ReRfFbhWYPiUXWh]t[%E�f�A�� GTE;GTe<W�S�[<fFGTcCb��
a ·α AZb�G�bQb;GTe<WYA�UXcCca��U�O�[%eRbYWQUXe<W�p3PFAZOQP�AZb�fFGTW;GTEYS�ACeRG�f�~���WYPRGhWv�<o Gh[X]dfFGqziG�OTW;[%E�OTEH��bYWQUXc � " oiUXEYW�] E;[%S
~ GTWYW;GTErGTcZG�OTWYE;[Xu�[%oFWYAZOmUXcsOTEH��bYWQUXcZbm�Lp3PFAZOQPwSVU��V~ GxfFGT_7GqcZ[%o G�f|ACe|WYPRG�] DFWYDFE;G���WYPFAZb3b;GTW;b3UXe|DFoFo GTE3cCACS�ACW
[X]
wD · α ≈ 4 µ

S · ��� −1 ��M<DF~RbYWYACWYDFWYACeFB�WYPFAZb�_%UXcCDRG�ACe<W;[�G�}<ek��¡�H7�/��¢n[%eRG �ReRfRb\WYPiUXW\]�[%E�U�B�AC_�GTe
p�Um_7GTcZGTeFB�WYP

λ
�
dF

AZb�oFE;[%o [%EYWYAZ[%eiUXc W;[
wF
����PFAZbm�<PR[�p�GT_7GTEm�LS�GmUXeRb�WYPiUXW�WYPRGhe<DFSn~ GTE3[X]sAZ[%eRb�p3PFAZOQP

OmUXe ~ GVACeRf�AC_LAZf�DiUXcCca� U%fFf�E;G�b;b;G�f�p3ACWYP bYDROQP U{bC�LbYW;GTS AZbnACeRfFGTo GTeRfFGTe<W�[X]lPR[�p OTcZ[�bQGVWYPRG�AZ[%eRb�UXE;G
¡ WYPRGTE;GkAZbm�F[X]�O�[%DFE;b;G��iU\cCACS�ACWr~ G�OmUXDRb;G

wF
OmUXegeR[%W3~ Gkb;SVUXcCcZGTE3WYPiUXegWYPRG�UX~Rb;[%cCDFW;G`f�A�� EQU%OTWYAZ[%e{cCACS�ACW

λ/2
¢��8%�]�p�GnU%b;bYDFS�G`WYPiUXWr]t[%ErE;GmU%bQ[%eiUX~FcZG\U%fFf�E;G�b;bYACeFBR�iWYPRG�f�AZbYWQUXeRO�G 4i

~ GTW p�G�GTe�W p�[�eRGTACB�P<~ [%EYACeFB
AZ[%eRb����kbYPR[%DFcZfw~ Gx]�[%DFE3WYACS�G�b

wF
�R[%eRG(�ReRfFb3p3ACWYP

λ = 729
eFSg�FWYPiUXW

dF
4i

= 2.2
��� −1.

��PRG�E;G�}<DFACE;GTS�GTe<Ww[X]`]vU%bYW�bYp3ACW;OQPFACeFBR��U%b�p�GTcCckU%b�WYPRG�GTcZG�OTWYEYAZO�~FE;GmUX��fF[�p3e bYo G�OTA �iOmUXWYAZ[%eRbw[X]�WYPRG
fFGqziG�OTW;[%ElbQGTWrU\cCACS�ACWl[X]^UX~ [%DFW ±1 ��� W;[�WYPRG`fFGqziG�OTW;[%Er_7[%cCWQUXB�G]�C��P<DRb3WYPFAZb3Wv�Lo Gx[X]�bC�LbYW;GTSaUXcCcZ[�prb
]�[%ElWYPRGnU%fFf�E;G�b;b;A�eRB�[X]�UX~ [%DFW'�R_7G`AZ[%eRb��3jxGqziG�OTW;[%E;bhp3ACWYP�c�UXEYB�GTExUXo GTEYWYDFE;Gno GTEYS�ACWhPFACB�PRGTEh_7[%cCWQUXB�G�b��
1 oFWYACS�AC��ACeFB�WYPRG`bH�Lb;W;GTS p3ACWYP{oFE;G�b;GTe<WlfRU���W;G�OQPFeR[%cZ[%B]�|p�[%DFcZfwoFE;[%~iUX~Fca�wGTeiUX~FcZG`WYPRG�U%fFf�E;G�b;bYACeFBV[X]
DFogW;[w£���AZ[%eRb��C��P<DRb�]�[%E3WYPRGkeRGmUXE3]tDFWYDFE;G��FWYPRG`Gq�Lo GTEYACS�GTe<WlAZb3eR[%WrcCACS�ACW;G�fgPRGTE;G]�

	�
�Ia\&uwr�mAknX t��+t
��rgX/ZL\F|CX/\ mGk/X/\Fr2mAu s uv��| t�mAk�m	uwr.\FZAt)rWp�mAsWtwk �+r�� yFX���Xn| t�mA\ t��
s��aoz|vr2sWtwX/ZL\ b�o ` o/c��C{�y�tSt
�Fr.mA|v|vy J.��twX/Z]\?X/|
� m]k/X�����rWuwrLo
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��PFAZb�OQPiUXoFW;GTEkfFG�b;OTEYAC~ G�b�WYPRG�Wv�LoFAZOmUXcdoRE;[<OTG�f�DRE;G�bx[X]�cZ[�U%f�ACeFB|WYPRG�AZ[%e�WYEQUXo�UXeRf�U%fF; DRbYWYACeFB�WYPRGnWYEQUXo
oiUXEQUXS�GTW;GTE;bm��ACe�oiUXEYWYAZOTDFc�UXE�WYPRG�O�[%S�o GTeRb UXWYAZ[%e [X]hbYWYEQU���GqcZG�OTWYEYAZO �iGTcZfFb���@R[%E\WYPRG �RE;bYW\W p�[�UXeRf U
PiUXc�]k�7GmUXE;b�[X] WYPFAZb��^Pk� j
�7p�[%EY���7AZ[%eRb�p�GTE;GloFE;[<f�DRO�G�f�~���~ [%Sn~iUXE;f�ACeFB�UXe|UXW;[%S�AZOx��U`~ GmUXS p3ACWYP|UXe
GTcZG�OTWYE;[%e�B�DFe���U%bhACe�G�b;b;GTe<WYA�UXcCca��UXcCc�[%WYPRGTEkGq�Lo GTEYACS�GTe<W;b�¡tOq]H� b;G�OTWYAZ[%ej77� 0<¢��$%�Whp3ACcCc�~ G�O�[%S�G�OTcZGmUXE�ACe
b;G�OTWYAZ[%eRb(77�C£�W;[ 77� ��WYPiUXWhWYPRGnGTcZG�OTWYE;[%e�ACS�oiU%OTWhAZ[%eFAC��UXWYAZ[%e�S�GTWYPR[<f{PiU%b�b;GT_7GTEQUXcdf�AZbQU%f�_�UXe<WQUXB�G�bm�i]�[%E
Gq�RUXS�oFcZGhUkOQPiUXEYB�ACeFB�DFo�[X] bYDFE ]vU%O�G�b�eRGmUXE�WYPRGrWYEQUXo�O�GTe<W;GTEm�<OmUXDRbYACeFBnb;GT_7GTE;GrGq�Lo GTEYACS�GTe<WQUXcNoFE;[%~FcZGTS�b��
�d[�OTDFE;G�WYPRG�b;GhoFE;[%~FcZGTS�b��FU\b;GTWYDFo�]�[%E�E;G�b;[%eiUXe<W�oFPi[%W;[%AZ[%eFAC�mU%WYAZ[%egp�U%b�fFGT_7GTcZ[%o G�f|O�[%eRbYAZb;WYACeFB�[X]sW p�[
f�AZ[<fFG|c�U%b;GTE;b���bQG�G|b;G�OTWYAZ[%e 77� 0�� ��PFAZb�fFGT_�GTcZ[%oFS�GTe<W�PiU%b�UXcCcZ[�p�GTf ]�[%E�GLKVOTAZGqeLW�WYEQUXo o GTE ]�[%EYSVUXeRO�G��
p3ACWYPR[%DFW3prPFAZOQP|WYPiGxGq��o GqE;A�S�GTeLW;b3oFE;G�b;GTe<W;G�f|PRGTE;Gxp�[%DFcZf|eR[%W3PiUm_�G�~ G�GTewo [�b;b;AC~FcZG]��% e�]vU%OTWm�LcZ[�U%f�ACeFB
~�� oFPR[%W;[%AZ[%eFAC��UXWYAZ[%e p�U%bwDRb;G�f�]t[%E{UXcCckGq��o GTEYACS�GTe<W;bgoFE;G�b;GTe<W;G�f ACe WYPFAZbwWYPRG�bYAZb�� 4 cZG�OTWYE;[%e ~ GmUXS
AZ[%eFAC��UXWYAZ[%e{AZb3eRGT_7GTEYWYPRGTcZG�b;blf�AZb;OTDRbQb;G�f|ACegWYPRG�]�[%cCcZ[�p3ACeFBVOQPiUXoFW;GTE;blACeg[%E;fFGTElW;[�SVUX�7GkOTcZGmUXErp3PRGTE;G`ACW;b
f�AZbQU%f�_�UXe<WQUXB�G�brc�U��x�
� ����� ��� &��! "� � !	" #

��UXcZOTACDFS AZ[%eRbnoFEQ[7fFDRO�GTf ACe�WYPRGVWYEQUXoFoFACeFB�_�[%cCDFS�G|UXE;G�O�[<[%cZG�f�~���WYPRG�j�[%oFoFcZGTE\c�U%b;GTE\~ G�UXS�b�UXeRf
OTEH��bYWQUXcCcCAC�mG�ACe<W;[VWYPRGTACExG�}7DFACcCAC~FEYACDFS o [�bYACWYAZ[%eRb �R%�[%e{e<DFSn~ GTE;bx[X]�bQGT_�GTEQUXcdP<DFeRf�E;G�fFb�PiUm_�G�~ G�GTe�OTEH��b u
WQUXcCcCAC�mG�fgACegWYPRGkeRGTp WYEQUXo�UXeRfg_%UXEYAZ[%DRbrW;PFE;G�G`f�ACS�GTeRbYAZ[%eiUXc
OTEH�Lb;WQUXc�b;WYEYDROTWYDFE;G�brp�GTE;G�[%~Rb;GTEY_7G�f �)��PRG
Gq��o GTEYACS�GTe<W;b�fFGTWQUXACcZG�fVACeVWYPFAZb�WYPRG�bYAZb�]t[<OTDRb�[%e�¡ cCACeRGmUXE ¢�OTEH�Lb;WQUXcZb�[X]�DFoVW;[`WYPFE;G�GrAZ[%eRb����3��j oFAZOqW;DFE;G�b
[X]�AZ[%egOTEH��bYWQUXcZblUXE;G`bYPR[�p3egACe{@
ACB��l77�C£]��l@du�f�EYAC_7G`o [�p�GTE;b�[X]�DFo{W;[�£mH�� p�GTE;G�DRb;G�fgE;G�bYDFcCWYACeFB�ACe{EQU%f�A�UXc
WYEQUXog]tE;G�}<DRGTeROTAZG�b

ωr0
[X]�DFo{W;[

H7�/�GB��l�s� " W
WYPRG�bQG�E;GTc�UXWYAC_7GTca�nPFACB�P�ACeFoFDFW�o [�p�GTE;bm��WYPRG�p3PR[%cZG�E;G�b;[%eiUXW;[%Er¡ ACeROTcCDRf�ACeFB`WYPRG�WYEQUXoN¢sPRGmUXW;b
DFok� " bxU�O�[%eRb;G�}<DRGTeRO�G�� WYPRG\E;G�b;[%eiUXeRO�G\]tE;G�}7DRGTeROF��[X]�WYPRG�bH��bYW;GTS f�EYA�] W;bkfF[�p3e�] E;[%S ���7� H���H�B��h�
¡�UXW�cZ[�p f�EYAC_7G�o [�p�GTE;b

< 2
� ¢3W;[����7� 07H�� B��h�|¡�UXW�£mH�� ¢�� ��PFAZb�oFE;[<O�G�b;bxGq��W;GTeRfFbx[�_�GTEkUX~ [%DFWG0 �

S�ACe<DFW;G�b�� " b;G�O�[%eRf�G � G�OTWk[X]�WYPRG\PRGmUXWYACeFB%uvDFo�AZbxWYPiUXWxWYPRG\o [�bYACWYAZ[%e¤[X]�WYPRG\WYEQUXo¤O�GTe<W;GTExAZbkbYPFA�] W;G�f �
p3PFAZOQP�OmUXe�~ GnOTcZGmUXEYca�{[%~Rb;GTEY_�G�f{~��{UVf�AZbYoFc�U%O�GTS�GTe<Wk[X]�WYPRG�AZ[%e�ACSVUXB�Gn[%e�WYPRG��3��j OmUXS�GTEQU7�M��PRG
SVUXACe�bYPFA�]tW�[X]sUX~ [%DFW.5��

µ
S [<O�OTDFE;b�[%eVWYPRGhbQUXS�GlWYACS�Ghb;OmUXcZG�U%b�WYPRG

λ/4
E;G�bQ[%eiUXeRO�GhbYPFA�]tW��S��PRGlWYEQUXo

O�GTe<W;GTE�¡ PRGTeRO�G\WYPRG\AZ[%eN¢q��PR[�p�GT_�GTEm���7G�GToRb�S�[�_LACeFBwUXW`UVEQUXW;G�[X]�UXoFoFE;[m��ACSVUXW;GTca� £
µ
S o GTE�£mH�S�ACe�u

DFW;G�b`]t[%E\U�]�GTp PR[%DFE;b�~ Gq]�[%E;G�~ GTACeFB�b;WQUX~FcZG]� ��PFAZb�cZ[%eFB{W;GTEYS oFE;[<O�G�b;b�AZb`oFEQ[X~NUX~Fca�¤f�DRG�W;[{Uw_�GTEH�
bYcZ[�p PRGmUXW�WYEQUXeRbY]tGTE`]tE;[%S WYPRG �l@du�GTcZG�OTWYE;[<fFG�b�W;[gWYPRGVO�GTEQUXS�AZO�b;DFoFo [%EYWnbYWYEYDROTWYDFEQG�UXeRf�]tE;[%S WYPRGTE;G
W;[\WYPRG�bYW UXA�eRcCG�bQb�bYW;G�GTc�E;[<fFb�[%e|p3PFAZOQP|WYPRG�WYEQUXo|AZb�bYDRbYo GTeRfFG�f � �^E;G�OTAZbYAZ[%egGq��o GTEYACS�GTe<W;b�WYPiUXW�E;G�}<DFACE;G
ACeRf�AC_LAZf�DiUXciAZ[%e�U%fFf�E;G�b;bYACeFBnOmUXe�[%eFca��~ GrOmUXEYEYAZG�f�[%DFW�U:]tW;GTE�b;DROQP�WYPRGTEYSVUXc f�EYA�] W;b�PiUm_7GrbYDF~Rb;AZfFG�f�bYACeRO�G
WYPRGx]t[<OTDRbl[X]
WYPRG�U%fFf�E;G�b;b;ACeFB�c�U%b;GTE3AZbhU%brbYSVUXcCcdU%b

2.5 µ
S �

" O�O�[%E;f�ACeFB\W;[\G�}7e � ¡��7�/5�¢q�LA�]dU�EQU%f�A�UXc WYEQUXo�]tE;G�}7DRGTeROF�
ωr0

[X]
H7�/�+B��h�hAZb�[%~FWQUXACeRG�fwUXW3U/�l@�f�EYAC_�G
]tE;G�}7DRGTeROF��[X]

Ω/2π = 23.5
B��h���NWYPRG\bYWQUX~FACcCACWv�{oiUXEQUXS�GTW;GTEkAZb

q = 0.60
�h��G�PiUm_7G\[%~Rb;GTEY_7G�f�WYPiUXW

UXW`f�EYAC_7G�o [�p�GTE;bkPFACB�PRGTE`WYPiUXe £mH�� WYPRG�WYEQUXoFoFACeFB{[X]3U|bYACeFB�cZG�AZ[%e�UXoFo GmUXE;b`W;[|~ G�O�[%S�G�DFeRb;WQUX~FcZG]�
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@
ACB�DFE;G&77�C£�K�@
cCDR[%E;G�b;O�GTeRO�G3ACSVUXB�G�b�[%e�WYPRGl�3��j�OmUXS�GTEQUk[X] UxbYACeFB�cZG�WYEQUXoFo G�f�AZ[%eVU%b�p�GTcCcNU%b�U�c�ACeRGmUXE
W p�[XuQ�%WYPFE;G�Gqu�UXeRf`]�[%DFE uvAZ[%e�OTEH�LbYWQUXc<WQUX�7GTenp3ACWYP�UXe\Gq��o [�bYDFE;G�WYACS�G�[X]NUX~ [%DFW
W p�[�b;G�O�[%eRfFb��
��PRG�U:�LA�UXc^WYEQUXo�] E;G�}<DRGTeROF�

ωz
p�U%b

2π · 1.01 B��l�g¡tGTeRfLu�OmUXo¤_�[%cCWQUXB�G
Vcap = 700

�k¢q�
O�[%EYE;G�bYo [%eRf�ACeFB�W;[�AZ[%e�f�AZbYWQUXeRO�G�b 4zmin ¡tOq]H��b;G�OTWYAZ[%e��7�/�7�C£�¢�~ GTW p�G�GTe

4 µ
S UXeRf

6 µ
S

¡tOQPiUXEQU%OTW;GTEYAZbYWYAZO�cZGTeFB�WYP
l = 4.4 µ

S�¢�� 1 e�WYPRG|�3��j OmUXS�GTEQU{WYPRGVAC[%eib\UXoFo GmUXE\OTcZ[�bQGTE
bYACeRO�GgWYPRGF� UXE;G{[%~Rb;GTEY_7G�f DFeRfFGTE|UXe�UXeFB�cZG{[X]&7�I9� H ◦ p3ACWYP E;G�bYo G�OTWVW;[¤WYPiGgWYEQUXo�U:��AZbm�
Oq]p�Rb;G�OTWYAZ[%e�I9� 0��

@i[%EhW p�[VAZ[%eRb��NWYPRG�b;GnACeRbYWQUX~FACcCACWYAZG�b`UXcCE;GmU%f7�{~ GTB�ACe�UXWkUVf�EYAC_7Gno [�p�GTEx[X]h£m�V��� % eRbYWQUX~FACcCACWYAZG�bkUXoFo GmUXE
U%bxUXe�[<O�OmU%bYAZ[%eiUXc�S�GTcCWYACeFB%uvDFo¤[X]�WYPiG�AZ[%e�u�OTEH��bYWQUXc �[�lGqu�OTEH��bYWQUXcCcCAC��UXWYAZ[%e�[X]�WYPRGnAZ[%eRb�AZbhWYPRGTe�f�A KVOTDFcCW
p3ACWYP�WYPRG�AZ[%eRbkbQ[%S�GTWYACS�G�b`GT_7GTe�cZGmUm_<ACeFBgWYPRG�WYEQUXok� ��PRG�bQG�G ��G�OTW;b�UXE;G�U%O�O�[%DFe<W;G�f�]t[%Ek~���WYEQUXoFoFACeFB
ACeRbYWQUX~FACcCACWYAZG�bhf�DRGkW;[�eR[%eFcCACeRGmUXElE;G�bQ[%eiUXeRO�G�bn¡tOq]H�Fb;G�OTWYAZ[%e��7�C£�¢��
��PRGTe cZ[�U%f�ACeFB�WYPRG�WYEQUXo ~���GTcZG�OTWYE;[%e ACS�oiU%OTWm��ACe oFEYACeROTACoFcZG{UXcCcrUXW;[%S�b�UXeRf S�[%cCG�OTDFcZG�b�oFE;G�b;GTe<W

ACe WYPRG|WYEQUXo _7[%cCDFS�G�ukACeROTcCDRf�ACeFB¤WYPR[�b;G�] E;[%S WYPRG|~iU%OQ�<B�E;[%DReRf B7U%b�[%E�ACS�oFDFEYACWYAZG�b�ACe WYPRGwUXW;[%S�AZO
��U:uv~ GmUXS u�OmUXew~ GxAZ[%eFAC�mG�f{UXeRf|WYEQUXoFo G�f �)��PRG�b;GxACS�oFDFEYACWv��AZ[%eRbrOmUXew~ Gkb;G�GTegU%brfRUXEY��bYo [%W;b�ACewWYPRG
AZ[%e{OTEH�Lb;WQUXcsUXeRfwPiUm_7Gx~ G�GTe{[%~Rb;GTEY_7G�fwACewWYPRGkeRGTp U%b3p�GTcCcdU%b3ACe�UXcCc�oFE;GT_<AZ[%DRblb;GTWYDFoRb&9 H�£L:o�

% W�p�U%blUXcZb;[�[%~Rb;GTEY_7G�f|WYPiUXW3WYPRGxeRGTp WYEQUXowp�U%b3oiUXEYWYAZOTDFc�UXEYca�wbYWQUX~FcZGkO�[%S�oiUXE;G�fgW;[�[%WYPRGTEh��U:uvWYEQUXoRb
oFE;GT_LAZ[%DRbYca� DRb;G�f ACe % eFeRbY~FEYDROQ����cCAC��GgWYPRG{[%cZf cCACeRGmUXEVWYEQUXo [%EVEYACeFB�WYEQUXoRbP9 0J:o�H��PFAZbVSVUXeFA�]tG�b;W;b�ACe
cZ[%eFB�bYW;[%EQUXB�G`WYACS�G�b�UXeRfgAZbm�iUXWrcZGmU%b;WroiUXEYWYA�UXcCca�7�if�DRG`W;[�WYPiGkACS�oFE;[�_7G�fg_�U%OTDFDFS ¡tOq]p�ib;G�OTWYAZ[%e�H7� 0<¢�� % W
AZb\UXcZb;[go [�b;b;AC~FcZG�WYPiUXWnWYPRG�f�A���GTE;GTe<WnWYE UXo�O�[%eRb;WYEYDROTWYAZ[%e ¡tGTeRfLu�OmUXoRbnSVU%fFG�U%b�WYACoRbnACeRbYW;GmU%f�[X]3EYACeFB�b
UXE;[%DFeRfwWYPRG �h@ GTcCG�OTWYE;[<fFG�bq¢�O�[%e<WYEYAC~FDFW;G�blW;[�WYPRGxACS�oFE;[�_7G�f|o GTE ]�[%EYSVUXeRO�G]��@RDFEYWYPRGTEhUXeiUXca�Lb;AZb3[X]
WYPFAZb
U%b;bYDFS�oFWYAZ[%e�p�[%DFcZf�E;G�}7DFACE;Gre<DRS�GqE;ACOmUXc�bYACSnDFc�UXWYAZ[%eRb�����PRGlGTeFPiUXeRO�G�fVWYEQUXoFoFACeFBnb;WQUX~FACcCACWv��E;GToFE;G�b;GTe<W�U
bYACB�eFA �iOmUXe<WlU%f�_�UXe<WQUXB�Gxb;A�eiOTG�ACW�WQUX�7GTbrUX~ [%DFWrUXe|PR[%DFE�W;[\E;GTcZ[�U%f|WYPRG�WYEQUXogUXeRf�E;Gqu U%fF;�DRb;W3UXcCc�oiUXEQUXS�u
GTW;GTE;b���B�[%E;G�[�_7GTEm�<]�[%E�E;GTcZ[�U%f�ACeFB�WYPRGxWYEQUXo|p3ACWYPwGTcZG�OTWYE;[%ewACS�oiU%OTW3AZ[%eFAC��UXWYAZ[%e��FWYPRGxf�EYAC_7G�o [�p�GTE�SnDRbYW
~ G3EQGTfFDRO�GTf�bYACB�eFA �iOmUXe<WYca�x����PFAZb�AZb�oFE;[%~iUX~Fca��f�DRG3W;[`WYEQUXoFoFACeFBnACeRbYWQUX~FACcCACWYAZG�b�¡tOq]H��b;G�OTWYAZ[%e��7�C£�¢�cZGmU%f�ACeFB
W;[�U�E;G�f�DRO�G�f|_�[%cCDFS�Gx[X]dbYWQUX~RcCG�WYEQUXoFoFACeFB�UXW3bYWYE;[%eFB
�h@�f�EYAC_7G]����PRGhS�[%S�GTe<WYDFS WYEQUXeRbY]tGTEYE;G�f�W;[�UXe
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AZ[%e¤~���WYPRG�AZ[%eFAC��ACeFB�GTcZG�OTWYE;[%e¤ACS�oiU%OTW�SVU����<AZOQ��WYPRG�AZ[%e�[%DFW�[X]�WYPRG�bYWQUX~FcZG�WYEQUXoFoFACeFB{_�[%cCDFS�G]�*% e
oFEQU%OTWYAZO�G�AZ[%eRbkPiU%f�W;[|~ G�cZ[�U%fFG�f�A�eLW;[gU�p�GmUX��WYEQUXo¤[X]3UX~ [%DFW�H����|�L�h��EQU%f�A�UXc�UXeRf6�����|�L�h��U:�LA�UXc
]tE;G�}7DRGTeROF�x��M<DF~Rb;G�}7DRGTe<W;ct�7�7WYPRG3WYEQUXoRoFACeFB�o [%W;GTe<WYA�UXcNAZb�EQUXS�o G�f�DFo�UXeRfVb;GT_7GTEQUXcRPR[%DFE;b�[X] p�UXACWYACeFB\UXE;G
E;G�}<DFACE;G�fw~ Gq]t[%E;GkWYPRGTEYSVUXcdf�EYA�]tW;br[X]�WYPRGxWYEQUXogPNUm_�G`O�[%S�oFcZGTW;GTca�wbYDF~RbYAZfFG�f �
� ��� �  �� & ��"�� � ()!  "  ���� !�*Q�� ��  ()!  "

%�] ��[%e�W;[%o [X]rWYPRGY�l@ }7DiU%f�EYDFo [%cZG �iGTcZf �^GTcZG�OTWYEYAZO|j`� �iGTcZfFb\ACe�WYPRG�EQU%f�A�UXc�f�ACE;G�OTWYAZ[%e UXE;G�oFE;G�b;GTe<W
UXWnWYPRG�WYEQUXo O�GTe<W;GTEm��WYPRGTe�WYPR[�b;GVj`� �iGTcZfFbnp3ACcCc�bYPFA�]tW�WYPRG�AZ[%eRb�] E;[%S WYPRG �l@duveR[<fFG�ACe<W;[�UwEQGqB�AZ[%e
[X]�GTeFPiUXeRO�G�f �l@du�f�EYAC_7G]�?��PFAZbxE;G�b;DFcCW;bxACe¤GTeFPiUXeRO�G�f�S�AZOTE;[%S�[%WYAZ[%e�p3PFAZOQP���_LA�U�WYPRG�jx[%oFoFcZGTE`G � G�OTWm�
S�[<f�DFc�UXW;G�b�WYPRGhO�[%DFoFcCACeFB�[X] W;PRGrAZ[%e�W;[�WYPRGlc�U%b;GTE)�iGTcZfFb��S��PFAZb�PiU%b�b;GT_�GTEQUXcNeRGTB7UXWYAC_�G�G ��G�OTW;bG9 0J:�� 9 H���:��
]�[%E�Gq�RUXS�oFcZG��7UXe�G ��G�OTWYAC_7G�~FE;[�U%fFGTeFACeFB�[X]NWYPRG�jx[%oFoFcZGTE^O�[<[%cCACeFBkWYEQUXeRb;ACWYAZ[%e�EQGTb;DFcCWYACeFBxACe�UXe�ACeROTE;GmU%b;G�f
O�[<[%cCACeFBVcCACS�ACWrW;GTS�o GTEQUXWYDFE;G]�
��PRGTE;G�UXE;GkW p�[�f�A�� GTE;GTe<Wl[%EYACB�ACeRb3]�[%E3EQU%f�A�UXcsb;WYEQU�� �iGTcZfFbhUXeRfwWYPRG�b;G`OmUXeg~ Gkf�AZb;WYACeFB�DFAZbYPRG�f{U%b�K

• , OQPiUXEYB�G~�iGTcZfFb2-wp3PFAZOQP�UXE;GgOTE;GmUXW;G�f ~�� cZ[<OmUXcCAC�mG�f bYDFE ]vU%O�GgOQPiUXEYB�G�b�[%e WYEQUXo GTcZG�OTWYE;[<fFG�b�UXeRf
bYDFoFo [%EYWlbYWYEYDROTWYDFE;G�b �

• , B�G�[%S�GTWYEYAZO$�iGTcZfFb2-�p3PFAZOQP�UXE;G`f�DRGxW;[�B�G�[%S�GTWYEYAZO`ACS�o GTE ]tG�OTWYAZ[%eRbh[X]
WYPRGkWYEQUXogO�[%eRbYWYEYDiOqW;AC[%es�FACe
oiUXEYWYAZOTDFc�UXE�U�S�AZbQUXcCACB�eFS�GTe<WV[X]�WYPRG|GTeRfLu�OmUXoRb�p3ACWYP W;PRG�WYEQUXo U:��ACbg¡�U%b�fRG]�ieRG�f ~���WYPRG �l@du
GTcZG�OTWYE;[<fFG�b ¢��

��PRGTE;G�UXE;GkW p�[�SVU�;Y[%ErfFA � GTE;GTeRO�G�br~ GTW p�GTGTe{WYPRG�bQGxW p�[�b;[%EYW;br[X]�DFe<p�UXe<W;G�f~�iGTcZfFbmK
@
ACE;bYWm�NOQPiUXEYB�G �iGTcZfFbxUXE;G�ACeRfFGTo GTeRfFGTe<Wx[X]�WYPRG`W;EQUXo{_7[%cCWQUXB�G�bhp3PFACcZG�B�G�[%S�GTWYEYAZO&�iGTcZfFbhPiUm_�G\U�O�[%e�u

WYEYAC~FDFWYAZ[%e�oFE;[%o [%EYWYAZ[%eiUXc�W;[�WYPRG{GTeRf�u�O�UXo�_7[%cCWQUXB�G]� ��PFAZb�G ��G�OTW�AZb�bYPR[�p3e ACe @
ACB�� 77�/�¤p3PRGTE;G{WYPRG
_7[%cCWQUXB�G�b\eRG�O�G�b;b UXEH�¤W;[�O�[%S�o GTeRbQUXW;G�]t[%E\_7GTEYWYAZOmUXcrUXeRf�PR[%EYAC�m[%e<WQUXcrbYWYEQU��6�iGTcZfFb�UXE;G�oFcZ[%WYW;G�f _7GTE;bYDRb
GTeRfLu�OmUXo{_�[%cCWQUXB�G]�CB�GTWYPR[<fFbrW;[�fFGTW;GTEYS�ACeRG�WYPRG`UXoFoFE;[%oFEYA�UXW;GnO�[%S�o GTeRbQUXWYAZ[%e{_7[%cCWQUXB�G�blUXEQGkfFG�b;OTEYAC~ G�f
~ GTcZ[�p � 4 _7GTe¤B�G�[%S�GTWYEYAZO �iGTcZfFbnUXE;G�ACeRfFGTo GTeRfFGTe<W\[X]�WYPiG �h@ UXS�oFcCACWYDRfFG�U%bkWYPRG�eR[<fRUXc�cCACeRG�[X]�WYPRG�l@ }7DiU%f�EYDFo [%cZG$�iGTcZfwE;GTSVUXACeRblDFeROQPiUXeFB�G�fgA�]�WYPRG �h@ UXS�oFcCACWYDRfFG`AZbr_%UXEYAZG�f �
MLG�O�[%eRf � B�G�[%S�GTWYEYAZO?�iGTcZfFb�UXE;GnE;GToFEQ[7fFDROmUX~FcZG�p3PFACcZbYWkOQPiUXEYB�G+�NGqcZfFb`OQPiUXeFB�G\~ GTW p�G�GTe�W p�[|Gq��o GTEYA�u

S�GTe<WQUXc�EYDFeRbn[%EnGT_�GTe�p3ACWYPFACe [%eRGVGq��o GTEYACS�GqeLWQUXc�b;G�b;b;AZ[%ek� �3PFAZb`AZbnf�DRG�W;[gWYPRGVfFGTo [�bYACWYAZ[%e [X]3eRGTp
OQPiUXEYB�G�b`[%e�ACeRb;DFc�UXWYACeFBwb;DFE ]�U%O�G�bxACe�W;PRG\WYEQUXo�cZ[�U%f�ACeFBwoFE;[<O�G�b;bx~���GTcZG�OTWYE;[%e�ACS�oiU%OTWkAZ[%eFAC��UXWYAZ[%e�UXeRf
bYcZ[�p S�ACB�EQUXWYAZ[%eRbn[X]�WYPRG�bQG�OQPiUXEYB�G�b�p3PFAZOQP¤p�G�PiUm_7G�[%~Rb;GTEY_7G�f�W;[|WQUX�7G�oFc�U%O�GV[%e¤WYPRG�WYACS�GVb;OmUXcZG�[X]
PR[%DFE;b�� " O�O�[%E;f�ACeFB�ca�7� WYPRG\O�[%S�o GTeRbQUXWYAZ[%e�oFE;[<O�G�f�DFE;G\PiU%f�W;[�~ G�E;GTeRGTp�G�f�b;GT_7GTEQUXc
WYACS�G�bkU:] W;GTExGTcZG�Oqu
WYE;[%e ACS�oiU%OTW�AZ[%eFAC��UXWYAZ[%ek� " W+�RE;bYWm��[%eRG�S�ACB�P<W�U%b;bYDFS�G�WYPiUXW�OQPiUXEYB�G�b�fFGTo [�bYACW;G�f [%e WYPRG�S�GTWQUXcCcCAZO
bYDFE ]vU%O�G�b�[X]�WYPRG3W;EQUXoVGTcZG�OTWYE;[<fFG�b�p3ACcCcRACS�S�G�f�A�UXW;GTca��~ GrO�[%eRf�DROTW;G�f�Ump�U��x�S��PRGTE;GlUXE;G��7PR[�p�GT_�GTEm�<bYSVUXcCc
oiUXW;OQPRG�b`[X]�[m��AZfFG�bkGT_7GTe�[%e�WYPR[%E;[%DFB�PFca��OTcZGmUXeRG�f�b;W;G�GTc^[%EkS�[%ca�L~ fFGTe<DFS bYDFE ]vU%O�G�bxp3PRGTE;G�GTcZG�OTWYE;[%eRb
OmUXe�~ GncZ[<OmUXcCAC�mG�f 9/5�I�:o�$B�[%E;G�[�_�GTEm� [m�LAZfFG�bkOmUXe�]�[%EYS ]tE;[%S S�GTWQUXcCcCAZO�OmUXcZOTACDFS fFGTo [�bYACWYAZ[%eRbxp3ACWYPFACe�U
]�GTp fRU���brGT_�GTegACe{U�_%U%OTDFDFSaGTe<_LACE;[%eFS�GTe<Wh[X]

10−11
S\~iUXE&9/5�5�:o�

��PRGTE;G¤UXE;G�]�[%DFEwf�A�� GTE;GTe<W|S�GTWYPR[<fFbgWYPiUXW|PiUm_7G�~ G�GTe DRbQG�f�ACe WYPRG�oFE;G�b;GTeLW;G�f Gq�Lo GTEYACS�GTe<W;bwW;[
���������� �!�"$#%�&�(')��*+�$�,�-#�'��� ¡tb;G�G`UXcZbQ[~9 0J: ¢qK

• . �/!0'�#�')�� 1���������� �!�"$#�')�� ����GTE;G���WYPRG�o [�b;ACWYAZ[%e [X]xUXe AZ[%e���_<AZGTp�G�f [%e WYPRGg�3��j OmUXS�GTEQU���AZb
[%~Rb;GTEY_7G�fgp3PFACcZG�WYPRG�b;WYE;GTeFB�WYP�[X]^WYPRG/�h@ o [%W;GTe<WYA�UXc
ACbl_�UXEYAZG�f �.%�]�WYPRG�S�AZOTE;[%S�[%WYAZ[%e�O�[%S�o GTe�u
bQUXWYAZ[%e�AZb�B�[<[7f��<A � G]�7WYPRGTE;GxUXE;GleR[nj`�>�iGTcZfFb3UXW�WYPRGlWYEQUXo�O�GTe<W;GTEm�LWYPRGTe�WYPRGlo [�b;A�W;AC[%e|[X]�WYPRGlAZ[%e
E;GTSVUXACeRb�WYPRGlbQUXS�G3DFeRfFGTE�WYPRACb�_%UXE;AZUXW;AC[%e�[X] �h@�o [�p�GTE���%v]�eR[%Wm�7WYPRGrAZ[%e�S�[�_7G�b�Ump�U��\]tE;[%S WYPRG

7��
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End-cap voltage in V

@
ACB�DFE;G&77�/��KN��[%S�o GTeRbQUXWYAZ[%e oFE;[%W;[<O�[%c3[X]l[%eRG�EQUXS�oFACeFB%uvDFo oFE;[<O�G�f�DFE;G|[X]rWYPRGVWYEQUXok�D��PRGVW p�[�b;GTW;b
[X]�_�[%cCWQUXB�G�b`p�GTE;G �RWYW;G�f¤cCACeRGmUXEYca��cCA��7G

Vcomp = Voffset + cVend−cap
� ��PRG�E;G�bYDFcCW;bnUXE;G

Voffset = −44.5
���

c = 0.0667
UXeRf

Voffset = −7.7
�\�

c = −0.126 ]�[%ElWYPRG�_7GTEYWYAZOmUXc
UXeRf PR[%EYAC�m[%e<WQUXcnO�[%S�o GTeRbQUXWYAZ[%e��xE;G�b;o G�OqW;A�_7GTca�x� ��PRG

c
uv_%UXcCDRG�bm��E;GTc�UXW;G�f W;[ B�G�[%S�GTWYEYAZO

�iGTcZfFbm�7UXE;G�O�[%eRbYWQUXe<W�U%b�cZ[%eFB`U%b�WYPRG�WYEQUXo�B�GT[%S�GTWYEC�nAZb^bYWQUX~FcZG���p3PFACcZG�WYPRG
Voffset

�%E;GTc�UXW;G�f
S�[�bYWYca��W;[�OQPiUXEYB�G(�iGTcZfFbm�ROQPiUXeFB�G`p3ACWYP{GT_�GTEH��WYEQUXogcZ[�U%f�ACeFBVoFE;[<O�G�f�DFE;G]�

WYEQUXo¤O�GTe<W;GTEkACe�WYPRG�f�ACE;G�OTWYAZ[%e�[X]�WYPRG�jk� �iGTcZf¤U%bxWYPRG�EQU%f�A�UXc�o [%W;GTe<WYA�UXc�AZbxcZ[�p�GTE;G�f�UXeRf�_<AZO�G
_�GTE;bQU7�wM<W UXEYWYACeFB{] E;[%S WYPRGVbYWYE;[%eFB�G�b;W�o [�b;bYAC~FcZG��l@ o [%W;GTe<WYA�UXc�UXeRf¤SVUXEY�LACeFB�WYPRG�o [�bYACWYAZ[%e�[X]
WYPRGkAZ[%e��RWYPRGkEQU%f�A�UXcso [%W;GTe<WYA�UXcdACblbYDF~RbQG�}7DRGTe<WYca�|cZ[�p�GTE;G�f�UXeRf{UXWhGmU%OQP{bYW;GTogWYPRG`AZ[%egAZbroFDRbYPRG�f
~iU%OQ�VW;[\WYPRG�SVUXEY�7G�f�o [�bYACWYAZ[%e|p3ACWYPwWYPRG�PRGTcCow[X]�UXoFoFE;[%oFEYA�UXW;Gk_�[%cCWQUXB�G�b3[%e|WYPRGxO�[%S�o GTeRbQUXWYAZ[%e
GTcZG�OTWYE;[<fFG�b��

• � '  ��� '��$#! ���������  !�"$#�')�� �R��PRG�p3AZf�WYP�[X]^WYPRG
S1/2 ↔ P1/2

W;EQUXeRbYACWYAZ[%e�UXWx����I�eFS AZbl~FE;[�U%fLu
GTeRG�f�~���S�AZOTE;[%S�[%WYAZ[%e{bYAZfFGT~iUXeRfFb ����PRGxO�[%EYE;G�bYo [%eRf�ACeFB�S�GTWYPR[<fw[X]
O�[%S�o GTeRbQUXWYAZ[%ewAZb�W;[\WYDFeRG
WYPRG�c�U%b;GTErUXWr����I�eFS W;[\WYPRG�E;G�fwbYAZfFG�[X]dWYPRGxE;G�b;[%eiUXeRO�G�] EYACeFB�G�¡ ~���bYcCACB�P<WYca�VS�[%E;GxWYPiUXe|PiUXc�]�U
cCACeRGTp3AZf�WYPN¢xUXeRf�W;[|[%oFWYACS�AC�mG\WYPRG�O�[%S�o GTeRbQUXW;AC[%e¤_7[%c�W UXB�GTb�]�[%E � '  ' � "#" zRDR[%EQGTbQO�GTeRO�G�UXW�WYPFAZb
o [%ACe<W��G��PRG�DFeRfFGTEYca�LACeFBwG8� G�OTW�AZbhWYPiUXWheiUXEYE;[�p3ACeFB|WYPRGncCACeRGTp3AZf�WYP�ACeROTE;GmU%b;G�b�WYPRG�zRDR[%E;G�b;O�GTeRO�G
EQUXW;G|[%e E;G�b;[%eiUXeRO�G|~FDFW�fFG�OTE;GmU%b;G�b\zRDR[%E;G�b;O�GTeRO�Gg[%e WYPiG�[%DFWQGqE�] EYACeFB�G�p3PFACcZb;W�WYPRG�W;[%WQUXc�cCACeRG
bYWYE;GTeFB�WYP E;GTSVUXACeRb�O�[%eRbYWQUXeLW��I��PRGgc�U%b;GTE�UXW�����I�eFS SnDRb;W�~ GgfRGTb UXWYDFEQUXW;G�f [%WYPRGTEYp3AZb;GgWYPRG
cCACeRGTp3AZf�WYP{AZbrfF[%S�ACeiUXW;G�fg~���o [�p�GTEr~FE;[�U%fFGTeFACeFB��

• $ ��*0*���" "-#�'��� ������� �  �!�"-#�'��� � ��PRG�~iU%OQ� UXeRf ]t[%EYWYP S�[:_�GTS�GTe<W{[X]�UXe AC[%e p3ACWYP WYPRG¤f�EYAC_�G
] E;G�}<DRGTeROF�

Ω
OmUXDRb;G�b�WYPRG\b;OmUXWYW;GTEYACeFB|EQUXW;G\W;[�~ GnS�[<f�DFc�UXW;G�f¤UXW�WYPRG\bQUXS�G�]tE;G�}7DRGTeROF�{_<A�UVWYPRG

j�[%oFoFcZGTElG ��G�OTW��C��PRGxO�[%S�o GTeRb UXWYAZ[%egS�GTWYPR[<f|p�[%EY��b�~ G�bYW�p3PRGTE;GxWYPiG�oFPR[%W;[%egbQO�UXW;W;GTEYACeFB�EQUXW;G
fFGTo GTeRfFb�b;WYE;[%eFB�ca��[%e WYPRG�fFGTWYDFeFACeFB�[X]lWYPRG�c�U%b;GTEm�^A � G]�dA�]rWYPRG�c�U%bQGTE�UXW�����IgeFS AZb\WYDFeRG�f�W;[
WYPRGgo [%ACe<W�[X]kWYPRG�bYW;G�GTo G�bYWVB�EQU%f�AZGTe<W�[X]kWYPRGwzRDR[%E;G�bQOTGTeRO�G�OTDFEY_�G]� 1 eRO�G�UXB7UXACe��3bQUXWYDFEQUXWYAZ[%e
~FE;[�U%fFGTeFACeFB [X]�W;PRG�WYEQUXeRbYACWYAZ[%e SnDRbYW|~ G�Um_7[%AZfFG�f � ��PRG�bYACB�eiUXcxAZbw[%~FWQUXACeRG�f ACe�]�[%EYS [X]\U
PFAZbYW;[%B�EQUXS [X]�oFPR[%W;[%e�O�[%DFe<W;b�p3ACWYPVE;G�bYo G�OTW�W;[kWYPRGS�l@�oFPiU%b;G]� " c�W;PR[%DFB�P�WYPRGrW;[%WQUXcib;OmUXWYW;GTEYACeFB
EQUXW;G��^~ GTACeFB ∼ 60

B��h�wUXW\WYPiUXW�o [%ACe<W�[X]lWYPRG�zRDR[%E;G�b;O�GTeRO�GwOTDFEY_7G��^AZb\c�UXEYB�GTE�WYPiUXe WYPRG �l@
] E;G�}<DRGTeROF�¤[X]M���7� H�B��h���dWYPRG�Um_7GTEQUXB�GVe<DFSn~ GTE�[X]roFPR[%W;[%eRb\O�[%cCcZG�OTW;G�f�ACe [%eRG �h@ o GTEYAZ[<f�AZb
SnDROQP bYSVUXcCcZGTE\WYPiUXe £�U%b�[%eFca��UX~ [%DFW

1/2000
[X]hUXcCc�b;OmUXWYW;GTE;G�f�oFPR[%W;[%eRb�UXE;G�O�[%cCcZG�OTW;G�f UXeRf

7F0
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@
ACB�DFE;G&77� ��KN��E;[�b;b�b;G�OTWYAZ[%e [X]kU�cCACeRGmUXE�E;[<f WYEQUXok�>��PRGwfRU%bYPRG�f cCACeRG�b�EQGTb;oFE;G�b;GTe<W�WYPRG|}<DiU%f�E;[%o [%cZG
�iGTcZf{UXcZ[%eFBVp3PFAZOQP{S�AZOTE;[%S�[%WYAZ[%e�WQUX��G�broFc�U%O�G]����AZbrWYPRGkWYPRGkWYEQUXo{O�GTe<W;GTE�� " UXeRf � UXE;G
_7GTEYWYAZOmUXcCct��UXeRf�PR[%EYAC�m[%e<WQUXcCca��f�AZbYoFc�U%O�G�f�AZ[%e�o [�bYACWYAZ[%eRb�OmUXDRbQGTf�~��gbYWYEQU����iGTcZfFbho [%ACe<WYACeFB
ACewW;PRGkb UXS�GxE;G�bYo G�OTWYAC_7G`f�ACE;G�OTWYAZ[%eRb��

fFGTW;G�OTW;G�f ����PRGTE;Gq]�[%E;GhU�WYACS�GlO�[%DFe<WYACeFB�S�GTWYPR[<f�AZb�UXoFoFcCAZG�f�ACe�p3PFAZOQP�U�WYACS�GrACe<W;GTEY_%UXcNO�[%DFe<W;GTE �
AZb�WYEYACB�B�GTE;G�f�~��gWYPRG�UXEYEYAC_%UXc^[X]�U�O�[%DFe<WxoFDFcZbQG�]tE;[%S WYPRG\oFPR[%W;[%SnDFcCWYACoFcCAZGTEnUXeRf�bYW;[%oFo G�f�~���U
oFDFcZb;G�bH�LeROQPFE;[%eFAC�mG�f�W;[�WYPRG �h@�f�EYAC_�G�]tE;G�}7DRGTeROF�x�
@RE;[%S £���������S�GmU%bYDFE;GTS�GTe<W;b���GmU%OQP�[%~FWQUXACeRG�f
] E;[%S UlbYACeFB�cZG�oFPR[%W;[%e�O�[%DFe<Wm��UrPFAZbYW;[%B�EQUXS [X]RWYACS�G�ACe<W;GTEY_�UXcZbdAZbd~FDFACcCWdDFok� " E;GmU%b;[%eiUX~FcZG�bYACB�eiUXcv�
A � G]�7Ux_LAZbYAC~FcZG3S�[<f�DFc�UXWYAZ[%e�A�eVWYPFAZb�PFAZbYW;[%B�EQUXSg�<AZb�[%~FWQUXACeRG�fV[%eFca��A�]�WYPiGrbYWYEQU���cCACB�P<W�~iU%OQ�LB�E;[%DFeRf
AZb�UXW�cZGmU%bYW$�R_7G�WYACS�GTbnbYSVUXcCcZGTE�WYPiUXe�WYPRG�zRDR[%E;G�b;O�GTeRO�G�O�[%DFe<W�EQUXW;G]� %v]rUwbYACB�eiUXc�AZb`[%~RbQGqE;_�G�f �
A � G]�LWYPRG�PFAZbYW;[%B�EQUXS AZb�eR[%W�zNUXWm�F[%eRG�WYEYAZG�b�W;[\S�ACeFACS�AC�mGxWYPFAZb�S�[<f�DFc�UXWYAZ[%egACe|WYPRG�PFAZbYW;[%B�EQUXS ~��
WYDFeFACeFB�WYPRG`O�[%S�o GTeRbQUXWYAZ[%e�_�[%cCWQUXB�G�b �

• � '�� *+��� �$#�')�� !0'�� ��� "� � * ������� #�'��$ � 1 e�WYPRG
S1/2 ↔ D5/2

WYEQUXeRbYACWYAZ[%e�UXWnIJ����eFSg��S�[%WYAZ[%eiUXc
bYAZfFGT~iUXeRfFbw¡ ACeROTcCDRf�ACeFB�S�AZOTE;[%S�[%WYAZ[�e b;ACfRGq~NUXeRfFb�UXW�Ug] E;G�}<DRGTeROF�

Ω
Ump�U���]tE;[%S WYPRG�OmUXEYEYAZGTE ¢

OmUXe ~ G{E;G�b;[%cC_7G�f � �3PRG{S�GTWYPR[<f�O�[%eRbYAZbYW;b�ACe S�ACeFACS�AC��ACeFB WYPiGTbQG�bYAZfFGT~iUXeRfFb�~�� WYDFeFACeFB WYPRG
O�[%S�o GTeRbQUXWYAZ[%e{_7[%cCWQUXB�G�b��

�
[�bYACWYAZ[%e�O�[%S�o GTeRbQUXWYAZ[%eVAZb^WYPRGrOTEYDRfFG�bYW�S�GTWYPR[<f �7cCACeRGTp3AZf�WYP�O�[%S�o GTeRbQUXWYAZ[%e�AZb^S�[%E;Grb;GTeRbYACWYAC_7G�p3PFACcZbYW
O�[%EYE;GTc�UXWYAZ[%e O�[%S�o GTeRbQUXWYAZ[%e UXeRf�S�AZOTE;[%S�[%WYAZ[%e bYAZfFGT~iUXeRf E;G�f�DROTWYAZ[%e UXE;G�WYPRG�S�[�bYW�b;GTeRb;A�W;A�_7G�W;G�OQP�u
eFAZ}<DRG�b�����PRGF�wUXcCcZ[�p WYPRG`O�[%S�o GTeRbQUXWYAZ[%e{_7[%cCWQUXB�G�brW;[�~ G`fFGTW;GTEYS�ACeRG�fgW;[�p3ACWYPFACe�UX~ [%DRW�£�NY�

�sp�[�ACS�o [%EYWQUXe<Wr]�GmUXWYDFE;G�bl[X]�b;WYEQU�� �iGTcZfgGTeFPiUXeRO�G�fgS�AZOTE;[%S�[%WYAZ[%e�bYPiUXcCc�~ G`f�AZb;OTDRb;b;G�f K
£�¢! *+" �$'�"#"�! #�*+"�"$# ��" �(����'  #�'  &%
'  !���� � ��' * � � #�')�� −→es � '�"�"(' '  )% �  � *+" "*' " � " � # � � '�� *+��� �$#�'��$ '  
!��$� � ��' +���* �  # ��' * � � #�'��$ −→em

�x@
ACB�� 77� �VACcCcCDRbYWYEQUXW;G�b`UVWv�<oFAZOmUXc^bYACWYDiUXWYAZ[%e�KrWYPRG\f�ACE;G�OTWYAZ[%eRb
x∗

UXeRf
y∗[%o GTe¤]�[%E�[%oFWYAZOmUXc�U%O�O�G�b;bnUXE;G�WYACcCW;G�f¤~�� 07H ◦ p3ACWYP�E;G�bYo G�OTW�W;[gWYPRG�O�[%eFeRG�OTWYAZ[%e cCA�eiGTb�~ GTW p�G�GTe f�A�UXB%u

[%eiUXcCca�¤[%oFo [�bYACW;GVGTcZG�OTWYE;[<fFG�b�� "-, � *�#�'���"#" bYWYEQU��D�iGTcZf�f�AZbYoFc�U%O�G�b\UXe�AZ[%e�ACe�WYPRGVbQUXS�GVf�ACE;G�OTWYAZ[%e��d]�[%E
Gq�RUXS�oFcZG3W;[ko [�bYACWYAZ[%e " �%p3PRGTE;GrACW�DFeRfFGTEYB�[<G�b  ��* '/. �� # "#" S�AZOTE;[%S�[%WYAZ[%ek����GTeRO�G3ACe�WYPFAZb�OmU%b;G3WYPRG3W p�[
	10�243[`Ae�}50 t�m]\ � Z]u��62Er2|vr�mAuws��70 ��| twr�J.|
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f�ACE;G�OTWYAZ[%eRb −→es UXeRf −→em UXE;G�U%OTWYDiUXcCca��o GTEYo GTeRf�AZOTDFc�UXE\W;[{GmU%OQP [%WYPRGTE��~��PFAZb�PR[%EYAC�m[%e<WQUXc�S�[<f�DFc�UXWYAZ[%e
p3ACcCc�eR[�p ~ G , b;G�GTe<-�~ G�bYW�~���WYPRG�PR[%EYAC�m[%e<WQUXc�c�U%b;GTE���@i[%E�WYPRG�c�U%b;GTE uv~iU%b;G�f�O�[%S�o GTeRbQUXWYAZ[%e�S�GTWYPR[<fFb
¡ cCACeRGTp3AZf�WYPVO�[%S�o GTeRbQUXWYAZ[%e��<O�[%EYE;GTc�UXWYAZ[%e�O�[%S�o GTeRbQUXWYAZ[%e�UXeRf�S�AZOTE;[%S�[%WYAZ[%e�bYAZfFGT~iUXeRf�E;G�f�DROTWYAZ[%eN¢
WYPFAZb
S�GmUXeRb�WYPiUXW�U`bYACB�eiUXcN[%~FWQUXACeRG�f�p3ACWYP�U  ��*0' .	�$ # "#" " "�! � * ACcCc�DRS�A�eNUXWYACeFBnWYPiGrAC[%ed¡tb ¢�AZb�U%b;b;[<OTA�UXW;G�fVp3ACWYP
WYPRG , � * #�')��"#" !�#�*+"�" # ��" �
� �$������ �� # UXeRf�U%O�O�[%E;f�ACeFB�ca�wPiU%brW;[�~ G�O�[%EYE;G�OTW;G�fgp3ACWYP{WYPRGk_7GTEYWYAZOmUXcdO�[%S�u
o GTeRbQUXWYAZ[%e�GTcZG�OTWYE;[<fFG]�
��¢��  ��* � � * # �,'  ��* � "/! � #! � "���� " ' # � � � ����� ')��*+��� �$#�')�� � "5� !	� � � "(!��$� � !�#�*+"�" # ��" � ' #! ������
	 ��* ' , �
���#� � *  "/! # � ��� � � ��* � "/!	� � � " eVACeROTE;GmU%b;G�f|UXS�oFcCA�W;DRfFG��LA � G]�LUXe�GTeFPiUXeRO�G�f�S�AZOqEQ[%S�[%WYAZ[%e�S�[<f�DFc�UXWYAZ[%e
AZb3oiUXEYWYAZOTDFc�UXEYca�wfFG�bYACEQUX~FcZGkACegWYPRGkOmU%b;Gk[X]^O�[%EYE;GTc�UXWYAZ[%e�O�[%S�o GTeRbQUXWYAZ[%e��Rp3PRGTE;Gkp�G�]t[%DFeRfwWYPiUXWhU\B�[<[<f
O�[%EYE;GTc�UXWYAZ[%e b;ACB�eiUXcrO�[%DFcZf [%eFca� ~ Gw[%~FWQUXACeRG�f ~�� WYDFEYeFACeFB�fF[�p3e WYPRG �h@su�f�E;A�_7GwbYACB�eFA �iOmUXe<WYca�x� @R[%E
Gq�RUXS�oFcZG\] E;[%S WYPRG�Wv�<oFAZOmUXc^p�[%EY�LACeFB|oNUXEQUXS�GTW;GTE;b`[X]�WYPiG\eRGTp WYEQUXo�u`£mH�� �l@ o [�p�GTE�UXeRf67���� �
GTeRfLu�OmUXo�_7[%cCWQUXB�GlcZGmU%f�ACeFB\W;[\U:��A�UXc�UXeRfVEQU%f�A�UXc WYEQUXoV]tE;G�}<DRGTeROTAZGTb�[X]�£MB��h��UXeRf�H&B��l�hE;G�bYo G�OTWYAC_�GTca�
ulWYPRG �h@ o [�p�GqE�PiU%f�W;[w~ G�WYDFEYeRG�f�fF[�p3e¤W;[{UX~ [%DFWV£]� H|� ACe�[%E;fFGTE`W;[gb;G�GVUXe���O�[%EYE;GTc�UXWYAZ[%e�b;ACB%u
eiUXc �.��PRGk]vU%OTWlWYPiUXWlWYPRG��l@duvS�[<f�DFc�UXWYAZ[%e�UXS�oFcCACWYDRfFGnB�[<G�b � � p3PRGTe�WYPRG��l@ f�EYAC_7G`AZbrWYDFEYeRG�f �-� �  
AZb�O�[%DFe<W;GTEYACe<WYDFACWYAC_7G{UXeRf WYPRGTE;Gq]t[%E;GgU�bYPR[%EYW�fFGTEYAC_�UXWYAZ[%e [X]hWYPFAZb�G ��G�OTW�AZb\B�AC_7GTe PRGTE;G�K ��PRGwbYoFEYACeFB
O�[%eRbYWQUXe<WxU%bQb;[<OTA�UXW;G�f{p3ACWYP�WYPRG � "-��*+�$�,�-#�'��� �iA � G]�iWYPRGnb;G�OTDFc�UXEhS�[%WYAZ[%e�UXW�U�] E;G�}<DRGTeROF�

ωr0
AZbloFE;[Xu

o [%EYWYAZ[%eiUXcdW;[
1/ω2r0

��@RE;[%S G�}<eRb��i�7�/5VUXeRf��7�/��ACWr]t[%cCcZ[�prblWYPiUXW
ωro ∝ V

�RWYPRGnUXS�oFcCACWYDRfFGn[X]^WYPRG/�l@
_7[%cCWQUXB�G]����PFAZb�S�GmUXeRb�WYPiUXW�U`B�AC_�GTe�O�[%eRb;WQUXe<W�]�[%E;O�G

F = eEs

OmUXDRb;G�f�~���b;[%S�GlEQU%f�A�UXc b;WYEQU��?�iGTcZf
Esf�AZbYoFc�U%O�G�brWYPRGkAZ[%egEQU%f�A�UXcCca��] E;[%S WYPRGkWYEQUXo�U:�LAZb3~��

rd ∝
1

V 2
.

¡v77�C£�¢
��PRG�UXS�oFcCACWYDRfFG

A(r)
[X]�WYPRG�AC[%esy b � ')��*+��� �$#�')�� UXW�b;[%S�G�f�AZbYWQUXeRO�G

r
] EQ[%S WYPRG�WYEQUXo O�GTe<W;GTE�AZb

oFE;[%o [%EYWYAZ[%eiUXcdW;[�WYPRG�UXS�oFcCACWYDRfFG
EQ(r)

[X]
WYPRG`}<DiU%f�EYDFo [%cZG$�iGTcZf{UXW3WYPFAZblf�AZbYWQUXeRO�G]�)��PRG`UXS�oRc�ACWYDifFG
[X]
WYPRGk}7DiU%f�E;DFo [%cZG(�iGTcZf|AZb3bYACS�oFca��WYPRGxB�EQU%f�AZGTe<Wl[X]
WYPRGk}7DiU%f�EYDFo [%cZGko [%W;GTe<WYA�UXcd[X]�G�}7ek��¡��7�C£�¢�UXeRf|ACW
AZbrbYWYEQUXACB�P<W ]�[%EYp�UXE;fgWYPRGTegW;[�fFGTEYAC_�GkWYPiUXW

EQ(r) ∝ rV .
¡v77�/��¢

��GTeRO�G��NU�B�AC_�GTe�bYWYEQU�� �iGTcZf
Es

OmUXDRb;G�bhU�f�AZbYoFc�U%O�GTS�GTe<W
rd

p3PFAZOQP{cZGmU%fFblW;[�GTeFPiUXeRO�G�f{S�AZOTE;[%S�[%WYAZ[%e
[X]�UXS�oFcCA�W;DRfFG�¡tG�}7ek�s¡v77�C£�¢�ACe<W;[{¡v77�/��¢Y¢

A(r) ∝ 1

V
∝ 1√

P
.

��PFAZb�S�GmUXeRb�WYPiUXW�W;[ '  ��* � "/! � #! ��� '�� *+��� �$#�')�� � ���5� " "$#�'��$ OmUXDRb;G�f�~���UxB�AC_7GTeVbYWYEQU��+�iGTcZfV[%eRG3PiU%b
W;[ � �+� * � "/! �(#! ������
	���*0' , � ���#� � * P �

7�7



�E������� � � �6���E� ��� �

� ��� � � ()*
	 ��� ��* ()�

% W�p�U%b�]t[%DFeRfwU:]tW;GTE�WYPRGM�RE;bYW�]�GTp�S�[%e<WYPRbr[X]dB�[<[<f|[%o GTEQUXWYAZ[%e{[X]dWYPRG�eRGTp WYEQUXo¤¡ DibYACeFB�GTcZG�OTWYE;[%ewB�DFe
AZ[%eFAC��UXWYAZ[%eN¢�WYPiUXWkOQPiUXEYB�G+�iGTcZfFbx~ G�OmUXS�G�ACeROTE;GmU%bYACeFB�ca��fF[%S�ACeiUXe<W�� " WM�RE;bYWm��S�AZOTE;[%S�[%WYAZ[%e�O�[%S�o GTe�u
bQUXWYAZ[%e|~ G�OmUXS�GxS�[%E;G`UXeRf�S�[%E;Gkf�A KVOTDFcCWlUXeRf�WYACS�GkO�[%eRbYDFS�ACeFBVU%brU:] W;GTE3GT_7GTEH�VcZ[�U%f�ACeFB�bYWYEQU��*�iGTcZfFb
p�GTE;GkO�[%S�oFcZGTW;GTca�wf�A���GTE;GTe<WrACe{UXegUXEY~FACWYEQUXEH��p�U �s��ML[<[%e{bYWYEQU�� �iGTcZfFb�p�GqEQGkb;[\c�UXEYB�GxWYPiUXW3W;PRGF��O�[%DFcZf
eR[%W�~ Gle<DFcCcZG�f|UXe���S�[%E;G��LGT_7GTe�p3ACWYP|O�[%S�o GTeRbQUXWYAZ[%e|_7[%cCWQUXB�G�b�[X]�DFo�W;[ ������� ��� 1 ~Rb;GTEY_�UXWYAZ[%e|[X]�AZ[%e
S�[%WYAZ[%e�[%e�WYPRG��3��j OmUXS�GTEQU�DFeRfFGTE�_�UXEYA�UXWYAZ[%e�[X]�WYPRG�U:�LA�UXc^UXeRf�EQU%f�A�UXc�WYEQUXo�]tE;G�}<DRGTeROTACG�b�¡ ;�DRb;WxU%b
ACe¤o [�b;ACWYAZ[%e�O�[%S�o GTeRbQUXWYAZ[%eN¢�UXcCcZ[�prb\Uw}<DFACW;GVU%O�OTDFEQUXW;G�G�bYWYACSVUXW;GV[X]�WYPiG�SVUXB�eFACWYDRfFG�[X]3WYPR[�b;G�bYWYEQU��
�iGTcZfFb�����ACWYP�WYPFAZbkS�GTWYPR[<f�ACWxp�U%bx]t[%DFeRf¤UXWkb;[%S�G�o [%ACe<WkWYPiUXWkA�e¤[%E;fFGTEkW;[|O�[%S�o GTeRbQUXW;G�WYPRG�B�AC_�GTe
bYWYEQU��~�iGTcZfFbm� O�[%S�o GTeRbQUXWYAZ[%e�_�[%cCWQUXB�G�bx[X]�bQGT_�GTEQUXc
W;GTe�WYPR[%DRbQUXeif�_�[%cCW;bhp�[%DFcZf�PiUm_�Gn~ GTGTe�eRG�OTG�bQbQUXEH�s�
% W�b;PR[%DFcZf|~ G�S�GTe<WYAZ[%eRG�fgWYPiUXWrbYDROQPwG � G�OTW;brUXE;GxeR[%W3oiUXEYWYAZOTDFc�UXErW;[�[%DFErb;GTWYDFo|~FDRW�PiUm_7Gx[<O�OTDFEYE;G�fwACe
[%WYPRGTE3Gq�Lo GTEYACS�GTe<WQb$9/7F0R�w5���:sUXeRf�OmUXDRbQG�f�b;GTEYAZ[%DRb�oFE;[%~FcZGTS�b�WYPRGTE;G��LACe|bQ[%S�G�OmU%b;G�b�GT_7GTe�~FEYACeFB�ACeFB�WYPRG
Gq��o GTEYACS�GTe<WlW;[�U�OT[%S�oRcCGTW;G�PiUXcCW��

��PRG�O�GTEQUXS�AZOxb;DFoFo [%EYW�bYWYEYDROTWYDFE;G�b3[X]sWYPRGheRGTp�WYEQUXogUXE;Gl] DFEYWYPRGTErUmp�U���]tE;[%S WYPRGhWYEQUXo|O�GTe<W;GTE�WYPiUXe
WYPRG�O�[%S�o GTeRb UXWYAZ[%ewGTcZG�OTWYE;[<fFG�blUXeRf�WYPRGTACE3bYDFE ]vU%O�GhAZb�B�E;GmUXWYca�VE;G�f�DRO�G�f|p3ACWYP�E;G�bYo G�OTW�W;[nWYPRG�[%cZf�WYEQUXok�
��PFAZblcZG�fgW;[�WYPRG�O�[%eROTcCDRbYAZ[%e�WYPiUXW�bYDROQP�bYWYE;[%eFB�bYWYEQU�� �iGTcZfFb�O�[%DFcZfgeR[%Wl~ G`oFE;[<f�DRO�G�f�~��wOQPiUXEYB�G�bh[%e
WYPRG�O�GqE UXS�ACO�bk~FDFW�SnDRb;WxbYW;GTS ]tE;[%S OQPiUXEYB�G�bk[%e�bYDFE ]�U%O�G�b�SnDROQP�OTcZ[�b;GTExW;[�WYPRG\WYEQUXo�O�GTe<WQGqE���A � G]� [%e
WYPRG �h@ GTcZG�OTWYE;[<fFG�bh[%Eh[%egWYPRG�GTeRfLu�OmUXoRb�� ��PRGk]vU%OTWrWYPiUXWrWYPRG`WYEQUXo{PiU%fw~ G�GTe�[%o GTEQUXWYACeFB�eFAZO�GTca�w[�_7GTE
WYPRG&�RE;bYWhS�[%e<WYPRbkUXeRf�WYPiUXW�WYPRGn~iU%OQ�LB�E;[%DFeRf�oFE;G�bQbYDFE;Gn[X]�WYPRGn_%U%OTDFDFS OQPiUXSn~ GTExPiU%f�UXcCp�U��Lb�~ G�GTe
U%b3B�[<[<f{U%b

10−11
Sn~iUXElbYDFB�B�G�bYW;G�fwWYPiUXWrWYPRGxoiUXW;OQPiGTbl[%egp3PFAZOQP{OQPiUXEYB�G�brp�GTE;GkcZ[<OmUXcCAC�mG�fwPiU%fwW;[�~ G

¡t[m��AZf�AC�mG�fi¢�fFGTo [�bYACWYAZ[%eRb�[X]�SVUXW;GTEYA�UXcN]tE;[%S WYPRGh[�_7GTe�~ GmUXS � " e�[%oFWYAZOmUXc o [%EYWk¡ ~ GmUXS OQPiUXeFeRGTc�jx[%o���¢
p�U%b�DRb;G�f�W;[\[%~Rb;GTEY_7GlWYPRG�WYEQUXo�] E;[%S ~ GTcZ[�p`��p3PRGTE;GhWYPRG�[�_7GTe�~ GmUXS PFACW;b�WYPRG@�h@¤GTcZG�OTWYE;[<fFG�b �C��PRGTE;G
p�U%b�ACeRfFG�G�f Uj7�S�S f�A�UXS�GTW;GTEVE;[%DFeRf oiUXW;OQP [X]x[X]�¡ B�E;GF�R¢nOmUXcZOTACDFS fFGTo [�bYACW�_<AZbYAC~FcZG���f�AZbYWYEYAC~FDFW;G�f
[�_7GTE�W p�[�~Fc�U%fFG�b�UXeRf ;�DRb;W�W;[%DROQPFACeFBwWYPRG\WYACoRbx[X]�WYPRG�GTeRfLu�OmUXoRb�� 4 _%UXo [%EQUXWYACeFBgWYPFAZbxoiUXW;OQP�~��{c�U%b;GTE
PRGmUXWYACeFB�p�U%b�WYPRGl[%eFca��[%oFWYAZ[%eVWQ[`b;[%cC_�G3WYPRG3oFE;[%~FcZGTS p3ACWYPR[%DFW�[%o GTeFACeFBnDFo�WYPRG3_�U%OTDFDFS bC�LbYW;GTS ��@R[%E
WYPFAZbm� WYPRG�UXEYB�[%e�AZ[%e�c�U%b;GTExp�U%bxDib;G�f �+��PRG\c�U%b;GTEk~ GmUXS p�U%bxDRb;G�f�DFe�]�[<OTDRb;b;G�f�p3ACWYP�U�f�A�UXS�GTW;GTE`[X]
UX~ [%DFWR��S�S ACe|[%E;fFGTE�eR[%W�W;[noFE;[<f�DRO�G�W;[<[nSnDROQP|cZ[<OmUXc�PRGmUXW�p3PFAZOQP|S�ACB�P<W�S�GTcCW�WYPRG�bYW;G�GTc � " �3��j
OmUXS�GTEQU\p�U%b�ACeRbYWQUXcCcZG�f|W;[\S�[%eFACW;[%E3WYPRGx~ GmUXS o [�b;ACWYAZ[%ew[%e|WYPRGxWYEQUXok����PiG�cCACB�P<W�o [�p�GTE�p�U%b�EQUXS�o G�f
DFo�ACe�bYW;GToRb�DFe<WYACc^UXe�ACeROTE;GmU%b;G\ACe�_�U%OTDFDFS oFE;G�b;bYDFE;Gnp�U%bx[%~RbQGTEY_�G�f�ACeRf�AZOmUXWYACeFBwWYPRG\GT_�UXo [%EQUXWYAZ[%e�[X]
SVUXW;GTEYA�UXc �0��DFE;bYW;b`[X]�B7U%bkp�GTE;G�[%~Rb;GTEY_7G�f¤UXW�b;GT_�GTEQUXc�f�AZb;OTE;GTW;G�cCACB�P<Wko [�p�GTEkcZGT_7GTcZbm�s[%e�WYPRG�[%E;fRGqE�[X]
U�]�Gqp ��UXWYW;bm� oFE;[%~iUX~Fca��O�[%EYE;G�bYo [%eRf�ACeFB{W;[|WYPRG�GT_�UXo [%EQUXWYAZ[%e�[X]3f�A���GTE;GTe<W`Wv�Lo G�bk[X]�SVUXW;GTEYA�UXc �*��PRG
~ GmUXS p�U%b3b;OmUXeFeRG�f|b;cC[:p3ca��[�_�GTErUXcCc�oiUXW;OQPRG�fgUXE;GmU%blUXW3GmU%OQPw[X]dWYPRG�b;G�o [�p�GTE3cZGT_�GTcZb �S��PiG�SVU:�LACSnDFS
c�U%b;GTE�o [�p�GTEVUXoFoFcCAZG�f p�U%bw£������ " ] W;GTE�WYPiUXWm��UXcCc�_LAZbYAC~FcZG|fFGTo [�bYACWYAZ[%eRb�p�GTE;G|B�[%eRG]� %�W�p�U%b\]t[%DFeRf
ACegWYPRGkeRGq��WlGq�Lo GTEYACS�GTe<WQUXcdEYDFegWYPiUXWm�RACeRfFG�G�f �RWYPRGkoiUXW;OQPRG�blPiU%fw~ G�GTe{GT_�UXo [%EQUXW;G�f{bYDiOTO�G�bQb ] DFcCca�wUXeRf
WYPiUXWhWYPRG�WYEQUXo�O�[%DFcZf{~ Gn[%o GTEQUXW;G�f�eR[%EYSVUXcCca��UXB7UXACek�S��Gq]t[%E;GnbYW;[%EYACeFB�AZ[%eRb�UXB7UXACe�� PR[�p�GT_�GTEm��UVb;GTWYDFo
]�[%E`E;G�b;[%eiUXe<WnoFPR[%W;[%AZ[%eFAC��UXWYAZ[�e W;[wEQGqoRcZU%O�G�GTcZG�OTWYE;[%e�ACS�oiU%OTWnAZ[%eFAC��UXWYAZ[%e p�U%b�oFE;GToiUXE;G�f�ACe�[%E;fFGTE�W;[
Um_7[%AZf|oiUXW;OQP{oFE;[%~FcZGTS�brACegWYPRGx] DFWYDFE;G]�C��PFAZblb;GTWYDFogAZb3oFE;G�b;GTe<W;G�fgACewWYPRGx]�[%cCcZ[�p3ACeFBVb;G�OTWYAZ[%ek�
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ACB�DFE;G&7�, 0RK " W;[%S�AZOn��U�,

-lG�b;[%eiUXeLWroFPR[%W;[%AZ[%eFAC��UXWYA�[%e�OmUXe�OTDFE;G`SVUXe/.gGq�Lo GTEYACS�GTe<WQUXc
oFE;[%~�u
cZGTS�b{U%bwfFG�bQOqE;A�~ G�f ACe WYPRG�oFE;GT_LAZ[%DRbgb;G�OTWYAZ[%eRbg[X]\WYPFAZbgOQPiUXoFW;GTEmK
��PRGTE;G¤AZb{G�b;b;GTe<WYA�UXcCc0.  �1�  "�* %�'  % �	� [X]�bYDFE ]vU%O�G�b{f�DRG¤W;[ WYPRG
cZ[�U%f�ACeFB�oFE;[<O�G�b;b�U%bnWYPRG�e<DFSn~ GTE�[X]r]tE;G�G�GTcZG�OTWYE;[%eRb�oFE;[<f�DRO�G�f AZb
eRGTB�cCACB�AC~FcZG{O�[%S�oiUXE;G�f W;[�WYPRG|e<DFSn~ GTEVeRG�O�G�b;bQUXE1.�]�[%E�AZ[%eFAC��UXWYAZ[%e
~/.wGTcZG�OTWYE;[%e�ACS�oiU%OTW2,43 � � ��* �&' ��� � * '�# " ')�� �! UXE;G�oFE;[<f�DRO�G�f�U%bm�
f�DRG�W;[�WYPiG�E;G�b;[%eiUXe<W�eiUXWYDFE;G|[X]lWYPRG�oFE;[<O�G�bQbm�^[%eFc0. UXW;[%S�AZO|OmUXc�u
OTACDFS p3ACcCc3~ G�AZ[%eFAC�mG�f5, %�e ]vU%OTWm��[%DFE�oFPR[%WYAZ[%eFAC��UXWYAZ[%e b;OQPRGTS�G|AZb
GT_�GTeVAZb;[%W;[%o Glb;GTcZG�OTWYAC_7G��LU%b�p3ACcCci~ Grb;PR[�p3e�~ GTcZ[�p6, 4 b;b;GTe<WYA�UXcCc0.��  �
��"$# �� �0! [X]�SVUXW;GTEYA�UXcs]tE;[%S WYPRG�[�_�GTe{~ GmUXS UXE;G`fRGqo [�b;ACW;G�f �� #! �
��" �+�	#�*+� � �0! ,j��PRG�E;GmU%b;[%e�]t[%E\WYPFAZbnAZbnWYPiUXW\oFPR[%W;[%AZ[%eFAC��UXW;AZ[%e AZb\b;[
SnDROQP¤S�[%E;G�GLKVOTAZGTe<W�WYPiUXe¤AZ[%eFAC��UXWYAZ[%e�~/.�GTcZG�OTWYE;[%e�ACS�oiU%OTW�WYPiUXW
WYPRG�UXW;[%S�AZOhOmUXcZOTACDFS zRD��VO�[%DFcZfV~ GrB�E;GmUXWYc0.�E;G�f�DRO�G�f�¡tb;G�Gr~ GTcZ[�ph¢7,
��PRG�cZGT_7GTcZb\[X]�UXW;[%S�AZO|OmUXcZOTACDFS E;GTcZGT_%UXe<W\]�[%EnWYPRG�E;G�b;[%eiUXe<W�oFPR[Xu
W;[%AZ[%eFAC��UXWYAZ[%e UXE;G�b;PR[�p3e ACe @
ACB8,S7�, 08, % e�]vU%OTWm��oFPi[%W;[%AZ[%eFAC�mU%WYAZ[%e
]t[%E3cZ[�U%f�ACeFB�U:9�UXDFc�WYEQUXogPiU%b3~ G�GTegfRGqS�[%eibYWYEQUXW;G�fgoFE;GT_<AZ[%DRb;c�.�~/.
;8;1<�EYB7U�UXEQf ��# "#">= 9/7�H�:�¡ B�E;G?.VUXEYE;[�prb�A�e�@dACB8,z7�, 0<¢7,���PRG�b;G�UXDFWYPR[%E;b

DRb;GnU�E;G�bQ[%eiUXe<WlWYEQUXeRb;A�W;AC[%e�UXWG��IJ��eFS ]�[%cCcZ[�p�G�f{~/.gU�b;o [%e<WQUXeRG�[%DRbhfFG�OmU2.{UXeRf�UXe�Gq�FOTACWQUXWYAZ[%e�p3ACWYP
WYPRG�bQUXS�G\cCACB�P<W�UXW&��IJ��eFS ]�UXExACe<W;[|WYPRG�O�[%e<WYACe<DFDFS@, %�e�[%DFE`b;OQPRGTS�Gg¡ ~Fc�U%OQ��UXEYE;[�prbkACe�@
ACB8, 7�, 0<¢q�
WYPRG�E;G�b;[%eiUXe<WrGq�FOqACWQUXW;AC[%ew] E;[%S WYPRG

4s1S0
B�E;[%DFeRfwbYWQUXW;G�W;[\WYPRG

4p1P1
b;WQUXW;G�¡

Γnat = 34.7
B��h�:¢�UXW

0 ����,JI%��£3eFSa¡ _�U%OTDFDFS p�Um_7GTcZGTeFB�WYP���]tE;[%S WQUX~FcZG�b^ACe 9 ����: ¢dAZb^f�ACE;G�OTWYc0.n]�[%cCcZ[�p�G�f�~/.\UXe�Gq�FOTACWQUXWYAZ[%e�p3ACWYP
cCACB�P<WhUXW�UX~ [%DFWh����£`eFS W;[A-B.�f�~ GTEYBVbYWQUXW;G�b3] E;[%S p3PRGTE;G`WYPRG�UXW;[%SaAZb.�iGTcZfLuvAZ[%eFAC�mG�f{~/.�WYPRGk_�UXE1.<ACeFB
GTcZG�OTWYEYAZO �iGTcZfFbkoFE;G�bQGTe<WkACe�WYPRG�WYEQUXo�_7[%cCDFS�G�UXW�UXe/.�B�A�_7GTe�WYACS�GC, ��PRG�oFEYACSVUXE1.¤U%f�_%UXe<WQUXB�G�[X]�WYPFAZb
b;OQPRGTS�G�AZb`WYPiUXW`WYPRG�p�Um_7GTcZGTeFB�WYPRb\UXE;GVU%O�O�G�b;bYAC~FcZG�W;[|E;[<[%S W;GTS�o GTEQUXWYDFE;GVc�U%b;GTE�f�AZ[<fFG�b`p3PFAZOQP�PiUm_7G
~ G�GTegO�[%S�S�GTE;OTA�UXcCc0.{Um_%UXACc�UX~FcZGx]t[%E3W p�[:.7GmUXE;b DE,���PRGkbQGTWYDFogOT[%eibYAZbYW;b3[X]
W p�[�c�U%bQGTE3f�AZ[<fFG�brACe0, ACWYWYE;[�p
O�[%e<�RB�DFEQUXWYAZ[%eF,kjxGTWQUXACcZbkUXE;GnoFE;G�b;GTe<W;G�f�ACe 9/5�7�� ��£L:�,(��PRGnc�U%b;GTE�cCA�B�PLWkUXW(��IJ�VeFS ACe�WYPRGnGq��o GTEYACS�GTe<W
[X]%;8;1<�EYB7U�UXE;f ��# " "0= PiU%fgW;[�~ G�oFE;[<f�DRO�G�f{~/.gU�] E;G�}<DRGTeRO?.wfF[%DR~FcZGTf�UXEYB�[%e{AZ[%e�c�U%b;GTEloFDFS�o G�f�f�.7G
c�U%b;GTErp3PFAZOQPgE;G�}<DFACE;G�brb;ACB�eFA �iOmUXe<WlO�[�b;WlUXeRfwSVUXACe<W;GTeiUXeRO�G\U%brO�[%S�oiUXE;G�fgW;[�f�AZ[<fFGkc�U%b;GTE;b GC,
@i[%E�WYPRG3b;G�O�[%eRf�bYW;GTo�WYPRG3Gq�FU%OTW^p�Um_�GTcZGTeFB�WYP�] E;[%S WYPRG

4p1P1
cZGT_7GTc�W;[xWYPRG�O�[%e<WYACe<DFDFS WYPFE;G�b;PR[%cZf�AZb

��5���,/5���5keFS u
UXB7UXACe�WQUX��GTe�]tE;[%S WYPRG3WQUX~FcZG�b�ACe 9 ����:�, 4 �FOTACWYACeFB�PFACB�P�c0.<ACeFBH-B.�f�~ GTEYBkcZGT_7GTcCb�p3PFAZOQP�UXE;G
bYDF~Rb;G�}<DRGTe<WYc0. �iGTcZf\AZ[%eFAC�mG�f�OmUXeI.LAZGTcZf�UlPFACB�PRGTE�AZ[%eFAC��UXWYAZ[%eVOTE;[�b;b�b;G�OTWYAZ[%e�WYPiUXe�f�ACE;G�OTW�Gq��OTACWQUXWYAZ[%e�ACe<W;[
O�[%e<WYACe<DFDFS 9 ����:�, B�[%EQGT[:_�GTEm�sWYPRG�GLKVOTAZGTeRO?.¤[X]3f�ACE;G�OTW�Gq�FOTACWQUXWYAZ[%e�ACe<W;[gO�[%e<W;A�eLDFDFS fFG�OTE;GmU%b;G�bnGT_�GTe
S�[%E;GVWYPRG�] DFEYWYPRGTEnWYPRG�Gq��OTACWYACeFB�cZU%bQGTE\UXACS�b�UX~ [�_�G�O�[%e<WYACe<DFDFS WYPFE;G�bYPR[%cZf5,{@R[%EnWYPRGVGTcZG�OTWYEYAZO �iGTcZfFb
oFE;G�b;GTe<W�ACe�WYPRGnWYEQUXoFoFACeFB|_�[%cCDFS�Gnp3PFAZOQP�UXE;G\[%e�WYPRG\[%E;fFGTEx[X]l£������ �6JXOTSg�NWYPRGnPFACB�PRG�bYW�AZ[%eFAC��UXWYAZ[%e
GLKVOTAZGTeROTAZG�b3p�GTE;G�Gq��o G�OTW;G�f�E;[%DFB�PFc0.�UXE;[%DFeRfw����£�eFS 9 ����:��Lp3PFAZOQPwO�[%EYE;G�b;o [%eRfFb�W;[nWYPRGxG �FOTACWQUXWYAZ[%ew[X]
-B.�f�~ GTEYBgbYWQUXW;G�bkp3ACWYP¤oFEYACeROTACoiUXc�}<DiUXe<WYDFS e<DFSn~ GTE

n ≈ 30
9/5�7�:�, ��PRG�bYWYE;[%eFB�c0.�_%UXE .<ACeFB��iGTcZfFb`ACe

WYPRG�WYEQUXo , p�U%bYP¤[%DFW2-�UXcCc�E;G�bQ[%eiUXe<W`bYWYEYDROTWYDFE;G�bkPRGTeRO�G�WYPRG�p�Um_�GTcZGTeFB�WYP�[X]�WYPRG�bQGTO�[%eRf�b;W;GTo�c�U%b;GTEkAZb
Gq��o GTOTW;G�fgeR[%WrW;[�~ G`OTEYACWYAZOmUXcsp3ACWYPFACe ±0.5 eFS UXE;[%DFeRf�����£keFS@,

% e�WYPRG�W;G�b;W�oFPiU%bQG3[X] WYPFAZb�b;OQPRGTS�G��<U�_%UXEYAZGTWK.�[X]�OmUXcZOTACDFS OTE1.Lb;WQUXcZb�UXeRf�OTcZ[%DRfFb^EQUXeFB�ACeFBk]tE;[%S bYACeFB�cZG
W;[{b;GT_7GTEQUXc�WYPR[%DRbQUXeRfFb\[X]3AZ[%eRb�p�GTE;G�cZ[�U%fFG�f�ACe<W;[{WYPRG�WYEQUXoF, " ]tW;GTE�[%oFWYACS�AC��ACeFB�WYPRG�p�Um_7GTcZGTeFB�WYP [X]
L V!X/s��FXnm T�Z�o/}CM[m]�Fm]\ o
N I�tS| �FZ]yFk�� {Or J.r2\ twX/ZL\�r��(t
�Jm	t�X/\ t
�Fr rWp���rWuwX6J.r2\ tw|!Z �PO 3Ld Q�t
��r8knmA|vrWuC| ��| twr J � ZAu ` V]`'\ JSR mA|Cm � m]X/knm]{Fk/r.m]\ � �FZ1R

{�r2s�mAyF|vr�k/XUT � tEXn\Mt
�Jm	tFR m � r2k/r2\�T]t
�Gu�mA\(TLr�X/| yF|vr��MX/\Mt
�Fr�O!m	u
��yF| knm]{�| � ZAu JRmVT]\Fr2|vX/yKJ |v��rWsWtvuwZL|vs2Z]� � o
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WYPRGR�RE;b;W�bYW;GTo�¡a0 ����eFS�¢^c�U%b;GTE�]t[%E�SVU:�LACSnDRS AZ[%e�oFE;[<f�DROTWYAZ[%e���WYPRGlp�U�_�GTcZGTeFB�WYP�p�U%b�S�G�U%b;DFE;G�f�p3ACWYP
WYPRG`p�Um_7GTS�GTW;GTE2,g��PRG`S�GmU%bYDFE;G�f{_�UXcCDRG�[X]S0 ����,JI%���F¡v��¢reFS ¡ _%U%OC,J¢VAZbrACe{_�GTE1.|B�[<[<f�UXB�E;G�GTS�GTe<W�p3ACWYP
WYPRG�_�UXcCDRG�E;GTo [%EYW;G�f�ACe�cCACW;GTEQUXWYDFE;G�¡tbQG�GVUX~ [�_7G�¢7,���PRGV[%WYPRGTEnc�U%b;GTE�p�U%b�_%UXEYAZG�f¤~ GTW p�G�GTe ������, H�UXeRf
����£C, 0�eFS p3ACWYPgAZ[%eFAC��UXWYAZ[%e�[<O�OTDFEYEYACeFB|UXWlUXe/.�p�Um_7GTcZGTeFB�WYPF,
� DiUXe<WYACWQUXWYAC_7G�S�GmU%bYDFE;GTS�GTe<W;b�[X]�WYPRG\AZ[%e .LAZGTcZf 9/5�7��Y��£L:�bYPR[�p WYPiUXWkoFPR[%W;[%AZ[%eFAC��UXWYAZ[%e�AZbk[�_7GTEG�R_7G

[%E;fFGTE;b`[X]�SVUXB�eFACWYDRfFG�S�[%E;G�GLKVOTAZGTe<WkWYPiUXe�WYPRG�GTcZG�OTWYE;[%e¤~ [%Sn~iUXE;f�S�GTe<W`S�GTWYPR[<f ��PRGTeRO�G\oiUXW;OQP¤Gq] u
]�G�OTW;bnOmUXe ~ GVB�E;GmUXWYc0.�E;G�f�DRO�G�f5,�j�DRGVW;[{WYPFAZb�UXeRf�WYPRG�eRGTB�cCACB�AC~FcZGwUXS�[%DFe<W�[X]lbYW;EQU2.¤GTcZG�OTWYE;[%eRb\WYPRG
ACe<WYE;[<f�DROTWYAZ[%e�[X]�oFPR[%W;[%AZ[%eFAC��UXWYA�[%eFAZbkPiU%bxcZGmU%f�W;[�O�[%eRbYAZfFGTEQUX~Fc0.�S�[%E;G�b;WQUX~FcZG\b;WYEQU2.~�iGTcZf�O�[%S�o GTeRbQU:u
WYAZ[%eg_7[%cCWQUXB�G�bm�Rb;G�G 9/5�7�:�]�[%ElU�fFGTWQUXACcZG�f�U%O�O�[%DFe<W2,

��PRGTE;GkAZbrU\o G�OTDFcCA�UXE3]tGmUXWYDFE;G`[X]doFPR[%W;[%AZ[%eFAC��UXW;AZ[%e{p3PFAZOQPwPNU%b�eRGT_7GTE3~ G�GTeg[%~Rb;GTEY_7G�f|p3ACWYPgGTcZG�OTWYE;[%e
B�DFe�cZ[�U%f�ACeFBRK�% [%eRb�[%eFc0.VUXoFo GmUXE�[%eVWYPRGhOmUXS�GTEQUnUXeRfVoFPR[%W;[%SnDFcCWYACoFcZAZGTE�[%eRG�U:]tW;GTE�WYPRGh[%WYPRGTE�[�_7GTE�WYPRG
O�[%DFE;b;Gl[X] S�ACe<DFW;G�b�U:] W;GTE�WYPRGrAZ[%eFAC��UXWYAZ[%e�c�U%b;GTE;b�UXE;Gr~FcZ[<OQ�7G�f5,S��PFAZb�bYDFB�B�G�bYW;b�WYPiUXW�AZ[%eRb�UXE;GroFE;[<f�DRO�G�f
ACe{PFACB�PRGTE�[%EY~FACW;b\¡tO�[%EYE;G�bYo [%eRf�ACeFB�W;[VO�GTEYWQUXACe�GTcZGTOTWYE;ACO&�iGTcZf{bYWYE;GTeFB�WYPRb ¢3p3PRGTE;G`WYPRG?.{UXE;G�[%DFW;bYAZfFG`WYPRG
jx[%oFoFcZGTE�O�[<[%cCACeFB\~ GmUXS�b�PRGTeRO�G�fF[�eR[%W�zRDR[%E;G�bQO�GC,�%�[%eRb�oFE;[<f�DRO�G�f�~ .�GTcCG�OTWYE;[%e|ACS�oiU%OTW�fF[�eR[%W�b;G�GTS
W;[�~ GwbYWQUX~FcZG|ACe bYDROQP PFACB�PRGTE�[%EY~FACW;bm��oFE;[%~iUX~Fc0. f�DRGwW;[�WYPRG|c�UXEYB�GTE�S�[%S�GTe<WYDFS UX~Rb;[%EY~ G�f ACe WYPRG
AZ[%eFAC��UXWYAZ[%e�oFE;[<O�G�b;b2,.% e�U%fFf�ACWYAZ[%e��NoFPR[%W;[%AZ[%eFAC��UXWYA�[%e�UXcCcZ[�prb�f�ACE;G�OTWhcZ[�U%f�ACeFB�ACe<W;[�U�WYACB�P<WhWYEQUXo�p3PFAZOQP
AZb3S�[�bYWrcCAC��GTc0.wUXcZb;[�f�DRGkW;[�WYPRG`bYSVUXcCcZGTErS�[%S�GTe<WYDFS WYEQUXeRb ]�GTE3ACegWYPRGkAZ[%eFAC��UXWYAZ[%e{oFE;[<O�G�b;b2,
��[%EY�<ACeFBgp3ACWYP�U�p�GTcCc�O�[%S�o GTeRbQUXW;G�f�OTE1.�bYWQUXc�[X]�W p�[g[%EkS�[%EQG�AZ[%eRb`AZbkACS�o [�b;bYAC~FcZG�p3ACWYP�GTcZG�OTWYE;[%e

B�DFe�AZ[%eFAC��UXWYAZ[%eF,P��PFAZbnAZb�~ G�OmUXDRbQGVACe [%E;fFGTEnW;[�U%OQPFAZGT_7G�UwPFACB�P S�AZOTE;[%S�[%WYAZ[%e S�[<f�DFc�UXWYAZ[%e ¡tPRGTeRO�G
U{B�[<[<f OT[%S�o GTeRb UXWYAZ[%e bYACB�eiUXc ¢`WYPRG -l@ f�EYAC_�G�[X]lWYPiG�WYEQUXo PiU%b\W;[�~ G�WYDFEYeRG�f �-� �  bYACB�eFA �iOmUXe<WYc0.
¡tb;G�G�b;G�OTWYAZ[%e 7�,/��¢7,gjx[%ACeFB�b;[{p3ACWYP�W p�[{AZ[%eRb�ACW\bYPR[�prb�W;PiUXW�UXW�WYPRG�[%eRb;GTWno [%ACe<W\[X]Y�s]�[%EnGq�RUXS�oFcZG��
UgO�[%EYE;GTc�UXWYAZ[%e bYACB�eiUXc�WYPRG�EQU%f�A�UXc�WYEQUXo¤]tE;G�}7DRGTeRO?.�PiU%b�~ G�O�[%S�G�b;[wp�GmUX���sWYPNUXW�WYPRG�AZ[%eRbkzRACo�ACe<W;[�U
O�[%e<�RB�DFEQUXWYAZ[%egp3PRGTE;GxWYPRG?.�UXE;G�oFc�U%O�G�f|o GTEYo GTeRf�AZOTDFc�UXErW;[\WYPRG�WYEQUXo{U:�LAZb2,�%�e|WYPFAZb�O�[%e<�RB�DREQUXWYAZ[%e��FWYPRG
AZ[%eRb�GTeRO�[%DFe<W;GTE�bYWYE;[%eFB6-l@ �iGTcZfFb�[X]�[%oFo [�bYACW;G�oFPiU%b;G�bm��WYP<DRb^WYPRG�O�[%EYE;GTc�UXWYAZ[%e�bYACB�eiUXcRf�AZbQUXoFo GmUXE;b2,S��PRG
[%eFc0.nb;[%cCDFWYAZ[%e�AZb
WYPRGTe�W;[�fFGTW;GTEYS�ACeRG3WYPRG�O�[%S�o GTeRb UXWYAZ[%e�_7[%cCWQUXB�G�b�p3ACWYP�[%eRG�AZ[%e\ACe�WYPRG�WYEQUXo�UXeRf\WYPRGTe
cZ[�U%f�W p�[�AZ[%eRb2,���PFAZb�AZb�o [�b;b;AC~FcZGlp3ACWYP�oFPR[%W;[%AZ[%eFAC��UXWYAZ[%ewp3PFACcZGhp3ACWYP�GTcZG�OTWYE;[%e|ACS�oiU%OTW�AZ[%eFAC��UXWYAZ[%e|WYPRG
eRGTp cZ[�U%f�ACeFBVp�[%DFcZfwSVUX�7GxWYPRGg; DRbYWrfFGTW;GTEYS�ACeRG�f{O�[%S�o GTeRbQUXWYAZ[%e�_%UXcCDRG�bl[%~Rb;[%cZGTW;GC,

" WlGT_7GTE1.|cZ[�U%f�ACeFB�EYDFe�p�G`PiUm_7G�[%eFc0.gGT_�GTEhbQGTGTe�oFDFE;GnOTE1.LbYWQUXcZb��ReRGT_7GTE�UXe/.weR[%e�u�zRDR[%E;G�b;OTACeFB�AZ[%eRb2,
% e�Ugb;GToiUXEQUXW;GVGq��o GTEYACS�GTe<W 9/5�7�:�UXe�UXW;[%S�AZO|��U|~ GmUXS p�U%b�ACcCcCDFS�ACeiUXW;G�f�p3ACWYP�0 ���weFS cCACB�P<W2, ��PRG
GTS�ACWYW;G�f�zRDR[%E;G�b;O�GTeRO�Glp�U%b�[%~Rb;GTEY_7G�f�p3ACWYP�UxoFPR[%W;[%SnDFcCWYACoFcCAZGTE�prPFACcCGrWYPRGrc�U%b;GTE�UXWC0 ���xeFS p�U%b�WYDFeRG�f
[�_7GTEnWYPRG�E;G�b;[%eiUXeRO�G���b;G�G�@
ACB8,S7�, 08,�@
AC_�G�OTcZGmUXEYc0.�E;G�b;[%cC_7G�f�E;G�b;[%eiUXeRO�G�bm��GmU%OQP O�[%EYE;G�bYo [%eRf�ACeFB�W;[�U
f�A�� GTE;GTe<WrO�UXcZOTACDFS AZb;[%W;[%o G�¡ 40 ��U�� 42 ��U�� 43 ��U�� 44 ��U�� 48 ��U�¢q��p�GTE;Gk[%~Rb;GTEY_�G�fj9/5�7��v��£L:��Fp3PFAZOQPwoFE;[�_7G�b
WYPRG�UX~FACcCACWK.�[X]�AZb;[%W;[%o G�b;GTcZG�OTWYAC_�G�oFPR[%W;[%AZ[%eFAC��UXWYAZ[%e�,���[%eRb;G�}<DRGTe<WYc0.7��AZb;[%W;[%o G�b`[%W;PRGTEkWYPiUXe 40 ��U|OmUXe~ GVcZ[�U%fFG�f ACe<W;[{WYPRG�WYEQUXo��^GT_7GTe�A�]rWYPRG?.¤PiUm_7G�U{b;[%S�GTp3PiUXW\cZ[�p UX~FDFeRfRUXeRO�G�ACe�WYPRG�[�_�GTe bQUXS�oFcZGC,
��PFAZbk[%oFWYAZ[%e�AZbxoiUXEYWYAZOTDFc�UXEYc0.�ACe<W;GTE;G�bYW;A�eRB�]�[%E 43 ��U�p3PFAZOQP�AZbkU�oFE;[%S�AZbYACeFB|] DFWYDFE;G�}<DF~FACWkOmUXeRf�AZfRUXW;G��
Oq]1,FOQPiUXoFW;GTEh��,
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! �"�  #
$ �  #
% �  

397 nm

866 nm

729 nm

854 nm

! % �  

@
ACB�DFE;GnI ,C£�K 1 oFWYAZOmUXc WYEQUXeRb;A�u
WYAZ[%eRbl[X]�ACe<W;GTE;G�bYWlACe
40 ��U + ,

@
ACB8,�I ,C£gE;G�OmUXcCcZb�WYPRG 40 ��U + cZGT_7GTchb;OQPRGTS�G�UXeRf WYPRGgWYEQUXeRb;ACWYAZ[%eRb
f�EYAC_7GTe�~/.�c�U%b;GTE;bkACe�WYPRG�Gq��o GqE;A�S�GTeLW2, %�e�UXe¤Gq�Lo GTEYACS�GTe<WQUXc�EYDFe��
WYPRG�c�U%b;GTE;bx]�[%E`jx[%oFoFcZGTE�O�[<[%cCACeFB ¡�����I�eFS UXeRf�5�7�7|eFS�¢kU%bkp�GTcCc
U%b3WYPRGxc�U%b;GTE;blUXWhIJ����eFSaUXeRf 5�HF0�eFSaUXE;G(�RE;bYWlU%fF;�DRb;W;G�f�]t[%Er[%o�u
WYACSnDFS bYoiUXWYA�UXcd[�_�GTEYc�UXo{p3ACWYPgWYPRG`AZ[%es¡tb ¢q�ibYo G�OTWYEQUXcdfFGTWYDFeFACeFB�UXeRf
cCACB�P<Wdo [�p�GTE2,!��PFAZbsAZbdfF[%eRG�ACe\UrO�[%e<WYACe<DR[%DRbdzRDR[%E;G�b;O�GTeRO�G�[%~ib;GTEY_%U:u
WYAZ[%e|S�[<fFGC,���PiGhoFE;[<O�G�f�DFE;G�b3PiUm_7Gh~ G�GTewf�AZb;OTDRb;b;G�f�ACe|WYPRGhWYPRG�bQG�b
[X]��xUXeFeRb u���PFEYAZbYW;[%oFP #'&XB�GTEYc89 H�£L:�����PFEYAZb;WYA�UXe -l[<[�b+9 0J:�UXeRf��xUXE u
UXcZf -l[%PRfFG$9 H���:�,S% e�O�[%e<WYEQU%bYW�W;[kO�[%e<WYACe<DR[%DRb�Gq�FOTACWQUXWYAZ[%e��7O�[%PRGTE;GTe<W
SVUXeFACoFDFc�UXWYAZ[%eRbk[%e�WYPRGn}<DF~FACW�WYEQUXeRbYACWYAZ[%e

S1/2 ↔ D5/2
UXE;G\fF[%eRG

ACe U�oFDFcZb;G�f S�[<fFGC, @
ACB8,�I ,/��bYPR[�plb�U�B�GTeRGTEYAZOwoFDFcZb;GwbQG�}7DRGTeRO�G
DRb;G�fgW;[VACe<W;GTEYE;[%B7UXW;GnWYPFAZblWYEQUXeRb;ACWYAZ[%eF,R��PRG�b;G�}<DRGTeRO�GnbYWQUXEYW;blp3ACWYP
�|S�b`[X]3jx[%oFoFcZGTEnO�[<[%cCACeFB8, " W`WYPRG�GTeRf¤[X]�WYPFAZb`o GTEYAZ[<f �
UwbYPR[%EYW
oFDFcZb;G�[X]�����I�eFS

σ−
o [%c�UXEYAC�mG�f{cCACB�P<WlAZbhUXoFoFcCAZG�fgp3PFAZOQP{oFE;GToiUXE;G�b

WYPRG\AZ[%es¡tb ¢lACe�WYPRG�( G�GTSVUXe¤bYDR~FcZGq_7GTc
S1/2,m = −1/2 ,k@i[%cCcZ[�p3ACeFBweRGq��W�AZb�WYPRG\o GTEYAZ[<f�[X]�O�[%PRGTE;GTe<W

SVUXeFACoFDFc�UXWYAZ[%eRb�[%e WYPRG
S1/2 ↔ D5/2

}7DiU%f�EYDFo [%cZGwWYEQUXeRbYACWYAZ[%eF,>��PRGwb;GTEYAZG�b�[X]�oFDFcZb;G�b�UXWVIJ����eFS
UXoFoFcCAZG�f{ACegWYPFAZblo GTEYAZ[<fgp3ACcCcs~ G`E;Gq]tGTEYEQGTf{W;[VU%blWYPRG , oFE;[%~ Gnb;G�}<DRGTeRO�GL-�,�j�DFEYACeFBVWYPFAZbrW;A�S�G�� UXcCcd[%WYPRGTE
c�U%b;GTE;b�UXE;Gr[ ����p3ACWYP�WYPRGrGq��O�GToFWYAZ[%eV[X] 5�7�7�eFS cCACB�P<W2,���PFAZb^AZb�UXcCcZ[�p�G�f �<U%b^WYPRG3c�UXWYW;GTE�fF[<G�b^eR[%W�OT[%DRoFcZG

397 nm

866 nm

854 nm

397 nm σ-

729 nm

counter

Doppler

cooling detectionprobe

0 2.0 2.3 5.0 ms




@
ACB�DFE;GnI ,/��K HwS�bnoFDFcZb;G�bQG�}7DRGTeRO�G�]�[%E\O�[%PRGTE;GTe<W�f�.LeiUXS�AZO�b2,{j�A�� GTE;GTe<WnB�E;G?.�b;OmUXcZG�b�]t[%EnWYPRG�bQUXS�G
c�U%b;GTErACeRf�AZOmUXW;G�f�A���GTE;GTe<Wrc�U%bQGTE3o [�p�GTE;b�,

IL£
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@
ACB�DFE;GnI , ��K�@
cCDR[%E;G�b;O�GTeRO�G�PFAZbYW;[%B�EQUXS�b`[X]x¡�U�¢�U�bYACeFB�cZG\AZ[%e¤UXeRf ¡ ~N¢�U�W p�[XuvAZ[%e¤OTE1.Lb;WQUXc+, ��PiG\B�E;G?.
UXEYE;[�prb�ACeRf�AZOmUXW;G�p3PRGTE;G�WYPFE;G�bYPR[%cZfFb�p�[%DFcZf�~ G�b;GTWd]�[%EdzRDR[%E;G�b;O�GTeRO�Grf�AZb;OTEYACS�ACeiUXWYAZ[%eF,���PRG
Um_7GqE UXB�GxO�[%DFe<W3EQUXW;Gxo GTE�AZ[%e|ACe¤¡�U�¢�AZb�b;cCACB�P<WYc0.Vc�UXEYB�GTE3WYPiUXewACe¤¡ ~N¢�~ G�OmUXDRbQG�WYPRG`����I�eFS
c�U%b;GTE�p�U%b�fFGTWYDFeRG�f|OTcZ[�b;GTE�W;[nE;G�b;[%eNUXeRO�GE,C% e�¡ ~N¢q�FUX~ [�_7GG��P���~ [%WYP|AZ[%eRb�zRDR[%E;G�b;O�G��LWYP<DRb
UXE;G�ACe¤WYPRG

S1/2
bYWQUXW;GC,"!�GTW p�G�GTe�WYPRG�W p�[wWYPFE;G�b;PR[%cZfFb�[%eFc0.�[%eRG�AZ[%e�zRDR[%E;G�bQO�G�bm�sp3PFACcZG

WYPRGx[%WYPRGTE�AZb�fRUXEY��¡ WYP<DRb�ACe
D5/2

¢7,#!�GTcZ[�p ��P�£M�ReiUXcCc0.��L~ [%WYP|AZ[%eRbrUXE;G�A�e|WYPRG
D5/2

UXeRf
[%eFc0.|b;OmUXWYW;GTE;G�fgcCACB�P<WrAZbrfFGTW;G�OTW;G�f5,

W;[�WYPRGk}<DiU%f�EYDFo [%cZG`WYEQUXeRbYACWYAZ[%e ¡tOq] ,Rb;G�OTWYAZ[%e�I , ��¢7,
��PRGV[�_7GTEQUXcCc�b;G�}<DRGTeRO�G �ReFAZb;PRG�b�p3ACWYP�WYPRGVfFGTW;G�OTWYAZ[%e o GTEYAZ[<f�p3PRGTE;G�WYPRG�GTcZG�OTWYE;[%e bYPRGTcC_LACeFB{W;G�OQP�u

eFAZ}<DRGg¡tOq] , b;G�OTWYAZ[%e���, ��,C£�¢�AZb`UXoFoFcCAZG�f�W;[wfFGTW;GTEYS�ACeRG�WYPRG�}7DNUXe<WYDFS bYWQUXW;G�[X]�WYPRG�AZ[%eF,�@i[%EkWYPFAZbm� WYPRG
S1/2 ↔ P1/2

f�ACo [%cZG�WYEQUXeRbYACWYAZ[%e¤AZb`UXB7UXACe�f�EYAC_7GTeF, ��PFAZbkp�U2.�WYPRG�AZ[%e�AZb`GTACWYPRGTEkoFE;[F;YG�OTW;G�f�ACe<W;[|WYPRG
D5/2

bYWQUXW;G�[%E�O?.�OTcZG�b^[%e�WYPRG
S1/2 ↔ P1/2

WYEQUXeRbYACWYAZ[%eF,�%�e�WYPRG8�RE;bYW�OmU%b;G���WYPRG�AZ[%e�AZb^fRUXEY�nWQ[�WYPRG�c�U%b;GTE
EQU%f�A�UXWYAZ[%e�UXeRf{PRGTeRO�G\[%eFc0.gbYWYEQU2.wcCACB�P<WxUXWx����I�eFS AZb�O�[%cCcCG�OTW;G�f�[%e�WYPRG 9CBP�k�Np3ACWYP�O�[%DFe<WhEQUXW;G�b�[X]
UXoFoFE;[m��ACSVUXW;GTc0. �x���h� ,!%�] ��PR[�p�GT_7GTEm�7W;PRGrAZ[%e�O?.�OTcZG�b�[%eVWYPRG

S1/2 ↔ P1/2
WYEQUXeRb;ACWYAZ[%e���Uxzi[%DFE;G�b;O�GTeRO�G

EQUXW;G�[X]3��H�W;[�0 ���L�h�g¡ o GTEkAZ[%eN¢hAZbk[%~FWQUXACeRG�f5, ��PFAZb
.LAZGTcZfFb�U�_7GTE1.{B�[<[<f�f�AZbQOTEYACS�ACeiUXWYAZ[%e ¡
> 99

N�¢
~ GTW p�G�GTe , AZ[%e�zRDR[%E;G�b;O�G�b2- ¡⇔ S1/2

¢�UXeRf , AZ[%e|fRUXEY�z- ¡⇔ D5/2
¢^p3ACWYPFACe�WYPRGG��,JI`S�b�[X]sfFGTW;G�OTWYAZ[%e|WYACS�GC,

@
ACB8,FI , �F¡�U�¢�bYPR[�prb3Unb;ACeFB�cZGhAZ[%e|PFAZbYW;[%B�EQUXS [X]soFPR[%W;[%SnDFcCWYACoFcZAZGTErO�[%DFeLW;b�O�[%cCcZG�OTW;G�fw[�_7GTE�SVUXe/.�Gq��o GTE u
ACS�GTe<WQUXc�bQG�}7DRGTeRO�G�b2,+% e�WYPFAZbkOmU%b;G�� WYPRG\AZ[%e�p�U%bkGq�FOTACW;G�f�E;G�bQ[%eiUXe<WYc0.�UXWnIJ����eFS f�DFEYACeFBwWYPRG�oFE;[%~ G
o GTEYAZ[<f5, " WYPFE;G�bYPR[%cZf���PgAZbrb;GTW3~ GTW p�G�GTegzRDR[%E;G�b;O�GTeRO�G 1 # UXeRf|zRDR[%E;G�b;O�GTeRO�G 1 @�@ ,
��G\WK.<oFAZOmUXcCc0.�o GTE ]�[%EYS £�����b;DROQP�Gq�Lo GTEYACS�GTe<W;b`p3ACWYP�WYPRG�b UXS�G\oiUXEQUXS�GTW;GTE;b`W;[�E;G�O�[%E;f�[%eRG�fRUXWQU

o [%ACe<W2,+��PRG�c�UXWYW;GTExAZbkOmUXcZOTDFc�UXW;G�f�U%bxWYPRGn]tEQU%OTWYAZ[%e�[X]�zRDR[%E;G�b;O�GTeRO�G 1 @�@�GT_7GTe<W;b2,&% W�E;GToFE;G�b;GTe<W;bkWYPRG
D5/2

bYWQUXW;G�oFEQ[%~iUX~FACcCA�W . UXeRf�p3ACcCc�~ G�fFGTeR[%W;G�f
PD

ACe WYPRGV]�[%cCcZ[�p3ACeFB8,6#h[%W;G�WYPiUXW�ACe WYPRG|j�[%oFoFcZGTE
O�[<[%cCACeFB�o GTEYAZ[<f � 5�HF0�eFS cCACB�P<WhAZb�[%eF,M��PFAZbhAZbhfR[%eRG�W;[VE;GToFDFS�o¤U�o [�b;bYAC~FcZG

D5/2
bYWQUXW;Gno [%oFDFc�UXWYAZ[%e

¡ ]tE;[%S WYPRGkoFE;GT_LAZ[%DRblb;G�}7DRGTeRO�G�¢�W;[
S1/2

,
��PRGkb;PR[%EYWlHnS�b3oFDFcZb;GkbQG�}7DRGTeRO�GxPNU%b�WYPRG�U%f�_%UXe<WQUXB�GkWYPiUXWrE;G�O�[%E;f�ACeFBV[%eRGkfiUXWQU\o [%ACe<Wl[%eFc0.�WQUX�7G�b

UX~ [%DFWrIJ���`S�b��7ACeROTcCDRf�ACeFB�WYPRGhbQGTWYWYACeFB\[X]s_%UXEYAZ[%DRb�fFGT_LAZO�G�b�UXeRf�WYPRGTACE�O�[%S�SnDFeFAZOmUXWYAZ[%ewp3ACWYP�WYPRG�O�[%e�u
WYE;[%csO�[%S�oFDFW;GTE2,)% W3AZb3DRb;G�f{U%b3cZ[%eFB�U%b3S�[%WYAZ[%eiUXcsB�E;[%DFeRf{bYWQUXW;G`O�[<[%cCACeFB�AZbreR[%W3EQGT}<DFACE;G�f5,)B�[%E;G�[�_7GTEm�
U%bnACW\AZbneR[%W�b1.LeROQPFE;[%eFAC�mG�f�W;[�WYPRG�o [�p�GTE\cCACeRGV]tE;G�}7DRGTeRO?.�[X]�H����l����WYPRG�G ��G�OTWYAC_7G�SVUXB�eRGTWYAZO �iGTcZf
zRDROTWYDiUXWYAZ[%eRbV¡tf�DFEYACeFB|WYPRG\oFE;[%~ G\o GqE;AC[<fFbq¢�UXE;G\b;[%S�GTp3PiUXWxc�UXEYB�GTExA�]�cCA�eiG\b1.LeROQPFE;[%eR[%DRb�zRDROTWYDiUXWYAZ[%eRb

IJ�



� ��� �J��� ��� ��� �N� �]� 
 ������� ���G� �F
w� �T�]���-��
w� 
����

-10 -8 -6 -4 -2 0 2 4 6 8 10
0.0

0.2

0.4

0.6

0.8

�����
	

��
��

��
�

��
�

��
�

��
�

+A
-A
 +2A
 +R
-2A
-R


+A
 +R
 +A
-A
-R


@
ACB�DFE;GnI , 0RK�M<ACeFB�cZG{AZ[%e Gq��OTACWQUXWYAZ[%e�bYo G�OTWYEYDFS [%e WYPRGg}<DiU%f�EYDFo [%cZG{WYEQUXeRbYACWYAZ[%eF, ��PRG~�R_7GgOmUXEYEYAZGTE
WYEQUXeRbYACWYAZ[%eRb

S1/2(m = −1/2) ↔ D5/2(m
′)

UXE;G fFGTeR[%W;G�f ~/. �
m′
�\p3PRGTE;G

m′ =
{−5/2,−3/2,−1/2,+1/2,+3/2} ,!��PRG?.nUXE;G�bYoFcCACW
~/.nUlSVUXB�eRGTWYAZO �NGqcZf�[X]���, H��(QkUXDRbQb2,
" �LA�UXcLbYAZfFGT~iUXeRfFb^UXE;G�c�UX~ GTcZG�fn~/. " ��EQU%f�A�UXc�bYAZfFGT~iUXeRfFb
~/.H- ��� bYACB�eRbdACeRf�AZOmUXW;G�~FcCDRG�bYAZfFGqu
~iUXeRfFb�p3PFACcZG − bYACB�eRb�E;Gq]tGTE�W;[nE;G�f|bYAZfFGT~iUXeRfFb2,�@i[%E�WYPFAZb3b;OmUXe��LWYPRGxU:��A�UXcN]tE;G�}7DiGqeiO7.Vp�U%b
WYDFeRG�f�W;[

ωz = 2π · 1.715 B��l�n~/.�UXoFoFc0.<ACeFBwUXe�GTeRfLu�OmUXo�_�[%cCWQUXB�G\[X]
Vcap = 2000

�I,
1 e WYPRG|bYWYE;[%eFB�G�b;W�OmUXEYEYAZGTE��

−1/2
UXcZb;[�PFACB�PRGTE�[%E;fFGTE�U:��A�UXc3bYAZfFGT~iUXeRfFb{¡ ±2 " ¢nOmUXe ~ G

b;G�GTeF, ��PRGwE U%f�A�UXcrWYEQUXo ] E;G�}<DRGTeRO?. AZb
ωr ' 2π · 4.9 B��l� , ��PRGwWYEQUXeRbYACWYAZ[%eRb|�

−3/2UXeRf �
+1/2

p3PFAZOQP�bYPR[%DFcZf¤~ G�]t[%EY~FAZfFfRGqe�~/.�B�G�[%S�GTWYEYAZOmUXc�b;GTcZG�OTWYAZ[%e ¡tb;G�G�W;Gq�LW ¢`UXE;G�ACe�u
fFG�G�f�EQUXWYPRGTEnp�GmUX���dPRGTeRO�G�S�[%WYAZ[%eiUXc�bYAZfFGT~iUXeRfFb\OmUXeFeR[%Wn~ G�b;G�GTe ��E;G�b;AZf�DiUXc�Gq��OTACWQUXWYAZ[%e
[X]sWYPRG�b;GhWYEQUXeRb;A�W;AC[%eib�AZb�f�DRGhW;[\bYcCACB�P<W�ACS�o GTE ]�G�OTWYAZ[%eRb�ACe�WYPRG�~ GmUXS B�G�[%S�GTWYE1.�¡tf�ACE;G�OTWYAZ[%e
UXeRfwo [%c�UXEYAC��UXWYAZ[%eN¢7,

UXE;G�oFE;G�b;GTe<W{¡tb;G�G�bQG�OTWYAZ[%e I , ��¢7, " cCACeRG|b1.LeROQPFE;[%eR[%DRb�oFDFcZb;G�f b;o GTOTWYEQ[�b;O�[%o/.�E;G�}7DFACE;G�b�U�S�ACeFACSnDFS
cZGTeFB�WYP{[X]C����S�bm�Fb;G�G`b;G�OTWYAZ[%e�I ,/��,/�\]�[%ElU\B�GTeRGTEYAZO`oFDFcZb;G`b;G�}7DRGTeRO�GC,

��PRG�bYACS�oFcZG�bYWkWK.Lo G�[X]3U � *+� ��� b;G�}7DRGTeRO�G�AZb�U !0'  %#" � � � " !	� UXWnIJ����eFSg� p3PFAZOQP¤AZbkOQPiUXEQU%OTW;GTEYAC�mG�f
~/.�ACW;b�f�DFEQUXWYAZ[%e

t
�7ACW;b�]tE;G�}7DRGTeRO?.

ωl
UXeRfVWYPRGlcCACB�P<W�ACe<W;GTeRbYACWK. ,��sp�[�B�GTeRGTEYAZOhWK.Lo G�b�[X]sb;OmUXeRb�OmUXe�WYPRGTe

~ GxE;G�O�[%E;fFG�f KC% egU � * ��� � �  � " !���"� � t AZb��7GqoRW3O�[%eRbYWQUXe<WhUXeRf ωl AZb3b;OmUXeFeRG�f �Fp3PFACcZGxACe{U � � " ! � " �  %-#! 
!���"� p�G`b;OmUXe

t
UXWlO�[%eRbYWQUXe<W

ωl
,

" �0*���� ���  � " ! ��"� .LAZGqcZfFblUXe ���-��'�# "$#�'��� �! � �+�	#�*	� � [X]
WYPRG
S1/2 ↔ D5/2

WYEQUXeRb;ACWYAZ[%eF, " ewGq�RUXS�oFcZG
[X] UkbYACeFB�cZG3AZ[%e�Gq�FOTACWQUXWYAZ[%e�bYo G�OTWYEYDFS [�_7GTE^WYPRG3p3PR[%cZG ( G�GTSVUXe�uvSVUXeRA�]t[%cZfVAZb�bYPR[�p3e�ACe�@
ACB8,<I , 08, 1 eFc0.
�R_7Gr[X] WYPRGrW;GTe�WYEQUXeRbYACWYAZ[%eRb�UXoFo GmUXE�U%bm��oFEYAZ[%E�W;[�GmU%OQP�Gq�FOTACWQUXWYAZ[%e��<WYPRGrAZ[%eVPiU%b�~ G�GTe�oFE;GToiUXE;G�fVACeVWYPRG

I%�
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@
ACB�DFE;GnI , H�K M<ACeFB�cZG AZ[%e bYo G�OTWYEYDFS [X]VS�[%WYAZ[%eiUXc�bYAZfFGT~iUXeRfFb¤UXE;[%DFeRf WYPRG
S1/2(m = −1/2) ↔

D5/2(m
′ = −5/2) WYEQUXeRbYACWYAZ[%eF, - UXeRf " fFGTeR[%WQG{U:�LA�UXclUXeif EQU%f�A�UXchUXeRf U:�LA�UXclbYAZfFGqu

~iUXeRfFbm��EQGTb;o G�OTWYAC_�GTc0. ,C��PRG`U:��A�UXc WYEQUXo|]tE;G�}7DRGTeRO?.�AZb
ωz = 2π · 960 �L�h� ,�#h[%W;GxWYPiUXW3WYPiG

EQU%f�A�UXcLbYAZfFGT~iUXeRfFb^UXW
ωr ' 2π·4.95 B��h��UXE;G�W p�[Xu�]t[%cZf�p3ACWYP�UlbYoFcCACWYWYACeFB�[X] ' 2π·70 �L�h� ,��PFAZb�AZbnUwE;G�bYDFcCWn[X]lUwbYcCACB�P<W�B�G�[%S�GTWYEYAZO�ACS�o GTE ]tG�OTWYAZ[%e [X]3WYPRG�WYEQUXo�cCA�] WYACeFB�fFGTB�GTeRGTEQU%O?.

ACe|EQU%f�A�UXc�f�ACE;G�OTWYAZ[%eF,)��PRGkfFGq]t[<OTDRb;bYACeFB�G � G�OqWr[X]dWYPRGxEQU%f�A�UXc�] E;G�}<DRGTeRO?.�fFDRG�W;[\WYPRG`U:�LA�UXc
O�[%e<�ReRGTS�GTe<W|¡tb;G�G�G�}<eF,�¡���,C£�¢Y¢xAZb`EQUXWYPRGTEnbYSVUXcCc�ACe¤WYPFAZb�OmU%b;GVU%b

ωz
p�U%b`SnDROQP�bYSVUXcCcZGTE

WYPiUXegWYPRG , oFDFE;GL-xEQU%f�A�UXcsWYEQUXow] E;G�}<DRGTeRO?.
ωr0 ' 2π · 5.05 B��l� ,

S1/2,m = −1/2 bYWQUXW;G��7GTcCACS�ACeiUXWYACeFB\Hxo [�b;bYAC~FcZG3WYEQUXeRbYACWYAZ[%eRb2,S% eVU%fFf�ACWYAZ[%e��7PRGTE;G3WYPRG
φ = 45◦, γ = 0◦O�[%e<�RB�ACEQUXWYAZ[%e ¡tbQG�GkbQG�OTWYAZ[%e���, ��, H�¢�p�U%blOQPR[�b;GTeg]t[%ErWYPRGkB�G�[%S�GTWYE1.w~ GTW p�G�GTe�IJ����eFS c�U%b;GTEhUXeRfgSVUXB%u

eRGTWYAZOM�iGTcZf ��p3PFAZOQP{UXcCcZ[�prbr[%eFc0. 4m = 0
UXeRf 4m = ±2 WYEQUXeRbYACWYAZ[%eRb2,C#�[%W;GhWYPiUXW3WYPRG`IJ���neFS c�U%b;GTE

fFGTWYDFeFACeFB�AZb\OmUXcZOTDFc�UXW;G�f U%bnW p3AZO�G�WYPRG�f�EYAC_�GV] EQGT}<DRGTeRO?.�[X]lWYPRG�O�[%EYE;G�bYo [%eRf�ACeFB¤fF[%DF~FcZGquvoiU%b;b " 1 B
¡tb;G�G�b;G�OTWYAZ[%e�H�, ��¢�p3PFAZOQP�� UXWR�RE;bYWm�8.LACGTcZfFbr]tE;G�}7DRGTeROTAZG�bh[%e{WYPRG�[%E;fFGTEh[X]

2π · 460 B��h� ,�@i[%ExIJ����eFS
c�U%b;GTEr]tE;G�}<DRGTeRO?.wb;OmUXeRb\¡tbYDROQP�U%bhGq��OTACWQUXWYAZ[%e�b;o G�OTWYEQU�¢rf�AZbYoFc�U2.�G�f{ACe{WYPFAZblWYPRG�bYAZb��RWYPRGk]tE;G�}<DRGTeRO?.gU:��AZb
AZb�E;G�OmUXcCAC~FEQUXW;G�f�bYDROQPVWYPiUXW�ACW;b�[%EYACB�ACe�¡ �mGTE;[nfFGTWYDFeFACeFB<¢�O�[%ACeROTACfRGTb�p3ACWYP�[%eRGn¡ WK.LoFAZOmUXcCc0.�WYPRGlb;WYE;[%eFB�G�bYW ¢
OmUXEYEYAZGTErE;G�bQ[%eiUXeRO�GC,
@
ACB8,�I , H�bYPR[�prbxU�~ GTWYW;GTE�E;G�b;[%cC_7G�f�b;OmUXe ¡ WQUX��GTe�p3ACWYP�p�GmUX��GTExGq��OTACWQUXWYAZ[%e�O�[%S�oiUXE;G�f�WQ[�@
ACB8,�I , 0<¢

UXE;[%DFeRf [%eRG�[X]rWYPRG�OmUXEYEYAZGTE;bm�
E;GT_7GmUXcCACeFB�fFGTWQUXACcZb\[X]rWYPRGVS�[%WYAZ[%eiUXc�bYAZfFGT~iUXeRf bYWYEYDROTWYDFE;GC,���PRG�bQUXS�G
WK.Lo Gk[X]�b;OmUXewp3ACWYPgW p�[�AZ[%eRblUXeRfgbYcCACB�P<WYc0.�fFA � GTE;GTe<WrWYEQUXoFoFACeFB�oiUXEQUXS�GTW;GTE;blAZbrbYPR[�p3ewACeg@
ACB8,iI ,/7�,C% e
B�GTeRGTEQUXc�p�GVGT_�UXcCDiUXW;GVW p�[XuvAZ[%e�zRDR[%E;G�b;O�GTeRO�G�fRUXWQUg~/.�b;GTWYWYACeFB�W p�[gWYPFE;G�bYPR[%cZfFb�]�[%E�oFPR[%W;[%SnDFcCWYACoFcCAZGTE
O�[%DFe<W;bm��b;G�G�@
A�B8,�I , ��, ��PRG

D5/2
bYWQUXW;GVoFE;[%~iUX~FACcCACWK.

PD
AZb�WYPRGTe OmUXcZOqDRcZUXWQGTf ~/.�p�GTACB�P<WYACeFB�GT_�GTe<W;b

~ GTcZ[�p ��P�£�p3ACWYP{U`]vU%OTW;[%Ek£���GT_7GTe<W;b�~ GTW p�G�GTewWYPRG�W�p�[\WYPFE;G�bYPR[%cZfFb3p3ACWYP ��, H�UXeRfwGT_�GTe<W;brUX~ [�_7G(��P��
p3ACWYP Ug]vU%OTW;[%E*��,j��PRG|Gq��OTACWQUXWYAZ[%e oFE;[%~iUX~FACcCACWK. OmUXcZOTDFc�UXW;G�f cCAC��G�WYPFAZb\PiU%b�U�SVU:�LACSnDFS _%UXcCDRG|[X]n£

I�0
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@
ACB�DFE;GnI ,/7�Kj�sp�[XuvAZ[%e�bYo G�OTWYEYDFS UXE;[%DFeRf�WYPRG
S1/2(m = −1/2) ↔ D5/2(m

′ = −5/2) WYEQUXeRb;ACWYAZ[%eF,
��PRG�_%UXEYAZ[%DRbdbYAZfFGT~iUXeRfFb
O�[%EYE;G�bYo [%eRf�W;[rf�A�� GTE;GTe<Ws_LAC~FEQUXWYAZ[%eiUXc<S�[<fFG�b�¡tb;G�G�b;G�OTWYAZ[%e\��,/��,/��¢qK
" .xU:�LA�UXc � 1 B �	! . !�E;GmUXWYPFACeFBR��-l��.hE;[<OQ�LACeFBR�5-�.hEQU%f�A�UXc � 1 B , ��PRG�U:��A�UXc�oiUXEQUXS�GTW;GTE;b
UXE;G�UXB7UXACe

ωz = 2π · 960 �L�h���
Vcap = 600

� p3PFACcZG�WYPRG�EQU%f�A�UXc^]tE;G�}7DRGTeRO?.�p�U%b
ωr '

2π · 3.0 B��l� ,~��PRGVEQU%f�A�UXc�bYoFcCACWYWYACeFB�AZb�PiUXE;f�c0.¤_<AZb;A�~RcCGV~ G�OmUXDRb;GVWYPRG�bYW;GTo bYAC�mGV[X]rWYPRG
b;OmUXegAZb3W;[<[�O�[�UXE;b;GC,

p3PFAZOQP O�[%EYE;G�b;o [%eRfFbnW;[ � �$#! AZ[%eRbn~ GTACeFB�ACe�WYPRG
D5/2

bYWQUXWQGE, ��PRG�U:��A�UXc�bYAZfFGT~iUXeRfFbm�
ACe�oiUXEYWYAZOTDFc�UXE
WYPR[�b;G\[X]�WYPRGn~FE;GmUXWYPFACeFB|S�[<fFG�� UXE;GnEQUXWYPRGTExp�GmUX�gACe�WYPFAZbxb;OmUXe���U%b�WYPRG\Gq��OTACWYACeFB|oFDFcZb;Gnp�U%bxUXoFoFcCAZG�f
WYPFE;[%DFB�P�WYPRG\[%oFWYAZOmUXc�OQPiUXeFeRGTc�IJ��� " ¡tOq]1, H�, 0<¢T�Np3PFAZOQP�PiU%bxUV}7DFACW;G\bYSVUXcCcdoFE;[F;YG�OTWYAZ[%e�[%e<W;[VW;PRG�WYEQUXo
U:��AZbrf�ACE;G�OTWYAZ[%eF,)��PFAZbrE;G�bYDFcCW;b3ACe{bYSVUXcCcQ,sUXSn~�u�j�AZOQ��G`oiUXEQUXS�GTW;GTE;b��RWYP<DRb3p�GmUX�|O�[%DFoFcCACeFBVW;[�WYPRG�U:�LA�UXc
S�[<fFG�b2,C��PFE;G�GquvAZ[%e�b;AZfFGT~iUXeRfgb;OmUXeRb3prA�cCc�~ G`bYPR[�p3egACe{b;G�OTWYAZ[%e�I , 0�ACewWYPRG`O�[%e<W;Gq��Wl[X]^U%fFf�E;G�bQbYACeFB8,
��ACWYP¤W p�[gAZ[%eRbnUXeRf�]�[%E�Gq_7GTe<W;b`~ GTW�p�G�GTe�WYPRG�W p�[wWYPRE;G�bYPR[%cZfFbm�dp3ACWYP U 9CBD� ACWnOmUXeFeR[%W�~ G�f�AZbYu

WYACeFB�DFAZbYPRG�fwp3PFAZOQP{[X]
WYPRGxAZ[%eRb�zRDR[%E;G�b;O�G�blUXeRf|p3PFAZOQPgAZb3fRUXEY� ,^@i[%E3W p�[XuvAZ[%e{}<DiUXe<WYDFS O�[%S�oFDFWQUXWYAZ[%e
Gq��o GTEYACS�GTe<W;bm�sPR[�p�GT_7GqE���ACWkAZbkACeRf�AZb;o GTeRbYAC~FcZG�W;[gf�AZb;OTEYACS�ACeiUXW;G�~ GTW p�G�GTe |S,D〉 UXeRf |D,S〉 , %�e�WYPFAZb
OmU%b;G�p�G�eRG�G�f|W;[\E;GmU%f|[%DFW�WYPRGhziDR[%E;G�b;O�GTeRO�Gk[X]
GmU%OQPwAZ[%e|ACeRf�AC_<AZf�DiUXcCc0.7��p3PFAZOQPgOmUXew[%eFc0.�~ GxfF[%eRGx[%e
WYPRGn�3��j O�UXS�GTEQU�,)��PRGn�3��j E;GmU%fF[%DFWloFE;[<O�G�f�DFE;G`p3ACcCc�~ GxoFEQGTbQGTe<W;G�fgb;G�OTWYAZ[%e�I , 08,

%�] �dA�e O�[%e<WYEQU%bYWnW;[�bYDROQP�Gq�FOTA�UXWYAZ[%e bYo G�OTWYEQU��
p�GVo GTE ]t[%EYS � � " ! � " �  %-#! !���"� �! � � " � '���!���'!"�" "$#�'��� !
UXE;Gx[%~RbQGTEY_�G�f5,�@R[%E3WYPRG�c�UXWYW;GTE3p�G�WK.LoFAZOmUXcCc0.�b;GTW

ωl
W;[�[%eRGx[X]dWYPRG�cCACeRG�br[X]dWYPRGxGq�FOTACWQUXWYAZ[%egbYo G�OTWYEYDFSg�

f�EYAC_LACeFBhACenWYPFAZbdp�U2.`WYPRG�O�[%EYE;G�bYo [%eRf�ACeFBxWYEQUXeRbYACWYAZ[%e\EQGTbQ[%eiUXe<WYc0. ,!% enWYPRG�Gq�Lo GTEYACS�GTe<W;b
oRE;G�b;GTe<W;G�fnPRGTE;G��
p�G�Um_7[%AZf�[ �NuvE;G�bQ[%eiUXe<W`Gq�FOTACWQUXWYAZ[%eRb�¡tOq] ,�b;G�OTWYAZ[%e���, ��,/7�¢x[X]�[%WYPRGTEkWYEQUXeRb;ACWYAZ[%eRb�U%bkSnDROQP�U%bko [�b;bYAC~FcZG
~/.��7G�GToFACeFB\WYPRGhO�[%DFoFcCACeFBg¡ A+, GC,<WYPRGlcCACB�P<W�o [�p�GTE ¢�bYD<KVOTAZGTe<WYc0.�bYSVUXcCc+, 4 �RUXS�oFcZG�b�[X]�-hUX~FA [�b;OTACcCc�UXWYAZ[%eRb
UXE;G`bYPR[�p3egACewWYPRGx]�[%cCcZ[�p3ACeFBVbQG�OqW;AC[%e�,

I%H
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@
ACB�DFE;GnI ,JILK 9^DFcZb;GlcZGTeFB�WYP�b;OmUXeRb�DRbYACeFB�U�HkS�b�b;G�}<DRGTeRO�Gn¡tjx[%oFoFcZGTE�O�[<[%cCACeFB�[%eFc0.F¢^p3ACWYP�U`b;ACeFB�cZGrAZ[%e
WYEQUXoFo G�f�UXWnU�EQU%f�A�UXc�] E;G�}<DRGTeRO?.�[X]rH~B��h�VUXeRf�UXe�U:�LA�UXc^]tE;G�}7DRGTeRO?.�[X]3��7��|���h� ,g¡�U�¢
bYPR[�prb -hUX~FAi[�b;OTACcCc�UXWYAZ[%eRb�[%e�WYPRG

S1/2(m = −1/2)↔ D5/2(m
′ = −5/2) OmUXEYEYAZGTEm�7p3PFACcZGACe ¡ ~N¢lWYPRG\c�U%b;GTEh]tE;G�}7DRGTeRO?.{p�U%bkb;GTW�W;[�WYPRG\E;G�f�U:�LA�UXc^bYAZfFGT~iUXeRf5,`@RE;[%S U�O�[%S�oiUXEYAZb;[%e

[X]3¡�U�¢3UXeRf�¡ ~N¢q�iU\W;PRGTEYSVUXcsb;WQUXW;Gxp3ACWYP
n ≈ 20

AZbrG�bYWYACSVUXW;G�fw]t[%ErWYPRG�U:�LA�UXc�S�[<fFGC,

� ��� �!� �)�U� �   ���!	"�#

���	�
����
�� �$������� 	 ��� �������
" e�ACS�o [%EYWQUXe<W3]tGmUXWYDFE;Gk[X]dWYPRG�eRGTp WYEQUXowAZb�WYPRGkbYWYE;[%eFB�GTErOT[%eT�ReRGTS�GTe<Wr~/.�U`]vU%OTW;[%E3[X]�UX~ [%DFW3W p�[\ACe
W;GTEYS�br[X]
WYEQUXo|] E;G�}<DRGTeROTAZG�b2,C%�W�AZb3W;[\~ GkGq��o G�OTW;G�f|WYPiUXW3WYPFAZb3E;G�f�DRO�G�brWYPRG�S�GmUXegoFPR[%eR[%ege<DFSn~ GTE;b

nACegWYPRGk_LAC~FEQUXWYAZ[%eiUXcsS�[<fFG�b�U:] W;GTEhj�[%oFoFcZGTEhO�[<[%cCACeFB�~/.�E;[%DFB�PFc0.|WYPRG`b UXS�Gx]�U%OTW;[%Em�ifF[�p3e{W;[�_%UXcCDRG�b
n~ GTW p�G�GTe�£��3UXeRf&����,_��PRG�b;G^_�UXcCDRG�bsUXE;G^p�GTcCc�ACekWYPRG ,sUXS\~�u�jhAZOQ�7G�E;GTB�ACS�G�]�[%E�[%DFE�WYEQUXok] E;G�}<DRGTeROTAZG�bm�Xb;G�G

@
ACB8,���,/7�,!% e\WYPFAZb�E;GTB�ACS�G���WYPRG�OmUXEYEYAZGTE%-hUX~FAL] E;G�}<DRGTeROTAZG�b^fFGTo GTeRf�[%eFc0.�p�GmUX�Lc0.n[%e
n
,!��PRGTE;Gq]�[%E;G � � " ! �

" �  %$#! !���"� �! [%e¤U�OmUXEYEYAZGTEkWYEQUXeRbYACWYAZ[%e�U:]tW;GTExjx[%oFoFcZGTE`O�[<[%cCACeFB{UXE;G�Gq�Lo G�OTW;G�f�W;[�b;PR[�p U�[�b;OTACcCc�UXW;[%E1.
~ GTPiUm_LAZ[%DFE�p3ACWYP U�] E;G�}<DRGTeRO?. OTcZ[�b;G|W;[

Ω
¡ A+, GC,�WYPRGwOmUXEYEYAZGTEA-�UX~FA�] E;G�}<DRGTeRO?.�p3PRGTe bYW UXEYWYACeFB�] E;[%S

WYPRG�S�[%WYAZ[%eiUXckB�E;[%DFeRf bYW UXW;G�¢7, " e Gq�FUXS�oFcZG�AZb|bYPR[�p3e ACe @
ACB8,3I ,JI�¡�U�¢7, 1 DFEwbYWQUXeRfRUXE;f�S�GTWYPR[<f
W;[�OQPiUXE U%OqWQGqE;A��mG�WYPRG�}7DNUXc�ACW .{[X]�jx[%oFoFcZGTEkO�[<[%cCACeFBgO�[%eRbYAZbYW;bx[X]�O�[%S�oiUXEYACeFBgbYDROQP�OmUXEYEYAZGTEk[�b;OTACcCc�UXWYAZ[%eRb
p3ACWYP�oFDFcZb;G�cZGTeFB�WYP�b;OmUXeRbn[%e�UgbYAZfFGT~iUXeRf¤WYEQUXeRbYACWYAZ[%eRb��do GTE ]t[%EYS�G�f�p3ACWYP�WYPRGVbQUXS�G�c�U%bQGTE`ACe<W;GTeRbYACWK. ,
M<AZfFGT~iUXeRf -hUX~FA�] E;G�}<DRGTeROTAZG�bhfFGTo GTeRf�bYWYE;[%eFB�c0.g[%e{WYPRG`S�[%WYAZ[%eiUXc�}7DiUXe<WYDFS e<DFSn~ GTE

n
�iGT_7GTe{ACe{WYPRG

,sUXSn~�u�j�AZOQ�7G`E;GTB�ACS�GC,���GkWYPRGTE;Gq]t[%E;G�Gq��o G�OTWrWYPRG�[%~Rb;GTEY_�G�f -hUX~FAs[�b;OTACcCc�UXWYAZ[%eRblW;[�fRUXS�o�[%DFWl}<DFAZOQ�<c0.
U%b�cZ[%eFB�U%b�[%eFc0.�jx[%oFoFcZGTE�O�[<[%cCACeFB\AZb�o GTE ]�[%EYS�G�f �FUXe�Gq�FUXS�oFcZGhbQOmUXeVAZb�bYPR[�p3e�ACe�@dACB8,�I ,JI�¡ ~N¢7,^@
ACW;b�W;[
~ [%WYP�OmUXEYEYAZGTE`UXeRf�bYAZfFGT~iUXeRf -hUX~FA�u�[�b;OTACcCc�UXWYAZ[%eRb .<AZGTcZf�WYPRGnS�GmUXe�WYPRGTEYSVUXc�[7O�OTDFoiUXW;AC[%e¤e<DFSn~ GTE

n
[X]

WYPRGkO�[%EYE;G�bYo [%eRf�ACeFBVS�[<fFGV¡ PRGTE;G�K�U:��A�UXc S�[<fFG�¢7, " fFGTWQUXACcZG�f{fFG�b;OTEYACoFWYAZ[%e{[X]
WYPRGkGT_�UXcCDiUXWYAZ[%egS�GTWYPR[<f
AZbkB�AC_�GTe¤ACe�E;Gq]1,�9 0J:�,��hGTE;G���WYPRGVU%b;bYDFS�oFWYAZ[%e¤AZbkSVU%fFG�WYPiUXW�jx[%oFoFcZGTE�O�[<[%cCACeFBgE;G�bYDFcCW;b`ACe�U�WYPRGTEYSVUXc
oFE;[%~iUX~FACcCACWK.�f�AZbYWYEYAC~FDFWYAZ[%e [�_7GTEnWYPRGVS�[%WYAZ[%eiUXc�bYWQUXW;G�b�,w��G �ReRf¤]tE;[%S bYDROQP b;OmUXeRbm�
WYPiUXW�UXWnWK.LoFAZOmUXc
U:��A�UXciUXeRf�EQU%f�A�UXcRW;EQUXo�] E;G�}<DRGTeROTAZG�b�[X]�UX~ [%DFWh£RB��h�lUXeRfVH$B��l����E;G�bYo G�OTWYAC_7Gqc0.7�7p�GlU%OQPFAZGT_�Glj�[%oFoFcZGTE
O�[<[%cCACeFB�W;[kS�GmUXeVoFPR[%eR[%eVe<DFSn~ GTE;b�[X]

n ��� ' 15
]t[%E�WYPRGlU:��A�UXcFS�[<fFG�¡tbq¢^UXeRf

n  �"! ' 4
]�[%E^WYPRG3EQU%f�A�UXc

S�[<fFG�¡tb ¢7,~�d[gp3ACWYPRA�e WYPRG�oFE;G�OTAZbYAZ[%e [X]3WYPFAZb�S�GTWYPR[<f ��p�G �ReRf¤WYPiUXWnWYPFAZb�PR[%cZfFbnG�}<DiUXcCc0.�]t[%EnbYACeFB�cZG

IJ7
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@
ACB�DFE;GnI ,/5�K�@
ACeRG�b;OmUXe�[�_7GTE�WYPRGVEQU%f�A�UXc3� 1 B S�[<fFG�b\[X]hUgbYACeFB�cZGVAZ[%e�DRbYACeFB�HwS�bnGq��o GTEYACS�GTe<WQUXc
b;G�}<DRGTeRO�G�b2,>#�[%W;G�WYPRG|~FE;GmUX� ACe W;PRG

x
u U:�LAZb�, ��PRGw[%DFW;GTE�S�[<fFG -n£�PiU%b�U�] E;G�}<DRGTeRO?.

[X]
2π · 4.7456(2) B��l���^p3PFACcZG�WYPRG�ACeFeRGTE�[%eRG -M�{AZb�UXW

2π · 4.6767(2) B��l���^p3PFAZOQP
S�GmUXeRblWYPiUXWrWYPRG`EQU%f�A�UXcsfRGqB�GTeRGTEQU%O?.wAZbrcCA�]tW;G�fw~/.

2π · 68.9(2) �L�h� ,)��PRG6-M��bYAZfFGT~iUXeRfFb
UXE;GnbYcCACB�P<WYc0.wp�GmUX�7GTEm�ip3PRACOQP�bYDFB�B�G�bYW;bhWYPiUXWhWYPRGnGq��OTACWYACeFB�c�U%bQGTEl~ GmUXS UXWxIJ����eFS PiU%bxU
b;[%S�GTp3PiUXW�~ GTWYW;GTE�B�G�[%S�GTWYEYAZOhoFE;[F;YG�OTWYAZ[%e�[%e<W;[�WYPRGlf�ACE;G�OTWYAZ[%e|[X]F-n£C,!% e�~ [%WYP�OmU%b;G�bm�7WYPRG
E;G�fgbYAZfFGT~iUXeRf�¡ u�¢�AZb3p�GmUX�7GTErWYPiUXegWYPRGk~FcCDRGV¡ �k¢�~/.|U\]�U%OTW;[%El[X]�UX~ [%DFWM��,/5���,

UXeRf�]t[%ExW p�[XuvAZ[%e�OTE1.�bYWQUXcZb2,$��PRG�bQGn_�UXcCDRG�bkUXE;G�GT_7GTe�S�[%E;G\WYPiUXe¤UV]�U%OTW;[%Ek[X]�W�p�[�~ GTWYW;GTEkWYPiUXe�p3PiUXW
PiU%bl~ G�GTe�U%OQPFAZGT_�G�f{p3ACWYP{WYPRGn[%cZfgWYEQUXo��iACe{oiUXEYWYAZOTDFc�UXEh]t[%ElWYPRG`EQU%f�A�UXc
O�[<[%cCACeFB8, 1 eRG�E;GmU%b;[%eg]�[%ErWYPFAZb
AZb�WYPiUXW\p�G�PiUm_7GVACS�oFE;[�_�G�f [%e jx[%oFoFcZGTE\O�[<[%cCACeFB�~/.�_�UXE1.<ACeFB�f�A�� GTE;GTe<WnoiUXEQUXS�GTW;GTE;b\cCAC�7G�ACe<W;GTeRb;ACWK.
UXeRf{o [%cZUXE;A���UXWYAZ[%e�[X]^WYPRG�jx[%oFoFcZGTEh~ GmUXS�bm�R]�[%EhGq�FUXS�oFcZGC,.% egoiUXEYW;ACOTDFc�UXEm� p�Gk]�[%DFeRfgWYPiUXWlW;PRG`cZ[�p�G�bYW
W;GTS�o GTEQUXWYDFE;G�b�UXE;G�E;GmU%OQPRG�f\~/.nbYWYE;[%eFB�c0.nfFG�bQUXWYDFEQUXWYACeFBkWYPRG�j�[%oFoFcZGTE�O�[<[%cCACeFBxWYEQUXeRbYACWYAZ[%eF,S% e\WYPFAZb
p�U2.7�
o [�p�GTE�~FE;[�U%fFGTeFACeFB�[X]�WYPRGhE;G�b;[%eiUXeRO�GhAZb�Um_7[%AZfFG�f �LE;G�bYDFcCWYACeFB\ACewU`eiUXEYE;[�p�GTE�cCACeRGxUXeRfVWYPLDRb�ACe|U�cZ[�p�GTE
jx[%oFoFcZGTE�O�[<[%cCACeFB�cCACS�ACW2,#!�G�bYW�O�[%eRf�ACWYAZ[%eRb�p�GTE;GrE;GmU%OQPRG�f�~/.�fFG�bQUXWYDFEQUXWYACeFBnWYPRGrjx[%oFoFcZGTE�O�[<[%cCACeFBncCACB�P<W
UXWh����I\eFS fF[�p3egW;[VUX~ [%DFWh[%eRGkWYPFACE;f{[X]�WYPRGko GmUX��zRDR[%E;G�b;O�GTeRO�GC,�@R[%ErWYPRG�fFGTW;G�OTWYAZ[%e{o GTEYAZ[<fgACegWYPRG
Gq��o GTEYACS�GTe<WQUXc�b;G�}<DRGTeRO�G`p�G�p�UXe<W�bYWYE;[%eFB�GTElzRDi[%E;G�b;O�GTeRO�G\[%e{WYPRG

S1/2 ↔ P1/2
ACe�[%E;fFGTEhW;[�~ G\UX~FcZG

W;[gf�AZb;OTEYACS�ACeiUXW;GV~ GTW p�G�GTe
S1/2

UXeRf
D1/2

p3ACWYPFACe�WYPRG�bYPR[%EYW;G�b;WkWYACS�G�o [�b;bYAC~FcZGC, ��PRGTE;Gq]�[%E;G�p�G�DRb;G
U�bQ[%S�GTp3PiUXWxPFACB�PRGTExc�U%bQGTE�o [�p�GTE`UXW`����IVeFS ¡�UXW�WYPRG�bQUXS�G�fFGTWYDFeFACeFB<¢hACe�WYPiUXWxo GTEYAZ[<f ¡tfRUXEY�{B�E;G?.
bYPiU%f�ACeFB�ACe{@
ACB8,iI ,/��¢7,

% e B�GTeRGTEQUXcrWYPRG�cCACeRGwb;WYE;GTeFB�WYP [X]kU�E;G�f bYAZfFGT~iUXeRf AZb�bYSVUXcCcZGTE�WYPiUXe [X]hWYPRGwO�[%EYE;G�bYo [%eRf�ACeFB�~FcCDRG
bYAZfFGT~iUXeRf �x~ G�OmUXDRb;G�WYPRG

n = 0
o [%oFDFc�UXWYAZ[%e fF[<G�bweR[%W{O�[%e<WYEYAC~FDFW;G¤W;[ WYPRG�E;G�f bYAZfFGT~iUXeRf5, ��PFAZb

G � G�OTW�~ G�O�[%S�G�b�fFGTW;G�OTWQUX~FcZG|[%eFc0.�ACe�WYPRGVcZ[�p W;GTS�o GTEQUXWYDFE;G�EQUXeFB�G
n . 8

, ��PRGVEQU%f�A�UXc�S�[<fFG�b�UXE;G
ACe WYPiUXW�EQUXeFB�G{U:]tW;GTE�jx[%oFoFcZGTE�O�[<[%cCACeFB�UXeRf WYPRGTE;Gq]�[%E;Gwp�G|PiU�_�G|o GTE ]�[%EYS�G�f O�[%S�oiUXEYAZbQ[%e bQOmUXeRbVU%b
bYPR[�p3e ACe @
ACB8,�I ,/5�,I��PRGgbYW;E;GTeFB�WYP [X]�U�E;G�b;[%eiUXeRO�GgAZb�oFE;[%o [%EYWYAZ[%eiUXchW;[�WYPRG�¡��RWYW;G�fi¢�UXE;GmU�DFeRfFGTE
WYPRG�O�[%EYE;G�bYo [%eRf�ACeFBgcCACeRGC,+% e�[%E;fFGTEkW;[wfFGTW;G�OTWkWYPRG�bYSVUXcCc^ACSn~iUXc�UXeRO�G�p3PFAZOQP�AZb�WQ[�~ G�Gq��o G�OTW;G�f � WYPRG
bYWQUXWYAZbYWYAZOmUXc^GTEYE;[%E�p�U%b�S�ACeFACS�AC�mG�f�~/.�U%O�OTDFSnDFc�UXWYACeFB¤£�������ACeRbYW;GmU%f�[X]h£�����Gq��o GTEYACS�GTe<WQUXc�b;G�}7DRGTeRO�G�b
o GTEhfRUXWQU�o [%ACe<W2,g%�e�U%fFf�ACWYAZ[%e��NWYPRG�b;OmUXe{bYW;GTo�bYAC�mG`p�U%brE;G�f�DRO�G�f{W;[{£������l�k]�[%ErPFACB�P{E;G�b;[%cCDFWYAZ[%eF,g% e
OmUXe�~ Ghb;G�GTe�WYPiUXW�]t[%E�~ [%WYP�bYAZfFGT~iUXeRfFb -n£hUXeRf -M���7WYPRGl~FcCDRGh[%eRGlAZb�bYcCACB�P<WYc0.�bYWYE;[%eFB�GTE�WYPiUXe�WYPRGlE;G�f5,
"
n
[X]

5 ± 1
OmUXe�~ GnfFGTEYAC_�G�fg]tE;[%SaWYPFAZbhACSn~iUXc�UXeRO�GC,l�¤G`PiU�_�G�E;G�O�[%E;fFG�f -hUX~FAd[�b;OTACcCc�UXWYAZ[%eRbx[%e�WYPRG

I�I
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@
ACB�DFE;GnI , ��K89^EYACeROTACoFcZGn[X]^b;AZfFGT~iUXeRf{O�[<[%cCACeFB8,x¡�U�¢ ,sU%fFfRGqE�[X]^b;WQUXW;G�bn¡ ACe<WYE;[<f�DRO�G�f�UXcCE;GmU%f�.|ACe�b;G�OTWYAZ[%e
��,C£�ACe¤WYPRG�O�[%e<W;Gq��W�[X]3}<DiUXe<WYDFS O�[%S�oFDFWQUXWYAZ[%eN¢k_LAZbYDiUXcCAC��ACeFBgWYPRGVO�[%Sn~FACeRG�f�b1.�bYW;GTS [X]
WYPRGxACe<W;GTEYeiUXcs}<DiU%bYA�uvW p�[XuvcZGT_7Gqcsb1.�bYW;GTS |S〉 ↔ |D−5〉

UXeRfgU\_LAC~FEQUXWYAZ[%eiUXc�S�[<fFGC,���[<[%cCACeFB
AZbxU%OQPFAZGT_7G�f�~/.�UX~Rb;[%EYoFWYAZ[%e¤[%e�WYPRGnE;G�f�b;AZfFGT~iUXeRf�]t[%cCcZ[�p�G�f�~/.{bYo [%e<WQUXeRG�[%DRbkfFG�OmU2.�[%e
WYPRGnOmUXEYEYAZGTE2,\¡ ~N¢r@i[%ExU�bYD<KVOTAZGTe<WxO�[<[%cCACeFB�EQUXW;G��NWYPRG |D−5〉 → |S〉

fFG�OmU2.gAZbhG � G�OTWYAC_�GTc0.
GTeFPiUXeRO�G�fg~/.wU�}<DRGTeROQPFACeFB�c�U%b;GTErp3PFAZOQP{f�EYAC_7G�b3WYPRG`f�ACo [%cZG`WYEQUXeRbYACWYAZ[%e�UXW'5�HF0�eFS@,

EQU%f�A�UXcdbYAZfFGT~iUXeRfFbhUXeRfgWYPRG`OmUXEYEYAZGTElDFeRfFGTElWYPRG`bQUXS�G`O�[%eRf�ACWYAZ[%eRb�UXeRf{O�[%S�oiUXE;G�fgWYPRGTS U%O�O�[%E;f�ACeFBVW;[
WYPRGlS�GTWYPR[<f�Gq��oFc�UXACeRG�f|UX~ [�_�GC,���PFAZb�UXeNUXc�.�bYAZb .LAZGTcZfFG�f

n = 7±1
p3PFAZOQP�AZb�]vUXACE�UXB�E;G�GTS�GTe<W�p3ACWYP�WYPRG

cCACeRG`bYWYE;GTeFB�WYP{O�[%S�oiUXEYAZbQ[%egS�GTWYPi[7fF,

���	�
�	��� ��� ����� ��� 	 ��� ����� �
@i[%E�WYPRGx}<DiUXe<WYDFS O�[%S�oFDFWQUXWYAZ[%egoFE;[%W;[<O�[%cZbl[%DFWYcCACeRG�f|ACewOQPiUXoFW;GTER0R�LS�[%WYAZ[%eiUXc�B�E;[%DFeRfwbYWQUXW;GxO�[<[%cCACeFB
E;GToFE;G�b;GTe<W;brUXe�ACeRf�AZb;o GqeibYAC~FcZG�E;G�}<DFACE;GTS�GTe<W2,�M<AZfFGT~iUXeRfwO�[<[%cCACeFB�DFeRfFGTE3[%DFE3G ��o GTEYACS�GTe<WQUXc�O�[%eRf�ACWYAZ[%eRb
PiU%b�~ G�GTe�oFE;GT_LAZ[%DRbYc0.�f�AZb;OTDRbQb;G�f�ACe�fFGTWQUXACcG9 0J:�UXeRf¤WYPRG�B�GTeRGTEQUXc�oFE;[<O�G�f�DFE;G�b�UXE;G�WYPRGVbQUXS�G�]�[%E`WYPRG
Gq��o GqE;A�S�GTeLW;b\oFE;G�b;GTe<W;G�f PRGTE;GC,P��PRG�oFEYACeROTACoFcZG|[X]lbYAZfFGT~iUXeRf O�[<[%cCACeFB�AZb\fFGToFAZOTW;G�f ACe @
ACB8,�I , ��,�@R[%E
bYAZfFGT~iUXeRf|O�[<[%cCACeFB�[X]�U�S�[<fFG���WYPRGkIJ���neFS c�U%b;GTE�AZb�WYDFeRG�f�W;[nWYPRGxO�[%EYE;G�bYo [%eRf�ACeFB�E;G�f|bYAZfFGT~iUXeRf|[X]
U( G�GTSVUXe�u�bYDF~FWYEQUXeRb;ACWYAZ[%e¤[X]�WYPRG

S1/2 ↔ D5/2
SVUXeFA�]�[%cZf5,$B�[%E;GnoFE;G�OTAZb;GTc0.���WYPRG

S1/2(m = −1/2) ↔
D5/2(m

′ = −5/2) WYEQUXeRbYACWYAZ[%e�AZb�OQPR[�b;GTe|U%b�ACW�[ � GTE;b�U`eRGmUXEYc0.�OTcZ[�bQG�f�O�[<[%cCACeFB\O?.�OTcZG\¡tb;G�Gl~ GTcZ[�ph¢7, " b
ACe{b;G�OTWYAZ[%e���, ��,/7��FWYPRG

D5/2(m
′ = −5/2) b;WQUXW;GxAZbrfFGTeR[%W;G�f |D−5〉

PRGTE;G��Rb;G�G`@dACB8,NI , ��,
��PRGhbYAZfFGT~iUXeRf�WYEQUXeRbYACWYAZ[%e�AZb�E;G�bQ[%cC_�G�f�[%eFc0.�A�] WYPRGlWYEQUXoV]tE;G�}7DRGTeRO?.�AZb�cZUXE;B�GhO�[%S�oiUXE;G�f�W;[`WYPRGlc�U%b;GTE

cCACeRGTp3AZf�WYPVUXeRf\WYPRG�fFG�OmU2.�EQUXW;G�[X]NWYPRG�Gq�FOTACW;G�f�bYWQUXW;G���p3PFAZOQP�AZb�OTcZGmUXEYc0.nWYPRG�OmU%bQG�ACe�[%DFE^b .LbYW;GTS@,!%v]iWYPRG
fFG�OmU2.�WQUX�7G�b�oFc�U%O�Gh_�GTEYWYAZOmUXcCc0.7�<WYPiUXW�AZb�p3ACWYPR[%DFW�OQPiUXeFB�GhA�e�oFPR[%eR[%e�e<DFSn~ GTE

n
�7WYPRGTe�GmU%OQP|Gq��OTACWQUXWYAZ[%e

W;[wWYPRG�DFoFo GTE�cZGT_�GTc�AZb�U%O�O�[%S�oiUXeFAZG�f�~ .�U|E;G�f�DROTWYAZ[%e�[X]
n
~/. £C, ��PRG�E;G�}7DFACE;GTS�GTe<W\[X]�oFE;Gq]tGTEQUX~Fc0.

_7GTEYWYAZOmUXc�fFG�OmU2.�AZbx]tDFc �RcCcZG�f�ACe¤WYPRG ,sUXSn~�u�j�AZOQ�7G�E;GTB�ACS�G%�deiUXS�GTc0.�]t[%E
η2(2n + 1) ¿ 1

¡tOq]1, b;G�OTWYAZ[%e
��, ��, ��¢7,�#�[%W;G�WYPiUXW�ACe [%DFE�Gq��o GTEYACS�GTe<WVU:]tW;GTE�j�[%oFoFcZGTE�O�[<[%cCACeFB�WYPRG�AZ[%eRb�UXE;G�ACe WYPRG ,dUXSn~�u�jhAZOQ�7G
E;GTB�ACS�GC,���GTeRO�GVG�b;b;GTe<WYA�UXcCc0.�GT_7GTE1.�O?.�OTcZG�[X]lUX~Rb;[%EYoFWYAZ[%e�]t[%cCcZ[�p�G�f�~/.�bYo [%e<W UXeRG�[%DRbnGTS�AZb;bYAZ[%e�WQUX�7G�b
[%eRG�S�[%WYAZ[%eiUXc�}<DiUXe<WYDFS�[%DFW
[X]RWYPRG�b1.�bYW;GTS DFe<WYACc<WYPRG�AZ[%enE;GmU%OQPRG�bdWYPiG�B�E;[%DFeRf\bYWQUXW;G�[X]RS�[%WYAZ[%e\p3PFAZOQP
AZbdfFG�O�[%DFoFcZG�f�]tE;[%S WYPRG�c�U%b;GTEdEQU%f�A�UXWYAZ[%e���b;G�G�@
ACB8,%I , �F¡�U�¢7,!% enUrE;GmUXcLb1.�bYW;GTSg�XO�[<[%c�ACeFBkUXcCp�U2.�bdO�[%S�o GTW;G�b
p3ACWYP�PRGmUXWYACeFB�EQUXW;G�b�OmUXDRbQG�f�~/.�WYPRG�GTe<_LACE;[%eFS�GTe<W2,���bYACeFBnWYPRGkIJ����eFS }<DiU%f�EYDFo [%cZG�WYEQUXeRbYACWYAZ[%egUXcZ[%eRG
p�[%DFcZf .LAZGTcZf�UwfFG�OmU2.<uvcCACS�A�WQGTf O�[<[%cCA�eRB{EQUXW;GV[X]3[%eFc0. £��l���sp3PFAZOQP�AZb`SnDROQP�W;[<[gbYcZ[�p ]�[%E`oFEQU%OTWYAZOmUXc
oFDFEYo [�b;G�b2,S% e�[%EQfFGTE^W;[kACeROTE;GmU%b;G3WYPRG3O�[<[%cCACeFB�EQUXW;G���WYPRG

D5/2
bYWQUXW;G�AZb�}7DRGTeROQPiGTf�p3ACWYP�c�U%bQGTE^EQU%f�A�UXWYAZ[%e

IJ5
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@
ACB�DFE;GnI ,C£���K QxGTeRGTEYAZO ����S�bkoFDFcZb;G�b;G�}7DRGTeRO�G�]t[%E`O�[%PRGTE;GTe<Wnf�.<eiUXS�AZO�b2,�j�A�� GTE;GTe<WkB�E;G?.�b;OmUXcZG�bx]�[%E
WYPRG`bQUXS�Gkc�U%b;GTErACeRf�AZOmUXW;G`f�A�� GTE;GTe<Wrc�U%bQGTE3o [�p�GTE;bhUXeRf JX[%EhfFGTWYDFeFACeFB�b2,

UXWM5�HF0�eRSg�FbQG�Gk@
ACB8,iI , �F¡ ~N¢7,
��PRGTE;G�AZb�UVO�GTEYWQUXACe�oFE;[%~iUX~FACcCACWK.g]t[%ElWYPRG�AZ[%e�W;[VfFG�OmU2.wACe<W;[VWYPRG

S1/2(m = +1/2)
bYWQUXW;G�¡ ACeRbYW;GmU%f

[X]
S1/2(m = −1/2) ¢�UXeRf PRGTeRO�GwW;[�~ Gwp3ACWYPRf�EQUmp3e ] EQ[%S WYPRGwO�[<[%cCACeFB�O?.LOTcZGC, ��PFAZb�oFE;[%~iUX~FACcCACWK.

AZb\S�ACeFACSVUXc3A�]lWYPRG
S1/2(m = −1/2) ↔ D5/2(m

′ = −5/2) WYEQUXeRbYACWYAZ[%e AZb�b;GTcZG�OTW;G�f�]�[%E�bYAZfFGT~iUXeRf
O�[<[%cCACeFB 9 0J:�, ��PRGTe WYPRG�AZ[%e GTeRfFb\ACe

S1/2(m = +1/2)
U:]tW;GTE 5��:uQ£�7���O?.�OTcCG�b�[%e W;PRG|Um_�GTEQUXB�G��^WYPRG

Gq�RU%OTWn_�UXcCDRG�fFGTo GTeRf�ACeFB�[%e WYPRGVo [%c�UXEYAC��UXWYAZ[%e [X]rWYPRG�5�HF0�eFS }<DRGTeROQPFACeFB�c�U%bQGTE2, " b\fFG�b;OTEYAC~ G�f�ACe
b;G�OTWYAZ[%e�I ,/��,C£��iWYPRGnU:�LA�UXcsS�[<fFG�b�¡ p3PFAZOQP�UXE;G`W;[�~ G�bYAZfFGT~iUXeRf�O�[<[%cZG�fi¢rbYWQUXEYWr]tE;[%S oFPR[%ei[%e{e<DRSn~ GTE;b
[%eVWYPiGl[%E;fFGTE�[X]�£mH`f�DRGlW;[`oFE;GT_LAZ[%DRb�jx[%oFoFcZGTE�O�[7[%cCACeFB8,���[%eRb;G�}<DRGTe<WYc0.��<ACe�S�[�bYW�OmU%b;G�b�WYPiGrAZ[%e�eRGT_�GTE
cZGmUm_7G�b`WYPRGVO�[<[%c�ACeFB�O?.�OTcZG�~ Gq]�[%E;G�WYPRG�S�[%WYAZ[%eiUXc�B�E;[%DFeRf�bYWQUXW;G�AZb`E;GmU%OQPRG�f5,�%�e�[%E;fFGTEnW;[wE;GToFDFS�o U
o [�b;bYAC~FcZG

S1/2(m = +1/2)
o [%oFDFc�UXWYAZ[%e¤W;[

S1/2(m = −1/2) ACe�WYPRG�[%WYPRGTE`OmU%b;G�bm�sUV]�GTp bYPR[%EYW
σ−o [%c�UXEYAC�mG�fgoFDFcZb;G�bhUXWl����I\eFS UXE;G�UXoFoFcCAZG�f{f�DFEYACeFBVbYAZfFGT~iUXeRf{O�[<[%c�ACeFBR�ibQG�Gk@
ACB8,iI ,C£���,

M<AZfFGT~iUXeRf�O�[<[%cCACeFBxE;G�}<DFACE;G�b^U%fFf�ACWYAZ[%eiUXc�WYACS�G�ACe\WYPRG�Gq��o GTEYACS�GTe<WQUXcFb;G�}<DRGTeRO�G�b2,!��PRGTE;Gq]t[%E;G�p�G�p�[%EY�
p3ACWYP U����wS�bnoFDFcZb;GVb;G�}<DRGTeRO�G���bYPR[�p3e�ACe @
ACB8,
I ,C£����
A�]rbYAZfFGT~iUXeRf�O�[<[%cCACeFB�AZb�E;G�}7DFACE;G�f5, 1 eRGVp�U2.
W;[�oFE;[%~ G�WYPRG�GLKVOTAZGTeRO?. [X]rB�E;[%DFeRf bYWQUXW;G�O�[<[%cCACeFB�AZbnW;[�O�[%S�oiUXE;G�E;G�f UXeRf�~FcCDRG|bYAZfFGT~iUXeRf [X]lWYPRG
_LAC~FEQUXWYAZ[%eiUXc�S�[<fFG�p3PFAZOQP¤AZbx~ GTACeFBgO�[<[%cZG�f �sbQG�G�@
ACB8,sI ,C£�£�¡�U�¢7, % e�WYPRG�S�[%WYAZ[%eiUXc�B�E;[%DFeRf¤bYWQUXW;G�� WYPRG
E;G�f�bYAZfFGT~iUXeRf�f�AZbQUXoFo GmUXE;b3O�[%S�oFcZGTW;GTc0. ,%9^E;[%~FACeFB�W;PRGlE;G�f�bYAZfFGT~iUXeRf�E;G�bQ[%eiUXe<WYc0.�AZb�DRb;G�f|U%b�UXe|[%eFcCA�eiG
S�GTWYPR[<f{W;[�WYDFeRG`WYPRGk_�UXEYAZ[%DRbloiUXEQUXS�GTW;GTE;bm�ieiUXS�GTc0.|o [�p�GTE�UXeRf{fFGTWYDFeFACeFB|UXW�IJ����eFS UXeRf�5�HF0VeFSg�
]�[%E�S�ACeFACSVUXc�E;G�f�bYAZfFGT~iUXeRf Gq��OTACWQUXWYAZ[%e��^PRGTeRO�G�[%oFWYACSnDFS O�[<[%cCACeFB8,�@RE;[%S bYDROQP�S�GmU%bYDFE;GTS�GTe<W;b\p�G
�ReRfnWYPiUXW�p�G�U%OQPFAZGT_�G�E;GTcCA�UX~FcZG�O�[<[%cCACeFBxW;[hB�E;[%DFeRf�bYWQUXW;G�oFE;[%~iUX~FACcCACWYAZG�b

pn=0
[X] ��5ON [%E
PFACB�PRGTE
]�[%E�UXe/.

S�[<fFG3[X] U�bYACeFB�cZG3[%E�W p�[XuvAZ[%eVOqE .LbYWQUXciUXeRfn]�[%E�UXcCc�WYE UXo\]tE;G�}7DiGqeiOqAZG�b^ACe�WYPRG�EQUXeFB�G3[X]�[%DFE�G ��o GTEYACS�GTe<W;b2,
� .LoFAZOmUXc�B�E;[%DFeRfgb;WQUXW;GkO�[<[%cCACeFBVWYACS�G�bhUXE;G`[%ewWYPRG`[%E;fFGTEl[X]�H\S�b2,

% e{[%E;fFGTElWQ[�oFE;[%~ G�WYPRG`S�[%WYAZ[%eiUXcdPRGmUXWYACeFB|U:]tW;GTElB�E;[%DFeRf�bYWQUXW;G�O�[<[%cCACeFBR� U�p�UXACWYACeFB�WYACS�G`~ GTW p�G�GTe
O�[<[%cCACeFB\UXeRf�oFE;[%~ GroFDFcZb;GrAZb^ACe<WYE;[<f�DRO�G�f5,C��PRGrE;G�bYDFcCW;b�UXE;GlbYPR[�p3eVA�e�@
ACB8,<I ,C£�£C, " S�[%WYAZ[%eiUXciPRGmUXWYACeFB
EQUXW;Gx[%e�WYPRG�[%E;fFGTE3[X]�£[0 ��S�b�o GTE�oFPR[%eR[%e|AZb�fFGTEYAC_�G�f�]tE;[%S W;PRG�b;GhS�GmU%bYDFE;GTS�GTe<W;b2,C% W�p3ACcCc�~ G�bYPR[�p3e
ACe b;G�OTWYAZ[%e I , �gW;PiUXW�UXW\oFE;G�b;GTe<W�O�[%PRGTE;GTe<W�SVUXeFACoFDFc�UXWYAZ[%eib�UXE;G�E;G�bYWYEYAZOTW;G�f�W;[�U{f�DFEQUXWYAZ[%e [X]�UX~ [%DFW
7����

µ
b3~/.�c�U%bQGTElUXeRf|SVUXB�eiGqW;ACO$�iGTcZf|zRDROTWYDiUXWYAZ[%eRblcZGmU%f�ACeFB�W;[�ACe<W;GTEYeiUXcsfFG�O�[%PRGTE;GTeRO�GC, 1 egWYPFAZb3WYACS�G

b;OmUXcZGkWYPRG`Gq�Lo GTEYACS�GTe<WQUXcdo GqEY]t[%EYSVUXeRO�G`AZb3WYP<DRbreR[%WrcCACS�ACW;G�fg~/.�S�[%WYAZ[%eiUXcsPRGmUXWYACeFB8,

I%�
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@
ACB�DFE;GnI ,C£�£�K89^E;[%~FACeFB{WYPRG�}<DiUXcCACWK.�[X]�bYAZfFGT~iUXeRf¤O�[<[%cCACeFB{[%e�U|bYACeFB�cZG�AZ[%e�~/.�U|O�[%S�oiUXEYAZb;[%e�[X]�E;G�f
UXeRf ~FcCDRGwU:��A�UXc3bYAZfFGT~iUXeRf5, ��PRG|EQU%f�A�UXc3S�[<fFG�b�UXW

2π · 4.9 B��h�wUXE;Gw[%eFc0.�jx[%oFoFcZGTE
O�[<[%cZG�f �ip3PFACcZG\U%fFf�ACWYAZ[%eiUXc
bYAZfFGT~iUXeRf�O�[<[%cCACeFB�AZbhUXoFoFcCAZG�f�[%e{WYPRGnU:��A�UXc�S�[<fFG`]t[%EG7�S�b�,
% e ¡�U�¢q�^WYPRG�b;ACfRGq~NUXeRf O�[<[%cCACeFB�o GTEYAZ[<f �ieFAZbYPRG�f�ACS�S�G�f�A�UXW;GTc0.�~ Gq]�[%E;G�fFGTW;G�OTWYAZ[%eF, " e
U:��A�UXcsB�E;[%DFeRf�b;WQUXW;G`oFE;[%~iUX~FACcCACWK.

pn=0
[X]��F0zN AZbhfFGTEYAC_�G�fg]tE;[%SaWYPRGnf�A���GTE;GTeRO�GnACe{cCACeRG

bYWYE;GTeFB�WYP¤~ GTW p�G�GTe�u " UXeRf � " , %�e ¡ ~N¢q�sU�p�UXACWYACeFBwWYACS�G�[X]rIVS�bk~ GqW�p�G�GTe¤b;ACfRGq~NUXeRf
O�[<[%cCACeFB�UXeRf�fFGTW;G�OTWYAZ[%e�p�U%b�ACe<WYE;[<f�DRO�G�fwUXeRf�WYPRGhb;OmUXeRb�p�GTE;Glo GTE ]�[%EYS�G�f�ACS�S�G�f�A�UXW;GTc0.
U:]tW;GTE�¡�U�¢3p3ACWYP�WYPRGnbQUXS�G\G ��o GTEYACS�GTe<WQUXc�oiUXEQUXS�GTW;GTE;b2,�@i[%E�¡ ~N¢3WYPRGnO�[%S�oiUXE;ACbQ[%e�[X]^u "
UXeRf � " .<AZGTcZfFb

pn=0 = 89
N ,���[%eRb;G�}<DRGTe<WYc0.�WYPRGkU:��A�UXc�S�[<fFGxPiU%b�PRGmUXW;G�f|DFo|~/.���,/��H

oFPR[%eR[%eRblACe�I\S�bm��p3PFAZOQP{O�[%EYE;G�b;o [%eRfFbrW;[VU\PRGmUXWYACeFBVEQUXW;G`[X]3£xoFPR[%eR[%e{o GTE`£[0 ��S�b�,

-hUX~FAx[�b;OTACcCc�UXWYAZ[%eRb�p3ACWYP�B�E;[%DReRf�bYWQUXW;G�O�[<[%cZG�f AZ[%eRb|fF[�eR[%W|bYD���GTEV]tE;[%S fRUXS�oFACeFB f�DRG{WQ[�WYPRG
[<O�OTDFoiUXWYAZ[%e�[X]�PFACB�PRGTE�oFPR[%eR[%e�e<DFSn~ GTExb;WQUXW;G�bxU%blPiU%bh~ G�GTe�[%~Rb;GTEY_7G�f�U:]tW;GTE�jx[%oFoFcZGTExO�[<[%cCACeFB|[%eFc0.
¡t@
ACB8,iI ,JI�¢7, 4 �RUXS�oFcZGTbl[X]�-hUX~FA�[�b;OTACcCc�UXWYAZ[%eRbrp3PRGTE;GkWYPRG`U:�LA�UXc S�[<fFGkAZb3bYAZfFGT~iUXeRfgO�[<[%cZG�f �iUXE;GkbYPR[�p3e
ACeg@
ACB8,NI ,C£���,C% ewWYPFAZbrOmU%bQG%�FWYPRGkEQU%f�A�UXc�S�[<fFG`PiU%fgU�S�GmUXegoFPR[%eR[%e{e<DFSn~ GTE

n ' 6
f�DRGkW;[�jx[%oFoFcZGTE

O�[<[%cCACeFB8,�% W�OmUXeV~ Ghb;G�GTeVWYPiUXW�WYPRGlfRUXS�oFACeFB�f�DRGlW;[`WYPFAZb�WYPRGTEYSVUXc�[<O�OTDFoiUXWYAZ[%e�AZb�eRGTB�cCACB�AC~FcZGl]t[%E -�UX~FA
[�b;OTACcCc�UXWYAZ[%eRb�[%e�WYPRG3OmUXEYEYAZGTE�UXeRf�[%e�WYPRGrU:��A�UXcRbYAZfFGT~iUXeRf5, !3U%b;G�f�[%e�}<DiUXe<WYDFS f�.LeiUXS�AZO�b�bYACSnDFc�UXWYAZ[%eRb
o GTE ]�[%EYS�G�f`~/.x�xUXEYWYSnDFWd�'&K��eRGTEm�:p�G�G�bYWYACSVUXW;G�WYPiUXWsWYPRG�}<DiUXcCACWK.k[X]�WYPRG�b;G -hUX~FA7[�b;OTACcCc�UXWYAZ[%eRbsp�[%DFcZf`~ G
eR[%WYAZO�GmUX~Fc0.|UK��G�OTW;G�f�]t[%E�S�GmUXe�E U%f�A�UXc oFPR[%eR[%e|e<DFSn~ GTE;b

n & 10
, " ��A�UXc bYAZfFGT~iUXeRf -hUX~FA�[�b;OTACcCc�UXWYAZ[%eRb

UXE;G�_�GTE1. bQGTeRbYACWYAC_�G{W;[ UXe/. o [%oFDFc�UXWYAZ[%e ACe�bYWQUXWQGTb|[X]`WYPRG�U:�LA�UXc�S�[<fFG�p3ACWYP
n > 0

, ��PRG�b;OmUXeRb
bYPR[�p3e�ACe�@dACB�b�, I ,C£��F¡ ~N¢ 3 ¡tO�¢�oFE;[�_�G\WYPiUXWxWYPRG\S�[%WYAZ[%eiUXc^B�E;[%DFeRf�b;WQUXW;GnoFE;[%~iUX~FACcCACWK.�p�U%bkU%bxPFACB�P¤U%b
pn=0 = 99± 1

N ACewWYPRACblOmU%b;GC,

5��
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@
ACB�DFE;GnI ,C£���K@-hUX~FA�[�b;OTACcCc�UXWYAZ[%eRbrp3ACWYP�U\b;ACeFB�cZGxAZ[%e{UXW
ωr = 2π · 4.9 B��l�`UXeRf

ωz = 2π · 1.7 B��l� ,
��PRG`EQU%f�A�UXcsS�[<fFG`AZbljx[%oFoFcZGTEhO�[<[%cZG�fgp3PFACcZGnU%fFf�ACWYAZ[%eiUXcS7XS�bl[X]^b;AZfFGT~iUXeRf{O�[<[%cCACeFB�UXE;G
UXoFoFcCAZG�f�[%e�WYPRG�U:�LA�UXcNS�[<fFGC,r¡�U�¢�bYPR[�prb�OmUXEYEYAZGTE�[�bQOTACcCc�UXWYAZ[%eRbm�<p3PFACcZGhACe�¡ ~N¢�UXeRf�¡tO�¢^WYPRG
c�U%b;GTEx]tE;G�}7DiGqeiO7.�p�U%b`b;GTWkW;[|WYPRG�~FcCDRG�U:��A�UXc�bYAZfFGT~iUXeRf5,VML[%cCAZf�cCACeRG�bnUXE;G?�RW;bkp3ACWYP�WYPRG
]tDFeROTWYAZ[%e

sin2(πt/w)
�7p3PFAZOQPwU%b;bYDFS�G�b�U`S�[%WYAZ[%eiUXc�B�E;[%DFeRf�bYWQUXW;GloFE;[%~iUX~FACcCACWK.�[X]�£����ON

UXeRfV�mGTE;[nfFG�O�[%PRGTE;GTeRO�GC,C��PRGhGq�FO�GTcCcZGTe<W�UXB�E;G�GTS�GTe<W�[X]�WYPRGlfRUXWQU`p3ACWYP�WYPRGR�RW;b�O�[%e<�REYS�b
WYPRG�b;GlU%b;bYDFS�oFWYAZ[%eRb2,S��PRGg�RW^oiUXEQUXS�GTW;GTE

w
O�[%EYE;G�bYo [%eifFb�W;[xWYPRG

2π
o GTEYAZ[<f�[X]�WYPRG -�UX~FA

[�b;OTACcCc�UXWYAZ[%e ¡
w = 2π/Ω

¢3UXeRfwWYPRGkE;G�bYDFcCW;bhUXE;G�¡�U�¢
w = 40.8 µ

bm�s¡ ~N¢
w = 72.2 µ

bm�s¡tO�¢
w = 58.5 µ

b2,

� ��� �  	��U����"�*+�  " ( 	 �����H� !�( � � � " � ! ()!  "

��PRG?�RE;bYW`UXeRf�] DFeRfRUXS�GTe<WQUXc�O�[%PRGTE;GTeRO�G�cCACS�ACWkACe�[%DFE`}<DiUXe<WYDFS O�[%S�oFDFWQUXWYAZ[%eiUXc�b;OQPRGTS�G�bxAZbkb;GTWx~/.
WYPRGxc�A�]�GTWYACS�Gk[X]dWYPRG

D5/2
bYWQUXW;G���p3PFAZOQPwAZbk£C,C£�I�S�b$9/7�£L:�ACewOmU%bQGx[X]�UXe|DFeFo GTEYWYDFEY~ G�f 40 ��U + AZ[%eF,���G

E;G�O�GTe<WYc0.�[%~Rb;GTEY_7G�f�WYPiUXW\ACe [%DFE�Gq�Lo GTEYACS�GTe<W�WYPFAZb\cCA�]�GTWYACS�G�AZb�bYcCACB�P<WYc0.�b;PR[%EYW;GTeRG�f ~/.¤WYPRG�G ��G�OTW�[X]
E;G�bYAZf�DiUXcC5�HF0�eRS cCACB�P<Wkf�DFEYACeFB|O�[%PRGTE;GTe<WxSVUXeFACoFDFc�UXWYAZ[%eib�¡ oFE;[%~ G\o GTEYAZ[<fi¢q� p3PFAZOQP�AZb�f�DRGnW;[�ACeRbYD<K�u
OTAZGTe<W�bYp3ACW;OQPFACeFB%u�[ ��[X]^WYPRG -l@ o [�p�GTEhB�[%ACeFB�W;[VWYPRG+5�HF0�eFS fF[%DF~FcZGquvoiU%b;b " 1 B , 4 _�GTe�p�GmUX�wcCACB�P<W
UXW(5�HF0�eFS AZbhbYD<KVOTAZGTe<W�W;[�}7DRGTeROQP�WYPRG

D5/2
cZGT_7GTc�¡tb ¢3_<A�U�WYPRG

D5/2 ↔ P3/2
f�ACo [%cZGnWYEQUXeRbYACWYAZ[%eF,'% e

[%E;fFGTE�W;[�}<DiUXe<WYA�]".�WYPRACb3G � G�OTWm�
D5/2

bYWQUXW;G�cCA�]tGTWYACS�GxS�GmU%bYDFE;GTS�GTe<W;b3p�GTE;GkOmUXEYEYAZG�fw[%DFW�E;G�O�GTe<WYc0. ,C��PRG
Gq��o GTEYACS�GTe<W;blp�GTE;GnbYDFoFo [%EYW;G�f{~/. " �FGTc�;xE;GTDFW;GTEr]tE;[%SaWYPRG 40 ��U + OmUm_LACWK. � 4 j Gq�Lo GTEYACS�GTe<W�[X]�[%DFE
B�E;[%DFo�UXeRf�WYPRG�Gq�Lo GTEYACS�GTe<WQUXc�S�GTWYPR[<f�p3U%b`O�[%oFAZGTf�] E;[%S WYPRGTE;GC, ��PRG�S�GmU%bYDFE;GTS�GTe<W�E;G�bYDFcCWkp3U%b�U
cCA�]�GqW;A�S�G`[X]�I%H��\S�b2,C%�W3PiU%b3~ G�GTeg_�GTEYA �iG�fwACegWYPRG 40 ��U + OmUm_LACWK. � 4 j Gq�Lo GTEYACS�GTe<W\¡ p3PFAZOQPgDRb;G�b3WYPRG
bQUXS�G�c�U%b;GTE�bQ[%DFE;O�G�b ¢�WYPiUXW�WYPFAZb�cCA�]tGTWYACS�GkbYPR[%EYW;GTeFACeFB�AZb�ACeRfRGTG�fwf�DRG�W;[ncCACB�P<W�]tE;[%S WYPRG$5�HF0�eFS f�AZ[<fFG
c�U%b;GTE2,S��PFAZb�p�U%b�fF[%eRGr~/.�B�E;GmUXWYc0.�E;G�f�DROTACeFBnWYPRG -l@�o [�p�GTE�B�[%ACeFB�W;[`WYPRGB-h@�bYp3ACW;OQP�]�[%E�WYPRG'5�HF0�eFS
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@
ACB�DFE;GnI ,C£m��K 4 �FOTACWQUXWYAZ[%e¤b;o G�OTWYEYDFS [X]�WYPRG
S1/2(m = −1/2) ↔ D5/2(m

′ = +3/2)
OmUXEYEYAZGTE`E;G�b;[Xu

eiUXeRO�G�¡tfRUXWQU\o [%ACeLW;b ¢7,C��PRG�oFDFcZbQGkUXWhIJ���neFS PiU%fgU\f�DFEQUXWYAZ[%e{[X]�£xS�b2, " ,�[%E;GTe<WY��A�UXe
�RWn¡tb;[%cCAZfwcCACeRG�¢ .<AZGTcZfFbhU\cCACeRGTp3AZf�WYP�[X] 4ω = 2π · 1.17(7) ���l� ,

fF[%DF~FcZGquvoiU%b;b " 1 B ,T��PRGkE;G�bYDFcCWrp�U%blU\S�GmU%bYDFEQGTfgcCA�]tGTWYACS�G`G�}<DiUXc�W;[�WYPRGk_%UXcCDRGkE;GTo [%EYW;G�fgACe69/7�£L:�¡ W;[
p3ACWYPFACe�WYPRG�GTEYE;[%Ex~iUXE;bx[X]�UX~ [%DFW`���VS�b ¢7,$#�[%W;GnWYPiUXWxDFeRfFGTExWYPRG�b;Gw¡ p�GmUX� -l@�¢lO�[%eRf�ACWYAZ[%eRbxW;PRGnAZ[%e
OmUXe�b;WYACcCcL~ G�E;GToFDFS�o G�f\]tE;[%S WYPRG

D5/2
UXW�WYPRG�~ GTB�ACeFeFACeFB`[X]�U�bQG�}7DRGTeRO�G�~FDFW�WYPiUXW^WYPRG.5�HF0xeFS o [:p�GTE

AZb�WYPRGTegACeRbYD<KVOTAZGTe<W3]�[%E�WYPiGk}7DRGTeROQPFACeFB�eRG�O�G�b;b UXE1.V]�[%E3bYAZfFGT~iUXeRfgO�[<[%cCACeFB8, " ~ GTWYW;GTEB-h@�b;p3ACW;OQPwp3ACcCc
OTDFE;GkWYPRGkoFE;[%~FcZGTS@,

#�[%W;G�WYPiUXWkUXcCc�Gq�Lo GTEYACS�GTe<W;bxoFE;G�b;GTe<W;G�f�ACe�WYPFAZb�WYPRG�bYAZbhp�GTE;G\OmUXEYEYAZG�f�[%DFW�p3ACWYP�WYPRGnoFE;G�b;GTe<Wxb;GTWYDFo
O�[%EYE;G�bYo [%eRf�ACeFB�W;[�UXe G � G�OTWYAC_�G

D5/2
bYWQUXW;G�cCA�]tGTWYACS�G�[X]xI%H��gS�b2,P% W�p3ACcCcv��PR[�p�GT_7GTEm��~ G�O�[%S�G|OTcZGmUXE

ACe�WYPRG�]t[%cCcZ[�p3ACeFB�WYPiUXWnWYPFAZb�AZbncZ[%eFB�GTeR[%DFB�P�]t[%E�WYPRGVo GTE ]�[%EYSVUXeRO�G�[X]l[%DFE\Gq�Lo GTEYACS�GTe<W�[%eFc0.¤W;[g~ G
bYcCACB�P<WYc0.wUK� G�OTW;G�f�¡tOq]1,Fb;G�OTWYAZ[%e�I , 0<¢7,

��PRG�OT[%PiGqEQGqeiOTG¤[%e WYPRG�}<DF~FACW|WYEQUXeRbYACWYAZ[%e AZbwU%fFf�ACWYAZ[%eiUXcCc0. cCACS�ACW;G�f ~/. zRDROTWYDiUXWYAZ[%eRb{[X]n~ [%WYP WYPRG
IJ���VeFS c�U%b;GTE�cCACB�P<WkUXeRf{WYPRGnSVUXB�eRGTWYAZO+�iGTcZf �NWYPRGnc�UXWYW;GTE�cZGmU%f�ACeFB�W;[VzRDROTWYDiUXWYAZ[%eRbk[X]�WYPRG\GTcZG�OTWYE;[%eFAZO
GTeRGTEYBC.{cZGT_7GTcZb2,$��PiGTbQGnW p�[�G � G�OTW;b�~ [%WYP�cZGmU%f�W;[�oFPiU%b;G\eR[%AZb;G�UXeRf�UXe�G � G�OTWYAC_�G\~FE;[�U%fFGTeFACeFB{[X]�WYPRG
WYEQUXeRbYACWYAZ[%e�]tE;G�}<DRGTeRO?.\UXeRf�UXE;G�WYPRGTE;Gq]�[%E;G3f�A KVOTDFcCW^W;[xfFACb;WYACeFB�DFAZbYP�ACe�UhWK.LoFAZOmUXcFGq��o GTEYACS�GTe<W2,
��G�PiUm_7G
E;G�O�GTe<WYc0.�ACeRbYWQUXcCcZG�fgUXegU%OTWYAC_7G " � SVUXB�eRGTWYAZO(�iGTcZf|O�[%S�o GTeRb UXWYAZ[%egb .LbYW;GTS ��p3PFAZOQPwPiU%b�ACS�oFE;[�_�G�f|WYPRG
O�[%PRGTE;GTeRO�Gh[%eVWYPRGh}7DF~FACW�WYEQUXeRbYACWYAZ[%eF,C��PRG3]t[%cCcZ[�p3ACeFBn~ GTB�ACeRb�p3ACWYP�U`fFG�b;OTEYACoFWYAZ[%e�[X] WYPRGro GTE ]�[%EYSVUXeRO�G
[X]�[%DFExb1.�bYW;GTS � ' #! ��� # U%OTWYAC_�G\O�[%S�o GTeRbQUXWYAZ[%e�[X]�SVUXB�eRGTWYAZO+�iGTcZf{zRDROTWYDiUXWYAZ[%eRb2,(#�Gq�LWm�NWYPRGn~ GqeiG]�iW;b
[X]�WYPFAZbrO�[%S�o GTeRbQUXWYAZ[%e�p3ACcCc�~ Gkf�AZb;OTDRbQb;G�f5,

" WK.<o Gl[X]�Gq��o GTEYACS�GTe<W�p3PFAZOQP�oFE;[%~ G�b�WYPRG3]tE;G�}7DRGTeRO?.�~FE;[�U%fFGTeFACeFB\[X] WYPRGl}<DF~FACW�WYEQUXeRbYACWYAZ[%e�AZb�U`f�A�u
E;G�OTW�cCACeRGTp3AZf�WYP|S�GmU%bYDFE;GTS�GTe<WrU%b�bYPR[�p3e�ACe�@
ACB8,FI ,C£m��,���PRG

S1/2(m = −1/2)↔ D5/2(m
′ = +3/2)WYEQUXeRbYACWYAZ[%e�PiU%blWYPRGnbYWYE;[%eFB�G�bYWhSVUXB�eRGTWYAZO&�iGTcZf�fFGTo GTeRfFGTeRO�G�� eiUXS�GTc0.�U�E;GTc�UXWYAC_7G

g
u�]�U%OTW;[%Ex[X])��,/5��NbQG�G

@
ACB8, ��,JIL��UXeRf�AZblWYPRGTE;Gq]�[%E;G\bYWYE;[%eFB�c0.g~FE;[�U%fFGTeRG�f�A�]�SVUXB�eRGTWYAZO+�iGTcZfgzRDROTWYDiUXWYAZ[%eRb`UXE;GnoFE;G�b;GTe<W2,xM<DROQP
S�GmU%bYDFE;GTS�GTe<W;bnp�GTE;GVOmUXEYEYAZG�f�[%DFW�[%e�_%UXEYAZ[%DRb�OmUXEYE;ACGTE;b\[X]�WYPRG ( G�GTSVUXe�SVUXeFA�]t[%cZf�UXeRf�UXW�f�A�� GTE;GTe<W
fFGTc�U2.�b�[X]xWYPRGwoFE;[%~ GwoFDFcZbQG|p3ACWYP EQGTb;o G�OTW�W;[�WYPRGwo [�p�GTE�cCACeRGwoFPiU%b;GC, ��PRG

S1/2(m = −1/2) ↔
D5/2(m

′ = −1/2) WYEQUXeRbYACWYAZ[%e{PiU%brWYPRGkp�GmUX�7G�bYWrSVUXB�eRGTWYAZO �iGTcZfgfFGTo GTeRfFGTeRO�G��NeiUXS�GTc0.gU�E;GTc�UXWYAC_�G
g
u

]vU%OqWQ[%El[X]C��, 0R�Rp3PFAZOQP{AZblb;GT_7GTegWYACS�G�blbYSVUXcCcZGTElWYPiUXeg]t[%ErWYPRG
S1/2(m = −1/2)↔ D5/2(m

′ = +3/2)

	)(UO�x O_V+* T�0Oc�`,*<X/r2k�� T mA\Fs2r2k/k/X/\(T 0���| twr�J(o
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ACB�DFE;GnI ,C£[0RK ,�ACeRGhO�GTe<W;GTE�[X]�WYPRG
S1/2(m = −1/2)↔ D5/2(m

′ = −5/2) E;G�b;[%eiUXeRO�G�¡tfRUXWQU`o [%ACe<W;b ¢UXeRf O�[%EYE;G�bYo [%eRf�ACeFB�cCACeRGTp3AZf�WYPRbg¡ ~iUXE;b ¢nUXW�f�A���GTE;GTe<W�fFGTc�U2.Lb�[X]rWYPiG�Gq�FOTACWYACeFB¤IJ���{eFS
oFE;[%~ G�oFDFcZb;G�¡tf�DFEQUXWYAZ[%e £VS�b ¢`p3ACWYP E;G�bYo G�OTW\W;[�WYPRG�o [�p�GTE\cCACeRG�oFPiU%b;GC, ��PRG�[%EYACB�ACe
[X]�WYPRG

y
u U:�LAZbkE;GToFE;G�b;GTe<W;b`WYPRG�Um_7GTEQUXB�G�[X]3UXcCc�fRUXWQU�o [%ACe<W;b2, #h[%W;G�WYPiUXW�GTEYE;[%Ek~iUXE;b`[%e

WYPRGgcCACeRG{O�GTe<W;GTE;b�UXE;G{bYSVUXcCcZGTEVWYPiUXe WYPRGwcCACeRGTp3AZf�WYPRb���eiUXS�GTc0. ~ . U�]�U%OTW;[%E�[X]�UX~ [%DFW
WYPFE;G�GC, ��PRG

S1/2(m = −1/2) ↔ D5/2(m
′ = −5/2) WYEQUXeRbYACWYAZ[%e�p�U%bkOQPR[�b;GTe�PRGTE;G�U%b

ACW;brbYo G�OTWYEQUXc�o [�bYACWYAZ[%e{fFGTo GTeRfFblbYWYE;[%eFB�c0.|[%ewWYPRGkSVUXB�eRGTWYAZO(�iGTcZf�¡ E;GTc�UXWYAC_�G
g
u�]vU%OTW;[%E'��¢7,

WYEQUXeRbYACWYAZ[%eF,j%�]rc�U%b;GTEnzRDROTWYDiUXWYAZ[%eRb�p�GTE;G�eRGTB�cCACB�A�~RcCG���PRGTeRO�G�A�]lWYPRG�cCACeRG�b\p�GTE;G�~FE;[�U%fFGTeRG�f DFeFAZ}<DRGTc0.
~/.gSVUXB�eRGTWYAZO+�iGTcZf�zRDROTWYDiUXWYAZ[%eRbm�sUVbQGT_�GTe�WYACS�G�b�eiUXEYE;[�p�GTExcCACeRGw¡ cCA�eiGqprACfFWYP

2π · 170 �l�:¢rp�[%DFcZf�~ G
Gq��o G�OTW;G�f ]t[%E�WYPRG

S1/2(m = −1/2) ↔ D5/2(m
′ = −1/2) E;G�bQ[%eiUXeRO�GC, ��Gw[%~RbQGTEY_�G���PR[�p�Gq_7GTEm�

U�cCACeRGTp3AZf�WYP [X]`UX~ [%DFW
2π · 400 �h��¡ ]�[%E�WYPRGgbQUXS�GwcCACeRGgWYEYACB�B�GTE�fFGTcZU�.F¢7, �¤GgO�[%eROTcCDRfFGgWYPiUXWVWYPRG

S1/2(m = −1/2) ↔ D5/2(m
′ = −1/2) E;G�b;[%eiUXeRO�G|AZb�~FE;[�U%fFGTeRG�f ~/.�SVUXB�eRGTWYAZO��iGTcCf UXeRf c�U%b;GTE

zRDROTWYDiUXWYAZ[%eRbrW;[�UXcCS�[�bYWrG�}<DiUXc oiUXEYW;bm��p3PFACcZG�]�[%ErUXcCc WYEQUXeRbYACWYAZ[%eRb3prA�W;P{UnPFACB�PRGTErE;GTc�UXWYAC_�G
g
u�]vU%OTW;[%E3WYPRG

cCACeRGk~FE;[�U%fFGTeFACeFB�AZbrfF[%S�ACeiUXW;G�fg~ .�SVUXB�eRGTWYAZO �iGTcZf|zRDROTWYDiUXWYAZ[%eRb2, ��PRGkcCACeRGTp3AZf�WYP�[X]�U\B�AC_7GTegWYEQUXeRbYA�u
WYAZ[%egfFGTo GTeRfFbrbYWYE;[%eFB�c0.�[%e|WYPRG�cCACeRGxWYEYACB�B�GTErfFGTc�U2.7�FU%b3bYPR[�p3ewACew@
A�B8,iI ,C£[08,C%�W3OmUXe|~ Gxb;G�GTewWYPiUXW�WYPRG
cCACeRG�AZb�oiUXEYWYAZOTDFc�UXEYc0.¤eiUXEYE;[�p UXWnO�GTEYWQUXACe fFGTc�U2.�b2, % W`AZb�WYPRGTE;Gq]�[%E;G�U%f�_�UXe<WQUXB�G�[%DRbnW;[{bQGTW`WYPRG�WYEYACB�B�GTE
[X]�[%DFE$����S�bhoFDFcZbQG\b;G�}<DRGTeRO�GTbkbYDROQP�WYPiUXW�WYPRG\oFE;[%~ Gno GTEYAZ[<f ¡ prPRGTE;G�O�[%PRGTE;GTe<WxSVUXeFACoFDFc�UXWYAZ[%eRb�UXE;G
o GTE ]�[%EYS�G�fi¢`]vUXcCcZb\W;[�bYDROQP U�fFGTc�U2. ,¤�le�]�[%EYWYDFeiUXW;GTc0.�WYPRG�oiUXWYW;GTEYe [X]�@
ACB8,^I ,C£[0�AZb\eR[%W�bYWQUX~FcZG|[�_7GTE
cZ[%eFBVWYACS�Gnb;OmUXcZG�b�U%blbYPR[�pre{~/.wbYACS�ACc�UXEhGq��o GTEYACS�GTe<W;bhp3PFAZOQP{p�G`PiUm_7G�OmUXEYEYAZG�f�[%DFW�UXWlACe<W;GTEY_%UXcZb�[X]�U
]�GTp S�[%e<WYPRb2,)#�GT_7GqE;WYPRGTcZGTbQbm�FWYPRG�b;G`Gq�Lo GTEYACS�GTe<W;blE;GT_7GmUXc�WYPiUXWrWYPRGTE;GnUXE;GkcCACeRGqu�b1.LeROQPFE;[%eR[%DRbm�Ro GTEYAZ[<f�AZO
zRDROTWYDiUXWYAZ[%eRbloFE;G�b;GTe<WlA�e{[%DFElb1.�bYW;GTS@,

#�[%e�cCACeRGqu�b1.LeROQPFE;[%eR[%DRb�zRDROTWYDiUXWYAZ[%eRbkOmUXe�~ GnoFE;[%~ G�f�~/. -hUXS�b;G?.{bYo G�OTWYE;[�b;O�[%o/.�U%b�Gq��oFc�UXACeRG�f�ACe
@
ACB8,�I ,C£mH�,�%�WnOmUXe�~ G�b;G�GTe�WYPiUXW�]�[%E

τ = 100 µ
bnWYPRG�[%~Rb;GTEY_7GTf -�UXS�b;G?.�]tEYACeFB�G�bnPiUm_7G�_7GTE1.�PFACB�P

¡����ON�¢�O�[%e<WYEQU%bYW2,S��PRG3b UXS�G�WK.<o G3[X]�b;OmUXeRb^E;G�O�[%E;fFG�f�]�[%E^f�A�� GTE;GTe<W^p�UXACWYACeFB`WYACS�G�b
τ
E;GT_7GmUXcFWYPRG�oFPiU%b;G

fFG�O�[%PRGTE;GTeRO�G�p3PFAZOQP�cZGmU%fFbkW;[wU�cZ[�b;bk[X]�O�[%e<WYEQU%bYWkp3ACWYP�ACeROTE;GmU%b;ACeFB
τ
� b;G�G�@
ACB8,�I ,C£�7�,n@i[%Ek}<DiUXe<WYDFS

O�[%S�oFDFWQUXWYAZ[%e Gq�Lo GTEYACS�GTe<W;bVU{S�ACeFACSnDFS O�[%e<WYEQU%bYW�[X]xUX~ [%DFW*5��ON AZb\E;G�}<DFACE;G�f5, 1 DFE�Gq�Lo GTEYACS�GTe<W;b
bYPR[�p WYPiUXW�WYPRG�O�[%e<WYEQU%bYW�AZb`E;G�f�DRO�G�f¤W;[�5��ON U:] W;GTE

τ = 450µ
bm�sp3PFAZOQP�U%O�O�[%E;f�ACeFB�c0.¤bQGTW;bkWYPRG�WYACS�G
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@
ACB�DFE;GnI ,C£mH�K -�UXS�b;G?.�b;o G�OqW;E;[�b;O�[%o/. , ¡�U�¢+��PRG�oFE;[%~ G|bQG�}7DRGTeRO�G|O�[%eRbYAZbYW;b�[X] # ��� AZfFGTe<WYAZOmUXcrbYPR[%EYW
oFDFcZb;G�b�[X] �F�FG�fVf�DFEQUXWYAZ[%ewUXW�UXeVACe<W;GTEY_�UXc [X]

τ
,S��PRGrcCACB�P<W�o [�p�GTE�AZb�U%fF; DRbYW;G�f�bYDROQPVWYPiUXW

GmU%OQPVoFDFcZb;G3E;GToFE;G�b;GTe<W;b�U
π/2

E;[%WQUXWYAZ[%eVA�]�WYPRG3c�U%bQGqE�] E;G�}<DRGTeRO?.\AZb�E;G�b;[%eiUXe<W�W;[�UkO�GTEYWQUXACe
OmUXEYEYAZGTE�WYEQUXeRbYACWYAZ[%eF,�@i[%E�U -hUXS�bQG?. bYo G�OTWYEYDFSg��WYPRGgcZU%bQGTE�]tE;G�}7DRGTeRO?.

ωl
AZb�b;OmUXeFeRG�f

UXE;[%DFeRfnWYPFAZb
OmUXEYEYAZGTE
p3PFACcZG�UXcCcL[%WYPiGqE
oiUXEQUXS�GTW;GTE;b^UXEQGC�F��G�f5,!% fFGmUXcCc0.7�XA+, GC,�p3ACWYPR[%DFW
oFPiU%b;G
fFG�O�[%PRGTE;GTeRO�G��

PD
bYPR[%DFcZf�Gq�LPFAC~FACWkUVS�[<f�DFc�UXWYAZ[%e�~ GTW p�G�GTe��mGTE;[|UXeRf�[%eRG\UXEQ[%DFeRf�WYPRG

E;G�b;[%eiUXeRO�GC,g¡ ~N¢4-hUXS�b;G?.�bYo G�OTWYEYDFS [%e�WYPiG
S1/2(m = −1/2) ↔ D5/2(m

′ = −1/2)OmUXEYEYAZGTE2,'��PRG`c�U%bQGTEhfFGTWYDFeFACeFB�AZblB�AC_7GTe{p3ACWYP�E;G�bYo G�OTWhW;[VWYPFAZbhOmUXEYEYAZGTE2,'��PRG`W�p�[�oFDFcZb;G�b
[X]�cZGTeFB�WYP

9.5 µ
b3p�GTE;G`b;GToiUXEQUXWQGTfg~/.

τ = 100µ
b2,

6 78696 :9686 ;9686 <=686 >%69686 >=786966
796
:96
;96
<=6
>=686

?A@�B�C�B�D�EFC�B�GIH�JKB�DMLON

 

 

 

@
ACB�DFE;GnI ,C£�7�K ��[%e<WYEQU%b;WV[X]xWYPRG
S1/2(m = −1/2) ↔ D5/2(m

′ = −1/2) -hUXS�bQG?.�oiUXWYW;GTEYe�U%bVU
]tDFeROTWYAZ[%e [X]

τ
, ML[%cCAZf OTACE;OTcZG�bmKwfRUXWQU�WQUX�7GTe p3ACWYPR[%DFW�SVUXB�eRGTWYAZO~�iGTcCf O�[%S�o GTeRbQUXWYAZ[%eF,

1 o GTe�OTACE;OTcZG�bmKkfRUXW;G�WQUX�7GTe�p3ACWYP¤O�[%S�o GTeRbQUXWYAZ[%e�~FDFWkp3ACWYP�U|bYACeFB�cZG?�NGqcZf¤b;GTeRb;[%E`[%eFc0.
¡tb;G�G�W;Gq��W ¢7,aML[%cCAZf cCACeRG�KIQkUXDRb;bYA�UXe �RWgp3ACWYP

e−(τ/τ0)
2 .LAZGTcZf�ACeFB

τ0 = 0.94(5)
S�b2,

jkU%bYPRG�fwcCACeRG�K�Gq��o [%eRGTe<WYA�UXc �RW3p3ACWYP
e−τ/τ0

.LAZGTcZf�ACeFB
τ0 = 1.4(2)

S�b2,

5F0
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cCACS�ACW�]t[%E|O�[%PRGTE;GTe<W|SVUXeFACoFDFc�UXWYAZ[%eRb2, " bQbYDFS�ACeFB U�p3PFACW;G�eR[%AZb;G�S�[<fFGTc�]t[%E�WYPRG�bYo G�OTWYEQUXckfFGTeRbYACWK.
[X]l]tE;G�}7DRGTeRO?.¤zRDROTWYDNUXWYAZ[%eRbm��[%eRG�p�[%DFcZf Gq�Lo G�OTWVUXe Gq�Lo [%eRGTe<WYA�UXclfFG�OmU2.�[X]�O�[%e<WYEQU%bYWm�

e−τ/τ0
�^p3ACWYP

τ0 = 1/4ω ,G��PFAZbhS�[<fFGTc
oFE;G�f�AZOTW;b`U ,�[%E;GTe<WY��A�UXe�E;G�b;[%eiUXeRO�GncCACeRG\[X]�p3AZf�WYP 4ω ,�@dACB8, I ,C£�7�bYPR[�prbm�
PR[�p�GT_7GTEm��WYPiUXW�UXe Gq�Lo [%eRGTe<WYA�UXcR�RW�W;[�[%DFE�fRUXWQU�AZb�_�GTE1.�o [<[%E�p3PFACcZbYWVU6QkUXDRb;b;A�UXe>�RW�AZb�ACe B�[<[<f
UXB�E;G�GTS�GTe<W`p3ACWYP�WYPRG�E;G�bYDFcCW;b�,n@RE;[%S WYPFAZbxp�G�O�[%eROTcCDRfFG�WYPiUXW�UXe�Gq�FO�G�b;bk[X]�zRDROTWYDiUXWYAZ[%eRb�O�[%S�oiUXE;G�f
W;[VU\p3PFACW;GkeR[%AZbQGxS�[<fFGTcsACbroFE;G�b;GTe<WrACeg[%DRErb .LbYW;GTS ]�[%E�] E;G�}<DRGTeROTAZG�b

> 1.5
���h� ,

" b�S�GTe<WYAZ[%eRG�f �3UXe U%OTWYAC_7GwOmUXeRO�GTcCc�UXWYAZ[%e b .LbYW;GTS ]t[%E�SVUXB�eRGTWYAZO~�iGTcZf zRDROTWYDiUXWYAZ[%eRbVPiU%b�E;G�O�GTe<WYc0.
~ G�GTe�ACeRbYW UXc�cZG�f|[%e�WYPRG�Gq�Lo GTEYACS�GTe<W2,�@RE;[%S f�ACE;G�OTW3OmUXEYEYAZGTE�bQOmUXeRb�p�G'�ReRf�WYPiUXW�p3ACWYP�WYPRGxU%OTWYAC_7G�O�[%S�u
o GTeRbQUXWYAZ[%e�ACe�DRb;G�� WYPRGnE;G�b;[%eiUXeRO�Gn]tE;G�}7DiGqeiOqAZG�bk[X]�f�A���GTE;GTe<WkOmUXEYEYAZGTE;b`UXE;G\G�b;b;GTe<WYA�UXcCc0.�O�[%eRbYWQUXe<Wxp3ACWYP
E;G�bYo G�OTW�W;[nWYPRGho [�p�GTE�c�ACeRGxfFGTc�U2. ,���PFAZb�PiU%b�WYPRGxU%f�_�UXe<WQUXB�G�WYPiUXW�WYEYACB�B�GTEYACeFB�[X]sWYPRGhoFDFcZb;G�b;G�}7DRGTeRO�G�b
[%e�WYPRG�o [�p�GTEncCACeRG�AZb�eR[%W�OTEYACWYAZOmUXc3UXe/.�S�[%E;G|UXeRf�W;PiUXWnp�G�U%OQPFAZGT_7GVACe U{HgS�bnoFDFcZb;G�bQG�}7DRGTeRO�G|U
bYACS�ACc�UXE`] E;G�}<DRGTeRO?.�b;WQUX~FACcCACWK.¤U%bkACe�U|cCACeRG�WYEYACB�B�GTE;G�f ���wS�bkoFDFcZbQG�b;G�}<DRGTeRO�GC,V��[�p�GT_�GTEm� " '  ��� ' �-#! -!
p�GTE;G�[%eFc0.�bYcCACB�P<WYc0.�E;G�f�DRO�G�f¤~/.�WYPRG�OmUXeRO�GTcCc�UXWYAZ[%e�b .LbYWQGqS@,*B�[%EQGT[:_�GTEm�d@
ACB8,sI ,C£�7wE;GT_�GmUXcZb`WYPiUXW`WYPRG
O�[%e<WYEQU%bYW�[X] -�UXS�b;G?.¤bYo G�OTWYEQU�U%b�Uw]tDFeROTWYAZ[%e [X]rWYPRGVp�UXACWYACeFB�WYACS�G

τ
p�U%b\G�b;b;GTe<WYA�UXcCc0.¤WYPRG�bQUXS�GVA�]

E;G�O�[%E;fFG�f|p3ACWYPg[%E�p3ACWYPR[%DRW�WYPiGxU%OTWYAC_7GxO�[%S�o GTeRbQUXWYAZ[%eF,)��PFAZb�AZbrUXWYWYEYAC~FDFW;G�f|W;[�UncCACS�ACW;G�f|~iUXeRf�p3AZf�WYP
[X]sWYPRG�O�[%S�o GTeRbQUXWYAZ[%egb1.�bYW;GTSgKdp�GhPiUm_7GhS�GmU%bYDFE;G�f�WYPiUXW�WYPRGhSVUXB�eRGTWYAZOM�iGTcZf�eR[%AZb;G�bYDFoFoFE;G�b;bYAZ[%e�p3U%b
bYD<KVOTAZGTe<Wh[%eFc0.�ACe{U\] E;G�}<DRGTeRO?.�EQUXeFB�Gx]tE;[%SaH����h�kW;[w£k�L�h� ,

" cCc
Gq�Lo GTEYACS�GTe<W;bxoFE;G�b;GTe<W;G�f�b;[�]�UXEhp�GTE;G\OmUXEYEYAZG�f�[%DFWhp3ACWYPR[%DRW�SVUXB�eRGTWYAZO+�iGTcZf�O�[%S�o GTeRbQUXWYAZ[%e�[%E
p3ACWYP�UVbYACeFB�cZG�SVUXB�eRGTWYAZO+�iGTcZf�bQGTeRb;[%Er]�[%EhWYPRGnO�[%S�o GTeRbQUXWYAZ[%e�b .LbYW;GTS@,lj�DRG�W;[VWYPRGnO�[%eRb;WYEYDROTWYAZ[%e�[X]
WYPRGx_�U%OTDFDFS _7G�b;b;GTc�UXeRf|WYPRGkbYAC�mGk[X]
WYPRGkbYPFAZGTcZfFG�fgb;GTeRb;[%E�~ [m�¤¡�UX~ [%DFW`£���OTS�¢q�FWYPRGkb;GTeRb;[%ErOmUXeg[%eFc0.
~ GloFc�U%O�G�f|UXW�U`f�AZbYW UXeRO�Gh[X]dUX~ [%DFWx£mH`OTS ] E;[%S WYPRGlWYEQUXo�O�GTe<W;GTEm�LPRGTeRO�G�fF[<G�b�eR[%W�oFAZOQ��DFo�SVUXB�eRGTWYAZO
�iGTcZf�zRDROTWYDiUXWYAZ[%e Gq�RU%OTWYc0.�p3PRGTE;GVWYPRG?.�UXE;G�W;[w~ GVOmUXeRO�GTc�cZG�f5,�% e¤[%E;fFGTE�W;[gACS�oFE;[�_�GV[%e�WYPFAZb�bYPR[%EYW u
O�[%S�ACeFB�Uwb;G�O�[%eRf�b;GTeRb;[%E`PiU%bk~ G�GTe�ACeRbYWQUXcCcZG�f�[%e¤WYPRG�[%oFo [�b;ACW;G�o [�b;A�W;AC[%e�[X]�WYPRG�WYE UXo¤WYEQUXo�O�GTe<W;GTE2,
" egU�_�GTEQUXB�G�fgbYACB�eiUXc ]tE;[%S WYPRGxW�p�[�b;GTeRb;[%E;b3AZb3WYPRGTew]�G�f|W;[�WYPRG`O�UXeiOTGTcCc�UXWYAZ[%e�b1.�bYW;GTS@,���PFAZblUm_7GTEQUXB�G
AZbrGq��o G�OTW;G�fwW;[�E;GToFE;G�b;GTe<W�U�b;[%S�GTp3PNUXWrACS�oFE;[�_7G�fwS�GmU%bYDFEQG`[X]
W;PRG`U%OTWYDiUXc�zRDROTWYDiUXWYAZ[%eRb�UXWrWYPRGkWYEQUXo
O�GTe<W;GTE2,�% e U%fFf�ACWYAZ[%e���S�GmU%bYDFE;G�b�p�GTE;G�WQUX�7GTe W;[�E;G�f�DRO�G|GTcZG�OTWYE;[%eFAZOweR[%AZb;G|[%e WYPRG�c�U%b;GTE\cZ[<OQ� ,���G
PiUm_7G�[%~Rb;GTEY_7G�f�WYPiUXW�p3ACWYP|WYPRG�b;GxOQPiUXeFB�G�bm��WYPRG
-hUXS�b;G?.VO�[%e<W;EQU%bYW�PiU%b�ACeRfRGTG�f|ACS�oFE;[�_7G�f ��~ GTACeFB�eR[�p
5��ON U:]tW;GTE�UX~ [%DFW

700 µ
b2,��h[�p�GT_7GTEm�ib1.�bYW;GTSVUXWYAZO�bYWYDRf�AZG�bh[%e{WYPRG`o GTE ]�[%EYSVUXeRO�Gn[X]^WYPRG�OmUXeRO�GTcCc�UXWYAZ[%e

b1.�bYW;GTS p3ACWYP W p�[¤b;GTeRb;[%E;b�PiUm_7G|eR[%WA.�GTW�~ G�GTe DFeRfFGTEYWQUX��GTeF, % e oiUXEYW;ACOTDFc�UXEm��ACW�AZb�eR[%WVOTcZGmUXE�PR[�p
ACS�o [%EYWQUXe<W`ACe�WYPRG�oFE;G�b;GTe<WkbQGTWYDFo�WYPRG�O�[%e<WYEYAC~FDFWYAZ[%e�[X]�c�U%b;GTE�zRDROTWYDiUXWYAZ[%eRbnUXWkf�A�� GTE;GTe<Wx] E;G�}<DRGTeROTAZG�b
[X]�WYPRGneR[%AZb;G\bYo G�OTWYEYDFS AZb�O�[%S�oiUXE;G�f�W;[VSVUXB�eRGTWYAZO+�iGTcZf�eR[%AZb;GC,h@RDFEYWYPRGTEkG ��o GTEYACS�GTe<W;b`UXE;G�oFc�UXeFeRG�f
W;[�ACe<_7G�bYWYACB7UXW;G`WYPRG�b;GkAZb;b;DRG�b2,�@i[%ErWYPRGk]t[%cCcZ[�p3ACeFB�Gq��o GTEYACS�GTe<W;bm�RACegoNUXEYWYAZOTDFc�UXElWYPRG�}7DiUXe<WYDFS O�[%S�oFD�u
WQUXWYAZ[%e{Gq��o GTEYACS�GTe<W;bh[X]�OQPiUXoFW;GTEG5��FWYPRGkO�[%S�o GTeRb UXWYAZ[%e�b1.�bYW;GTS p�U%b3DRbQGTfF,

B�[�bYWk[X]�WYPRG\E;G�b;DFcCW;bxoFE;G�b;GTe<WQGTf�ACe�WYPFAZbkb;G�OTWYAZ[%e�UXEQG�fFGTWQUXACcZG�f�ACe 9 ����:�,?��PFAZbkE;Gq]tGTE;GTeRO�GVU%fFf�ACWYAZ[%e�u
UXcCc0.�f�AZb;OTDRbQb;G�b�oFE;GTcCACS�ACeiUXE1.�S�GmU%bYDFE;GTS�GTe<W;bkp�G\PiUm_7G�OmUXEYEYAZG�f�[%DFWkGTS�oFcZ[�.<ACeFB{U -hUXSVUXe�WYEQUXeRbYACWYAZ[%e
W;G�OQPFeFAZ}<DRGC, % e WYPRG�bQGwGq��o GTEYACS�GTe<W;bm� -�UXSVUXe WYEQUXeRb;ACWYAZ[%eRb�UXE;Gwf�E;A�_7GTe ~ GTW p�G�GTe WYPiG|W p�[�SVUXB�eRGTWYAZO
bYDF~FcZGT_7GTcZb�¡

m = ±1/2 ¢h[X]�WYPRG S1/2 B�E;[%DReRf�bYWQUXW;GC,+��PFAZbkW;G�OQPFeFAZ}<DRG�UXcCcZ[�prbkWYPRG�fFGTW;GTEYS�ACeiUXW;AZ[%e�[X]
SVUXB�eRGTWYAZO$�iGTcZf|zRDROTWYDiUXWYAZ[%eRb�UXcZ[%eRGnUXeRfwE;GTSVUXACeRbrACS�SnDFeRG`W;[�c�U%b;GTE3zRDROTWYDiUXWYAZ[%eRb2,

� ��� ��" ��!	� !	� � ���
�  " � � � ����� � !�"�# � " ��� � � ��
�$�� (
1 eRG�S�GqW;PR[<f�W;[{oFE;[%~ G�WYPRG�U%fFf�E;G�b;b;ACeFB�}<DiUXcCACWK.¤[X]rWYPRGwIJ��� " OQPiUXeReRGTck¡tOq] ,db;G�OTWYAZ[%e H�, H�¢kAZbn~iU%b;G�f
[%e�bYp�G�GToFACeFBgWYPRG�c�U%b;GTEk]�[<OTDRb`[�_7GTEkWYPRG�WYPRG�AZ[%eRb`DRbYACeFBwWYPRG�fFGqziG�OTW;[%E2, ��PRG�AZ[%e¤AZbkoFE;[%~ G�f�p3ACWYP U
bYACeFB�cZGnoFDFcZb;G\[X]��F�FG�f�f�DFEQUXWYAZ[%e�E;G�b;[%eiUXe<W�W;[�[%eRG\[X]�WYPRG

S1/2 ↔ D5/2
OmUXEYEYAZGTE;b�, " W�GmU%OQP�fFGqziG�OTW;[%E

5�H
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@
ACB�DFE;GnI ,C£�ILK�¡�U�¢�M<ACeFB�cZGlAZ[%e�fFGqziG�OTW;[%E�bQOmUXeF,S��PRGGQ`UXDRb;bYA�UXe*�RW .LAZGTcZfFb�Ukp�UXAZbYW�[X]_��, H��F¡v5�¢ SnDFS@,l¡ ~N¢
" W p�[XuvAZ[%e�fFGqziG�OTW;[%E\b;OmUXe�b;GTEY_7G�bkWQ[gOmUXcCAC~FEQUXW;G�WYPRG

x
u U:�FG�bV¡tbQG�G�W;Gq�LW ¢7, %�e¤WYPFAZb�OmU%b;G��

WYPRGhU:�LA�UXcRWYEQUXo�]tE;G�}7DRGTeRO?.�p�U%b
ωz = 2π ·940 ���h���%]tE;[%S p3PFAZOQP�UXe�AZ[%eVf�AZb;WQUXeRO�G 4z =

6.3 µ
S AZbrOmUXcZOTDFc�UXW;G�f �RWYPFAZblO�[%EYE;G�bYo [%eRfFblW;[�U�oFE;[F; G�OTW;G�f{f�AZbYWQUXeRO�G 4zp = 5.8 µ

S@,

_7[%cCWQUXB�G���A+, GC,�UXWkGmU%OQP�c�UXW;GTEQUXc�]t[<OTDRbxo [�bYACWYAZ[%e���WYPRG�Gq��OTACWQUXWYAZ[%e¤oFE;[%~iUX~FACcCACWK.
PD

AZbxS�GmU%bYDFE;G�f ��p3PFAZOQP
.LAZGqcZfFb�UwoFE;[F�RcZG�[X]rWYPRGVc�U%b;GTE`]�[<OTDRb2, !�Gq]t[%E;GVWYPiUXWm�
WYPRG�c�U%bQGTE`]�[<OTDRb�AZb\U%fF;�DRb;W;G�f�[%e<W;[{WYPRGVAZ[%eRb�~/.
WYDFeFACeFBVWYPRGnU%fFf�E;G�b;bYACeFB�[%oFWYAZO�br]t[%ErSVU:��ACSnDFS Gq�FOqACWQUXW;AC[%e�, % e�U�b;G�O�[%eRf{bYW;GTo��8-�UX~FAs[�b;OTACcCc�UXWYAZ[%eRb�UXE;G
E;G�O�[%E;fFG�f5,�@i[%E`WYPRG�b;G�Gq��o GTEYACS�GTe<W;bm�djx[%oFoFcZGTEnO�[<[%cCACeFB{AZb�bYD<KVOTAZGTe<W\UXeRf¤b;[{U�WK.LoFAZOmUXc�oFDFcZb;G�cZGTeFB�WYP
b;OmUXe�cZ[7[%��b�cCAC�7G\@
ACB8,�I ,JI�¡�U�¢7,`@i[%cCcZ[�p3ACeFB|eRGq��Wm��p�G\b;GTcZG�OTW`UVoFDFcZbQG\f�DFEQUXWYAZ[%e

t0
p3PFAZOQP�AZbxb;[%S�GTp3PiUXW

~ GTcZ[�p WYPRG
π
uvWYACS�G|[X]hWYPRG|[�b;OTACcCc�UXWYAZ[%e���ACe OmU%b;G|[X]�@
ACB8,�I ,JI�¡�U�¢q�^]�[%E�Gq�RUXS�oFcZG��

t0 = 4 µ
b2,6#�[�p U

� �!;�� � # ��*�!���"� AZb�o GTE ]t[%EYS�G�f K ωl UXeRf t0 UXE;G3��GToFW��F�FG�f�p3PFACcZGrWYPRG3_�[%cCWQUXB�Gr[%e�WYPRG3~ GmUXS fFGqziG�OTW;[%E�AZb
b;OmUXeFeRG�f5, 4 U%OQP{fFGqziG�OTW;[%E3o [�b;ACWYAZ[%egO�[%EYE;G�bYo [%eRfFb3W;[�U\O�GTEYWQUXACewcCACB�P<W3ACe<W;GTeRbYACW .

I
[%e|WYPRGxAZ[%es¡tb ¢7,C��PRG

ACe<W;GTeRbYACWK.|AZb3oFE;[%o [%EYWYAZ[%eiUXcdW;[�WYPRG6-hUX~FA ] E;G�}<DRGTeRO?.|b;}<DiUXE;G�f �FWYP<DRb
Ω = a

√
I
p3ACWYP{b;[%S�G`O�[%eRbYWQUXe<W

a¡tOq]1,�b;G�OTWYAZ[%e¤��, ��, H�¢7,?B�[%E;G�[�_7GTEm� WYPRG+�RE;b;Wk[�b;OTACcCc�UXWYAZ[%e¤[X]
PD

]tE;[%S �mGTE;[�W;[w[%eRGw¡tb;G�G�@
ACB8,sI ,JI�¡�U�¢Y¢hAZb
B�AC_7GTeV~/.

PD = sin2(Ωt/2)
W;[\Uk_�GTE1.�B�[<[<f�UXoFoFE;[m��ACSVUXWYAZ[%eF,C% W^]�[%cCcZ[�prb�WYPiUXW

PD = sin2(a
√
It0/2)

,
��bYACeFB�WYPFAZb�]t[%EYSnDFc�U��FWYPRGxGq�FOTACWQUXWYAZ[%ewoFE;[%~iUX~FACcCACWK.�oFEQ[F�RcZGkOmUXe|~ GxE;G�b;OmUXcZG�f|ACe<W;[�UXe|ACe<W;GTeRbYACWK.�oFE;[F�RcZGC,
4 �RUXS�oFcZG�bl[X]
fFGqziG�OTW;[%Ehb;OmUXeRbrUXE;G`bYPR[�p3ewACeg@
ACB8,iI ,�£�I ,C%�]dp�Gxo GTE ]�[%EYS b;DROQPgU�b;OmUXewp3ACWYP{U\W p�[XuvAZ[%e
OTE1.�bYWQUXc�¡t@dACB8,�I ,C£�I�¡ ~N¢Y¢kp�GVOmUXe�OmUXcCAC~FEQUXW;G�WYPRGVfFGqziG�OTW;[%E\_�[%cCWQUXB�G�b�ACe<W;[{c�UXW;GTEQUXc�WYEQUXeRbYc�UXWYAZ[%eRb\[X]3WYPRG
c�U%b;GTE�]t[<OTDRb2,��d[�fF[�b;[F�LWYPRGxU:��A�UXc�WYEQUXo�] E;G�}<DRGTeRO?.

ωz
AZb�fFGTW;GTEYS�ACeRG�f|] E;[%S UXewGq��OTACWQUXWYAZ[%egbYo G�OTWYEYDFS��

ωz
B�AC_7G�b�WYPRGxf�AZbYWQUXeRO�G 4z ~ GTW p�G�GqegWYPRG�AZ[%eRb�DibYACeFB\]t[%E;SnDFc�U%br��,C£�£`UXeRfw��,C£���, " b�bYPR[�p3e|ACegb;G�OTWYAZ[%e

H�, 0R�dWYPRG�WYEQUXo U:��AZb`AZb�eR[%W�o GTEYo GTeRf�AZOTDFc�UXE\W;[gWYPRG�U%fFf�E;G�b;bYACeFB�~ GmUXS OQPiUXeReRGTc�IJ��� " U%b`WYPRG�W;EQUXo�AZb
WYACcCW;G�fw~/.~����, H ◦ ,���[%eib;G�}7DRGTe<WYc0.7�FWYPRG`G � G�OTWYAC_�GV¡ oFE;[F;YG�OTW;G�fi¢�AZ[%e{f�AZbYWQUXeRO�G`AZb

4zp = 4z · cos 22.5◦ .
¡vI ,C£�¢

@RE;[%S bYACeFB�cZG�AZ[%e fFGqziG�OTW;[%E�b;OmUXeRb�U%b\ACe @
ACB8,�I ,C£�I�¡�U�¢q��U QkUXDRbQbYA�UXe�]t[<OTDRb�p�UXAZbYW�[X]
2.5 µ

S AZb�fFGqu
W;GTEYS�ACeRG�f DRbYACeFB�WYPFAZb�OmUXcCAC~FEQUXWYAZ[%eF,>��PRG|_%UXcCDRGw[X]

2.5 µ
S E;GToFE;G�b;GTe<W;b�WYPRG|[%oFWYACSnDFS U%OQPFAZGT_7G�f ~/.

U%fF; DRbYWYACeFBVWYPRG�U%fFf�E;G�bQbYACeFB�[%oFWYAZO�b2, ��PFAZbh[%oFWYACS�AC��UXWYAZ[%e�AZblfF[%eRG`~/.�o GTE ]�[%EYS�ACeFB�b;ACeFB�cZGkAZ[%e�fFGqziG�OTW;[%E
b;OmUXeRbkUXWxf�A�� GTE;GTe<WxcZ[%eFB�ACWYDRf�ACeiUXc^o [�bYACWYAZ[%eRbk[X]�cZGTeRb�,_��[X]�WYPiG�U%fFf�E;G�b;bYACeFBw[%oFWYAZO�b�¡tb;G�G\b;G�OTWYAZ[%e¤H�, H�¢q�
p3PFAZOQP{O�[%EYE;G�b;o [%eRfFbrW;[�bYPFA�] W;A�eRB�WYPRGkc�U%b;GTE3]t[<OTDRbhUXW3WYPRGkWYEQUXo{O�GTe<W;GTErACegcZ[%eFB�ACWYDRf�ACeiUXc
f�ACE;G�OTWYAZ[%eF,

" eR[%WYPRGTE�S�GTWYPR[<f W;[�OQPiUXEQU%OTW;GTEYAC�mGwWYPRGwU%fFf�E;G�b;bYACeFB¤O�[%eRbYAZbYW;b�[X]�f�EYAC_<ACeFB�OmUXEYE;ACGTEA-�UX~FA�[�b;OTACcCc�UXWYAZ[%eRb

5�7
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@
ACB�DFE;GnI ,C£�5�K " fFf�E;G�b;b;G�f�OmUXEYEYAZGTE -�UX~FA�[�b;OTACcCc�UXWYAZ[%eRbno GTE ]t[%EYS�G�f�[%e U|W p�[XuvAZ[%e OTE1.Lb;WQUXc�ACe U ���wS�b
oFDFcZb;G�b;G�}<DRGTeRO�G�ACeROTcCDRf�ACeFBhB�E;[%DFeRfnbYWQUXW;G�bYAZfFGT~iUXeRf�O�[<[%cCACeFB�[X]F~ [%WYP�WYPRG�U:�LA�UXc � 1 B UXeRf
WYPRG�~FE;GmUXWYPFACeFB�S�[<fFGC,R% e ¡�U�¢�WYPRG�c�U%b;GTEhp�U%b�U%fFf�E;G�b;bQG�f{[%eLW;[V[%eRGn[X]�WYPRG`W p�[�AZ[%eRbm�iACe
¡ ~N¢^[%e<W;[kW;PRGr[%WYPRGTE2,�%�W�OmUXe�~ Glb;G�GTe�WYPiUXW�]t[%E�WYPRGrB�AC_�GTe�U%fF;�DRb;WYS�GTe<W�[X] WYPRGr[%oFWYAZO�bm�7WYPRG
U%fFf�E;G�b;b;ACeFBV}<DiUXcCACWYAZG�blf�A�� GTElbYACB�eFA �iOmUXe<WYc0.gfFGTo GTeRf�ACeFB�[%egp3PFAZOQP{AZ[%egAZbhU%fFf�E;G�b;b;G�f Kh¡�U�¢
Ω1 = 2π · 35.5(1) �L�h��� Ω2 = 2π · 2.46(7) �L�h���RU%fFf�E;G�b;bYACeFB�}7DiUXcCACWK. AQ = 6.9(1)

N��
EQUXWYAZ[�[X]�cCACB�P<WrACe<W;GTeRbYACWYAZG�b�£�K/��£���,h¡ ~N¢

Ω1 = 2π · 39.7(2) �L�h��� Ω2 = 2π · 1.16(5) ���l���U%fFf�E;G�b;b;ACeFBV}7DiUXcCACWK.
AQ = 2.9(1)

N��FEQUXWYAZ[�[X]
cCACB�P<WlA�eLW;GTeRbYACWYAZG�b�£�KC£�������,

ACe�U\W p�[XuvAZ[%e�OTE1.LbYWQUXc�p3PRGTE;GkWYPRGnIJ����eFS cZU%bQGTE3AZblU%fFf�E;G�bQb;G�fg[%e<W;[�[%eRG`[X]
WYPRGkAZ[%eRb2,C��PRG�U%fFf�E;G�b;b;G�f
AZ[%eVp3ACcCciDFeRfFGTEYB�[n[�b;OTACcCc�UXWYAZ[%eRb�p3ACWYP�U6-hUX~FAF]tE;G�}<DRGTeRO?.

Ω1
p3PFACcZGlWYPRGl[%WYPRGTE�AZ[%e�[�b;OTACcCc�UXW;G�b�UXW�UkSnDROQP

bYcZ[�p�GTEx]tE;G�}<DRGTeRO?.
Ω2

f�DRG�W;[|E;G�bYAZf�DiUXc�cCACB�P<W`ACe<W;GTeRbYACWK.�UXWkACW;bxo [�b;ACWYAZ[%eF, % e�WYPiG�Gq�Lo GTEYACS�GTe<Wm�soFDFcZb;G
cZGTeFB�WYPgb;OmUXeRbrUXE;G�o GTE ]t[%E;S�GTf{UXeRf�WYPRG�W p�[XuvAZ[%egGq�FOTACWQUXWYAZ[%ewoFE;[%~iUX~FACcCACWK.

PD
AZb3fFGTW;GTEYS�ACeRG�f|] E;[%S WYPRG

oFPR[%W;[%SnDFcCWYACoFcCAZG�E`O�[%DFe<W;bkU%bxGq��oFc�UXACeRG�f�ACe�b;G�OTWYAZ[%e¤I ,C£C, 4 �FGTS�oFc�UXE1.�b;OmUXeRbkUXE;G\bYPi[�p3e�ACe�@
ACB8, I ,C£�5�,
��PRG|fRUXWQU�UXE;G �RWYW;G�f p3ACWYP U�bYDFS [X]hW p�[

sin2
] DFeROTWYAZ[%eRb{¡�UXS�oFcCACWYDRfFG�b ��, H�¢q�^WYPRG�o GTEYAZ[<f�AZOTACWYAZG�b�[X]

p3PFAZOQP .LACGTcZf�WYPRG -hUX~FAi]tE;G�}7DiGqeiOqAZG�b
Ω1

UXeRf
Ω2

,^@RE;[%S WYPRG�b;GR�RW�E;G�bYDFcCW;b�WYPRG�U%fFf�EQGTbQbYACeFB�}7DiUXcCACWK.
AQAZb�OmUXcZOTDFc�UXW;G�f ��p3PFAZOQP�p�GnfFGL�ReRG�U%b

AQ = Ω2/Ω1
,G#h[%W;GnWYPiUXW
-hUX~FAs]tE;G�}<DRGTeROTACG�bkUXE;GnoFE;[%o [%EYWYAZ[%eiUXc

W;[{WYPRG�GTcZG�OTWYEYAZO �iGTcZf UXS�oFcCACWYDRfFG��^PRGTeRO�G�oFE;[%o [%EYWYAZ[%eiUXc3W;[{WYPRG�b;}<DiUXE;GVE;[<[%W�[X]rWYPRGVcCACB�P<W\ACe<W;GTeRb;A�W . ,
��[%eRb;G�}<DRGTe<WYc0.7�FWYPRGxE UXWYAZ[�[X]
cCACB�P<WrACe<W;GTeRb;ACWYAZG�bl[%egWYPRGxW p�[�AZ[%eRbrAZb3B�AC_7GTew~/.

AQ2
,

" ~ GTEYEQUXWYAZ[%eRb�[X]kWYPRG�U%fFf�E;G�b;bYACeFB [%oFWYAZO�bVWK.LoFAZOmUXcCc0. fF[¤eR[%W�b;[¤SnDROQP ~FE;[�U%fFGTe W;PRGw]t[<OTDRbVp�UXAZbYWm�
EQUXWYPRGTE�cZGmU%f WQ[�U�~iU%OQ�<B�E;[%DFeRf OmUXEYo GTW�[X]lcCACB�P<W�UXE;[%DFeRf WYPRG QkUXDRb;b;AZUXe oFE;[F�RcZGC,�%�e [%DFE�OmU%b;G��^WYPFAZb
~iU%OQ�LB�E;[%DFeRf�fF[%S�ACeiUXW;G�b`[�_�GTExWYPRG*QkUXDRb;bYA�UXe�~ GTPiUm_LAZ[%DFE`UXWkf�AZbYWQUXeRO�G�b

> 5 µ
S ]tE;[%S WYPRG�O�GTe<W;GTEk[X]

WYPRG�]�[<OTDRb2, " b�U�O�[%eRbQGT}<DRGTeRO�G���p�Gw[%~Rb;GTEY_�G|WYPiUXW�WYPRGgU%fFf�E;G�b;b;ACeFB¤}7DiUXcCACWK.
AQ

fF[<G�b�eR[%W�bYACB�eFA �Fu
OmUXe<WYc0.VACS�oFE;[�_7Gh]t[%E�AZ[%ewf�AZbYWQUXeRO�G�b D 4zp > 5 µ

S@,���PFAZb�o [�b;G�b�O�[%eRbYAZfFGTEQUX~FcZGxoFE;[%~FcZGTS�b�ACew}7DiUXe<WYDRS
O�[%S�oFDFWQUXWYAZ[%eiUXc�oFE;[%W;[<O�[%cZbmKhWYPRG\~ G�bYWkU%fFf�E;G�bQbYACeFBw}7DiUXcCACWYAZG�bxp�G\PiUm_7G�U%OQPFAZGT_7G�f�UXE;G�[%e�WYPRG�[%E;fFGTEk[X]
AQ = 2.9(1)

N U%b�ACe�@
ACB8,<I ,C£�5F¡ ~N¢7,�#h[%W;G3WYPiUXW�WYPFAZb�O�[%EYE;G�bYo [%eRfFb�W;[k_�GTE1.\B�[<[<fVU%fFf�E;G�b;bYACeFB�ACe�W;GTEYS�b
[X]hE;G�bYAZf�DiUXc3ACe<W;GTeRbYACWK. [%e WYPRG�eR[%e�u U%fFf�E;G�b;b;G�f AZ[%e���p3PFAZOQP AZb�bYSVUXcCcZGTE�~/. U{]�U%OTW;[%E�[X]\£������ ¡��J¢ U%b
O�[%S�oiUXE;G�f�W;[�WYPRG�U%fFf�E;G�b;b;G�f�AZ[%eF,+��PRG�oFE;[%o GTEYWK.�[X] -�UX~FA
] E;G�}<DRGTeROTAZG�bxWQ[�~ G\oFE;[%o [%EYWYAZ[%eiUXc�W;[�WYPRG
L�*FZAu � r uv� knmAu+T]r.X/ZL\ ��Xn| t�mA\Fs2rW|

4xp > 15 µ
J(}

AQ
R ZLy�k��+��uwZL{Fm]{Fk � r � r2\ twyJmAknk � X6J.��uwZ � r \FZAtwX/s�m]{�k/�[o 0�yFs��&knmAu+T]r

��X/| t�m]\�s2r2|2} �FZ1R�r � r u�}]s2ZAuvuwr2|v��ZL\ ��twZ � rWuv�Sk/Z1R m	p�XnmAk tvu�mA� � uwr�� yFr2\�s2X/r2|
ωz < 2π·200

Y����8R �FX/s�� m	uwr�\�Z]t<��u�mAsWtwX/s�m]{�k/r
� ZAu � yJm]\ twyKJ>s2Z J.��y�t�m	twXnZ]\zo
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@
ACB�DFE;GnI ,C£m��K 4 ��OTACWQUXWYAZ[%e bYo G�OTWYEQU [X]gU WYPFE;G�G AZ[%e OTE1.�bYWQUXc�UXE;[%DFeRf WYPRG
S1/2(m = −1/2) ↔

D5/2(m
′ = −1/2) E;G�bQ[%eiUXeRO�GC,'��PRG�IJ����eFS c�U%bQGTElp3U%b�U%fFf�E;G�b;bQG�f�[%e ¡�U�¢ WYPRGnO�GTe<W;GTE

AZ[%e��iUXeRf�¡ ~N¢3UXegG�f�B�GkAZ[%eF,C��PRG�U:��A�UXc WYEQUXow]tE;G�}7DRGTeRO?.�p�U%b
ωz = 2π · 940 ���l� , 1 eFc0.

WYPRG�WYPFE;G�GxU:��A�UXc�b;ACfRGq~NUXeRfFbm�Lc�UX~ GTcZG�f " ¡�U:��A�UXc�� 1 B S�[<fFG�¢q� !�¡ ~FE;GmUXWYPFACeFB�S�[<fFG�¢q�L�
¡ p�[%~F~FcZG|S�[<fFG�¢q��UXE;G�_<AZb;AC~FcZG��^b;G�G|UXcZbQ[�@
A�B8,^��, 08, -hU%f�A�UXc3bYAZfFGT~iUXeRfFb�cCAZG�[%DFW;bYAZfFG�WYPRG
b;OmUXe�EQUXeFB�GC, 1 e�WYPRGlEYACB�P<W�PiUXeRf�bYAZfFG��7WYPRGhGTACB�GTe<_7G�OTW;[%E;b�[X] WYPRGlWYPFE;G�GxU:�LA�UXcNS�[<fFG�b�UXE;G
fFGToFAZOTW;G�f5,

b;}<DiUXE;GrE;[<[%W�[X]�WYPRGlcCACB�P<W�ACe<W;GTeRbYACWK.7�7PR[�p�GT_7GTEm�<cZGmU%fFb�W;[nbYACB�eFA �iOmUXe<W�Gq�FOTACWQUXWYAZ[%e|[X]�WYPRGleR[%e�u U%fFf�E;G�b;b;G�f
AZ[%e U:] W;GTE\[%eFc0.�U|]tGTp -hUX~FA�O?.�OTcZG�bn[X]rWYPRG�U%fFf�E;G�b;bQG�f�AC[%e�,~��PFAZb�U%fFf�E;G�b;bYACeFB�GTEYE;[%EnAZb�oiUXEYWYAZOTDFc�UXEYc0.
PiUXEYS�]tDFci[%eVbYAZfFGT~iUXeRf�WYEQUXeRb;ACWYAZ[%eRbm�7p3PRGTE;G3S�[%WYAZ[%eiUXc bYWQUXW;G�b�p3ACWYP

n > 1
SVU2.�~ G�O�[%S�GlGq��OTACW;G�f�ACe�WYPRG

oFE;[<O�G�b;b2, " fFf�E;G�b;bYACeFBkGTEYE;[%E;bm�%ACe\oFEYACeROTACoFcZG��7OmUXe\~ G�oiUXEYWYA�UXcCc0.nO�[%S�o GTeRb UXW;G�fn]�[%E
~/.nU%fFf�ACWYAZ[%eiUXcFoFDFcZb;G�b��
p3PRGTE;GkW;PRGxcCACB�P<WlAZb�]�[<OqDib;G�fw[%e<WQ[�WYPRG`[%EYACB�ACeiUXcCc0.|eR[%e�u U%fFf�E;G�b;b;G�fgAZ[%e�UXeRfwWYPRGkDFe<p�UXeLW;G�f{Gq��OTACWQUXWYAZ[%e
UXS�oFcCACWYDRfFGhAZb�E;[%WQUXW;G�f�~iU%OQ��W;[��mGTE;[�~/.�OQPR[<[�b;ACeFBnWYPRG�UXoFoFE;[%oFEYA�UXW;Ghc�U%bQGqE�oFPiU%b;G�UXeRfVoFDFcZb;Ghf�DFEQUXWYAZ[%eF,
��PFAZb�oFE;[<O�G�f�DFE;G��<PR[�p�GT_�GTEm�7E;G�}<DFACE;G�b�O�[%eRbYAZfFGTEQUX~Fc0.�S�[%E;GrO�[%S�oFcZGq��oFDFcZb;Grb;G�}<DRGTeRO�G�b�UXeRf�PiU%b�eR[%W%.7GTW
~ G�GTegW;G�bYW;G�fwACegWYPRGkGq��o GTEYACS�GTe<W2,

��GnPiUm_�G\DFeRfFGTEYWQUX�7GTe¤UXe¤U%fFf�ACWYAZ[%eiUXc^W;G�b;Wx[X]�WYPRG�U%fFf�E;G�b;bYACeFB|p3ACWYP¤U�cCACeRGmUXExWYPFE;G�GquvAZ[%e¤OTE1.�bYWQUXc+, " b
S�GTe<WYAZ[%eRG�f�ACe�b;G�OTWYAZ[%e���, ��, 0R�NWYPRG�bYWYE;GTeFB�WYP�[X]�U�bYAZfFGT~iUXeRf{WYEQUXeRbYACWYAZ[%e�� OQPiUXEQU%OTW;GTEYAC�mG�f�~/.|WYPRG�O�[%EYEQG u
bYo [%eRf�ACeFB ,sUXSn~�u�j�AZOQ�7Gl]vU%OTW;[%Em�<ACe�B�GTeRGTEQUXc�fRGqo GTeRfRb�[%e�p3PFAZOQP�AZ[%e�ACe�WYPRG�bYWYEYACeFBnAZb�U%fFf�E;G�b;b;G�f5,���PFAZb
OmUXe`~ G�GmU%bYACc0.xDFeRfFGTE;bYW;[<[<fk]�[%E WYPRG�~FE;GmUXWYPFACeFBlS�[<fFG�[X]RU�WYPFE;G�GquvAZ[%enOTE1.�bYWQUXc+, " b�fFGToFAZOTW;G�f�ACe�@
ACB8,:I ,C£m���
WYPRG�O�GTe<W;GTExAZ[%e�fF[<G�bxeR[%WxoiUXEYWYAZOTACoiUXW;G�ACe�WYPRG\S�[%WYAZ[%e¤[X]�WYPiGn~FE;GmUXWYPFACeFBgS�[<fFGC,n��[%eRbQG�}7DRGTe<WYc0.7��WYPRG
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@
ACB�DFE;GnI ,/����KN�3��j OmUXS�GTEQU bYeiUXoRbYPR[%W;b�[X]\U¤W p�[XuvAZ[%e OTE1.�bYWQUXcxUXW|UXe U:�LA�UXchWYEQUXo ]tE;G�}7DRGTeRO?.
ωz

[X]
2π · 1.215 B��h����O�[%EYE;G�bYo [%eRf�ACeFBVW;[�Uw¡ oFE;[F;YG�OTW;G�fi¢�AZ[%egf�AZbYWQUXeRO�G 4zp = 4.9 µ

S@,^j�DRG
W;[woFE;AC[%EnGq�FOTACWQUXWYAZ[%e�[X]3~ [%WYP¤AZ[%eRb�p3ACWYP�cCACB�P<WnUXW�IJ���|eFSg�dWYPRG�AZ[%eRb�¡tA�eifFGTo GqeifFGTe<WYc0.R¢
UXE;Ghb;[%S�GTWYACS�G�b�oFE;[F; G�OTW;G�f�ACe<W;[�WYPRG\¡tfRUXEY�F¢�bYWQUXW;G |D〉 p3PRGTe�ACcCcCDFS�ACeiUXW;G�f�p3ACWYP|����IkeFScCACB�P<W�¡tGTcZGTOTWYEQ[%e�bYPRGTcC_LACeFBR��Oq]1,�b;G�OTWYAZ[%e�I ,C£�¢7,���[%eRbQG�}7DRGTe<WYc0.7� ACe¤bQ[%S�G�OmU%bQGTbk~ [%WYP�AZ[%eRb
zRDR[%E;G�b;O�G�¡tO�[%EYE;G�bYo [%eRf�ACeFB�W;[�WYPRG�bYW UXW;G |S, S〉 ¢q�<ACe|[%WYPRGTE;b�[%eFc0.V[%eRGlzRDR[%E;G�b;O�G�b`¡ |S,D〉[%E |D,S〉 ¢3UXeRf��ReiUXcCc0.|b;[%S�GTWYACS�G�bl~ [%WYPgAZ[%eRblUXE;G`fRUXEY��¡ |D,D〉 ¢7,

O�[%EYE;G�bYo [%eRf�ACeFB ,sUXSn~�u�j�AZOQ�7GV]�U%OTW;[%E\ACbn�mGTE;[{A�]rWYPFAZbnAZ[%e UXcZ[%eRGVAZb�U%fFf�E;G�b;b;G�f5,{��GTeRO�GVWYPRG�O�[%DFoFcCACeFB
W;[�WYPRG�~FE;GmUXWYPFACeFB¤S�[<fFG|b;AZfFGT~iUXeRf WYEQUXeRbYACWYAZ[%e _%UXeFAZb;PRG�b2,6��PFAZb�AZb�O�[%e<�REYS�G�f ~ .�WYPRG|b;OmUXe bYPR[�p3e
ACe�@dACB8, I ,C£m�F¡�U�¢lp3PRGTE;GnWYPRG\bYAZfFGT~iUXeRfFbx[X]�WYPRGn~FE;GmUXWYPFACeFB|S�[<fFG\f�AZbQUXoFo GmUXE`UXcCS�[�bYWxO�[%S�oFcZGTW;GTc0.���WYPRG
E;G�bYAZf�DiUXcNGq��OTACWQUXWYAZ[%e�~ GTACeFB�f�DRGrW;[kWYPRGlU%fFf�E;G�b;b;ACeFB�GTEYE;[%E2,^@i[%E�UxO�[%S�oiUXEYAZbQ[%e��7p�G3E;G�O�[%E;fFG�fVWYPRGrbQUXS�G
WK.Lo G�[X]3b;OmUXe�~FDFW`eR[�p p3ACWYP�UXe�AZ[%e�[%e¤WYPRG�G�f�B�G�[X]�WYPRG�OTE1.�bYWQUXc�U%fFf�E;G�b;bQG�f �sb;G�G�@
ACB8,dI ,C£m�F¡ ~N¢7,*% W
OmUXe�~ G�b;G�GTe�WYPiUXW�eR[�p�WYPRGl~FE;GmUXWYPFACeFB�S�[<fFG�bYAZfFGT~iUXeRfFb�UXEQGhOTcZGmUXEYc0.�_<AZb;AC~FcZG�UXeRf�O�[%S�oiUXEQUX~FcZG�ACe�cCACeRG
bYWYE;GTeFB�WYP{W;[�WYPRG`[%WYPRGTElbYAZfFGT~iUXeRfFb�,

@i[%E3ACeRf�AC_<AZf�DiUXc zRDR[%E;G�bQO�GTeRO�GkE;GmU%fLu�[%DFWrACewWYPRGkOmU%bQGx[X]
W p�[�[%E3S�[%E;GxAZ[%eRb3p�GxDRb;GxWYPRG��3��j OmUXS�GTEQU�,
��PRG�zRDR[%E;G�b;O�GTeRO�GgO�[%DFe<W�E UXW;G�b�U%OQPFAZGT_7G�f [%e WYPRG{�3��j UXE;Gwb;[%S�GTp3PiUXW�cZ[�p�GTE�WYPiUXe [%e WYPRG 9CBD�
¡tfFGTWQUXACcZb�b;G�Gr~ GTcZ[�ph¢7,���PRGTE;Gq]t[%E;G��<S�[%E;GrWYACS�GrAZb�E;G�}<DFACE;G�f�]�[%E�UxB�[<[<f�¡����ON�¢^f�AZbQOTEYACS�ACeiUXWYAZ[%e�~ GTW p�G�GTe
1 # UXeRf 1 @�@ ]t[%EnGmU%OQP�AZ[%e��dA+, GC,dUX~ [%DFW�£��wS�b`ACeRbYW;GmU%f�[X]r�wS�bn[%e�WYPRG 9CBP�6,Q,�[%eFB�GTEnE;GmU%fLu�[%DFW
WYACS�G�b�UXE;G`eR[%WhE;G�O�[%S�S�GTeRfRUX~FcZG��N~ G�OmUXDRb;G�WYPRG�fFG�OmU2.|oRE;[%~iUX~FACcCACWK.g[X]^WYPRG

D5/2
b;WQUXW;GV¡�G8� G�OTWYAC_7G`cCA�]�G u

WYACS�GnI%H���S�bm�Fb;G�Gkb;G�OTWYAZ[%e�I , ��¢�B�E;[�prbr~/.�£C, �ON o GqE�£���S�bm��p3PFAZOQPgE;G�f�DRO�G�brWYPRGkE;GmU%fLu�[%DFWhGLKVOTAZGTeRO?.
~/.�WYPRG�bQUXS�G�UXS�[%DFe<W2,�@
ACB8,sI ,/���|bYPR[�prbxzRDR[%E;G�b;O�GTeRO�G�bYeiUXoRbYPi[%W;bk[X]3U�W p�[XuvAC[%e�OTE1.�bYWQUXc^p3PRGTE;G�WYPRG
AZ[%eRb�PiUm_7G�~ G�GTe Gq�FOTACW;G�f [%e WYPRG |S〉 ↔ |D〉 }7DF~FACW�WYEQUXeRb;ACWYAZ[%e UXWVIJ����eFS ACe<W;[�E;[%DFB�PFc0. U�H���K H��
bYDFo GTEYo [�bYACWYAZ[%e|oFEYAZ[%E�W;[�ACcCcCDFS�ACeiUXWYAZ[%e|p3ACWYP|f�ACo [%cZGhcCACB�P<W�UXW�����I`eFS@,���PRGloFAZOTWYDFE;G�b�p�GTE;GhWQUX�7GTe�p3ACWYP
WYPRG�bQUXS�G\WYEQUXo�oiUXEQUXS�GTW;GTE;b�� ACe�oiUXEYWYAZOTDFc�UXEkWYPRG�b UXS�G

ωz
��UXWxp3PFAZOQP�W p�[�AZ[%e�}<DiUXe<WYDFS O�[%S�oFDFWYACeFB

Gq��o GTEYACS�GTe<W;b�p�GTE;G\OmUXEYEYAZG�f�[%DFW�¡tb;G�G " oFo GTeRf�A�� " , ��¢7,k��[%S�oiUXE;G�f�W;[�@
ACB8, 7�,C£nWYPRG�b;GnoFAZOTWYDFE;G�bxcZ[<[%�
S�[%E;GlO�[�UXE;bQGr~ G�OmUXDRb;GrWYPRGhG ��o [�bYDFE;GrWYACS�GlAZb�O�[%eRbYAZfFGTEQUX~Fc0.VbYPR[%EYW;GTE2,�#h[%W;GrWYPiUXW�U%b�WYPRGrACSVUXB�ACeFB\[%e<W;[
WYPRG��3��j OmUXS�GTEQUgGTS�oFcZ[�.�b`WYPRGVbQUXS�G�[%oFWYAZOmUXc�OQPNUXeFeRGTc�U%b`WYPRGVU%fFf�E;G�bQbYACeFBR�sWYPRG�AZ[%eRbnUXoFo GmUXE\UXW\U
E;G�f�DRO�G�f�¡ oFE;[F; G�OTW;G�fi¢3f�AZb;WQUXeRO�G 4zp ¡tbQGTG`G�}7eF,s¡vI ,C£�¢Y¢�[%egWYPRGn�3��j:,

�sp�[|E;GTB�AZ[%eRbk[X]�ACe<W;GTE;G�bYW�UXE;G�fFGL�ReRG�f � p3PRACOQP¤O�[%e<WQUXACe�UXe¤UXEYEQU2.�[X]3�3��j oFA��FGTcZb�¡ WK.<oFAZOmUXcCc0.P0|~/.
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@
ACB�DFE;GnI ,/��£�K���UXS�GTEQU�PFAZbYW;[%B�EQUXS [X]
zRDR[%E;G�b;O�GTeRO�GnO�[%DFe<W;br]tE;[%S U�bYACeFB�cZGkAZ[%e{ACe�U�W p�[XuvAZ[%e�OqE .LbYWQUXc+,
" b�ACe @
ACB8,rI ,/�����lWYPRG�WYEQUXoFoFACeFB oiUXEQUXS�GTW;GTE;bwp�GTE;G�WYPR[�b;G�[X]�WYPRG�W�p�[XuvAZ[%e b;WQUXeRfRUXE;f
O�[%e<�RB�DFEQUXWYAZ[%e ¡ " oFo GTeRf�A�� " , ��¢7,D��PRG�W;[%WQUXc�e<DFSn~ GTE�[X]hGT_7GTe<W;bnE;GToFE;G�bQGTe<W;G�f ACe�WYPFAZb
PFAZbYW;[%B�EQUXSaAZb`£�5�����,

0<¢q��GmU%OQP|E;GTB�AC[%egOT[%E;E;G�bYo [%eRf�ACeFB�W;[\[%eRGx[X]sWYPRGhAZ[%eRb2,���PRG�W p�[nE;GTB�AZ[%eRbrUXE;G�E;GmU%f�[%DFW�ACeRfFGTo GTeRfFGTe<WYc0. ,
��PRGnbYACB�eiUXcZbl] E;[%S WYPRG`oFA��FGTcZbh[X]�GmU%OQP�E;GTB�AZ[%e�UXE;G�~FACeFeRG�f�UXeRf{WQUX�7GTe�U%blWYPiGkzRDR[%E;G�bQOTGTeRO�G\b;ACB�eiUXcd[X]
WYPRGnO�[%EYE;G�bYo [%eRf�ACeFB|AZ[%eF, " PFAZbYW;[%B�EQUXS [X]�O�[%DFe<W;bl] EQ[%S [%eRG�AZ[%e ¡t[%eRG�~FACeFeRG�f�E;GTB�AZ[%eN¢rACe�U�W p�[XuvAZ[%e
OTE1.�bYWQUXc�AZb\bYPR[�p3e�ACe @
ACB8,�I ,/��£C,D��PRGVPFAZbYW;[%B�EQUXS E;GToFE;G�b;GTe<W;b|£�5����{Gq��o GTEYACS�GTe<W;bm��GmU%OQP�WQUX�7GTe�ACe U
0 ��S�b3oFDFcZb;G`b;G�}<DRGTeRO�GC,

��PFAZb�AZb�[%DFEnbYWQUXeRfRUXE;f�b;G�}<DRGTeRO�G�]�[%E`W p�[XuvAZ[%e Gq��o GTEYACS�GTe<W;bnA�]�ACeRf�AC_LAZf�DiUXc�zRDR[%E;G�b;O�GTeRO�GVE;GmU%fLu�[%DFW
AZbhE;G�}<DFACE;G�f5,(��PRG+0 ��S�bxb;G�}<DRGTeRO�G�AZb�_�GTE1.{bYACS�ACc�UXE�W;[�WYPRG ����S�bxb;G�}<DRGTeRO�G\[X]�@
ACB8, I ,C£��Vp3ACWYP�W p�[
S�[<f�A �iOmUXWYAZ[%eRb2,�@
ACE;bYWm�LWYPRG�W p�[XuvAZ[%egGq��o GTEYACS�GTe<W;b3WK.<oFAZOmUXcCc0.�E;G�}<DFACE;GxbYAZfFGT~iUXeRfwO�[<[%cCACeFB�[X]s~ [%WYP{U:�LA�UXc
S�[<fFG�bh¡�U:�LA�UXc � 1 B UXeRf�~FE;GmUXWYPFACeFB<¢q�<b;G�G3bQG�OqW;AC[%e 5�, ��,���[%eRbQG�}7DRGTe<WYc0.7��WYPRGrbYAZfFGT~iUXeRf�O�[<[%cCACeFB`o GTEYAZ[<f
AZb�f�AC_LAZfFG�f¤ACe<W;[gW p�[goiUXEYW;bm�dWYPRG �RE;bYW`~ GTACeFB�UX~ [%DFW&0{S�b�[X]rbYAZfFGT~iUXeRf�O�[<[%cCACeFB�[X]3WYPRGVU:��A�UXc�� 1 B
S�[<fFG�UXeRf�WYPRGlbQG�O�[%eRf�UX~ [%DFWg5kS�b�[X]�bYAZfFGT~iUXeRf�O�[<[%cCACeFB\[X] WYPRGl~FE;GmUXWYPFACeFB|¡ .�}<DiUXe<WYDFS ~FDRbq¢
S�[<fFGC,
MLG�O�[%eRf ��U%b�Gq��oFc�UXACeRG�f�UX~ [:_�G�� WYPRG�zRDR[%E;G�b;O�GTeRO�G\EQG�U%f�u�[%DFWk[%e�WYPRG�O�UXS�GTEQU�E;G�}<DFACE;G�bkUXW�cZGmU%bYW�£��VS�b
]�[%E�bYD<KVOTAZGTe<W�f�AZb;OTEYACS�ACeiUXWYAZ[%eF,���[%eRb;G�}<DRGTe<WYc0.7�<WYPRG�fFGTW;G�OTWYAZ[%e|o GTEYAZ[<f�Gq��W;GTeRfFb�]tE;[%S UX~ [%DFWk£�7`S�b�W;[
��7kS�b�ACe�WYPRGroFDFcZbQGlb;G�}<DRGTeRO�GC,S��PRGleRGq��W�¡�H��`�h�:¢�cCACeRGlWYEYACB�B�GTE�WYPRGTe|UXEYEYAC_7G�b�UXW)0 �`S�bm�7p3PRGTE;G�UkeRGTp
b;G�}<DRGTeRO�GkAZbrbYWQUXEYW;G�f5,C#�[%W;GxWYPiUXWrWYPFAZbrcZGmUm_�G�bhU�fFGmU%fLuvWYACS�G�[X]3£[0�S�b3p3PFAZOQPgAZb3DFeLDRb;G�f5,

% e�WYPRG�PFAZbYW;[%B�EQUXS [X]�@
ACB8,�I ,/��£�� WYPRGTE;G�UXE;G\eR[|GT_7GTe<W;bxp3ACWYP�cZG�bQbxO�[%DFe<W;bkWYPiUXe¤��I|UXeRf�WYPRGTE;G�AZbkU
bYPiUXEYo UXeRf�PFACB�P�o GmUX�¤[X]rGT_7GTe<W;b�~ GTW p�G�GTe ��IgUXeRf����{OT[%DRe<W;b2,���PRG�[ ��bQGTW�[X]l��I|AZb�~ G�OmUXDRb;G�GmU%OQP
oFA��FGTc
PiU%bkUVp�GTcCc^fFGL�ReRG�f�bYACB�eiUXc^[ ��b;GTWx[X]�UX~ [%DFW ��,/7�o GTE�S�ACcCcCAZb;G�O�[%eRf G ,(��PRG�fRUXEY�{O�[%DFe<WxEQUXW;Gw¡t[%e
W;[%o{[X]�WYPFAZbl[ ��b;GTW ¢�o GTEroFA���GTc�AZblGTbQb;GTe<WYA�UXcCc0.��mGTE;[ ,)B�[%E;G�[�_�GTEm�RbQOmUXWYW;GTE;G�fwcCACB�P<W�UXWl����I�eFS ¡ ] E;[%S WYPRG
N2x �FX/| � mAk/yFr ��r2��r2\ ��|�ZL\gt
�FrFT[mAX/\'Z � t
��r J.Xns uwZ]^ s��Jm]\�\Fr2k���k m	twr2|�Z � t
��r s�m8J.rWu�m�o�x �Fr � m]k/yFrFTLX � rW\���rWuwrEs2ZAuvuwr2|v��ZL\ ��|

twZ8t
��rSs�m8J.rWu�m T[mAXn\4R�r � ZLy�\ �MZ]��twX6J8yKJ m]\ � R ��X/s � R mA|EyF|vr��MX/\Mt
�FrSrWp���rWuwX6J.r2\ tw|2o
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jx[%oFoFcZGTE�~ GmUXS�b ¢rACbhSnDROQP�cZG�b;bh[%e�W;PRGnOmUXS�GTEQUVoFA���GTcZbhWYPiUXe�[%e�WYPRG 9CBD��U%bhWYPRG�c�UXWYW;GTE�ACe<W;GTB�EQUXW;G�b
[�_7GTE�U�SnDROQP c�UXEYB�GTE�bYDFE ]vU%O�GwUXE;GmU ¡�UX~ [%DFWg£�S�S 2 U%b�O�[%S�oiUXE;G�f W;[¤U��3��j oFA��FGTc3bYAC�mG|[X]kUX~ [%DFW
4 · 10−4 S�S 2 ¢7,���[%eRbQGT}<DRGTe<WYc0.7��WYPRG�o GmUX�V~ GTW p�G�GTe{��I\UXeRfw���\O�[%DFe<W;b��Lp3PFAZOQPgO�[%EYE;G�bYo [%eRfFb3W;[\~ [%WYP
AZ[%eRb^~ GTACeFB�fRUXEY����AZb^_7GTE1.\bYPiUXEYoF,S��PRGTE;G3AZb�UXeVU%fFf�ACWYAZ[%eiUXcNbYACB�eiUXcRo GmUX�\~ GqW�p�G�GTe{£����`UXeRfw£����kO�[%DFe<W;b2,
��PFAZb�o GmUX��O�[%EYE;G�bYo [%eRfFbxW;[�E;G�b;AZf�DiUXcdzRDR[%E;G�bQO�GqeiOTG�cCACB�P<Wk[%e�WYPRGnoFA��FGTc^UXEYEQU2.�UXWYWYEYAC~FDFW;G�f�W;[�WYPRGnAZ[%e
[X]�ACe<W;GTE;G�b;WkbYW;GTS�S�ACeFB�]tE;[%S WYPRG\eRGTACB�P<~ [%ExAZ[%eF, %�e�[%WYPRGTExp�[%E;fRb�WYPRG�b;G�O�[%DFe<WxEQUXW;G�bkOT[%E;E;G�bYo [%eRf�W;[
GT_7GTe<W;b�p3PRGTE;G\WYPRG\AZ[%e�[X]�ACe<WQGqEQGTb;WxAZbxfRUXEY� � prPFACcCG\W;PRGneRGTACB�P<~ [%EkAZ[%e�zRDR[%EQGTbQO�G�b2,k@
ACeiUXcCc0.7� WYPRG\o GmUX�
~ GTW p�G�GTe�£m���`UXeRf �����kO�[%DFe<W;b�O�[%EYE;G�bYo [%eRfFb�W;[kGT_7GTe<W;b�p3PRGTE;G3WYPRG3AZ[%eV[X]�ACe<W;GTE;G�bYW^ziDR[%E;G�b;O�G�bh¡ E;GTB7UXE;fLu
cZG�b;bx[X]�WYPRG�b;WQUXW;G�[X]�WYPRG�eRGTACB�P<~ [%EkAZ[%eN¢7,&% e�WYPFAZbkOmU%b;G�U�o [�b;bYAC~FcZGnzRDR[%E;G�b;O�GTeRO�G\]tE;[%S WYPRG\eRGTACB�P<~ [%E
AZ[%egAZb3W;[<[�bYSVUXcCc�W;[�fFGL�ReRGnU\_LAZbYAC~Fc0.�f�AZbYWYACeFB�DFAZb;PiUX~FcZG`o GmUX� ,

��DRbYWkU%bhACe�WYPRGnGq��o GTEYACS�GTe<W;b�p3PRGTE;G\WYPRG�oFPR[%W;[%SnDRc�W;A�oRcCAZGTEkAZbhDRb;G�fg]�[%EhE;GmU%fLu�[%DFWm� UVWYPFE;G�bYPR[%cZfD��P
AZbrbQGTW3W;[�f�AZb;OTEYACS�ACeiUXW;G`~ GTW p�G�Gqe{zRDR[%E;G�b;O�GTeRO�G 1 @�@ UXeRfwzRDR[%E;G�b;O�GTeRO�G 1 # ¡t[X]�WYPRGkAZ[%e{[X]�ACe<W;GTE;G�bYW ¢?,
��PRG�b;o G�OTA �iG�f\}<DiUXe<WYDFS GLKVOTAZGTeRO?.n[X]iWYPRGr�3��j AZbd_7GTE1.�bYACS�ACc�UXE
W;[hWYPiUXW^[X]iWYPRG 9CBD� ¡tOTcZ[�b;G�W;[x���ON�¢7,
��[�p�GT_�GTEm�LU`O�[%S�oiUXEYAZb;[%e|[X]�@
ACB8,LI ,/��£rp3ACWYP�WYPRG 9CBD� PFAZbYW;[%B�EQUXS�b�[X]�@
ACB8,LI , �`bYPR[�prb�WYPiUXW�WYPRGhG ��G�Oqu
WYAC_7G�O�[%DFeLWhEQUXW;Gno GTEhAZ[%e ¡ A+, GC,hO�[%DFe<W;bhS�ACe<DRbx[ � b;GTW ¢�AZb�O�[%eRbYAZfFGTEQUX~Fc0.�bYSVUXcCcZGTE�¡ E;GTS�GTSn~ GTExWYPiUXWhWYPRG
O�[%DFe<WYACeFB`WYACS�G�b�UXEQG3f�A���GTE;GTe<W�~/.�Uh]�U%OTW;[%E�[X] ��, ��¢^UXeRf�WYPRGTE;Gq]t[%E;G3WYPRG3f�AZbQOTEYACS�ACeiUXWYAZ[%e�AZb^p�[%E;b;G3[%e�WYPRG
�3��j:, %�W�AZb�eR[%W .7GTW�OTcZGmUXEm�<A�]sWYPRGlE;GmU%b;[%e�]�[%E�WYPRACb�cCAZG�b�ACe|U`o [<[%E�ACSVUXB�ACeFB�[X]�WYPRGhAZ[%eRb�[%e<W;[nWYPRGx�3��j
OQPFACo ¡ p3PFAZOQP�p�[%DFcZf�bYS�GmUXEh[%WhWYPRG�AZ[%e{ACSVUXB�G�b ¢l[%ElA�]^WYPRG�WYEYDRGn}7DNUXe<WYDFS GLKVOTAZGTeRO?.{[X]^WYPRG��3��j UXW
����I`eFS AZb�cZ[�p�GTE�WYPiUXe|bYo G�OTA �iG�f5,��dG�b;W;b�UXE;G�OTDFEYE;GTe<WYc0.VDFeRfFGTEYWQUX��GTe|W;[nOTc�UXEYA�]".�WYPFAZb�AZb;b;DRGC,S#�[%W;GlWYPiUXW
WYPRG�]tGTp GT_�GTe<W;bnACe�WYPRGVWYPFE;G�bYPR[%cZf UXE;GmU{[X]l@
ACB8,�I , ��£�¡ ~ GTW p�G�GTe £�����UXeRf £m���{O�[%DFe<W;b ¢`O�[%EYE;G�bYo [%eRf
S�[�bYWYc0.�W;[{OmU%b;G�b`p3PRGTE;G�WYPRG�AZ[%e�[X]�ACe<W;GTE;G�b;W�PiU%b�fFG�OmU2.7G�f�] E;[%S |D〉 W;[ |S〉 f�DFEYACeFB�WYPRGVfFGTW;G�OTWYAZ[%e
oFE;[<O�G�b;b2, " bxS�GTe<WYAZ[%eRG�f�UX~ [�_�G��dU�fFGTW;G�OTWYAZ[%e�WYACS�G�[X]3UX~ [%DFW�£���S�bxAZbx]t[%DFeRf�W;[|~ G�WYPRG�[%oFWYACSnDFS
WYEQU%fFGqu�[ �{~ GTW p�G�GqewbYDROQP�DFe<p�UXe<W;G�f|fFG�OmU2.�oFE;[<O�G�bQb;G�b�UXeRfVWYPRGheRG�G�f�[X] zRDR[%E;G�bQO�GTeRO�G�f�AZb;OTEYACS�ACeiUXWYAZ[%eF,
��PRGk~ G�bYWlfFGTW;G�OTWYAZ[%e�GLKVOTAZGTeRO?.wOTDFEYE;GTe<WYc0.gU%OQPFAZGT_�G�fgAZbl���ON ,

� ��� �
��!�()*
	�!	" # ( 	�� �!� � �U� � 	 � � �

� DiUXe<WYDFS UXcCB�[%EYACWYPFS�brACS�oFc0.|U�O�[%S�oFcZGTW;G`O�[%e<WYE;[%cs[X]dWYPRGk}<DF~FACW;bmy�fFGTB�E;G�G�bl[X]s]tE;G�G�fF[%Sg��eiUXS�GTc0.wUXS�u
oFcCACWYDRfFG�UXeRfwoFPiU%b;GC,C��PFAZbm� �RE;bYWr[X]^UXcCc�E;G�}7DFACE;G�brcZ[�p oFPiU%b;Gxei[%ACbQGk[%ewWYPRGk}<DF~FACWrbYWQUXW;G�blU%b3p�GTcCcdU%b3[%e
WYPRG�O�[%EYE;G�b;o [%eRf�ACeFBgc�U%b;GTE`UXW�IJ����eFS [�_7GTExWYPRG\WYACS�G�[X]�O�[%PRGTE;GTe<W`SVUXeFACoFDFc�UXWYAZ[%eRb2,I9^PNU%b;G�b;WQUX~FACcCACWK.
AZbm�d[X]rO�[%DFE;b;G��
ACe<WYEYACeRbYAZOmUXcCc0.¤O�[%eFeRG�OTW;G�f�W;[|]tE;G�}<DRGTeRO?.�bYWQUX~FACcCACWK.�p3PFAZOQP�PiU%b�~ G�GTe�f�AZbQOTDRb;b;G�f¤ACe�bQG�Oqu
WYAZ[%e�I , ��,

" }7DiUXe<W;DFS B7UXW;GrOmUXe�WYPRGTeV~ G3E;GmUXcCAC�mG�f�~/.�Uxb;GTW�[X]�c�U%b;GTE�oFDFcZb;G�b�[X]�O�GTEYWQUXACeVACe<W;GTeRbYACWYAZG�b��7f�DFEQUXWYAZ[%eRb
UXeRf¤oFPiU%b;G�b2, 9^PiU%b;GVO�[%e<WYE;[%c�GTe<WQUXACcZbnO�[%eRbYAZfFGTEQUXWYAZ[%e [X]3W p�[wAZb;b;DRG�bmKkoFE;[<f�DROTWYAZ[%e [X]3c�U%b;GTE`oFDFcZb;G�b�[X]
p�GTcCcFfFGL�ReRG�f�E;GTc�UXWYAC_7G�oFPiU%b;G3UXeRf�O�[%e<WYE;[%cR[�_�GTE " ��u�M<WQUXEY�nbYPFA�]tW;b2,_��PFAZb^b;G�OTWYAZ[%e�fFGTWQUXACcZb�[%e\W;PRG�]�[%EYS�GTE
p3PFACcZGkWYPRGkE;[%cZG`[X] " ��u�M<WQUXEY�wbYPFA�] WQb�p3ACcCc�~ G�U%fFf�E;G�b;b;G�fwACe{b;G�OTWYAZ[%eRb�I ,/7�UXeRf�I , I ,

4 ��o GTEYACS�GTe<WQUXcsoRE;[%W;[<O�[%cCb�U%bm��]t[%ErGq�RUXS�oFcZG���]�[%E3WYPRG`jxGTDFW;b;OQP�u���[%�mbQUVUXcCB�[%EYACWYPFS E;G�}7DFACE;GkEQUXWYPRGTEhO�[%S�u
oFcZGq�noFPiU%bQG�b;G�}7DRGTeRO�G�b�,!�d[�~ GTB�ACe�p3ACWYP���WYPRG�c�U%b;GTE^bYp3ACW;OQP�eRGTW p�[%EY�|¡tb;G�G�b;G�OTWYAZ[%eVH�, ��¢
UXeRf\WYPRG�}<DiUXcCACWK.
[X]r[%DFEnb;GTc�] uvSVU%fFGVoFPiU%b;Gqu�fFGL�ReFACeFB�OmUX~FcZG�bnp�GTE;G�W;G�bYW;G�f¤ACe UwO�[%S�oiUXEQUX~Fc0.�bYACS�oFcZGVGq��o GTEYACS�GTe<Wnp3ACWYP
U�bYACeFB�cZG|AZ[%eF, %�e WYPFAZb�OmU%b;G���c�U%bQGTE�oFPiU%b;GwbYp3ACW;OQPFACeFB¤~/.

π/2
p�U%b�W;G�bYW;G�f5, @i[%E�WYPRGwGq�Lo GTEYACS�GTe<WQUXc

b;GTWYWYACeFB�bm� WYPRG�bYACeFB�cZG\AZ[%e¤bYWQUXeRfRUXE;f�O�[%e<�RB�DFEQUXWYAZ[%e�p�U%bxDRb;G�f ¡tb;G�G�UXoFo GTeRf�A�� " , ��¢7,+% e¤U �RE;bYWkb;OmUXe��
-hUX~FA�[�b;OTACcCc�UXWYAZ[%eRbk[%e�WYPRG

S1/2(m = −1/2) ↔ D5/2(m
′ = −1/2) OmUXEYEYAZGTE�WYE UXeRbYACWYAZ[%e�p�GTE;G\f�EYAC_7Gqe

E;G�b;[%eiUXe<WYc0.�UXW�O�[%eRbYWQUXe<W�c�U%b;GTE�oFPiU%b;G��db;G�G�@
ACB8,dI ,/���F¡�U�¢7, % e¤WYPRG�bQOmUXe�bYPR[�p3e¤ACe�@
ACB8,dI ,/���F¡ ~N¢q�dWYPRG

��£
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ACB�DFE;GnI ,/����K -lG�b;[%eiUXe<W;c�.wf�EYAC_7GTe -hUX~FAs[�b;OTACcCc�UXWYAZ[%eRbh[%egW;PRG`G ��G�OTWYAC_7GkW p�[XuvcZGT_7GTcdb1.�bYW;GTS ]�[%EYS�G�fw~/.
S1/2(m = −1/2) UXeif D5/2(m′ = −1/2) ,)��PRG�b;[%cCAZfwcCACeRG�bhUXE;G

sin2
�RW;brW;[�WYPRG�fRUXWQU�,

% e ¡ ~N¢`UXeRf ¡tO�¢q�sWYPRG�c�U%b;GTE�oFPiU%b;G�p�U%b�b;p3ACW;OQPRG�f�]t[%EYp�UXE;f¤~/.
π/2

¡ o [%ACe<W;b " UXeRf �3¢
UXeRf�~iU%OQ��W;[ �|¡ o [%ACe<W;b ! UXeRf|j`¢�f�DFEYACeFB�WYPRGxGq�FOTACWQUXWYAZ[%ewo GqE;AC[<f5, 1 _�GTE�WYPRGxO�[%DFE;b;Gx[X]
WYPFAZb3Gq��o GTEYACS�GTe<Wm��WYPRGxc�U%b;GTE�o [�p�GTErbYcZ[�p3c0.�fFG�OTE;GmU%b;G�f5,C��PRGTE;Gq]�[%E;GxWYPRG
-hUX~FA�u�]tE;G�}<DRGTeRO?.
f�E;[%oFo G�f�] E;[%S

2π · 34.7 ���l�nACe�b;OmUXe ¡�U�¢rW;[
2π · 31.0 �L�h��ACe�bQOmUXe ¡tO�¢�¡a07H�S�ACe<DFWQGTb

c�UXW;GTE ¢�p3PFAZOQP{]t[%ErWYPRG�bQGkW;G�bYWhGq�Lo GTEYACS�GTe<W;b�fF[<G�bleR[%WrE;GToFE;G�bQGTe<W�UXe/.|oFE;[%~FcZGTS@,�@i[%ErWYPRG
ACS�oFcZGTS�GTe<WQUXWYAZ[�ew[X]�S�[%E;G�O�[%S�oFcZGq��f�.<eiUXS�AZO�b3U%b�oFE;G�b;GTe<W;G�f�ACe�WYPRGr]�[%cCcZ[�p3ACeFB�b;G�OTWYAZ[%eRb
UXeRf|OQPiUXoFW;GTE;bm��PR[�p�GT_7GTEm��bYo G�OTA�UXc OmUXE;G�PiU%f�W;[n~ G�WQUX�7GTe�W;[�[%o GTEQUXW;G�WYPRGxb1.�bYW;GTS DFeRfFGTE
S�[%E;G`b;WQUX~FcZGkO�[%eRf�ACWYAZ[%eRb�,

c�U%b;GTEloFPiU%b;Gkp�U%bhbYp3ACW;OQPRG�fw]�[%EYp�UXE;fg~/.
π/2

UXWlo [%ACe<W " p3PRGTE;G`WYPiGkW p�[XuvcZGT_7GTcdb1.�bYW;GTS AZbrACe�U�H���K H��
bYDFo GTEYo [�bYACWYAZ[%eF, " WlWYPFAZbho [%ACe<Wm� U�c�U%b;GTEhoFPiU%bQGR;�DFS�o�[X]

π/2
, cZ[<OQ��b2-`WYPRG !�cZ[<OQP�_�G�OTW;[%E�¡tOq] ,lbQG�OTWYAZ[%e

��,C£�¢�[%egWYPRG`G�}7DiUXW;[%Eh[X]
WYPRG !�cZ[<OQP{bYoFPRGTE;GV¡ E;[%WQUXWYACeFBV] EQUXS�G�¢7,)��PRG`Gq��OTACWQUXWYAZ[%e{oFE;[%~iUX~FACcCACWK.wE;GTSVUXACeRb
UXW�H��ON UXcCWYPR[%DFB�P WYPRG�AZ[%e AZb�bYWYACcCc�O�[%eRbYWQUXeLWYc0.�ACcCcCDFS�ACeiUXW;G�f p3ACWYP E;G�b;[%eiUXe<W�c�U%b;GTE\cCACB�P<W � " W\o [%ACe<W
! WYPRG�oFPiU%b;G�p�U%b�bYp3ACW;OQPRG�f ~NU%OQ����W;[j��, 1 eRG|OmUXe b;G�G�WYPiUXW�WYPRG�W p�[XuvcZGT_7GTc3b1.�bYW;GTS E;G�bYDFS�G�b�WYPRG
GT_7[%cCDFWYAZ[%e�p3PFAZOQP�PiU%f¤~ G�GTe bYW;[%oFo G�f UXW�o [%ACe<W " ,E%�e�WYPRG�eRGq��Wnb;OmUXe��
bYPR[�p3e�ACe�@
ACB8,
I ,/���F¡tO�¢q�
WYPRG
π/2

uvcZGmUXoRb�]�[%EYp�UXE;f�UXeRf�~iU%OQ��p�GTE;G�b;GTWxW;[�o [%ACe<W;bxp3PRGTE;G�WYPRG?.�bYPR[%DFcZf�ei[%Wkf�AZbYWYDFEY~�WYPRG�bYACe<DRbQ[%AZfRUXc
-hUX~FAi[�b;OTACcCc�UXWYAZ[%eRbm�<eiUXS�GTc0.V� UXeRf�j:, " fFGTW;G�OTWYAZ[%e�bQOQPRGTS�G3p3PFAZOQPVAZb�b;GTeRbYACWYAC_7G�W;[kWYPRGrE;GTc�UXWYAC_�GroFPiU%b;G
[X]�WYPiG�W p�[XuvcZGT_7GTc�b1.�bYW;GTSg��PR[�p�GT_�GTEm�sp�[%DFcZf�E;GT_7GmUXc�WYPiUXW�b;[%S�GTWYPFACeFB{A�e�]vU%OTWkAZb`OQPiUXeFB�ACeFB�UXW\� UXeRf
 x �Fr uwr�Xn| \FZgm]{�|vZLk/y�twr�knm]|vrWu_� �Jm]|vrSZ]uwXUTLX/\z}F|vZ.e8X/|"!ayF| t ��r�#J\�r��'{ �'ZL\�r�Z �<t
�FrSs�mA{Fk/r��Jm	t
�F|2} � ZAu_rWp�m8J.��knr

φ0

o

���
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j�K WYPRG �RE;bYW�Gq�FOTACWQUXWYAZ[%e�o GTEYAZ[<f�] EQ[%S
0 µ

b`W;[���E;[%WQUXW;G�b�WYPRG !�cZ[<OQP¤_7G�OTW;[%EnUXcCc�WYPRG�p�U2.�]tE;[%S WYPRG
~ [%WYW;[%S W;[kWYPRGrW;[%oV[X] WYPRGrb;oFPRGTE;G��<bQU2.�UX~ [%DFW�WYPRG

x
u U:��AZb2, " W�o [%ACe<W�� WYPRGrE;[%WQUXWYAZ[%e|U:�LAZb�AZb�OQPiUXeFB�G�f

~/.���� ◦ UXeRfVb;[`WYPRGr_�G�OTW;[%E�E;[%WQUXW;G�b�~iU%OQ��fF[�p3eVW;[`WYPRGr~ [%WYW;[%S [X] WYPRG !�cZ[<OQP�bYoFPRGTE;G��7~FDFW�eR[:p�UX~ [%DFW
WYPRG

y
u U:��AZb2,8% e{[%DFEhGq��o GTEYACS�GTe<Wm�Np3PRGTE;G�[%eRc�.

PD
AZblS�GmU%bYDFE;G�f �N[%eFc0.|W;PRG`c�UXWYACWYDRfFGnb;[XuvW;[Xu�bQU2.w[X]^WYPRG

!�cZ[<OQP�_�G�OTW;[%EkAZb�oRE;[%~ G�f¤UXeRf�eR[wf�A���GTE;GTeRO�G{¡ W;[|@
ACB8,�I ,/���F¡�U�¢Y¢�AZbkb;G�GTeF,`��ACWYP�WYPRG�oFPiU%b;G�b;p3ACW;OQPRG�f
~iU%OQ��W;[ ��UXWro [%ACe<Wlj���WYPRG !�cZ[<OQPg_�G�OTW;[%ErE;G�bYDFS�G�brWYPRG`[%EYACB�ACeiUXcsE;[%WQUXWYAZ[%e�UX~ [%DRWrWYPRG

x
u U:��AZb2,���PRG�b;G

UXeRf�bYACS�ACc�UXE3Gq�Lo GTEYACS�GTe<W;brOT[%eT�REYS�G�f�WYPiUXW�p�GxUXE;GxUX~FcZGhW;[nACS�oFcZGTS�GTe<WlUXe/.�oFPiU%b;Gxf�A���GTE;GTeRO�G�p3ACWYPgU
oFE;G�OTAZbYAZ[%e�[X] ±0.05 EQU%f�A�UXeRbm�FWYPiUXWrAZb ± � ◦ ,

� � � � ��
 � ( � ��� � 	 ! � ( � � � ������� � ��" ( � " � �  �� & ��" ��� (L!  "

% e�bQG�OTWYAZ[%e���, ��,/7���G�}<DiUXWYAZ[%e ¡���, ��7�¢rAZb�fFGTEYEYAC_7G�f � p3PFAZOQP�fFG�b;OTEYAC~ G�b�WYPRGnE;GTc�UXWYAC_�G " ��u�M<WQUXEY�{b;PFA�] W
δAC[X]�WYPRGkcZGT_�GTcZb |S〉 UXeRf |D〉 ACeRf�DRO�G�fg~/.|[ � uvE;G�b;[%eiUXe<WlcCA�B�PLWl[X]
] E;G�}<DRGTeRO?.

ωs
,CB�[%E;G�[�_�GTEm�NU�O�[%S�o GTe�u

bQUXWYAZ[%e�S�GTWYPR[<f�]t[%E " ��u�M<WQUXEY�¤bYPFA�]tW;b�AZb�oFE;[%o [�b;G�f5, ��PFAZb\b;G�OTWYAZ[%e�]tGmUXWYDFE;G�b\Gq��o GTEYACS�GqeLW;bnACe�p3PFAZOQP
G�}<DiUXWYAZ[%e ¡���, ��7�¢rAZblSVUXoFo G�f ��A+, GC,

δAC
AZbhS�GmU%bYDFE;G�f�U%bxU�]tDFeROTWYAZ[%e�[X]

ωs
� UXeif{WYPRG " ��u�M<WQUXEY�{bYPFA�]tW

O�[%S�o GTeRbQUXWYAZ[%e�S�GTWYPR[<fwAZb3oFEQGTbQGTe<W;G�f5,

�����
	���
������������������������ %�e [%E;fFGTEgW;[ oFE;[%~ G " ��u�M<WQUXEY� bYPFA�]tW;bm��U -�UXS�b;G?.7uvW .<o G�S�GTWYPR[<f AZb
UXoFoFcCAZG�f5,C��PRGkUX~Rb;[%cCDFWQG�o [�bYACWYAZ[%eRb3[X]�UXW;[%S�AZO�cZGT_7GTcZb�OmUXe|eRGT_7GTE�~ G�[%~RbQGqE;_�G�f�~FDFW3[%eFc0.VWYPRGTACE�E;GTc�UXWYAC_7G
o [�bYACWYAZ[%eRbm� A+, GC,NWYPiGnWYEQUXeRbYACWYAZ[%e�]tE;G�}<DRGTeRO?.g~ GTW p�G�GTe�b;[%S�GncZGT_�GTc
oiUXACE2,���G\UXE;G\G�bYo G�OTA�UXcCc0.{ACe<W;GTE;G�bYW;G�f
ACe�WYPRG�oiUXACE`[X]�cZGT_7GTcZb |S〉 UXeRf |D〉 � p3PFAZOQP�]t[%EYS WYPRG�ACe<W;GTEYeiUXc�}<DF~FACWV¡tOq] , bQG�OTWYAZ[%e���, ��, H�¢7, % e�[%E;fFGTE
W;[|S�GmU%bYDFE;G�WYPRG�E;GTc�UXWYAC_7G�cZGT_�GTc�bYPFA�]tW

δAC
~ GTW p�G�GTe�WYPRG�bQG\W p�[|cZGT_7GTcZb�¡tOq]1,�G�}7eF,�¡���, ��H�¢Y¢�ACeRf�DRO�G�f�~/.

[ � uvE;G�b;[%eiUXe<W�cCACB�P<W�UXWd] E;G�}<DRGTeRO?.
ωs
�Xp�G3UXoFoFc0.�W p�[hE;G�b;[%eiUXe<W -�UXS�b;G?.

π/2
uvoFDFcZb;G�b�[%e\WYPiG |S〉 ↔ |D〉WYEQUXeRbYACWYAZ[%e ¡ ] E;G�}<DRGTeRO?.

ω−1
¢q�db;G�G�@
ACB8,
I ,/����, %v]�eR[%WYPFACeFB�GTcZbQG�PiUXoFo GTeRbm�dWYPRGTe�WYPRG�W p�[goFDFcZb;G�bnU%fFf

DFo�W;[�[%eRG
π
uvoFDFcZb;G���A+, GC,sWYPRG�AZ[%e�AZb\bYACS�oFc0.�Gq�FOTACW;G�f�] E;[%S |S〉 W;[ |D〉 ACe WYPRG�[�_7GTEQUXcCc�oFE;[<O�G�b;b2,P%�] �

PR[�p�GT_7GTEm�RACegWYPRG`WYACS�G`~ GTW p�G�GTe{WYPRG`W p�[�oFDFcZb;G�brWYPRG |S〉 ↔ |D〉 E;G�b;[%eiUXeRO�Gk]tE;G�}7DRGTeRO?.|AZblbYPFA�]tW;G�fwW;[
ω−1 + δAC

~/.wWYPRG\G ��G�OTWx[X]�eR[%e�uvE;G�b;[%eiUXe<WxcCACB�P<WxbYPR[%eRGnA�e�[�_�GTExU�f�DFEQUXWYAZ[%e
T
�NWYPRGTe�U �  "/!	�&!
 ' ��#

ϕ = TδAC
~ GTW p�G�GTe�WYPRG�c�U%b;GTExb;[%DFE;O�G�UXeRf�WYPRGnW p�[XuvcZGT_7Gqc^b1.�bYW;GTS AZbxU%O�}7DFACE;G�f5,`��[%eRb;G�}<DRGTe<WYc0.�� WYPRG

b;G�O�[%eRf -�UXS�b;G?.�oFDFcZb;G�p3ACcCc�]�[%E�Gq�RUXS�oFcZGV~FEYACeFB{WYPRG�b1.Lb;W;GTS ~iU%OQ��W;[{bYWQUXW;G |S〉 A�] ϕ = π
[%EnGT_�GTe

PiUm_7GkeR[�G � G�OTWhUXW�UXcCcv�Fp3PFAZOQP�AZb3WYPRG�OmU%b;GkA�]
ϕ = π/2

,)��PRG�Gq��o GTEYACS�GqeLWQUXcdS�GqW;PR[<fgeR[�p O�[%eRbYAZbYW;bl[X]
b;OmUXeFeFACeFB�WYPRGkf�DFEQUXWYAZ[%e

T
UXeRf|S�GmU%bYDFEYACeFB�WYPRGkGq��OTACWQUXWYAZ[%egoFE;[%~iUX~FACcCACWK.�¡ |D〉 bYWQUXW;G�oRE;[%~iUX~FACcCACWK. PD ¢UXW�GmU%OQP

T
uv_�UXcCDRGC,'��PRG�E;G�bYDFcCWhAZbxUXe�Gq��OTACWQUXWYAZ[%e�oFE;[%~iUX~FACcCACWK.{_%UXE .<ACeFB�bYACe<DRb;[%AZfRUXcCc0.�U%b�U�]tDFeROTWYAZ[%e�[X]

T
p3ACWYP�U\]tE;G�}7DiGqeiO7.

δAC
,�@dACB8, I ,/���VbYPR[�prbhUXe�Gq�RUXS�oFcZGn[X]^bYDiOQP�U�b;OmUXeF,gB�UXe/.wb;OmUXeRbr]t[%El_%UXEYAZ[%DRb

, bYPFA�]tW;GTE2-l]tE;G�}<DRGTeROTAZGTb
ωs

.LAZGTcZfwUXe " ��u�M<WQUXEY��bYPFA�]tW�b;o G�OTWYEYDFS
δAC(ω

s)
�LWYP<DRb3SVUXoFoFACeFB�G�}<eF, ¡���, ��7�¢7,

% W3AZbhU%b;bYDRS�GTfgPRGTE;G��RWYPiUXWlWYPRG`bQUXS�G�Gq�Lo GTEYACS�GTe<WQUXc
O�[%e<�RB�DFEQUXWYAZ[%es�iACe{oiUXEYWYAZOTDFc�UXElACe{W;GTEYS�bl[X]^~ GmUXS
B�G�[%S�GTWYE1.7��AZbkOQPR[�b;GTe�� ]�[%E�p3PFAZOQP¤G�}7eF,^¡���, ��7�¢lPNU%b�~ G�GTe�fFGTEYAC_7G�f ��eiUXS�GTc0.�WYPRG ! '  % " � ')�� b;WQUXeRfRUXE;f
O�[%e<�RB�DFEQUXWYAZ[%e{¡ " oFo GTeRf�A�� " , ��¢7,!%v]Rp�G�fFGL�ReRG

∆
U%bdWYPRG�fFGTWYDFeFACeFBk[X]RWYPRG�bYPFA�] WQGqEd] E;[%S WYPiG |S〉 ↔ |D〉E;G�b;[%eiUXeRO�G��ReiUXS�GTc0.gU%b

∆ = ωs − ω−1
��WYPRGkc�UXWYW;GTElG�}<DiUXWYAZ[%egWYEQUXeRb ]�[%EYS�brW;[

δAC(∆) =
Ω2−1
4

(
d− a−5

∆+∆mag
− 2

∆
− a+3

∆−∆mag

)
,

¡vI ,/��¢

p3PRGTE;G
∆mag = 2π · 2.4µBB

~
= 2π · 3.36B �! #"$

���
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@
ACB�DFE;GnI ,/����K-,�Gq]tWmK 9^E;[%~ GgoFDRcCbQGgb;G�}<DRGTeRO�G|]�[%E�M<WQUXE;� M<PFA�]tW�S�GmU%bYDFE;GTS�GTe<W;b�,I�sp�[ -hUXS�bQG7.
π/2

u
oFDFcZb;G�b�¡ p3PFACW;G�¢�UXE;GhUXoFoFcCAZG�f�[%eVWYPiG |S〉 ↔ |D〉 WYEQUXeRbYACWYAZ[%e�¡tf�DFEQUXWYAZ[%e

8 µ
bm�7bQGToiUXEQUXWYAZ[%e

τ = 200 µ
b ¢7, !�GTW p�G�GTe WYPRGgW p�[¤oFDFcZbQG�bm��[ � uvE;G�b;[%eiUXe<W , bYPFA�] W;GTE2-gcCA�B�PLW�¡ B�E;G?.R¢�UXW�U

fFGTWYDFeFACeFB
∆

AZb�UXoFoFcCAZG�f ]t[%E�U�WYACS�G
T

, -rACB�P<WmK 4 �FUXS�oFcZGg[X]xU�b;OmUXe E;G�O�[%E;fFG�f UXW�U
fFGTWYDFeFACeFB

∆ = −1.20 B��l� �lWYPRG~�RW .LAZGTcZfFb�U�o GTEYAZ[<f [X]�£�7�, �F¡ £�¢
µ
b���WYP<DRb

δAC =
2π · 61.5(5) ���l� ,S��PRG�E;G�f�DRO�G�fwO�[%e<WYEQU%bYW`¡ ≈ 90

N�¢�AZb�f�DRG�W;[�fFG�OT[%PiGqEQGqeiOTG`OmUXDRb;G�f�~/.
c�U%b;GTE\U%b`p�GTcCc�U%b`SVUXB�eRGTWYAZO*�iGTcZf�zRDROTWYDiUXWYAZ[%eRb�[�_�GTE�WYPRG�p�UXACWYACeFB�WYACS�G

τ
�db;G�GVb;G�OTWYAZ[%e

I , ��,

AZbhWYPRG�( G�GTSVUXe�b;oFcCA�W;WYACeFB�~ GTW p�G�GTe�WYPRG\bYWQUXW;G�b
D1/2(m

′ = −1/2) UXeRf D1/2(m′ = −5/2) ¡ E;G�bYo G�OquWYAC_7GTc0. ~ GTW p�G�GTe
D1/2(m

′ = +3/2)
UXeRf

D1/2(m
′ = −1/2) ¢q�rOq]1,�@
ACB8,���,JI , " bVS�GTe<WYAZ[%eRG�f �

∆¡ E;G�bYo G�OTWYAC_7GTc0.
ωs
¢^bYPR[%DFcZf�UXcCp�U2.�b�~ G3]vUXE�GTeR[%DFB�PV]tE;[%S UXe/.�OmUXEYEYAZGTE�[%E�b;ACfRGq~NUXeRf�E;G�bQ[%eiUXeRO�GlACe�[%E;fFGTE

W;[�Um_7[%AZf�o [%oFDFc�UXWYAZ[%e�WYEQUXeRb ]tGTE2,�@i[%E�WYPRG3c�U%b;GTE�ACe<W;GTeRbYACWYAZG�b�DRb;G�f�ACeVWYPFAZb�Gq��o GTEYACS�GTe<Wm�<ACW�p�U%b�bYD<KVOTAZGTe<W
W;[gUm_7[%AZf¤U�EQUXeFB�G�[X] ±2π · 400 ���h��UXE;[%DFeRf¤GmU%OQP�OmUXEYEYAZGTEnUXeRf�U�EQUXeFB�G�[X] ±2π · 50 ���h��UXE;[%DFeRf
GmU%OQP{bYAZfFGT~iUXeRfgACeg[%E;fFGTErWQ[\]tDFc �RcCc WYPFAZbl[ � uvE;G�b;[%eiUXeRO�G`OTEYACW;GTEYAZ[%eF,

/10%2 ��
43 � � ��� �6587 ��	��95 � 	 � ��PRGnGq��o GTEYACS�GTe<W;b�p�GTE;G�o GTE ]t[%EYS�G�f�ACe�WYPRG !0'  %#" �&')�� bYWQUXeRfRUXE;f�O�[%e�u
�RB�DFEQUXWYAZ[%e�¡�UXoFo GTeRfFA � " , ��¢7,S��PRG

π/2
OmUXEYEYAZGTE�oFDFcZb;G�b�[%eVWYPRG |S〉 ↔ |D〉 WYEQUXeRb;ACWYAZ[%e�PNU%f�U`f�DFEQUXWYAZ[%e[X]85

µ
b�,(��PRG\WYACS�G\ACe<W;GTEY_�UXc

τ
~ GTW p�G�GTe�WYPiGqS p�U%bxb;GTW�W;[~�����

µ
b2,kj�EYA�] W;bx[X]�[%DFE�E;Gq]�GTE;GTeRO�G�OmUm_LACWK.

f�DFEYACeFB�WYPRG`U%O�}7DFAZb;ACWYAZ[%ewWYACS�G�E;G�b;DFcCW�ACegU\b;cCACB�P<WYc0.�]vU%bYW;GTE3[%ErbYcZ[�p�GTE3[�b;OTACcCc�UXWYAZ[%e��RfFGTo GTeRf�ACeFBV[%ewWYPRGTACE
bYACB�eF,+��PiG7.�OmUXe�~ G�O�[%S�o GTeRbQUXW;G�f�]�[%ExA�]�WYPRG�f�EYA�]tWxAZbxDFeFA�]�[%EYS [�_7GTExWYPRG�WYACS�G�b;OmUXcZG�[X]3U%O�}7DFAZb;ACWYAZ[%e
¡�UX~ [%DFW�W p�[\S�ACe<DFW;G�b ¢�u�prPFAZOQP|W;[\[%DFE��<eR[�p3cZG�f�B�GxAZb3UR;�DRb;WYA �iG�f|U%b;bYDFS�oFWYAZ[%e�u^~/.VfF[%ACeFB�GT_7GTE1.Vb;OmUXe
W p3AZO�G�K^[%eRO�Gl]�[%EYp�UXE;f ��b;OmUXeFeFACeFB

T
]tE;[%S �mGqEQ[nW;[\b;[%S�G�bYDFACWQUX~FcZG

Tend
��UXeRf�WYPRGTewUXeR[%WYPRGTE3b;OmUXe�] E;[%S

Tend
fF[�p3eVW;[`�mGqEQ[ ,S��PRGhUm_�GTEQUXB�Gl[X] WYPRGrW p�[`[�bQOqACcCc�UXWYAZ[%eV]tE;G�}7DRGTeROTAZG�b�WYPRGTeVE;GToFE;G�b;GTe<W;b�UXeVACS�oFE;[�_�G�f

_�UXc�DiG�]�[%E
δAC

,
% W�AZb�ACS�o [%EYWQUXe<W3]t[%E�WYPRG�bQGhS�GmU%b;DFE;GTS�GTe<W;b3WYPiUXW�WYPRG�c�U%b;GTE�o [�p�GTE3AZb�O�[%eRbYWQUXe<Wr[�_�GTErUXcCc b;OmUXeRb�[%ErUXW

cZGmU%bYW�WYPiUXW3[%eRG���G�GToRb�WYEQU%OQ��[X]
f�A���GTE;GTeLW�o [�p�GTE;b2,C%�e|[%DFE3Gq��o GTEYACS�GTe<Wm��WYPRG`IJ���neFS c�U%b;GTE�AZb3U%OTWYAC_7GTc0.
ACe<W;GTeRbYACWK.�bYWQUX~FACcCAC�mG�f�W;[�p3ACWYPFACe�~ GTWYW;GTEkWYPiUXe £�N ,&��PRG�GLKVOTAZGTeRO?.�[X]�WYPRG�fF[%DF~FcZG�oiU%b;b " 1 B b;GTWYDFo
p3PFAZOQP�AZblDRbQG�fgW;[�bYp3ACW;OQP�UXeRfg] E;G�}<DRGTeRO?.7uvWYDReRG�WYPRG�cCACB�P<Wm�NPR[�p�GT_�GTEm�NPiU%b�UVO�GTEYWQUXACe{]tE;G�}<DRGTeRO?.gOQPiUXE u
U%OTW;GTEYAZbYWYAZOC,�@i[%E�WYPRG4-hUXS�b;G?.�oFDFcZbQG�b�WYPFAZb�AZb�eR[%W3U`oFE;[%~FcZGTS U%b�WYPRG?.�E;GTSVUXA�egUXW�WYPRG�bQUXS�Gl] E;G�}<DRGTeRO?.��
p3PFACcZG\WYPRG�b;PFA�] W;GTExp3PFAZOQP�AZbkb;OmUXeFeRG�f�[�_7GTEkU%bxSnDROQP¤U%b

2π · 70 B��h��OQPiUXeFB�G�bxB�E;GmUXWYc0.�ACe�ACe<W;GTeRbYACWK.

�F0
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ACB�DFE;GnI ,/�F0RK��sEQUXeRbYS�ACWYW;G�f{cCACB�P<Wro [�p�GTElWYPFE;[%DFB�P{WYPRG�fF[%DF~FcZG`oiU%b;b " 1 B b;GTWYDFogDRbQG�f|W;[�WYDReRG�UXeRf
bYp3ACW;OQP�c�U%b;GTE�cCACB�P<WdUXW
IJ����eFS@,_��PRG

S1/2(m = −1/2)↔ D5/2(m
′ = −1/2) E;G�b;[%eiUXeRO�GO�[%EYE;G�bYo [%eRfFblW;[�UXe " 1 B ]tE;G�}<DRGTeRO?.�[X]C����� B��l� ,#! .|U�b;ACS�oFcZGxE;G�OmUXcCAC~FEQUXWYAZ[%e�[X]
WYPRG

]tE;G�}7DRGTeRO?. U:��AZbm�^WYPRG�c�U%b;GTE�o [�p�GTE
P (∆)

U%b�U{] DFeROTWYAZ[%e [X]hfFGTWYDFeFACeFB
∆

AZb�[%~FWQUXACeRG�f
]tE;[%S WYPFAZbroFcZ[%W2,

[�_7GTEhWYPFAZb�b;o G�OTWYEYDFS@,G% e�[%E;fFGTE�W;[�O�[%EYE;G�OTW�]t[%E�WYPFAZb�G � G�OTWm�NWYPRG�]tE;G�}7DRGTeRO?.{fFGTo GTeRfFGTeRO�G�[X]�WYPRGncCACB�P<W
o [�p�GTEhWYPFE;[%DFB�P�WYPiG�fF[%DF~FcZG�oiU%b;b " 1 B p�U%blE;G�O�[%E;fFG�f5,R��PFAZblp3U%bhOmUXEYEYAZG�f�[%DFWr]�[%ElWYPRG�Gq�RU%OTWhbQUXS�G
-l@ f�EYAC_7Gno [�p�GTE�B�[%ACeFB|W;[�WYPRG " 1 B U%bhACe�WYPRG\Gq��o GTEYACS�GTe<W2,$��PRGncCACB�P<Wxo [�p�GTE�p�U%b�S�GmU%bYDFE;G�f�f�A�u
E;G�OTWYc0.�A�e�]tE;[%e<W3[X]sWYPRG�AZ[%e|WYEQUXowW;[nSVUX�7GxbYDFE;GhWYPiUXWrG ��G�OTW;b3[X]
f�A���GTE;GTe<WrO�[%DFoFcCACeFB�[%DFW3[X]sWYPRGxfF[%DR~FcZG
oiU%b;b " 1 B ACe<W;[nWYPRG'�R~FE;GhWYEQUXeRbYS�ACWYWYACeFB�W;PRGlcCACB�P<W�W;[�WYPRG�Gq��o GTEYACS�GTe<WrUXE;GxUXcZb;[nWQUX��GTe�ACe<W;[�U%O�O�[%DFe<W2,
��PRG`E;G�O�[%E;fFG�f{OTDFE;_�G`AZblbYPR[�p3egACe�@
ACB8,NI ,/�F08,8��PRG |S〉 ↔ |D〉 E;G�bQ[%eiUXeRO�G�O�[%EYE;G�bYo [%eRfFbhW;[VUXe " 1 B
]tE;G�}7DRGTeRO?.|[X]C����� B��h� ,

" W;[%WQUXc [X]!7�5n~iU%OQ��UXeRf�]t[%EYWYPwb;OmUXeRb�p�GTE;G�E;G�O�[%E;fFG�f|E;G�b;DFcCWYACeFB�ACew�F0
δAC

_�UXcCDRG�b�]�[%E�f�A���GTE;GTe<W
∆

,
" fFf�ACWYAZ[%eiUXcCc0.��C-�UX~FA<[�b;OTACcCc�UXWYAZ[%eRb�[%enWYPiG |S〉 ↔ |D〉 WYEQUXeRbYACWYAZ[%e\p�GTE;G�E;G�O�[%E;fFG�f\ACe\[%E;fFGTEdW;[hfFGTW;GTEYS�ACeRGWYPRG3] E;G�}<DRGTeRO?.

Ω−1
[X] G�}<eF,i¡vI ,/��¢q�<WYPRG3E;G�b;DFcCW�~ GTACeFB

Ω−1 = 2π ·376(7) ���l� , " cCci[%~FWQUXACeRG�f
δAC

_�UXc�u
DRG�b^p�GTE;G3E;GTeR[%EYSVUXcCAC�mG�fVW;[xWYPRGrbQUXS�G�c�U%b;GTE�o [�p�GTE�~/.\fFA�_LAZf�ACeFB`WYPRGTS ~/.

P (0)/P (∆)
¡tOq]1,�@dACB8,<I ,/�F0<¢7,

��PRGVO�[%S�oFcZGTW;G�fRUXWQUgb;GTW�AZb�bYPR[�p3e�ACe�@
ACB8,
I ,/��H{Gq��O�GToFW`]�[%E�W p�[{fRUXWQUwo [%ACe<W;b�UXW�cZUXE;B�GVfFGTWYDFeFACeFB�bm�
p3PFAZOQP{p3PRGTE;Gn[%S�ACWYW;G�f{ACe{[%E;fFGTElW;[��7G�GTogWYPRG`oFcZ[%WhO�[%S�oiU%OTW2,g��PRG?.|E;GmU%f

δAC = 2π · 5.88 ���h��UXeRf
2π · 8.49 ���l�x]�[%ErfFGTWYDFeFACeFB�b ∆ [X]

2π · 40.0 B��l��UXeRf
2π · 60.0 B��l����E;G�bYo G�OTWYAC_7GTc0. ,

#�[%W;G�WYPiUXWkWYPFAZbkS�GmU%bYDFE;GTS�GTe<W`oFE;[<O�G�f�DFE;GV[%eFc0. .<AZGTcZfFbkWYPRG�S�[<f�DFcCDRbk~FDFWkeR[%WkWYPRG�b;A�B�e¤[X]
δAC

,
��PRGVbYACB�eRb`p�GTE;G�UXWYWYEYAC~FDFW;G�f�W;[wWYPiG�S�GmU%bYDFE;GTS�GTe<WnE;G�b;DFcCW;bnU%O�O�[%E;f�ACeFB�W;[wWYPRG�WYPRG�[%E;GTWYAZOmUXc�OTDFEY_7G�W;[
~ G\Gq��o G�OTW;G�f ��WYPiUXWxAZbxG�}7eF,^¡vI ,/��¢7,$��PRG�bYo G�OTWYEQUXc�o [�bYACWYAZ[%eRbk[X]�WYPRG\WYPFE;G�G�OmUXEYEYAZGTExE;G�b;[%eNUXeRO�GTbkp3PRGTE;G
fFGTW;GTEYS�ACeRG�f�f�ACE;G�OTWYc0.{]tE;[%S UXe¤Gq��OTACWQUXWYAZ[%e�bYo G�OTWYEYDFS ¡tOq] , @
A�B8,sI , 0<¢7,�@RE;[%S WYPFAZbm�

∆mag
p�U%b`fFGTW;GTE u

S�ACeRG�f�W;[k~ G
2π ·8.40 B��h�3p3PFAZOQP�O�[%EYE;G�bYo [%eRfFb�W;[nU�SVUXB�eiGqW;ACOR�iGTcZfV[X]

B = 2.50
Q:,O��PRGrGq��o G�OqWQGTf

_�UXcCDRG�b�]�[%E3WYPRGkE;GTc�UXWYAC_�GkcCACeRG`b;WYE;GTeFB�WYPRbn¡tOq] ,Rb;G�OTWYAZ[%e���, ��,/7�¢3UXE;G
a−5 = 0.278

UXeRf
a+3 = 0.0556

,
��PRG�[%eRc�.�O�[%S�oFcZGTW;G�DFeF�LeR[�p3e ]t[%E\WYPRG �RW�[X]lWYPRG�fRUXWQU�p3ACWYP WYPFAZb�G�}<DiUXWYAZ[%e p�U%b

d
, ��PRGTE;Gq]t[%E;G

ACe�WYPRG&�RWYWYACeFB�oFE;[<O�G�f�DFE;G��sUXW'�RE;b;W�[%eFc0.
d
p�U%b�_�UXEYAZGTf�UXeif{W;PRGTe�bYDF~Rb;G�}<DRGTe<WYc0.�UXcZb;[

Ω−1
�
a−5

UXeRf
a+3

,r@
ACB8, I ,/��H�bYPR[�prb�UXe�Gq�FO�GTcCcZGTe<WxUXB�E;G�GTS�GTe<Wk[X]^W;PRG`S�GmU%b;DFE;G�f{_�UXcCDRG�bhp3ACWYP�WYPRG �ReiUXcE�RWm�Np3PFAZOQP
.LAZGTcZfFb�WYPRG�]�[%cCcZ[�p3ACeFB�_�UXcCDRG�bmK

Ω−1 = 2π · 357(3) ���l��� a−5 = 0.318(15)
�
a+3 = 0.051(17)

UXeRf

��H
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8.4-8.4
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� �
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��

�������! #"%$ ,'&�(*),+.-0/1 325436!�879-
δAC

/�4:/;79�!<>=?-3�A@�<B@17C4#6!�87D-#"? :E!"?-3�!<!��<!�
(∆)

,GFH/1-0/JI�@���<.-#4LK94#M.�N/1 #"
4POQ/1 #"
=R/1SA=?�!S�/1-#"
ET7D #@�U

T V 4#=R/1<>4WKX/�4Y��<Z�����8,>$ ,'&�[�OY/1<>E]\ .J #"?<>@� 3U^/1S���_
��<>�J-36>"H@�\!-0/1��<>"
E δAC` /1S��>"
4a-#@L@�<>": #"b7X"? #"?<>=
"cS�/�4#"? YI�@edY"? 2,gfG6>"ihN-a�>4#��<!�L"
M.<F,jKk$ ,'&�O:K94#@�S��AElS���<>"eOm�A4a��< ` "b  .
��@.@.En/1�� #"
"?UJ"?<.-:do��-365-36>"
4#"WE>/1-0/�,

d = 0.224(10)/2π
K9p��i_qO −1 ,srt-c=R/1<u\�"L4#"
"?<v-36N/1-H-36>";436!�87D-HE*�>"L-#@]E*��I�@�SA"L-3 0/1<>43��-3�A@�<>4Rwj��<x@�-36>"? 

dY@� #E!4
d
wy�A4s #"?S�/1-3� ` "?S0.u4#U^/1S�S+,JfG6>";h>-3-#"
E Ω−1

E*�8z{"? #4H79 #@�U|-36>" ` /1S��>"}UJ"R/�43�! #"
E~\/.uE*�� #"
=?-H-c/1\!�
@�4#=?��S�S�/1-3�A@�<>4o\/.](���do6!�A=06T�A4GS�/1 3��"? G-36N/1<Z-36>"H"? 3 #@� G\N/1 #4o@17�"R/�=06 ` /1S��>"�w�do6!�A=06n/1 #"H@�<T-36>"H@� #E!"? o@17
� V &�� ,gfG6!�A4aE!" ` ��/1-3�A@�<]=
@��!SAE^\�"i"q��I!S�/1��<>"
El\/.}43SA@ed�=06N/1<!��"
4a��<^-36>"QS�/�40"? mI�@edY"? Y@ ` "? m-36>":=
@��! #4#"i@17
-36>"o"q�*I�"b #�8UJ"?<�-2,C+.�>=06JI�@edY"? CE* 3�879-#4g=R/1<}\�"o=R/1�>40"?Eyw�7X@� g"q�>/1U}I!SA"�w��87,-36>"o@�I!-3�A=R/1S!h>\�"? C-3 0/1<>43U}��-3-3��<!�
-36>"sS�����6.-:/1-c$�&��L<!U�43SA@edQS�.] #@�-0/1-#"
4i-36>"HI�@�S�/1 3��_e/1-3�A@�<N�WE*�N"H-#@}-36>"? 3U^/1S�"bzj"
=?-#4�,g�o-o-36>"sI�@�S�/1 3��_
��<!�
\�"R/1U�43I!S���-3-#"? ;/q79-#"? %-36>"JhN\�"b ewg/5I�@�4#4#��\!SA"^I�@�S�/1 3��_e/1-3�A@�<� #@�-0/1-3�A@�<��A4LE*�� #"
=?-3S0.~-3 0/1<>4379@� 3UJ"
E���<.-#@v/
=06N/1<!��"W��<5-#6>"s-3 0/1<>43U}��-3-#"
En��<.-#"?<>43��-K. ,afG6>"Hh>-i #"
43�!S�-o7X@� 

a−5
S���"
4c/1\�@ ` "W-36>"s-36>"
@� #"?-3�A=R/1S ` /1S��>"s\/.

/1\�@��!- �R� ��do6!�A=06�=R/1<�\�"J"q�*I!S�/1��<>"
E�\/.~/ZE!" ` ��/1-3�A@�<�7D #@�U�-36>"J�AE!"R/1Sa��"?@�UJ"?-3  .~@�<�-36>"^@� #E!"? %@17
�R� ◦ ��<v\�"R/1U�E*�� #"
=?-3�A@�<x@� cI�@�S�/1 3��_e/1-3�A@�<F, ! .Z-36>"
@� 1.n-36>"% 0/1-3�A@l\�"?-tdY"
"?<

a−5
/1<>E

a+3
�A4c=
@�<>4#-0/1<.-

�!<>E!"? "#"�" =
@�<>E*��-3�A@�<>42,;fG6.�>4Rw{�87 a−5 S��A"
4W/1\�@ ` "L-36>";-36>"
@� #"?-3�A=R/1S ` /1S��>"�w{-36>"}40/1UJ";4#6>@��!SAEv\�";-3 3�>"7X@� 
a+3

w.do6!�A=06T�A4Y<>@�-Y-36>"c=R/�4#"C,^�c@edY" ` "? Rw.-36>"H"q��I�"? 3��UJ"?<.-0/1S ` /1S��>":79@� a+3 =
@�<.-0/1��<>4Q/�S�/1 3��"H"? 3 #@� /�4s-36>"}=
@��!I!S���<!�n-#@T-36>"J=
@� 3 #"
43I�@�<>E*��<!�n-3 0/1<>4#��-3�A@�<~�A4 ` "? 1.BdY"R/12x/1<>E~@�<!S0.B79"?d�E>/1-0/TI�@���<.-#4W6N/ ` "
\�"
"?<5 #"
=
@� #E!"
E5��<5-36>" ` �A=?��<!��-K.T@17�-36>" −1/2↔ +3/2

-3 P/1<>43��-3�A@�<F,
rt<5@� #E!"? i-#@J=? #@�404 V =06>"
=02T-36>"W@�\!-0/1��<>"
E ` /1S��>"
4Q79@� a−5 /1<>E a+3 w8-c/1\!��@�4#=?��S�S�/1-3�A@�<>4:@�<5-36>"W-36! #"
"=R/1 3 3�A"? #4�dY"? #"a #"
=
@� #E!"
EL�!<>E!"? �-36>"Y40/1UJ"Y=
@�<>E*��-3�A@�<>4QKD\�"R/1U���"
@�UJ"?-3 1.j��43��<!��SA"a�A@�<yw�43�AE!"?\N/1<>EL=
@.@�SA"
ENO

��<L/Q4#"?IN/1 0/1-#"m"q�*I�"? 3��UJ"?<.-2,��{����6.-�I�@edY"? #4�/1-�$�&��o<>U�dY"? #"CUJ"R/�43�! #"
EW7X@� y-36>"C-36! 0"?"aE*�8z{"? #"?<.-YK9�:�cpxO
79 #"
M��>"?<>=?�A"
42,GfG6>"�@�\!-0/1��<>"
E ` /1S��>"
4idY"? #"W�>4#"
E5-#@J<>@� 3U^/1S���_
"%-36>"�@�\!-0/1��<>"
E -:/1\!�y7D #"
M.�>"?<>=?. ` /1S��>"
4
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�������! #"%$ ,'&�¸*)8-c/1\!�c@�40=?��S�S�/1-3�A@�<>4Z@�< -36>"u[�I�@�4043��\!SA"v=R/1 3 3�A"? T-3 0/1<>4#��-3�A@�<>4Tdo6>"?< 4#-0/1 3-3��<!��79 #@�U -36>"
S1/2(m = −1/2) 4#-0/1-#"o��<}-36>"Q\�"R/1U���"
@�UJ"?-3 1.

φ = 45◦, γ = 0◦
,�fG6>"Q=
@� 3 #"
4#I�@�<>E*��<!�

$�&���<!U S�����6.-ZI�@edY"? #4n/1<>E -36>" -c/1\!�c7D #"
M.�>"?<>=?�A"
4]79 #@�U -36>"vh>-#45/1 #" KX/�O
158 µ 8

2π · 32.15(12) 2��i_JKD\,O 137 µ 8 2π · 50.20(10) 2L�:_JK9=eO 128 µ 8 2π · 10.71(6) 2��:_ ,

-#@]-36>";4P/1UJ"LS��8��6�-H��<.-#"?<>43��-K. ,�fG6>";-36! #"
";40=R/1<>4s/1 #";4#6>@edo<u��<x�����8,y$ ,'&�¸�,�fG6>"; #"?S�/1-3� ` "}4#M.�N/1 #"
4H@17
-36>"W<>@� 3U^/1S���_R"
E -:/1\!�y7D #"
M.�>"?<>=?�A"
4 .��A"?S�E5-36>" ` /1S��>"
4 a−5 = 0.357(17)

/1<>E
a+3 = 0.049(5)

w>do6!�A=06
/1 #"s��<n/1�� #"
"?UJ"?<.-:do��-365-36>" ` /1S��>"
4i@�\!-0/1��<>"
EZ7D #@�U -36>"Hh>-o-#@}-36>"W�:9 V +.-0/1 32Z436!�879-oE>/1-P/�,

;=< �?> � �


@ > �'32A � < ��� 2 � ��	 � � 3 ��� � fG6>"L��U}I!SA"?UJ"?<.-0/1-3��@�<�@17YM.�N/1<.-3�!U|/1S���@� 3��-36!UJ4W��<x@��! s"q� VI�"? 3��UJ"?<.-c"?<.-0/1��SA4:40"
M��>"?<>=
"
4:@17C=R/1 3 3�A"? c/1<>EB43�AE!"?\N/1<>E5I!�!SA40"?4�,B9Y@��!I!S���<!�l-#@l/}=R/1 3 3�A"? :-3 0/1<>43��-3�A@�<B�A4
 #"?S�/1-3� ` "?S0.^43-3 #@�<!�>w�do6!�A=06]IN/1 0/�E!@m�*�A=R/1S�S0.]/1UJ@��!<.-#4G-#@;+.-0/1 32l436!�87D-#4a��<>E*�>=
"
E]\/.^=
/1 # 3�A"b GI!�!SA4#"
4Y\�"?��<!�
<>"?��S�������\!SA"%=
@�U}IN/1 #"
En-0@}-36>"�"bz{"
=?-i@17C43�AE!"?\N/1<>EnI!�!SA4#"
42,YfG6>"W #"R/�4#@�<579@� i-36!�A4Q�A4Q-36N/1-H/; #"
4#@�<N/1<.-3S0.
E* 3� ` "?< -3 0/1<>43��-3�A@�< E!@."
4DCFEHGL436!�87D-}�8-04#"?S87 , 8 6>"?< E* 3� ` ��<!��/v43�AE!"?\N/1<>E -3 0/1<>43��-3�A@�<  #"
4#@�<N/1<.-3S0.�wm-36>"
<>"R/1 #"
43-s@�-36>"? c-3 0/1<>43��-3�A@�<u�A4c-K..I!�A=R/1S�S0.v/l=R/1 3 3�A"? Rwjdo6!�A=06vI! #@.E*�>=
"
4s43-3 #@�<!�5+�-0/1 32n436!�879-#42, 8 6>"?<ywj@�<
-36>"J@�-36>"? W6N/1<>E{w�/T=R/1 3 3�A"? ��A4WE* 3� ` "?<x-#6>"?<~-36>";<>"?����6.\�@� #�8<>�n-3 0/1<>43��-3�A@�<>4L/1 #";-K.�I!�A=R/1S�S0.u4#�AE!"?\N/1<>E!42,
�QE!E*��-3�A@�<N/1S�S0.�w�/l43�AE!"?\N/1<>Ev-3 0/1<>43��-3�A@�<u��<x@� #E!"? H-#@l��"?-Rw{40/2.�wj/J79�!S�S

π V I!�!SA4#"%U%�>4#-c\�"LE* 3� ` "?<vSA@�<!��"? \/.x/l7k/�=?-#@� 
1/η

�87G-36>"J40/1UJ";S�����6.-�I�@edY"? W�A4�/1I!I!S��A"
E5,^�N@� WM.�N/1<.-3�!U /1S���@� 3��-36!UJ4L/�4s-36>"?.u=R/1<~\�"
 #"R/1S���_R"
Exdo��-36�@��! W"q�*I�"? 3��UJ"?<.-0/1SmIN/1 0/1UJ"?-#"? #4Rw�-36!�A4sUJ"R/1<>4s-36N/1-�=R/1 3 3�A"? W��<>E*�>=
"
E~�I9 V +.-0/1 32v4#6!�87D-#4/1 #"s<>"?��S�������\!SA"Wdo6!��SA"W43�AE!"?\N/1<NEZ��<>E*�>=
"
En436!�87D-#4oU%�>43-:/1\>4#@�S��!-#"?S0.T\�"s=
@�U}I�"?<>4P/1-#"
EZ79@� �,
�:I!I!S0..��<!�T/}S�/�4#"? c@�<B-36>"W\!S��>"L/:�*��/1S�4#��E>"b\,/1<>EB@17g-36>" |S〉 ↔ |D〉 -3 0/1<>43��-3�A@�<�KKJª��/1-#"%S�/�4#"? ML�Oi/1-c/E!"?-3�!<!��<!�]@17

∆/2π N � � ,´$}p��:_s #"
4#�!S�-#4Q��<B/;<>"?��/1-3� ` "��:9 V +.-0/1 32Z4#6!�87D- δAC ,Y+.6!��<!��<!�l��<B/}4#"
=
@�<>E
S�����6.-shN"?SAE�K9=R/1S�S�"
E&Jt=
@�U}I�"?<>40/1-0@� MLk��<�-36>";79@�S�SA@edo��<!�.OW/1-%/]S�/�4#"? �E!"?-3�!<!��<!�ndo6!�A=06 ..�A"?SAE!4%/TI�@�43��-3� ` "
�I9 V +.-0/1 32n436!�87D-c=R/1<B<.�!S�S�-36>"%@ ` "? 0/1S�S�4#6!�87D-2, 8 "W-K.�I!�A=R/1S�S0.n4#"?-:-36>"%=
@�U}I�"?<>40/1-#@� c79 #"
M��>"?<>=?.5-#@^-36>"
 #"
E%43�AE!"a@17>-36>"

S1/2(m = −1/2)↔ D5/2(m = −5/2)  #"
40@�<N/1<>=
"a\/. 2π·800 2��i_ ,��o-�-36N/1-�I�@��8<�-���-I! #@.E*�>=
"
4Y #"R/�4#@�<N/1\!S0.JS�/1 3��"c436!�879-#4Y/1<>E]/1-a-36>"c40/1UJ"i-3��UJ"i�A4a-#@.@W7k/1 C79 #@�U /1</.} #"
4#@�<N/1<>=
":-#@���<>E!�>=
"
@1z V  #"
4#@�<N/1<.-i"q�!=?��-0/1-3�A@�<>42,Y�:�! QUJ"?-36>@.E5-#@JE!"?-#"? 3U}��<>"W-36>"W@�I!-3��U%�!U 40"b-#-3��<!�^@17�-36>"W=
@�U}I�"?<>4P/1-3�A@�<
S�/�4#"? �=
@�<>43�A43-#4W@17G-36>";79@�S�SA@edo��<!�B43-#"?I>4R)s���� #43-WdY"}E!"?-3�!<>"J-36>"}��/1-#"}SA/�40"? s\/. ' 2π · 80 2��:_L79 #@�U-36>"�43�AE!"?\N/1<>En #"
4#@�<N/1<>=
"�-#@^/ ` @��AEn"q�*=?��-0/1-3�A@�<B��<.-#@J-36>" |D〉 43-0/1-#"^KD��-#4:�I9 V +.-0/1 32Z"bz{"
=?-i6>@edY" ` "? :�A443-3��S�Sg/1S�UJ@�43-c�AE!"?<.-3�A=R/1S�-#@l-36N/1-H@17a/^S�/�4#"? :hN"?SAEB #"
4#@�<N/1<.-Hdo��-36v-36>"L43�AE!"?\N/1<>ENO7,HfG6>"?<vdY"%U}��<!��U}��_R"
-36>"L-#@�-0/1Sg�I9 V +.-0/1 32B"bz{"
=?-H\/.v/�E�O��>43-3��<!�T-36>"L��<.-#"?<>43��- .v/1<>EuE!"?-3�!<!��<!�5@17a-36>";=?@�U}I�"?<>4P/1-3�A@�<xS�/�4#"? hN"?SAEu43�>=06v-36N/1-H-36>"L@�4#=?��S�S�/1-3�A@�<>4s��<x/

T V 4#=R/1<uE*�A40/1I!I�"R/1 2, !G@�-36vS�����6.-chN"?SAE!4W/1 #"%��"?<>"? 0/1-#"
Eu\/.B/1I VI!S0.���<!�;-tdY@:-:� V 7D #"
M.�>"?<>=?�A"
4o43��U%�!S�-0/1<>"
@��>43S0.]-#@L-36>"W$�&��%<>U E!@��!\!SA" V IN/�4#4Q�:�cp K9�i� � ��<5�����8,'(�,'(�O7,
+.��<>=
"]\�@�-36�S�����6.-LhN"?SAE!4J/1 #"]E!"? 3� ` "
E�7D #@�U�-36>"]4P/1UJ"lS�/�4#"? Rwg��<.-#"?<>43��-K.�P>�>=?-3�,/1-3�A@�<>4JE!@B<>@�-J/qzj"
=?-
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�������! #"%$/.'&�$�)10��>/1U}I!SA"G@17,@�<!S���<>"Q+.-0/1 32�4#6!�87D-�=
@�U}I�"?<>4P/1-3�A@�<}E>/1-0/2.�fG6>"a-3��UJ"a\�"?-tdG"
"b<}-36>"43:/1UJ4#"�5 VI!�!SA4#"
4cdG/�4s& ���
µ
46.87YS�/�=02B4#M��N/1 #"
4e)QE>/1-0/^I�@���<.-#4Hdo��-36

T1 = 0
w�do6!��-#";4#M��N/1 #"
4e)QE>/1-0/

I�@���<.-#4Qdo��-36
T2 = 200µ

46.

-36>"L=
@�U}I�"?<>40/1-3�A@�<9.sfo6>";/�=
=?�! 0/�=�5n-#@ldo6!�A=06v-36>"L�I9 V +.-0/1 32B"bzj"
=?-H=R/1<v\�"%<.�!S�SA"
Ev�A4:I! #@�I�@� 3-3�A@�<N/1S-#@
(2 TR)

−1 S/N
wjdo6>"? #"

TR
E>"b<N@�-#"
4s-36>":3c/1UJ4#"�5n��<.-#"? 3 #@���/1-3�A@�<�-3��UJ"5KD6>"? #"

200 µ
4bO:/1<NE

S/N-36>"Z43����<N/1So-#@u<>@��A4#"T 0/1-3�A@x@17:-#6>"T4#-0/1-#"]UJ"R/�4#�! #"?UJ"?<.-6.�rt<.-#"?�� 0/1-3��<!�~-36!�A4;UJ"R/�4#�! #"?UJ"?<.-}7X@� ;SA@�<!�
-3��UJ"
4Q-#@}��U}I! #@ ` " S/N �A4oS���U}��-#"
E5\�5]-36>"s7D #"
M.�>"?<>=�5TE* 3�879-i@17�-36>"sS�/�4#"? i4#@��! #=
"s<>"R/1 H$�&��;<!U KD-�5�I V�A=R/1S�S;5 ≤ � �:_�<14PObw�43��<>=
"^/TE* 3�879-W@17G-36>"; 0"bS�/1-3� ` "}I!6N/�40"}@17G-36>"=3c/1UJ4#"�5BI!�!SA4#"
4WU}��U}�A=
4%/] #"
4#�AE*�N/1S
�I9 V +.-0/1 32�"bz{"
=?-6.uf�@v@ ` "? #=
@�UJ"]-36!�A4LI! #@�\!SA"?U�dY"]@�I!-3��U}��_R"T-36>"l��<.-#"?<>43��-�5�@17i-36>"]=
@�U}I�"?<>40/1-3�A@�<
S�/�4#"? c\�5n/1S�-#"? 3<N/1-3��<!��3:/1UJ4#"�55"q�*I�"? 3��UJ"?<.-#4cdo��-36

T1 = 0
/1<>E

T2 ' 200µ
46.:fG6.�>4Rwj/l43SA@ed�E* 3�879-:�A4

E*�A4#=? 3��U}��<N/1-#"
E�/1��/1��<>43-W/^ #"
43�AE*�,/1S�I!6N/�4#";436!�87D-HE!�>"%-#@]��U}I�"? �7X"
=?-s=
@�U}I�"?<>40/1-3�A@�<9.%�{��U}��-#"
Eu\�5n-36>"
436>@�-Q<>@��A40"W@17

PD(T )
wN/1<�5Z�I9 V +.-0/1 32Z"bz{"
=?-i=R/1<n\�"W=R/1<>=
"?S�SA"
En-#@Jdo��-36!��< ' 2π · 30 �i_W��<v¸ � 46.arª<
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=?-3 #@�<v436>"?S ` ��<!�^"q�*I�"? 3��UJ"?<.-#4i79@� i@�<>"
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43-3��U^/1-#"J@17 δres ≤ 2π · 180 �i_;7X@� s-36>"} #"
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τ = 250 µ
4WE!@edo<~-#@

τ = 0 µ
4 .;�> #@�U�@��! WE>/1-0/TdY"J=R/1SA=?�!S�/1-#"J-36N/1-Wdo��-36~-36!�A4sUJ"?-36>@.ExdG"
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π V I!�!SA4#"s7X@�S�SA@edY"
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"?<
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Φ(τ)
\�"W-36>"s�!<!��-0/1 %5ZU^/1-3 3���Z #"?I V #"
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@�U}I�"?<>40/1-#@� 

I!�!SA4#"Q@17jSA"?<!��-36
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τ0
w�<N/1UJ"?S;5

43�>=06 -36N/1-
δac · τ0 = π

wm-36>"Z4#-0/1-#"
4 |S, 1〉 /1<>E |D, 1〉6N/ ` "W/�=
M.�!�� #"
E5I!6N/�4#"
4i@17 e±iπ/2 = ±i w! #"
43I�"
=?-3� ` "?S;5�w>do6!��SA43- |S, 0〉 /1<>E |D, 0〉 E!@}<>@�-:/�=
M.�!�� #"�/1<�5I!6N/�4#"^K9=b7 .>�����1.1i2.'&�Obw!-36��>4

Φ(τ0) =




1 0 0 0
0 1 0 0
0 0 i 0
0 0 0 −i


 .
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@ ` "? Rwy-36>"}43�! 3 #@��!<>E*��<!� 3c/1UJ4#"�5nI!�!SA40"
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do��-36!��< ±100 �:_
.�rt<]/Wh> #43-Y"q��I�"? 3��UJ"?<.-Rw*-36>"iS�/�40"? mhN"?SAE]@17yI!�!SA4#"@3:&WdG/�4Y4#"?-a-#@�6N/ ` "c/WI!6N/�40":@17 πdo��-365 #"
4#I�"
=b-i-#@ 3 � .CfG6>"�5T=R/1<5-36>"? #"b7X@� #"s\�"W4#"
"?<B/�4
Rx1(π/2)

/1<>E
Rx1(π/2)

I!�!SA4#"
46. *c@�-#"s-36N/1-
-36>"}SA@edY"? ��8<NE!"q� � ��4W�>4#"
Ex-#@T��<>E!��=R/1-#"J-36N"}�8<�-#"? 3<N/1SmM.�!\!��-Rw�4#"
"}4#"
=?-3�A@�< c1.'&2.JfG6>"J=
@� 3 #"
4#I�@�<>E*��<!�
U^/1-3 3�A=
"
4i #"R/�E

1√
2




1 ±i 0 0
±i 1 0 0
0 0 1 ±i
0 0 ±i 1


 ,

do6>"? #"n-36>"
+
4#����<>4J 0"P7X"? ^-#@ 3 �

= Rx1(π/2)
/1<>E -36>" − 4#����<>4^-#@ 3:&

= Rx1(π/2)
. fG6>"5U^/1��<

4#"
M.�>"?<>=
"s-36>"?<5 #"R/�E!4

C = Rx1(π/2) · Φ(τ0) ·Rx1(π/2) =




1 0 0 0
0 1 0 0
0 0 0 −1
0 0 1 0


 .
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"?I!-L79@� L-36>"T@�<>"lU}��<.�>4}43����<ywgdo6!�A=06�do��S�SY\�"]E!��40=?�>4#4#"
E�\�"?SA@edWw
C
 #"?I! #"
4#"?<.-#4J/#DFE�G H ��/1-#"

do6>"? #"5-36>" ` ��\! 0/1-3�A@�<N/1S:M.�!\!��-^=
@�<.-3 #@�SA4^-36>"5��<.-#"? 3<N/1S:M.�!\!��-Rwado��-36 -36>"ZUJ@� #"5��<.-3�!��-3� ` "B/1S�SA@.=R/1-3�A@�<
|0〉 = |n = 0〉 /1<>E |1〉 = |n = 1〉 .�rk7^3 � /1<>E 3c&c6N/ ` "o-36>"i40/1UJ"oS�/�4#"? mI!6N/�4#"�K 3 � N 3:& N Rx1(π/2)

Obw
-36>"?<5-36>"W@�I�"? 0/1-3�A@�<n #"R/�E!4

C ′ = Rx1(π/2) · Φ(τ0) ·Rx1(π/2) =




0 1 0 0
1 0 0 0
0 0 −1 0
0 0 0 1


 .
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"?I!-y7X@� y-#6>"CU}��<.�>4�43����<,Oy/ DFE�G H~��/1-#"Cdo��-36�-36>"m��< ` "? #4#"a/1S�SA@.=R/1-3�A@�< |0〉 = |n = 1〉/1<>E |1〉 = |n = 0〉 79@� G-36>"H=
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C ′ .
fG6>"gh>-�@17!�����1. i2. cQ��� ` "
4 τ0 = (2·2.71 2��i_ )−1 = 185 µ

46.�Fc�! 3��<!�i-36>"g 3�!<!<!��<!�:"q�*I�"? 3��UJ"?<.-
τ0
do/�4

E!"?-#"? 3U}��<>"
E^79 #@�U /s #"
E*�>=
"
El4#"?-a@17yE>/1-0/*w.-36>"Q #"
4#�!S�-m\�"?��<!�;& ���
µ
46.��>@� a-36>"o7X@�S�SA@edo��<!�L"q��I�"? 3��UJ"?<.-#4

τ
dG/�4Y-36.�>4�� � ��%l-#@

200 µ
46. 8 "i6N/ ` ":-36>"?<TI! #@�\�"
E]-36>":I! #@�\N/1\!��S���-�5l-3 3�!-36T-0/1\!SA"H@17�-36>":��/1-#" C \�5
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"
Ex=
@�<.-3 0/�43-s43��<.�>40@��AE>/1S�h>-#4H-#@l-36>";=R/�4#"
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π√
2
, 0) R+(π,

π

2
) R+(

π√
2
, 0)

/1<>E
Rswap(φ0) = R+(
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687:9*;�<,= i2.�)*) > 0��?C =H<T7:BV=HN'G4WXE GT<4W"OL=LJ @�+ =H< GTSM= 7:BDC�EF=HBV=HN'G,=-, 9Z7:<4W"O\[ ` @"E:EF=H< 9!WXG,=VP$@"<.,?7�/(=H<,=HN'G 7:N�C�;�G
JTG4WXG,=LJ .10 SM= PR@";�<IO�W"J,=LJ OL@"<T<,=LJTC @"N2,%G,@ GTS = 7:N�C�;�G JTG4WXG,=LJ43RW65 |S, S〉 7 3�895 |S,D〉 7 3$O�5
|D,S〉 7 3:,;5 |D,D〉 .<0 SM= P ;M@"<,=LJ,OL=HNMOL==,MWXG4W1>A=H<,=I=?+*WXE:; WXG,=-, J,=HC WX<4WXG,=HE;5 PR@"<1=�W"O4S 7F@"N
SM=H<,= 7 >�S�7FO4S 5 7F=HE ,�J GTSM=�7:N2,�7�+ 7 ,?; WXE

D5/2
[ JTG4WXG4= C�<,@@8 WA8�7:E 7:GT7F=�J

PD
W"OH<,@*J4J GTSM=1J,=LK';M=HNMOL=_.

0 SM=ZJ,@"E:7 , E:7:NM=LJ 7:N2,?7FO�WXG,=ZGTSM= GTSM=L@"<,=HGT7FO�WXE:E;5 =q�?C =LOHG,=-,=8 =HS WB+ 7F@";�<C3$J4=H= G,=q� G�5 .D0 SM= 7:N�C�;�G
JTG4WXG,= C�<,=HC WX<4WXGT7F@"N%7FJ 7:N2,?7FO�WXG,=-,E8�5 GTSM= 9*<,=�5 JTS W@,�=-,%WX<,=�W"J WXN2,F,?<4WB>�N PR@"< NM=H9!WXGT7�+!=
GT7:BV=G+*WXE:;M=LJ

t
.H0 SM= W"OHGT; WXE�9!WXG,=IJ4=LK!;M=HNMOL=IJTG4WX<TG,J�WXG

t = 0
.

<,@"< 7 <,=LJT7 ,?; WXEZGTSM=H<TB WXEA=q�?OH7:G4WXGT7F@"N @XP�GTSM= K!; WXN'GT;�BI8�;MJ BV@J,�= 7 W@,?<,=LJ,J,7:N�9Y=H<T<,@"< WXN2, @A/ [�<,=LJ,@"N WXN G
=q��O\7:G4WXG,7:@"N J 7 =�W"O4S OL@"N'GT<,7�8M;�GT7:N�9K>�7:GTSY<,@";�9*S�E;5ML6N G,@ GTSM= 9!WXG,==O;,�=HE:7:G�5�<,=-,?;MOHGT7F@"N9.QP NMOH<,=�W"J,7:N�9 GTSM=
9!WXG,= JTC =L=-,R8�5 ;MJT7:N�9 S�7:9*SM=H<�3QWA8�7 P�<4=HK';M=HNMOH7F=LJ 7FJ =q�?C =LOHG,=-,�G,@V<,=-,?;MOL= GTSM=UEF@*J4J @XP�C�S W"J4=IOL@"N'GT<4W"J,G6.
0 S�7FJC>�7:E:E 7 SM@�>A=?+!=H< 7 EF=�W@, G,@ 7:NMOH<,=�W"J,=-, @A/ [�<,=LJ,@"N WXN'G1=q�?OH7:G4WXGT7F@"NMJ1J,@ GTS WXG�GTSM=Q9!WXG,=QO;,�=HE:7:G�5 7:NMOH<,=�W"J4=
=q��O\C =LOHG,=-, P$<,@"B GTSM=U;MJ,=I@XP8S�7:9*SM=H<�3�WA8�7(P$<,=LK!;M=HNMOH7F=LJ17FJ1@"N�E;5 WA8 @";�G ] N .
�TS ����U �'�4V@UXW���WYV ���!�"�	Z[W?� �	\ &]\FA1�BU � �$#%�D^�� #%� & ���[_]`;W?��� >
*Q@"G,= GTS WXG 7:N =�W"O4S =q�?C =H<T7:BV=HN'G4WXE1J4=LK!;M=HNMOL= 7 )Ba*a @XPQ>�S�7FO4S 5'7F=HE , @"NM=b,MWXG4WYC @"7:N'GDC =H< 7F@"N 7 8 @"GTS
PM;M@"<,=LJ,OL=HNMOL=c+"WXE:;M=LJ P$@"< 7F@"N]) WXN2, 7F@"NdL WX<,= <,=�W@, @";�G6.bP NMJTG,=�W@, @XP =?+"WXE:; WXGT7:N�9 JT;MO4S])Ba*a�=q�?C =H</[
7:BV=HN'G,J PR@"< GTSM= Ge>A@ 7F@"NMJ J4=\C WX<4WXG,=HE;5f3RW"J 7:N 687:91.�i2.�)*)�5 7 WXEFJ,@ GTSM=�!7C�% ! 3 !#%"� �"� C�<,@@8 WA8�7:E:7:GT7F=LJD@XP�GTSM=

)*)Bg
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PR@";�<<8 W"JT7FJ JTG4WXG,=LJ 7 N WXBV=HE;5 ||〈ψo|S, S〉||2, ||〈ψo|S,D〉||2, ||〈ψo|D,S〉||2 WXN2, ||〈ψo|D,D〉||2 7 O�WXN 8 =
,�=HG,=H<TBD7:NM=-,^. @�=H<,= 7 |ψo〉 ,�=HNM@"G,=LJ GTSM= K'; WXN'GT;�B JTG4WXG,= @XP GTSM=IGe>A@V7F@"NMJQWXG GTSM= @";�GTC�;�GQ@XP GTSM=I9!WXG,=_.
0 S�7FJ"5'7F=HE ,�J�W GT<T;�GTS�G4WA8�EF= @XP8GTSM=U7:BDC�EF=HBV=HN'G,=-, 9!WXG,=I@"C =H<4WXGT7F@"N 7:N�G,=H<TBVJ1@XP�C�<,@@8 WA8�7:E:7:GT7F=LJ6.

� NM@"GTSM=H<�9 @ WXE 7FJ G,@V<,=�W@,Y@";�G�GTSM= JTG4WXG,= @XP GTSM= K'; WXN'GT;�B 8�;MJ BV@J,�= WXG GTSM= @";�GTC�;�GQ@XP GTSM= 9!WXG,=_.
0 SM= 8�;MJ�BV@J,�= 7FJ�7 ,�=�WXE:E;5 =q�?C =LO\G4=?, G,@ <,=HGT;�<TN G,@ 7:G,J�9*<,@";�N;, JTG4WXG,= |n = 0〉 .Q0 S�7FJQO�WXN 8 = C�<,@@8 =-,
O/;MJTG1W"J 7:G�S W"JC8 =L=HNR,�@"NM= P$@"< GTS = J,7:N�9*EF=\[�7F@"N 9!WXG,=LJ1@XP�J,=LOHGT7F@"NMJPi2.�)IWXN2,�i2. L 7 N WXBV=HE;5 8�5 WXC�C =HN2,?7:N�93�WA8�7 @*J,OH7:E:E WXGT7F@"NMJ @"NYW J,7 ,�=?8 WXN2, GT<4WXNMJT7:GT7F@"N G,@ GTSM=U9!WXG,=IJ4=LK!;M=HNMOL=_.
687:N WXE:E;5 7 WI9!WXG,= G,@"BV@"9*<4WXC�S�5 W"JZ@";�GTE:7:NM=-, 7:N J,=LOHGT7F@"N c1. c 7 >�SM=H<,=�K'; WXN'GT;�B C�S W"J4=LJAWX<,= BV=�W"JT;�<,=-, 77FJ =HNJ+'7FJ WX9 =-,^. � J =q� C�E WX7:NM=-, 7 JT;�C =H<TC @*JT7:GT7F@"NMJZ@XP GTSM=1OL@"N'GT<,@"E K';Y8�7:G <�7F@"N WX<,=1C WX<TGT7FOH;�E WX<TE;5D7:N'G,=H<,=LJTGT7:N�9

9!WXG,=I7:N�C�;MG,J 8 =LO�WX;MJ,=O7 =HE:E JTG4WXG,=LJQWX<,=IGTSM=HNY=q�?C =LOHG,=-, W"J�@";�GTC�;�G,J6. � NY@@8MJ,=H< +"WXGT7F@"N @XP JT7:N';MJ4@"7 ,MWXE:E;5
+*WX<%5'7:N�9 C�<,@@8 WA8�7:E:7:GT7F=LJ=3$K'; WXN'GT;�B @*J,OH7:E:E WXGT7F@"NMJ�5AW"J�W P�;�NMOHGT7F@"N�@XP GTSM=QC�S W"J,=

φ
@XP GTS =�<,=�W@, [ @";�G�E W"J,=H<

C�;�EFJ,= >A@";�E , GTSM=HN WXEFJ,@ J,=H< + =�W"JZWUC�<,@'@XP GTS WXG GTSM= K'; WXN'GT;�B J,G4WXG,=�C�<4@[,�;MOL=?,c8�5 GTSM=19!WXG,= @"C =H<4WXGT7F@"N
<,=�WXE:E;5V7FJ�WXN =HN'G4WXN�9*EF=-, JTG4WXG,= WXN2, NM@"G�W J,G4WXGT7FJTGT7FO�WXE BD7��?GT;�<,=Q@XP |S, S〉 WXN2, |D,D〉 . 0 S�7FJ O�WXN�NM@"GC8 =
,?7FJTGT7:N�9*;�7FJTSM=-,48�5 <,=�W@,?7:N�9 @";�G�PM; @"<,=LJ,OL=HNMOL=�@"N GTSM= O�WXBV=H<4W=,?7:<,=LOHGTE;5 W�P$G,=H< GTSM=19!WXG,=�WXN2,VBV=�W"JT;�<T7:N�9
OL@"<T<,=HE WXGT7F@"NMJ6.
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� ���!� � �%��� �&�/' � �����*+ +��

� U �	�.\ ��
 \
� ��U ��� �BU �!����� JTG4WX<TG,=-, >�7:GTS =q� C =H<T7:BV=HN'G,J ;MJT7:N�9YW GT<4WXC @XP1=q� 7FJTGT7:N�9M,�=LJT7:9*N9. �QJT7:N�9
GTSM= =q� C =H<T7F=HNMOL= 9!WX7:NM=-, >�7:GTS GTS�7FJQGT<4WXC b ] L�e 7 W NM=?> GT<4WXC > W"J ,�=LJ,7:9*NM=-, WXN2,M8�;�7:E:G6. 0 SM= NM=?> GT<4WXC
S W"J 8 =L=HN JTSM@�>�N G,@V<4=\E:7 WA8�E;5 JTG,@"<,=IE:7:NM=�WX<QOH<%5?JTG4WXEFJ�@XPH+"WX<T7F@";MJ�7F@"N N';�B 8 =H<,JQ>�7:GTS WD9*<,=�WXG,=H<QJTG4WA8�7:E [
7:G�5 GTS WXN GTSM=D@"E , J,=HGT;MC9.=P�N C�<,=?+'7F@";MJ P�N�NMJ 8�<T;MO��Y=q�?C =H<T7:BV=HN'G,J b c 7 ] ) 7 ] L�e 7 BV@"GT7F@"N WXE 9*<,@";�N2, JTG4WXG,=
OL@'@"E:7:N�9DWXN2, E W"J,=H< W@,Y,?<,=LJ4JT7:N�9 S W@,c8 =L=\NK,�=HBV@"NMJTGT<4WXG,=-,^. 0 SM=LJ,= Ge>A@ C�<,=H<,=LK';�7FJT7:G,=LJ PR@"<A@";�<Z7F@"N GT<4WXC
K'; WXN'GT;�B OL@"BDC�;�G4WXGT7F@"N J,O4SM=HBV=LJUS WB+ =.8 =L=HN%OL@"N OM<TBV=-,E>�7:GTS GTSM= NM=?> GT<4WXC WXN2, 8 @"GTS S WB+!=.8 =L=HN
7:BDC�<,@�+!=-,^. 6M@"<�=q��WXBDC�EF= 7 ,?;M=QG,@ 7:BDC�<,@�+ =HBV=HN'G,J1@"N�� @"C�C�EF=H<�OL@'@"E:7:N�9 WXN2, WXEFJ,@.,?;M=QG,@ S�7:9*SM=H< GT<4WXC
P$<,=LK!;M=HNMOH7F=LJ 7 BV=�WXN C�SM@"NM@"N N';�B 8 =H<,J 3RW�P�G,=H<�� @"C�C�EF=H<UOL@'@"E:7:N�9J5�@XP GTSM= <4W@,?7 WXE�BV@J,�=LJ @XP

n ≈ 5
WX<,=

<,=�W"O4SM=-, 7 OL@"BDC WX<,=-, G,@
n ≈ 25

7:N GTSM= @"E , GT<4WXC =q� C =H<T7:BV=HN'G,J b ] L�eh. 0 S�7FJDB W��!=LJVWXN 7:BDC @"<TG4WXN'G
,?7�/ =H<,=HNMOL= J,7:NMOL= PR@"<ABV=�WXN C�SM@"NM@"N N';�B 8 =H<,J

n & 10
@XP GTSM=Q<4W@,?7 WXE BV@J,�=LJ GTSM=QC =H</PR@"<TB WXNMOL=U@XP8@";�<

K'; WXN'GT;�B OL@"BDC�;�G4WXGT7F@"N J,O4SM=HBV=LJ >A@";�E ,R8 =UJ4=\<,7:@"; JTE;5 W�/(=LOHG,=-, 3$O\P .MJ,=LOHGT7F@"N �/. L65�WXN2, GTSM=H<,=\PR@"<,= W@, [
,?7:GT7F@"N WXEH3$J,;Y8?[��Q@"C�C�EF=H<�5ZOL@'@"E:7:N�9 @XP�GTSM=LJ4= BV@J,�=LJ >A@";�E ,c8 = <,=LK';�7:<,=-, 7 >�S�7FO4S >A@";�E , OL@"BDC�E:7FO�WXG,=QGTSM=
=q�?C =H<T7:BV=HN'G6.G0 SM= BV=�W"JT;�<,=-, BV@"GT7F@"N WXE SM=�WXGT7:N�9 <4WXG,=LJUW�P$G,=H<Q9*<,@";�N2, JTG4WXG,=K3$JT7 ,�=?8 WXN2,;5�OL@'@"E:7:N�9�WX<,=
@"N GTSM= @"< ,�=H<�@XP8@"NM=�CMSM@"NM@"N C =H<G)�c[a BVJ >1S�7FO4S 7FJAEF@�> =HNM@";�9*S G,@ 8 =QNM=H9*EF=LOHG,=-, b c�eh. � J =q� C�E WX7:NM=-,
7:N O4S WXC�G,=H<Cg 7 >�SM=HN EF@ W@,?7:N�9 GTS =1GT<4WXCc8�5V=HEF=LOHGT<,@"N 7:BDC W"OHGZ7F@"N�7�� WXGT7F@"N 7 J4=H<T7F@";MJ C�<,@@8�EF=HBVJ @'OLOH;�< ,?;M=
G,@ GTSM= E WX<T9 = N';�B 8 =H< @XP =HEF=HOHGT<4@"NMJ J,O�WXGTG,=H<,=-, @�+ =H<�GTSM= GT<4WXC OL@"NMJ,GT<T;MOHGT7F@"N WXN2,M,?;M= G,@ GTSM= ,�=HC @*JT7 [
GT7F@"N @XP8WXG4@"BD7:O O�WXEFOH7:;�B P�<,@"B GTSM=�SM7 9*S @�+!=HN�� @�> GTS WXG 7:JA<,=LK';�7:<,=-,^.H0 SM=LJ4=�C�<,@@8�EF=HBVJ 7:BDC =-,�=-, GTSM=
C�<,@"C =H<�@"C =H<4WXGT7F@"N @XP�GTSM=UGT<4WXC9. � J WDJ,@"E:;�G,7:@"N 7 <,=LJ4@"N WXN'G1CMSM@"G,@"7F@"N�7�� WXGT7F@"NM> W"J17:NJ+!=LJTGT7:9!WXG,=-,YWXN2,YW
J%5?JTG,=HB OL@"NMJT7FJT7:GT7:N�9 @XP�Ge>A@DE W"J,=H< ,?7F@J,�=LJ > W"J1J,=HG1;�C 7 >�S�7FO4SYJT;MOLOL=LJ,J/P$;�E:E;5 OH;�<,=-,�GTSM= C�<,@@8�EF=HBVJ .
6 @"<QK'; WXN'GT;�B OL@"BDC�;�G4WXGT7F@"N 7 W@,Y,?7:GT7F@"N WXE�7FJ,JT;M=LJ NM=L=-,�=-, G,@48 = W@,Y,?<,=LJ,J,=-,^. ��� [��'G4WX<�� JTS�7 P$G,J S W@,

G,@R8 =DG4W��!=HN%7:N'G,@YW"OLOL@";�N'G WXN2, OL@"N'GT<,@"E:EF=-,^. � N ��� [��'G4WX<�� J,S�7 P�G JTC =LOHGT<T;�BI> W"JIBV=�W"JT;�<,=-, WXN2, W
BV=HGTSM@J, 8 W"J,=-,%@"N WXN W@,Y,?7:GT7F@"N WXEZE:7:9*S'G O =HE , G,@�OL@"BDC =HNMJ4WXG,=VP$@"<I;�NJ> WXN'G,=-, ��� [��'G4WX<�� JTS�7 P�G,JG>�W"J
,�=?+!=HEF@"C =-,^.fP�N C WX<TGT7FOH;�E WX<VPR@"<VJT7:N�9*EF=\[�7F@"N =q�?C =H<T7:BV=HN'G,J 7 W > W65 @XP ;MJT7:N�9 WF+'7�8�<4WXGT7F@"N WXE BV@J,�=YW"J
W OL@"BDC�EF=HG,= K';Y8�7:G S W@, G,@ 8 =VPR@";�N2,^.��'7:N�9*EF= K!;Y8�7:G <,@"G4WXGT7F@"NMJ @XP1GTSM=4+ 7�8�<4WXGT7F@"N WXE K';Y8�7:G WX<,= C WX</[
GT7FOH;�E WX<TE;5 ,?7 � OH;�E:G G,@ <,=�WXE:7���=_. 0 SM= J,@"E:;�GT7F@"N
G,@ GTS�7FJDC�<,@@8�EF=HB > W"JDG,@ =HBDC�EF@ 5 G,SM= G,=LO4S�N�7FK!;M=�@XP
OL@"BDC @*JT7:G,=VC�;�EFJ,=LJ6. 0 S�7FJ =HN WA8�EF=LJ 7 PR@"<I=q��WXBDC�EF= 7 GTSM= 7:BDC�EF=HBV=HN'G4WXG,7F@"N @XP1W�������� @"C =H<4WXGT7F@"N 8 =\[
Ge>A=L=HN 7:N'G,=H<TN WXE�WXN2,c+ 7�8�<4WXGT7F@"N WXE K';Y8�7:G 7 >�S�7FO4S B W��!=HJA<,@"G4WXGT7F@"NMJ�@XP GTSM=Q+ 7�8�<4WXGT7F@"N WXE K';Y8�7:GAC @*J,JT7�8�EF=_.
� 7:GTS GTS = SM=HE:C�@XP8GTSM=LJ,= G,=LO4S�N�7FK';M=LJ�7:G > W"J�C @*J,JT7�8�EF= G,@ 7:BDC�EF=HBV=HN'G GTSM= � =H;�G,J,O4S?[ / @!��J4W WXE:9 @"<T7:GTS�B 7GTSM= OM<,JTG =�� OH7F=HN'G K!; WXN'GT;MB WXE 9 @"<,7 G,S�B 7:BDC�EF=\BV=HN G,=-, @"N WXN 7F@"N GT<4WXC K!; WXN'GT;�B OL@"BDC�;�G,=H<6. 0 SM=
>A@"<��K>�7:GTS WDJT7:N�9*EF=UGT<4WXC�C =-, 7F@"N�S W"J1EF=-,�G,@DGTSM=U7 ,�=�WV@XP�;MJT7:N�9 @A/ [�<,=LJ,@"N WXN'G�JT7 ,�=?8 WXN2, OL@";�C�E:7:N�9 G,@
7:N2,?;MOL=VBV@"GT7F@"N WXEAJTG4WXG,= ,�=HC =HN2,�=HN'G 7 WXN2, GTSM=H<,=\PR@"<,= K!; WXN'GT7���=-, 7 ��� [��'G4WX<�� JTS�7 P$G,J6. 0 S�7FJ C @*J,JT7�8�E:7:G�5
=HN WA8�EF=-, WVN =�> BV=HGTSM@J, @XP 7:BDC�EF=HBV=HN'GT7:N�9�WV;�N�7�+!=H<,J4WXE�K!; WXN'GT;�B 9!WXG,= 7 GTSM= ,?7FJTC =H<,J,7�+ = C�S W"J4= 9!WXG,=
@XP J,=LOHGT7F@"NCi2.�)_. � P$G,=H< GTSM=LJ,=�JT7:N�9*EF=\[�7F@"N =q�?C =H<T7:BV=HN'G,J 7 GTSM=�= �?C =H<T7:BV=HN'G4WXE PR@'OH;MJ > W"JAJ >�7:G,O4SM=-, G,@ Ge>A@
7F@"NMJ6. � <,=HE:7:BD7:N WX<%5 <,=LJT;�E:G,J�@"N GTSM= � 7:<4W"O\[ ` @"E:EF=H<�DFE�GIH 9!WXG,= S WB+ = 8 =L=HN W"O4S�7F=?+ =-,^. *Q@"G,=IGTS WXG GTSM=
G,=LO4S�N�7FK';M=LJ1,�=?+!=HEF@"C =-,d8 =\PR@"<,=E3 ��� [��'G4WX<�� J,S�7 P�G OL@"BDC =HNMJ WXGT7F@"N WXN2, GTSM= G,=LO4S�N�7FK';M= @XPQOL@"BDC @*JT7:G,=
C�;�EFJ,=LJ�5�WX<,= WXEFJ,@ +!=H<%5 SM=HE:C?P$;�E PR@"<1JT;MO4S B ;�E:GT7 [�7F@"NY=q�?C =H<T7:BV=HN'G,J6.
" \ �#
 �$& � �A\;` ���'����P$@'OH;MJ,=LJ�@"N =q� C =H<T7:BV=HN'G4WXGT7F@*NR>�7:GTS GTSM=QGe>A@X[�7F@"N � 7:<4W"O\[ ` @"E:EF=H< DFE�GIH 9!WXG,=_.
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0 SM=LJ,=1=q� C =H<T7:BV=HN'G,J >�7:E:E28 =�JT;Y8
	/=LOHG @XP(GTSM= � S9. �J. GTSM=LJT7FJ @XP{p WX<��:317F=?8 = b $*g�eh. P�G S W"JH8 =L=HN @";�GTE:7:NM=-,
7:N J4=LOHGT7F@"N i2.�� SM@�> GTS�7FJ1K!; WXN'GT;�B 9!WXG,= B W65c8 =�P$;�<TGTSM=H<1O4S WX<4W"OHG,=H<T7���=-, 3�<,=�W@, [ @";�G @XP GTSM= C�<,@@8 WA8�7:E [
7:G�5 GT<T;�GTS G4WA8�EF= 7 BV=�W"JT;�<,=HBV=HN'G @XPZGTSM= K'; WXN'GT;�B 8�;MJ BV@J,�= 7 K!; WXN'G,;�B @*J,OH7:E:E WXGT7F@"NMJ WXN2, K'; WXN'GT;�B
G,@"BV@"9*<4WXC�S�525 . � JUBV=HN'GT7F@"NM=-, 7 W Ge>A@X[�7F@"N � 7:<4W"O\[ ` @"E:EF=H< 9!WXG,=VC�<,@J,?;MOL=LJ�
 ��� � � ��� ��� ��� 7 PAGTSM=VOL@"N'GT<,@"E
7F@"N WXGZGTSM= 9!WXG,=�7:N�C�;�GA7FJZ7:N WXN WXC�C�<,@"C�<T7 WXG,= JT;�C =H<TC @*J,7:GT7F@"N9. � JT7:BDC�EF=H<AC�<,@'OL=-,?;�<,=QGTS WXN =HBDC�EF@ 5'7:N�9
W � 7:<4W"O\[ ` @"E:EF=H< 9!WXG,=�=q�?7FJTG,J G,@ OH<,=�WXG,=@7 =HE:E [ JTG4WXG,=LJ 7 >�S�7FO4S =HBDC�EF@ 5?J WIG,@"G4WXE(@XP @"N�E;5

1.5π
@XP JT7 ,�=?8 WXN2,

<,@"G4WXGT7F@"NMJ b ] ) eh.=0 SM= O;,�=HE:7:G�5 @XPAOH<,=�WXGT7:N�9 W 7 =HE:E JTG4WXG,= ;MJT7:N�9 GTS�7FJ BV=HGTSM@J, 7FJU=q� C =LOHG,=-, G,@ 8 =.>A=HE:E
WA8 @�+!= $*a6N . �';MO4S W S�7:9*S K'; WXE:7:G�5 7 =HE:E J,G4WXG,= >�7:E:E 8 =IW 9 @'@J, G,=LJTGT7:N�9D9*<,@";�N2, P$@"<�K'; WXN'GT;�B G,@"BV@"9"[
<4WXC�S�5 . � =LOHGT7F@"N c1. cF,?7FJ,OH;MJ,J4=LJ GTS WXG.>�7:GTS GTSM= C�<,=LJ,=HN G =q� C =H<T7:BV=HN'G4WXE1J,=HGT;�C GTSM= OL@"BDC @*JT7:G,= C�;�EFJ,=
G,=LO4S�N�7FK';M= 7FJQ@"N�E;5 @"NM= @";�GQ@XP GTS�<,=L= BV=HGTSM@J,�JQGTS WXG O�WXN 8 = ;MJ4=-, G,@ 7:BDC�EF=HBV=HN'G WVGe>A@X[�7F@"N DFE�GIH
9!WXG,= 7 GTSM= @"GTSM=H<ZGe>A@ 8 =H7:N�9 GTSM= �"� �"!���!&�"�45 � � 3 ���!J,O4SM=HBV=QWXN2,VGTSM=�� � �����&!�����%>��D������ �"��� � � ! ����BV=HGTSM@J,^.
� =IWX<,= CMEFWXNMN�7:N�9 G,@ 7:BDC�EF=HBV=HN'GQWXN2,�O4S WX<4W"OHG,=H<T7���= GTSM=UE WXGTG,=H<1Ge>A@DBV=HGTSM@J,�J1P$@"<�Ge>A@X[�7F@"N 9!WXG,=LJ6.

� 9 @ WXEZPR@"< GTSM= NM=�WX< P�;�G,;�<,= 7FJ G,@ C�<,=HC WX<,=�� �"! � ��� ��� ��� b $ � e�@XP GTS�<,=L= GT< WXC�C =-, 7F@"NMJ6. � NM@"GTSM=H<
7:N'G,=H<,=LJTGT7:N�9 @@8#	T=LOHGT7�+ = 7FJ GTSM= 7:BDC�EF=HBV=HN'G4WXGT7F@*N @XP$� � �����&�&% �����('"� ��'"����� �)�&!*'�� 3 ��0 � 5"b $_i�eh.H0 SM=�JT7:B [
C�EF=LJTG �@0 � C�<,@"G,@'OL@"EM7:NJ+ @"E�+!=LJ�GTS�<,=L=1K!;Y8�7:G,J6. � J�BV=HN'GT7F@"NM=-,D7:NVJ,=LOHGT7F@"N=c1. c 7 GTSM= ;MJ,= @XP WQ+ 7�8�<4WXGT7F@"N WXE
BV@J,�= W"J W OL@"BDC�EF=HG,= K!;Y8�7:GIGT;�<TNMJ W G!>A@X[�7F@"N OH<%5 J,G4WXE 7:N'G,@ W+� � ��� � K';Y8�7:GIK'; WXN'GT;�B OL@"BDC�;�G,=H<6. �
JT7:BDC�EF= �@0 � C�<,@"G,@'OL@"E�P$@"< JT; O4S W GTS�<,=L=\[ K!;Y8M7 GUC�<,@'OL=LJ,J,@"<=b $ $�eH>A@";�E , <,=LK';�7:<,= WXN =HN�S WXNMOL=HBV=HN'GI@XP
GTSM=�C�<,@J,?;MOHG , 9!WXG,=QJTC =L=-, × OL@"SM=H<,=HNMOL=QGT7:BV=�- 8�5 WUP�W"OHG,@"<A@XP�G!>A@ OL@"BDC WX<,=-, G,@ GTSM=�C�<,=LJ,=HN'G�W"O4S�7F=?+ =\[
BV=HN'G,J 7 >�S�7FO4SYWXCMC =LWX<4J�P$=�W"J,7�8ME:=_.
. � � � ��� �'�X�$#%� & �BW2^���� ��S � � WX<,=17:N C�<,=HC WX<4WXGT7F@"N9. � =LOHGT7F@"Nbg2. c JTSM@�>1J GTS WXGZ<,=LJ,@"N WXN'GZC�SM@"G,@"7F@"N?[

7�� WXGT7F@"N @"C =HNMJZ;�C GTSM=1C @*J4JT7�8�7:E:7:G�5DG,@ J,=HEF=LOHGT7�+!=HE;5DEF@ W@, 7FJ,@"G,@"C =LJA@"GTSM=H<ZGTS WXN 40 � WI7:N'G,@ GTSM=1GT<4WXC JT;MO4S
W"J 43 � W 7 PR@"< =q�MWXBDC�EF=_. 0 S�7FJD@"C�GT7F@"N 7FJ C WX<TGT7FOH;�E WX<TE;5 7:N'G,=H<,=LJ,GT7:N�9%W"J 43 � WY7FJDWYC�<,@"BD7FJT7:N�9/���#�&�'���
� ����!*� � ����% !&% ��� � b g_i 7 $���eh. 0 SM= <,=�W"J,@"N PR@"< G,S�7FJ 7FJ GTS WXG 7:G S W"J W�S�5 C =H< OMNM= J,GT<T;MOHGT;�<,= GTS WXG @A/ =H<,J
GTSM= C @*J,JT7�8�7:E:7:G�5 @XPQJTG,@"<T7:N�9%W K!;Y8�7:G 7:N =q� GT<,=HBV=HE;5 EF@"N�9"[�E:7�+!=-, S�5 C =H< OMNM= J,G4WXG,=LJCb�)Ba*a 7 )Ba ) eh. ��;Y8�7:G
B WXN�7:C�;�E WXGT7F@"NMJ >A@";�E , GTSM=HNK8 =�C =H</PR@"<TBV=-, 8�5 3QWXB WXN GT<4WXNMJT7:GT7F@"NMJ6. 43 � W C�<,@�+ 7 ,�=LJ�WO3�WXB WXN GT<4WXN?[
JT7:GT7F@"NYP$<,@"B

mF = 0
G,@
mF = 0 7 9 @"7:N�9 P�<,@"B GTSM=

F = 3
G,@ G,SM=

F = 4
S�5 C =H< OMNM= 9*<,@";�N;, JTG4WXG,=_.

0 SM=LJ,= B WX9*NM=HGT7FO JT;Y8MJTG4WXG,=LJ�J,SM@�>�@"N�E;5 WVK'; W@,?<4WXGT7FO ` =L=HB WXN =�/ =LOHGJb�)Ba*L�e WXN2,�SM=HNMOL= G,SM=�5�WX<,= NM@"G
C =H<TGT;�< 8 =-,M8�5 B WX9*NM=HGT7FO=O =HE ,�J 7 WXG�EF=�W"JTG P$@"<�EF@�> O =HE ,YJTG,<,=HN�9*GTSMJQ@"NYGTSM= @"< ,�=H<Q@XPZW PR=?> !IWX;MJ,J 7 W"JWX<,=�;MJ4=-,D7:NVGTSM=LJ,=1=q�?C =H<T7:BV=HN'G,J6. � @"NMJ,=LK!; =\N GTE;5 7 B WX9*NM=HGT7FO O =HE�, �M;MOHGT; WXGT7F@"NMJ 7 >�S�7FO4S 7:NVGTSM=1C�<,=LJ,=HN'G
=q�?C =\<,7 BV=HN G,J <,=HC�<,=LJ,=HN'G W�B W0	T@"<<,�=LOL@"SM=H<,=HNMOL=�BV=LO4S WXN�7FJTB 7 >A@";�E , S WB+!=ANM@QNM=H9!WXGT7�+!=�=�/ =LOHG,J�7 P GTSM=LJ,=
Ge>A@VJTG4WXG,=LJ > =H<,=U;MJ,=-, G,@V=HNMOL@J,�=UGTSM=IK';Y8�7:G6. 0��?C =\<,7 BV=HN G,J >�7:GTS 43 � WVWX<,=U7:N C�<,=HC WX< WXGT7F@"N9.
687:N WXE:E;5 7 GTSM=Q,�=?+!=HEF@"C�BV=HN'G @XP W�� � 0�% ���1� �(% ��!2� ���"�"�&�(� ��7FJ ;�N2,�=H< > W6543 GTSM=Q,�=LJT7:9*N 7FJ 8 =H7:N�9 O�WX<T<T7F=-,

@";�G 8�5 0 SM@"B W"J��Q=H;MJ4O4S�EF==b�)Ba���eh. 0 S�7FJ�G,<4WXC 7FJ ,�=LJ,7:9*NM=-, G,@VWXE:EF@�> J4=HC WX<4WXGT7F@"N @XP W Ge>A@X[�7F@"NYOH<%5 JTG WXE
WXEF@"N�9 GTSM=�GT<4WXC W:�?7FJ 7:N'G,@UGe>A@U7:N2,?7�+ 7 ,?; WXE C @"G,=HN'GT7 WXE BD7:N�7:B W 7 =�W"O4S OL@"N'G4WX7:N�7:N�9 @"NM= @XP(GTSM=�7F@"NMJ6. 0 SM=
EF@"N�9DG,=H<TB 9 @ WXE�@XP8GTS�7FJ�=q�?C =H<T7:BV=HN'G17FJ G,@ P�WA8�<T7FO�WXG,=IWXN WX<T<4W65 @XP8BD7FOH<,@"GT<4WXCMJ6. P�N JT;MO4S WXN WX<T<4W65 7F@"N
K';Y8�7:G,J O�WXNK8 = 8�<,@";�9*S'G�G,@"9 =HGTSM=H<�7:N C WX7:<,JAPR@"<AGe>A@X[ K';Y8�7:G 9!WXG,=LJ 7 J,=HC WX<4WXG,=-,�WXN2, GTSM=HN <,=-,?7FJ,GT<T7�8�;�G,=-,
PR@"< P�;�<TGTSM=H<1B ;�GT; WXE 9!WXG,=I@"C =H<4WXGT7F@"NMJ >�7:GTS @"GTSM=H<17F@"N K';Y8�7:G,J1@XP�GTSM=IJ%5 J,G,=HB b�)Badc�eh.
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m
WXN2,

m′ 7<,=LJTC =LOHGT7�+!=HE;5 7 W=3�WA8�7(P$<,=LK';M=HNMO�5

Ω =

∣∣∣∣∣∣
eE0
2~

√
15A

cαk3
(2j′ + 1)

2∑

q=−2

(
j 2 j′

−m q m′

)
c
(q)
ij εinj

∣∣∣∣∣∣
,

3 � .�)�5

>�SM=H<,= GTSM=1NM@"<TB WXE9+!=LOHG,@"<A&Y7:N2,?7FO�WXG,=LJZGTSM= ,?7:<,=LOHGT7F@"N @XP(G,SM= > WB+!= +!=HG,OHG,@"<
k
3
c
7FJ GTSM= J,C =L=-, @XP E:7:9*S'G

WXN2,
α
GTSM=.OMNM=DJTGT<T;MOHGT;�<,=DOL@"NMJ,G4WXN'G6..0 SM= G,@"G4WXE<,�=LO�W65Y<4WXG,=

A
@XPAJ,G4WXG,=1L G4W�� =LJ 7:N'G,@�W"OLOL@";�N'GIGTSM=

,�=LO�W65 O4S WXN�NM=HEFJ G,@ WXE:E
m
[ JT;Y8MJTG4WXG,=LJ @XP GTSM= EF@�>A=H<QE;5'7:N�9 JTG4WXG,= )_.Q0 SM==O2+!= ,?7�/(=H<,=HN'G

3 × 3
G,=HNMJ,@"<,J

c(q)
WX<,= E:7FJTG,=-, 7:N <,=\P%. b g � eh.<0 SM= G,=H<TB OL@"N'G4WX7:N�7:N�9 JT7�� N';�B 8 =H<,J�7:N <,@";�N2,K8�<4W"O��!=HG,J�7FJ NM@"G W B WXGT<T7��

8�;�GZW J4@X[ O�WXE:EF=-, � 7:9*NM=H<$��[�	 J%5'B 8 @"E 7 <,=HC�<,=LJ4=\N GT7:N�9 WQN';�B 8 =H<6.HP�G 7FJ <,=HE WXG,=-,VG,@ GTSM= � EF=?8MJ,O4S?[ !U@"< ,MWXN
OL@'=�� OH7F=HN'G,J 8�5 GTSM=I=LK!; WXGT7F@"N b�)Ba ] e

〈j1; j2;m1;m2‖j3;m3〉 = (−1)j1−j2+m3(2j3 + 1)1/2
(
j1 j2 j3
m1 m2 −m3

)
.

P�N @";�<�O�W"J,= 7 JTG4WXG,= ) WXN2,bL WX<,=�B WX9*N =\G,7:OIJT;Y8�EF=?+ =HEFJ�@XP G,SM=
S1/2

9*<,@";�N2, JTG4WXG,=UWXN2, GTSM=QBV=HG4W"JTG4WA8�EF=
D5/2

JTG4WXG,= 7 <,=LJTC =LOHGT7�+ =HE;5 7 7:N @"GTSM=H< >A@"< ,�J
j = 1/2

WXN2,
j′ = 5/2

. � 7:GTS GTS�7FJ 7 WXN2,b8�5 <,=HC�E W"OH7:N�9 7:N
=LK'N9. 3 � .�)�5 GTSM=�� 7:9*NM=H< ��[�	ZJ%5 B 8 @"EFJ 8�5 � EF=?8MJ4O4S?[ ! @"< ,MWXN�OL@'=�� OH7F=HN'G,J 7 G4W�� 7:N�9 7:N G,@ W"OLOL@";�N'G�GTS WXG1W
±1 J,7:9*N 7:N @";�<1O�W"J4= B W��!=LJ�NM@ ,?7�/(=H<,=HNMOL= 8 =LO�WX;MJ,=U7:N�GTSM=I=HN2, GTSM= BV@J,?;�E:;MJ 7FJ�G4W��!=HN 7 >A=U9 =HG >

Ω =
eE0
2~

√
15A

cαk3

2∑

q=−2

∣∣∣∣
〈
1

2
; 2;−m; q

∥∥∥5
2
;−m′

〉∣∣∣∣ c
(q)
ij εinj .

3 � . L65

� C�<,@"C =H<TG�5 @XPIGTS = � EF=?8MJ4O4S?[ ! @"< ,MWXN OL@'=�� OH7F=HN'G,J 7FJ GTS WXG GTSM=�5f,?7�/ =H< P�<,@"B ��=H<,@ @"N�E;5
7 P
m3 =

m1 +m2
. 0 S�7FJ OL@"N2,?7:GT7F@"N 7 <,=�W@,?7:N�9

q = ∆m := m −m′ 7:N @";�< O�W"J,= 7 B W��!=LJ�GTSM= JT;�B @�+!=H<
q
7:N

=LK'N9. 3 � . L65A@@8MJ4@"EF=\G4= 7 W"J�GTSM=I@"N�E;5 NM@"N?[ ��=H<,@VG,=H<TB 7:N�GTSM=UJ,;�B 7FJ >

Λ(m,m′)c(∆m)ij εinj
>�7:GTS�GTSM=",�JTC =LOH7�O O�- � EF=?8MJ,O4S?[ ! @"< ,MWXNYOL@'=�� OH7F=HN'G,J

Λ(m,m′) :=

〈
1

2
; 2;−m;∆m

∥∥∥5
2
;−m′

〉
.

0 SM=
Λ(m,m′)

@XP87:N'G,=H<,=LJTG SM=H<,= WX<,= 3$J4=L=QPR@"<1=q��WXBDC�EF=IG4WA8�EF=LJ17:N <,=\P%.^b�)Ba*g�e�5 >

)BL )



� � ��� ����
 ���

m
) <@L ) <@L ) <@L ) <@L ) <@L

m′ ] <@L �
<@L ) <@L [ ) <@L [ �
<@L

Λ(m,m′)
) √

4/5
√

3/5
√

2/5
√

1/5

� N�E;5 G,SM= O�W"J,=LJ >�7:GTS
m = 1/2

WX<,= E:7FJTG,=-, W"J GTSM=
Λ(m,m′)

WX<,= 7:NJ+"WX<T7 WXN'GD;�N2,�=H<DGTSM= 7:NJ+!=H<,JT7F@"N
(m→ −m; m′ → −m′) 7 J,@ GTS WXG1GTSM= m = −1/2 J,=HG O�WXNb8 =I=�W"JT7:E;5K,�=H<T7�+!=-,b8�5 J*5'BDBV=HGT<%5 .

0 SM=U9 =L@"BV=HGT<%5'[$,�=HC =HN2,�=HN G C WX<TG17FJ1OL@"N G4WX7:NM=-,�7:N GTSM=IK'; W@,?<4WXGT7FO PR@"<TB

g(q) :=
∣∣∣c(q)ij εinj

∣∣∣ .
0 SM= C @"E WX<T7�� WXGT7F@"N WXN2,YGTSM= > WB+ = +!=LOHG,@"< O�WXN 8 = C WX<4WXBV=HGT<T7FJ4=-, 8�5�GTSM= WXN�9*EF=

φ
8 =HGe>A=L=HN GTSM= E W"J,=H<

8 =�WXB WXN2, GTSM= B WX9*NM=HGT7FO O =HE , WXN2,f8�5 GTSM= +*WX<T7 WA8�EF=
γ

,�=LJ,OH<T7�8�7:N�9 GTSM= WXN�9*EF=M8 =HGe>A=L=HN GTSM= C @X[
E WX<T7�� WXGT7F@"N WXN2, GTSM= B WX9*NM=HGT7FOEO =HE , +!=LOHG,@"<�C�<,@ 	/=LOHG,=-, 7:N'G,@ GTSM= C�E WXNM=%@XP 7:NMOH7 ,�=HNMOL=_. � SM@'@*JT7:N�9
B = B0(0, 0, 1)

@"NM= @@8�G4WX7:NMJ
k = k(sinφ, 0, cosφ)

�VWXN2,
ε = (cos γ cosφ, sin γ,− cos γ sinφ)

.
0 SM= P$;�NMOHGT7F@"NMJ

g(q)
,�=HC =HN2, @"N�E;5 @"N�GTSM= BV@J,?;�E:;MJ�@XP

q
WXN2, WX<,=U9*7�+!=HNb8�5 >

g(0) = 1
2 |cos γ sin(2φ)|

g(±1) = 1√
6
|cos γ cos(2φ) + i sin γ cosφ|

g(±2) = 1√
6

∣∣1
2 cos γ sin(2φ) + i sin γ sinφ

∣∣ .
08W�� 7:N�9 WXE:E GTSM=LJ,=U<,=LJT;�E:G,J�WXN2, NM@"G4WXGT7F@"NMJ17:N'G,@ W"OLOL@";�N G 7 =LK'N9. 3 � . L65 O�WXNR8 = >�<T7:GTG,=HN W"J

Ω =
eE0
2~

√
15A

cαk3
Λ(m,m′)g(∆m)(φ, γ) .

� ? � � N"XJF*R8� T ; B�� 9OB�H�:��WE
; N<? X�; FBA"B
0 SM=.,?<T7�+ = +!@"E:G4WX9 = P$@"<�GTSM= ��WX;�E�GT<4WXC 7FJ�9 =HNM=H<4WXG,=-, 8�5 OL@"N�NM=LOHGT7:N�9 @"NM=J3 6 [ =HEF=LOHGT<,@J,�= C WX7:<QG,@ GTSM=
@"C =HN�=HN2, @XP�W SM=HE:7FO�WXE <,=LJ4@"N WXG,@"< b�)Ba � e 3$K'; WXE:7:G�5 P�W"OHG,@"< ≈ 200

5 ,?<T7�+!=HN WXG 7:G,J <,=LJ4@"N WXNMOL=QP$<,=LK!;M=HNMO�5 7GTS';MJ =HN�S WXNMOH7:N�9 GTSM=J3�6 WXBDC�E:7:GT;2,�=_.G0 SM= ;�N�EF@ W@,�=-, <,=LJ,@"N WXG,@"< 7FJQJTSM@�>�N 7:N 687:91. � .�)_. 0 SM= @"GTSM=H<
8�E W@,�=VC WX7:< @XP GTSM=VGT<4WXC 7:J OL@"N�NM=LOHG,=-, G,@�GTSM=V9*<,@";�N2, @XP�GTSM=D<,=LJ4@"N WXG,@"< J4=HGT;�C9. 0 SM=V7:N�C�;�G C @�>A=H<
7FJIC�<,@J,?;MOL=-, 8/5 W JT7:9*N WXE 9 =HNM=H<4WXG,@"< + WXN2, WXN 3 6 WXBDC�E:7�O =H<��
. � +"WX<T7 WA8�EF= WXGTG,=HN'; WXG,@"< WXE:EF@�>1J @"NM=
G,@ O4S WXN�9 = GTSM=YGT<4WXC�C�7:N�9 P�<,=LK';M=HNMOH7F=LJ OL@"N'GT7:N';M@";MJ,E;5f8�5 W@, 	/;MJTGT7:N�9 G,SM=U3 6 C @�>A=H<6. 0 SM=YSM=HE:7FO�WXE
<,=LJ,@"N WXG,@"< 7FJ�BV@";�N'G4=?, @"N G,@"C @XP GTSM= +"W"OH;�;�B O4S WXB 8 =H< 7:NMJT7 ,�= W BV=HG4WXE JTS�7F=HE ,YGTS WXGQC�<,=?+!=HN'G,JQGTSM=
=HEF=LOHGT<,@"N�7FOLJ 7 PR@"<8=q��WXBDC�EF=ZGTSM= ,?7F@J,�=ZE W"J,=H<,J 7 P�<,@"B�C�7FO�� 7:N�9�;�C GTSM= ,?<T7�+ = P$<,=LK!;M=HNMO�5 . � E:E @"GTSM=H<8=HEF=LOHGT<T7FO
OL@"N�NM=LOHGT7F@"NMJ =q� 7:GT7:N�9 GTSM= +"W"OH;�;�B J%5?JTG,=HB	WX<,=IEF@�> [�C W"J4J OME:G,=H<,=-,�PR@"<1GTSM= J WXBV=I<,=�W"J,@"N9.C0 SM=IC @�>A=H<
9 @"7:N�9Q7:N'G,@�GTSM=Z<,=LJ,@"N WXG,@"< W"JX> =HE E�W"J GTS = <,= � =LOHG,=-, C @�>A=H< WX<,=ZBV=�W"JT;�<,=-,
	 .X0 SM=Z<,=LJ,@"N WXNMOL=ZP�<,=LK';M=HNMO�5
7FJ W@, 	/;MJTG,=-,b8�5 BD7:N�7:BD7��L7:N�9 GTSM=U<,= � =LO\G4=?, C @�>A=H<6.

0 SM= ,�=LJT7:9*N%@XPAW SM=HE:7FO�WXE <,=LJ,@"N WXG,@"< P$@"< GTSM= NM=?> GT<4WXC C @*J,=-, OL@"NMJ,7 ,�=H<4WA8�EF= C�<,@@8�EF=HBVJIOL@"BDC WX<,=-,
G,@D@"GTSM=H<1GT<4WXCMJ1GTS WXG�S WB+ = 8 =L=HN�;MJ,=-, 7:N @";�<�9*<,@";�C�GTS�<,@";�9*S GTSM= E W"J,G\5 =�WX<,J6.H0�SM= ;MJT; WXE�C�<,@'OL=-,?;�<,=
> W"JAG,@.8�;�7:E , W=8 WX<,=Q<,=LJ,@"N WXG,@"< >�7:GTS�W <,=LJ,@"N WXNMOL=QP�<,=LK';M=HNMO�5 JTE:7:9*S'GTE;5 S�7:9*SM=H< GTS WXN GTSM= ,�=LJT7:<,=-, @"NM=
 �!���
 2'&�������������
��������

k
�! ��#"�
��$����%&
��#�'�("�
 *�
*)'�,+.-�
/�'�(� 2.0213��+.)'12�! �04%32.����
��&)0265

-�78 �)'������1
94<;:!<�=>5
?!7#12��1?.@1A)'��-B1A�/C
DFE &':�5G78 �H.12�(-B�I��� "�
*)KJ <(L 1�02� "M+B12%N�'��)&�'13���O-B�P�'��94<QLR5
S�T � "�
*)U��
��'
�)#$� �1�"� 1.@V%&�WB: <�7X5
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5 6

7 8

687:9*;�<,= � .�) > @Q=HE:7FO�WXE <,=LJ4@"N WXG,@"<6.H0 SM=�OL@"C�C =H< O�5 E:7:N2,�=H< WXN2, GTSM=�OL@"C�C =H<ASM=HE:7��VP$@"<TB W K!; WX<TG,=H< > WB+ =
<,=LJ,@"N WXG,@"<6.

3�G�5 C�7FO�WXE:E;5 ) ] p @���5 . � @"N�NM=LOHGT7:N�9 7:GQG,@ GTSM= GT<4WXC JTS�7 P�G,=-, GTSM= <,=LJ,@"N WXN OH=1,�@�>�NF8�5 +"WXE:;M=LJ @XPA@"N�E;5
L]p @�� @"<UEF=LJ,J6. 6 @"< GTSM= NM=?> GT< WXC 7 W J,@"BV=?>�S WXGIS�7:9*SM=H< ,?<T7�+!= P$<,=LK!;M=HNMO�5 @XP�WA8 @";�G=LdcZp @��.>�W"J
WX7:BV=-, PR@"<K3$O\P . J4=LOHGT7F@"N ] .�)�5 . 6 @"E:EF@�>�7:N�9 GTSM= WA8 @�+!= C�<,@'OL=-,?;�<,= 7 W�SM=HE:7FO�WXEA<,=LJ4@XN WXG,@"<.>�7:GTS WR8 WX<,=
<,=LJ,@"N WXNMOL=ZP�<4=HK';M=HNMO�5 @XP L_i:p @�� > W"JX8�;M7 E:G6.�@Q@�>A=?+ =H< 7 >�SM=HN OL@"N�NM=LOHG,=-, G,@�GTSM=ZGT<4WXC 7 GTSM=Z<,=LJ,@"N WXNMOL=@XP�GTSM=Q@�+!=\< WXE E(J%5?JTG,=HB > W"J W"JZEF@�> W"J )6i%p @��
. � J 8�;�7:E ,?7:N�9DWISM=HE:7FO�WXE(<,=LJ,@"N WXG,@"< O�WXN 8 =�K';�7:G,= GT7:BV=
OL@"NMJT;�BD7:N�9 7 GTS�7FJ�@@8 J,=H< +"WXGT7F@"NVJT;�9*9 =LJTG,=-, G,@QOM<,JTGH,�=?+ =HEF@"CVW�BV@J,�=HE PR@"<8GTSM= OL@"B 8�7:NM=-,DJ*5 JTG4=\B WXN2, G,@
,�=LJT7:9*N GTSM=�<,=LJ,@"N WXG4@"<AW"OLOL@"< ,?7:N�9 G,@IGTS�7FJ BV@J,�=HE .HP NVGTSM= PR@"E:EF@�>�7:N�9 7 JT;MO4S OL@"NMJT7 ,�=H<4WXGT7F@"NMJAOL@"NMOL=H<TN�7:N�9SM=HE:7FO�WXE <,=LJ,@"N WXG,@"< ,�=LJT7:9*NYWX<,= ,?7FJ,OH;MJ4J,=-,^.

� JUWXN ��� � ��� � G,@K,�=LJ,OH<T7�8 = GTSM= ��� � ! � �"� ������'���� � '"��J ! � �&' �&� ��' � %YGTSM= P$@"E:EF@�>�7:N�9 W"J,J,;�BDC�GT7F@"NMJIWX<,=
B W@,�= b�)Ba � e >
• 0 SM=QJ4=\G,;�C 8 =HS WB+ =LJ E:7�� = W OL@ W:�?7 WXE(OL@"N2,?;MOHG,@"< >�7:GTS GTSM=QOL@"7:E�W"JZGTS =QOL@"<,= WXN;, GTSM=QO�5 E:7:N2,�=H<1W"J
GTSM=IJTS�7F=HE ,^.

• 0 SM= <,=LJ,@"N WXNMOL= P�<,=LK';M=HNMO�5 7FJ ,�=HG,=H<TBD7:NM=-, 8/5%W
λ/4

[ OL@"N2,?7:GT7F@"N 	/;MJTG E:7�� = 7:N W�OL@"NJ+!=HN'GT7F@"N WXE
OL@ W:� 7 WXE K'; WX<TG,=H< > WB+!= <,=LJ,@"N WXG,@"< .

0 SM= 3�C�S W"J,=�5X+ =HEF@'OH7:G�5 WXEF@"N�9UGTSM=�OL@"7:E?7FJ�9*7�+!=HN 8�5
υ =
√
LC 7 >�SM=H<,= L WXN2, C WX<,= 7:G,J�7:N2,?;MOHG4WXNMOL= WXN2,

O�WXC W"OH7:G4WXNMOL=AC =H< ;�N�7:G EF=HN�9*GTS 7 <,=LJTC =LOHGT7�+!=HE;5 .X0 SM=
λ/4

<,=LJ,@"N WXNMOL=AOL@"N2,?7:GT7F@"N <,=�W@,�J
b = λ/4 = υ/4f0 7

)BL��
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687:9*;�<,= � � L > W65 �'7:BDC�EF=VOH7:<,OH;�7:G=,?7 WX9*<4WXB PR@"< GTSM= ,�=q�?G,=HNMJT7F@"N#- OL@"BDC�<T7FJT7:N�9�GTSM= GT<4WXC%7:G,J <4W@,?7F@ P$<,=\[
K';M=HNMO"! OL@"N�NM=LOHGT7F@"N � P�GUJ,SM@�>1JUGTSM=DO�WXC W"OH7:G4WXNMOL=�J @XPAGTSM= P$=L=-, [�GT<,@";�9*S 3

Cf
5 7 GTSM=1>�7:<,=

3
Cw

5ZWXN2, GTSM=QGT<4WXCE3
Ct

5ZW"J >A=HE:E�W"JAGTSM=�7:N2,?;MOHG4WXNMOL=U@XP GTSM=Q>�7:<,=13
Lw

5 �
P1

WXN2,
P2

WX<,=
GTSM= CM7 N J @XP GTSM= =HE:=LOHGT<T7FO�WXE�PR=L=-, [�GTS�<,@";�9*S G,@ GTSM=.+"W"OH;�;�B +!=LJ,J,=HE � 0 SM= 9*<,@";�N;, E:7:NM= 7:N
<,=�WXE:7:G�! OL@"NMJT7FJTG,J�@XP GTSM= >�S @"E:= +*W"OH;�;�B + =LJ,J4=HE?W"JX>A=HE:EMW"J8=?+!=H<#! GTS�7:N�9 >�S�7FO4S 7FJ89*<,@";�N2,�=-,
7:NMJT7 ,�= � 895%$�@ W@,�=-,V<,=LJ,@"N WXG,@"< � P G,J <,=LJ,@"N WXNMOL= P$<,=LK';M=HNMO"!

f
7FJ<,�=�OMNM=-,18&!

l = λ/4
� 0�SM=

9*<,="! J,O�WXEF=LJ1<,=HC�<,=LJ,=HN'G ,?7�/ =H<,=HN'G1C�S W"J,=G+!=HEF@'OH7:GT7F=LJ

>�SM=H<,=
f0
7FJ�GTSM= <,=LJ,@"N WXNMOL= P$<,=LK!;M=HNMO"! � 6 @"<TB ;�E W"= P$@"< L WXN2, C WX<,=.,�=H<T7�+ =-,Y7:N <,=\P �(' )Ba �
) � P�NYGTS WXG

C WXC =H< 7 W4,?7:BV=HNMJT7F@"N WXE8<4WXGT7F@
d/D = 0.55

7FJ�JT;M9*9 =HJ,G,=-,�P$@"< WXNY@"C�G,7 B ;�B 3�S�7:9*S95 � PRW"OHG,@"< � 08W��'7:N�9
GTS�7FJ17 N G,@VW"OLOL@";�N G�WXN2, C�;�GTGT7:N�9 WXE:E P$@"<TB ;�E W"=IG,@"9 =HGTSM=H< 7 @"NM= O N2,�J�GTSM=IJT7:BDC�EF=U<,=HE WXGT7F@"N

f0 =
2670

N · d MHz · cm, 3 � � �65

>�SM=H<,=
N
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8 =HGe>A=L=HN �@L $ N�B 8 =�WXB WXN2, GTSM= GT<4WXC W:�?7FJ 7:N%@";�<
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@XPGL � ] a ! 7FJ WXC�C�E:7F=-, � 0 SM= �@L $ NMB C @"E WX<T7�� WXGT7F@"N 7FJ <,@"G4WXG4=?,
7:N'G,@ GTSM=
x
[
y
C�E WXNM= 7:N
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γ = 0◦
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#������.����� P�NIGTSM= B ;�E:GT7 [�7F@"N O�W"J4=H>A= @@8J+ 7F@";MJTE,! NM=L=-,IG,@ O4SM@'@*J,=ZW ,?7:<,=LOHGT7F@"N
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G,@R,?<T7�+!=VJT7 ,�=?8 WXN2,%GT<4WXNMJ,7 G,7:@"N J WXN2,%=HNMOL@J,�= Wb+'7�8�<4WXGT7F@"N WXEAK!;Y8�7:G 7:N'G,@�@"NM= @XP GTSM=LJ,=VBV@J,�=LJ �
� @"NMJ,=LK';M=HN'GTE,! 7 WUOL@"BDC�<,@"BD7FJ,=1B ; JTG<8 =�B W@,�= � P�NV@";�< C�<,=LJ,=HN'G J4=HGT;�C 7 GTSM= WXN�9*EF= 8 =HGe>A=L=HN GTSM=
W@,Y,?<,=LJ,JT7:N�9 �@L $ N�B O4S WXN�NM=HE 3 �@L $ � 5QWXN2,YGTSM= GT<4WXC%W:� 7FJQ7FJ

β = 67.5◦ 7 >�S�7FO4S 7FJ ,�=�OMNM=-, 8&!
GTSM= OH@"N JTGT<T;MOHGT7F@"N%@XP GTS = +*W"OH;�;�B +!=LJ,J,=HE � P N @"< ,�=H<UG,@ OL@"BDC�E,!M>�7:GTS

φ = 45◦
>A=DWXC�C�E,! GTSM=

B WX9*NM=HGT7FO O =HE ,b,?7 WX9 @"N WXE:E,! >�7:GTS GTSM=QSM=HE:C�@XP8OL@"7:E � ,E3)( L @XP�6 7:9 � ] � �*5 � /*;MJTG1W"J 7:N G,SM= JT7:N�9*EF=
7F@"N%JTG4WXN2,MWX< ,%OL@"N OM9*;�<4WXGT7F@"N 7 GTSM= �@L $ N�B C @"E WX<T7�� WXGT7F@"N E:7F=LJU7:N GTSM=

x
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y
C�E WXNM= 3

γ = 0◦
5 � �

B WX9*NM=HGT7FO1O =HE , @XP � � a ! 7FJ WXC�C�E:7F=-, � � J ,?7FJ,OH;MJ,J,=-, 7:N J,=LOHGT7F@"Ndg � ) 7 >�7:GTS W Ge>A@X[�7F@"N OH<#! J,G4WXE
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Prf = 12
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GTSM= J4WXBV= <,=�W"J,@"N 7:G >�W"JUW@, +*WXN'G4WX9 =L@";MJUG,@ <,=-,?;MOL= GTSM= =HN2, [ O�WXCE+!@"E:G4WX9 = G,@
Vcap = 1000
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0 SM=LJ,= +"WXE:;M=LJ ! 7F=HE , WXN W:�?7 WXE � � p P$<,=LK!;M=HNMO"!

ωz
@XP

2π · 1.215 p @��13RW"J�=q� C =LOHG,=-, P$<,@"B GTSM=
√
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J,O�WXE:7:N�9J5 WXN2, W <4W@,?7 WXE � � p P�<,=LK';M=HNMO"!
ωr

@XP
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� JU@";�GTE:7:NM=-, 7:N%J,=LOHGT7F@"N � � � � g 7 7:G 7FJIW@, +*WXN'G4WX9 =L@";MJIG,@ ;MJ,= GTSM= + 7�8�<4WXGT7F@"N WXE BV@J,�=D@XPAS�7:9*SM=LJTG
C @*J,JT7�8�EF=IP$<,=LK!;M=HNMO"!YW"J�GTSM= K'; WXN'GT;�B 8�; J 7 J,=L= =LK'N � 3�� � �>DJ5 � � G�GTSM= J4WXBV= GT7:BV= 7 7:G�S W"JQ8 =L=HN
WX<T9*;M=-,YWA8 @�+!=UGTS WXG @"N�E,!�W:�?7 WXE BV@J,�=LJQWX<,= WXE:EF@�>A=-, � � @"NMJ,=LK';M=HN'GTE,! 7 GTSM=US�7:9*SM=LJ,GQW:� 7 WXE BV@J,�=
>�7:E:ET8 =IO4SM@*J,=HN�PR@"<1GTSM=IK'; WXN'GT;�B 8�;MJ 7 >�S�7FO4S 7:N�GTS =UGe>A@X[�7F@"N O�W"J,=U7FJ1GTSM= 95/-1-3�� � ; ��� % '
< 11WXG
W P$<,=LK!;M=HNMO"!

ωb =
√
3ωz 7 SM=HNMOL=

ωb = 2π · 2.104 p @�� .
� OLOL@"< ,?7:N�9 G,@ =LK'N � 3�� � �*a65 GTSM= $ WXB 8?[��Q7FO��!=�PRW"OHG,@"< @XP GTSM=Q8�<,=�WXGTS�7:N�9 BV@J,�=�P$@"<�WXN =q�?OH7:G4WXGT7F@"N
GTS�<,@";�9*S GTSM=IW@,Y,?<4=HJ4JT7:N�9 O4S WXN�NM=HE 7FJ�GTSM=HN
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* @"G,= 7 GTS WXG GTS�7FJH+"WXE:;M=�7FJ OL@"NMJ,7 ,�=H<4WA8�E,! J,B WXE:EF=H< GTS WXNV7:NVJ,7 NM9*E:=\[�7F@"N =q� C =H<T7:BV=HN'G,J 3 g � �6N15 � 0 S�7FJ
7FJ ,?;M=UG,@ GTSM=US�7:9*SM=H< B W"J,J1@XP�GTSM= 7F@"N OH<#!?JTG4WXE W"J >A=HE:E W"J�GTSM=UE WX<T9 =H<�WXN�9*EF=

β
�

�%=IS WB+!=UC�<4=�+ 7F@";MJTE,!�@@8MJ,=H< +!=-,�GTS WXG�JT7 ,�=?8 WXN;, OL@'@"E:7:N�9 @XP W1+ 7�8�<4WXGT7F@"N WXE BV@J,�= SM=�WXG,J ;�C GTSM=
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8�;MJ 7 SM=HNMOL=1P$@"< GTSM= 8�<,=�WXGTS�7:N�9 BV@[,M= � 6M@"< WXE E @"GTSM=H<ZBV@J,�=LJ 7 BV=�WXN C�SM@"NM@"N N';�B 8 =H<,JA@XP ;�C G,@
n = 10

WX<,= G,@"EF=H<4WA8�EF=G3RO P � J4=LOHGT7F@"N � � L � L65 � 0 SM=H<,=\PR@"<,= 7 7:N GTSM=ZC�;�EFJ,=AJ,=LK!;M=HNMOL=AJ,7�,M=�8 WXN2, OL@'@"E:7:N�9
> W"J OM<,J,G1C =H</PR@"<TBV=-, @"N GTSM= W:� 7 WXE � � p BV@J,�=IP$@"< D BVJ ! 7F=HE ,?7:N�9 WDBV@"GT7F@"N WXE 9*<,@";�N2, JTG4WXG,=
C�<,@@8 WA8�7:E:7:G�! @XP�WA8 @";�G�$*a6N � * =q�?G 7 JT7 ,�=?8 WXN;, OL@'@"E:7:N�9 @"N GTSM= 8�<,=�WXGTS�7:N�9�BV@J,�=1> W"JIWXC�C�E:7F=-,
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n ≈ 1
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WX<,= WXG
n ≈ 5
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