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¹b7[>AC*9O7,e�J/=^EtMO9R>A@*FOU^MOUWJ/@Ç>QM 729 @,�¢UW@Á> 40 ® > +U^J/@`MRJ~>tY,UWBAYÜ»,@,EGF3FOEDJ/e*MRU^X§>A=ºX§>¥jgUkM)�A� ® Y[>Qe*MRE89�Ã7�bÅ;C,EGF3XG93UWn�EGFÙMRY,E­E¤�he�EG93UW��EG@NMZ>A=F3E8MO7,e�Ë,U � EA�gMRY*E�@*EGX8EGFOFR>Q93�~=W>AFOE89ÀF3J/7,93XGEGFV>AF�S�E8=W=¼>AF�MRY*EÙj�>AXG7*7,�!>Ae,e,>A9R>QMO7,FG�5ãhe�E¿ÆX8U?>A=5>QMOMOEG@bMOUWJA@°UWF	C,E8j/JQMRE8CÁMRJ�MRY,E¾MO9R>A@,FT\�EG9#=WJgXZLÖMRY,>QM­E8@[>An,=^EGF	MRY,E·XG>¥jgU^Mm�©MOJÜn�E93EGF3J/@[>A@NMR=^��FTMZ>An,U^=WU^F3EGC�SVU^MRY¾MOY,EK¹b7,n,U^M�MR9O>A@,F3U^MRU^J/@DSVU^MRY*J/7*M�=^UWB/YNM�n�E8UW@,B#e,93EGF3EG@NMVU^@MOY,E#X§>§jhUkM)�PMRY,>QMÙU^FK93EGFOJA@[>A@NMÙSVUkMRY`MOY,E#UWJ/@¼� ® Y[>Ae*MOEG9DÃ ù/ÅoMR9OEG>QMRFIMOY,E#E¤�he�EG93UW��EG@hÆMR>A=�e,9OJgX8EGC,7*9OEGF8��:v�he�EG93UW��EG@NMRF;>A9OE�e,9OE8FOEG@NMRE8C�MRY[>�M;XZY[>A9O>AX8MOEG9OU^FOE�MRY*E�X§>§jhUkM)�/fbMO9R>Ae>Qe,e[>A9O>QMR7,FV>A@*C�F3Y,JÉSâXGJ/Y*EG9OE8@bM;C*�g@[>A��U^XGFoJ/@~MOY,E�¹b7[>AC*9O7,e�J/=^EÙMR9R>Q@,FOUkMRUWJA@�ËgSVY,UWXZY>Q9OE�@*EGXGE8FOFR>Q93�~\�J/9À��J/93E�>AC*j�>A@,XGE8C�XG>¥jgUkM)�~¨�:5H�E¤�he�EG93UW��EG@NMRFG� � Y,E�E¤�he�E89OUW��E8@bMRFJA@±U^J/@gfgXG>¥jgU^Mm�ÂX8J/7,e,=^UW@,B°>Q9OE�C,UWF3XG7,F3FOEGC'UW@�XZY[>Qe*MRE89¦Ã7�NÅ¤�úÏI\]MOEG9¾E¤�he,=^J/9OU^@,B´FOe[>ÉÆMOU?>A=º>AFKS�E8=W=v>AFIMRE8�¾e�J/9O>A=½jQ>A93U?>QMOUWJ/@*FIJA\�MRY,E#X§>§jhUkM)��»,EG=WCÜ7,F3UW@,B·MOY,E­FOU^@,B/=^E#U^J/@Ü>AF>Üe,9OJ/n�EQË<MRY,E~X8J/7,e,=^UW@,BÜJA\I��JAMOUWJA@[>A=5F3MZ>�MREGF�UWF­UW@Nj/EGFTMRUWB/>QMRE8C��Ç_vU^@[>A=^=k�AË�X8J/Y,E89OEG@NMXG>¥jgUkM)�/fgU^J/@�X8J/7,e*=WUW@*B´UWF¾C,E8�¾JA@,F3MO9R>QMOEGC±nb�¯C,9OUkjhU^@,B°�;>An,U;J/F3XGU^=W=W>QMRUkJ/@*FDSVU^MOY²MRY,EXG>¥jgUkM)�Ç»[E8=WC²>A@,C¯»,9OF3M¾E¿�he�EG9OU^��EG@bMR>A=oF3MOEGe,F�MOJÉSÀ>A93C,FDMRY*E�J/n,F3EG93j�>QMRU^J/@¯JA\KX§>¥jgUkM)�E8@,Y[>A@*XGEGC·F3e¬JA@bMR>A@,EGJA7,F�E8�¾U^FOFOU^J/@�>A93EVMR>ALAE8@�� � Y,EVMRY*EGFOU^F5X8=WJ/F3EGF<SVUkMRY¾>�FO7*�¾�¾>A93�JQ\1MRY*E�9OEGF37,=^MOF;>A@,C�>A@PJ/7*MR=^UW@,EÙJQ\1\�7*MO7,9OE�e,93J/FOe�E8X8MOF;\�J/9ÀMOY,E�E¤�he�EG93UW��EG@NM§�
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ßÙ@,E�JA\ºMRY,E�MRJgJA=WFoJQ\ve,YN�hF3UWX8F;MOY[>QMVUWFo7,FOE8C�MOJ�J/nhMZ>AU^@�>A@�U^@,FOU^B/YbMoU^@bMRJ­MRY,E�=?>§SVFVJA\@,>QMR7,93EyU^FoMOY,EyFTMR7,C*�PJA\ve*Yb�gFOU^X§>A=�F3�gF3MOEG��FIJ/@�>�\�7,@,C,>A�¾E8@bMR>A=�=^E8j/E8= �<lm@�¹b7[>A@NMR7,�JAe*MRU^XGF�MRY,EDUW@bMOEG93EGF3MyUWF�U^@¦MRY*E�UW@NMREG9O>AX8MOUWJ/@ÖJA\�=WUWBAYbMÙSVU^MOY©�·>QM3MRE89G�¾_[J/=^=^JÉSoUW@*BtMRY,E>Qn�JÉj/E´93EGX8UWe�E©=WEG>AC,FPMRJ²>A@ UW@Nj/EGF3MOUWBN>�MRUWJA@ JA\#MRY*E´n[>AF3UWX©E8@bMOU^Mm� JA\#MOY,E©EG=WE8X8MO9OJ�f�¾>AB/@*E8MRU^XP»,EG=WC²U � EA�5>´FOU^@,B/=^EP»[EG=^C���JgC,E�U^@bMOEG9R>QX8MRU^@,B¦SVU^MRY¯MRY,E�n[>AF3UWX�E8@bMOU^Mm�¯JA\�¾>QM3MREG9oU �ÓEQ�a>A@�>QMRJ/��� � J¾�¾>ALAE�¹b7[>A@bMO7,��E8«¬EGX¤MRFIC,JA�¾U^@[>A@NMo\�J/9on�JAMRY�Ë[=WU^B/YNMV>A@,C�¾>QM3MREG98Ë*MOY,UWFo�­7,FTM;n�E�X§>A939OU^EGCPJ/7*M;>QMoMRY,E�=WE¤j/EG=�JQ\�>­\�E8S�¹b7[>Q@bMZ>h�
|N}I~ � �Pu���s
�
�����g��� ���
�������,�����O�������������>���,� ���������
® JA@,FOU^C,EG9�»[93F3M�MRY,E�FT�hFTMRE8��XGJA�¾e�J/F3EGC�JA\h>ÀMmS�J�fg=^E8j/E8=N>QMRJA�úMR9R>Qe,e�EGC�UW@�>ÀY[>A9O��J/@,U^Xe�JQMREG@NMRUW>A=<U^@bMOEG9R>QX8MRU^@,BPSVU^MOYÇ>�FOU^@,B/=WED��JgC,E�JA\ÀMOY,E¾EG=^EGX¤MR9OJÉfg�·>QB/@,E¤MRUWX­»[EG=^C��P_[J/9MOY,E­�¾J/��EG@NMÙ@*JPX8J/7,e*=WUW@*BtUWFÙ>AF3FO7,��EGCÖMOJ~n�E�e*9OEGF3EG@NM§�#_[J/9IMRY,E#\�9OE8E�XG>¥jgUkM)��»[EG=^CMOY,EyüK>Q�¾U^=kMRJA@,UW>Q@ Hc

U^FoB/U^j/E8@�nb�6`
Hc = ~ωc(b†cbc +

1

2
) , Ã �h�køÉÅ

SVY*EG9OE b†c >A@,C bc >A93E�MRY,EDe*Y,JAMRJA@©XG93E§>QMOUWJ/@©>A@*C´>A@,@,U^Y,UW=W>�MRUkJ/@ÖJAe�EG9R>�MRJ/93F�9OE8FOe�E8X¤ÆMOU^j/E8=^�AË,J/n�E8�gU^@,BDMOY,E�9OEG=W>QMRU^J/@,FZ`
[bc, b

†
c] = 1 ,

b†c|mc〉 =
√
mc + 1|mc + 1〉 , Ã �h�µ�/Å

bc|mc〉 =
√
mc|mc − 1〉 ,

ù
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¥

_vU^B/7,9OE¾�h�kø0`�ãhXZY,E8�¾E¾JA\o>�MmS�J�fg=^E8j/E8=5F3�gFTMREG� MR9O>Ae,e�E8CÇU^@°>�Y[>Q9O��J/@,U^XDe�JAMRE8@bMRUW>A=UW@NMRE89R>AX¤MRUW@*B�ÃÄXGJA7,e,=WU^@,B�XGJA@,F3MR>A@bM g Å�SVU^MOY�>�FOU^@,B/=^E�E8=WEGX¤MR93UWXÙ»[E8=WC���JgC,EQ�

\�J/9ÀMOY,E�EGUWBAEG@,FTMZ>QMOEGF |mc〉 Ë mc = 0, 1, 2... JQ\1MOY,EyüK>A��UW=ÊMRJ/@*UW>A@ Hc
�� Y,E	üI>A��UW=kMOJ/@,U^>A@ Ha

\�J/9ÀMRY,E�MmS�J�fb=WE8j/E8=�F3�gFTMREG��UWFoB/Ukj/EG@Pnb�6`
Ha =

~ωa
2

σz ,
Ã �h�µ�/Å

SVY,E89OE ωa/(2π) UWFÀMRY,E�\�93EG¹b7,E8@,X8��JQ\1MRY*Ey>QMRJ/��U^XKMR9O>A@,FOUkMRU^J/@P>A@*Ca`
σz =

(
1 0
0 −1

) Ã �g�$�bÅ
UWFoJ/@*E�JA\1MOY,Ey�v>A7,=^U��¾>QMR93UWXGE8FG�� Y*E�>QMOJ/�âJ/FOX8UW=W=W>�MRU^@*BoUW@�U^MRF�Y[>A93�¾J/@*UWX�MO9R>Ae*e,UW@,BVe�JQMREG@NMRUW>A=/UWF½C,E8FOX89OU^n¬E8C#nN��MRY*EFR>Q�¾EoüK>A��UW=ÊMRJA@,UW>A@­>AF�MRY*Eo\�93EGEÀ»[E8=WC�n,7*M�\�J/9�93E§>AF3J/@[>An,=^Eoe�JQMREG@NMRUW>A=WF1MRY*EojgU^n,9R>QMOUWJ/@\�9OE8¹b7,EG@,X¤� ωv

SVUW=^=Kn�E©�­7,XZYú=^JÉS�E89~MOY[>A@ MOY,E¦X§>§jhUkM)�±9OE8FOJ/@,>A@,XGE¦\�9OE8¹b7,EG@,X¤� ωc
(ωv ¿ ωc)

�¯Û U^MRYÂMOY,E�e,Y,JA@,J/@²XG93E§>QMOUWJ/@²>Q@,C�>A@*@,UWY,U^=W>QMOU^JA@ÂJ/e�E89R>QMOJ/9OF a†v >A@,C
av
9OE8FOe�E8X8MRUkj/EG=k�/Ë5MOY,E�üI>A��UW=kMOJ/@,U^>A@°\�J/9#MRY*E�>QMOJ/��¶ÓF#jgUWn,9O>QMRU^J/@[>A=5�¾JQMRUWJA@ÇX§>A@Ân�ESV9OUkMOMOEG@�>QFI`

Hv =
p2

2M
+
Mω2v
2

x2 = ~ωv(a†vav +
1

2
) , Ã �h�ÕùAÅ

SVY,E89OE M U^FoMOY,E��¾>AFOFVJQ\1MOY,E�UWJ/@P>A@,CPMRY*E�9OEG=W>QMRU^J/@,FZ`
x =

√

~
2Mωv

(av + a†v) ,
Ã �h�¦�/Å

p = −i
√

~Mωv
2

(av − a†v) Ã �h�§!AÅ



��i¨h0i©(+b;*q&sfq¢ !
Y,>¥j/EÙn�EGE8@P7,F3EGC�� � Y,E�>A@,@,U^Y,UW=W>�MRUkJ/@·>A@,CtXG93E§>QMOUWJ/@tJAe�EG9R>�MRJ/93F av >A@*C a†v J/n�E8��MRY,EX8J/9O93EGF3e�J/@,C,U^@,BP93EG=W>QMRU^J/@,F;MRJ¦Ã �h�µ�/Å¤� � Y,E�XGJA�¾e�J/F3U^MOE#F3�gF3MRE8��UWFKC,E8FOX89OUWn�E8C©nN��MRY,EF37,�àJA\IMOY,EPUW@*C,U^jgUWC*7[>A=�üK>A��UW=ÊMRJ/@*UW>Q@,F­e,=W7*F�>A@ÂUW@bMOEG9O>AX8MOUWJ/@ÇMOEG9O� H1

�Â_[J/9#MRY,ECh�h@,>A�¾U^XGF5JA\�UW@bMOEG93EGF3M�Y,EG93EAËgMRY,EI68EG9OJ#¹b7[>A@NMR7,�¡EG@*EG9OBQ�¾=^E§>AC*F5MRJ#>A@¾JÉj/EG9O>A=^=ae,Y[>AF3En*7*MVC,JgE8FV@*JAMoX¿Y,>A@,B/EÙMRY*E�C*�g@[>A��UWX8FG�<_[93J/�Ø@*JÉS J/@~U^MÀUWF�MOY,EG93E8\�J/93E�J/��U^MOMOEGCt>A@,CMOY,E·J¥j/EG9O>A=W=5üI>A�¾U^=kMRJA@,UW>Q@©UWFyC,E8»,@,EGC�Ë�SoU^MRY*J/7*M	MOY,E·68EG93JÜ¹b7[>A@NMR7,�£X8J/@bMO9OU^n,7*MRU^J/@U^@~MRY,E�XG>¥jgU^Mm�·»[EG=^C�>A@*CPjhU^n,9R>�MRUWJA@[>A=¼üK>A��UW=kMOJA@,UW>A@¼Ë,>AFZ`
H := ~ωc(b†cbc) +

~ωa
2

σz + ~ωv(a†vav)
︸ ︷︷ ︸

+H1 .
Ã �h�ÓûNÅ

=: H0

ª ê�é[� ê��Vè	�
�`æGç�èF�bé�ñ,íAèÉîÄê�çx«�ñ��Çî7�]è§ê¬çºî�ñ,ç
� Y*E�U^@bMOEG9R>QX8MRU^J/@!JQ\¦MRY,E�>QMRJ/��U^XâFT�gF3MRE8� SVU^MOY!MRY,E�EG=WE8X8MO9OUWXâ=WU^B/YbM¯»[EG=^C�XG>A@n�E�E¤�he[>A@,C*EGC >AFt>´F37,� JA\�U^@bMRE89R>QX8MRU^J/@¯MOEG93�¾F�SVY,E89OE`MOY,E�»,9OF3M·@,J/@gfbj�>A@,U^FOY,U^@,BMOEG93�¢UWF	MRY*E~��J/FTM�93EG=^E8jQ>Q@bM­\�J/9	MOY,EtF3�gF3MOEG���´_[J/9	MRY*E~E¿�he¬E89OU^�¾E8@bMR>A=�FT�hFTMRE8� >QMY,>A@,CPMRY,U^FÀMREG93�!UWFÀMOY,E�EG=^EGX8MO9OU^X�¹g7,>AC,9O7*e�J/=WE�MOEG93�!B/Ukj/EG@�nN�yWkø§�/Y�`

H1 =
e

2

∑

i,j

rirj

(
∂Ei(x1, x2, x3, t)

∂xj

)∣
∣
∣
∣

x

, Ã �h�ÓýNÅ

SVY*EG9OE r = (r1, r2, r3)
T UWFIMRY,E­e�J/F3U^MRU^J/@�j/EGX¤MRJ/9�JQ\<MRY,E#jQ>Q=WEG@*XGE�E8=WE8X8MR93J/@Ö9OE8=?>�MRU^j/EMOJÖMRY,EP>QMRJ/��U^Xte�JAFOU^MOUWJ/@ x = (x1, x2, x3)

T >A@,CÂMOY,EPe,>A93MRUW>A=�C,EG93U^jQ>�MRU^j/E8FDJQ\;MRY,EE8=WE8X8MR93UWXo»,EG=WC¾>A9OEVE8jQ>Q=W7[>QMOEGC·>�M5MOY,E;e�J/FOUkMRU^J/@DJA\¼MOY,EI>QMOJ/��� � J	X§>A=^XG7,=W>QMREyÃ �g�µýNÅ1MRY,EE8=WE8X8MR93UWX�»,EG=WC°�­7,F3M#n�E·Lb@,JÉSV@¼�Ö_[J/9#>ÜÞ�>A7,FOF3U?>A@ � :5á
00
FTMZ>A@*C,UW@,B�SÀ>§j/Et��JgC,ESVUkMRYÜSÀ>AU^F3M�9O>AC,U^7,F w0

>A@*C©XG>¥jgUkM)�`=WE8@,BAMRY L MRY*EDE8=WE8X8MR93UWX#»[E8=WC¦J/e�E89R>QMOJ/9 E @,EG>A9MOY,E�X§>§jgU^Mm�~X8EG@NMREG9;XG>A@�n�E�MZ>ALAE8@`>AF¬WÊø¥�hË�øK�/Y�`
E(x1, x2, x3, t) = e

√

2~ωc
ε0Lπw2

0

(b†c + bc)e
− ρ2

w2
0 sin(k · x + φ) , Ã �g�^ø¥�/Å

SVY*EG9OE ρ U^F�MRY,E<9O>AC,U?>Q=AC,UWFTMZ>A@*XGE�\�93J/� MRY*E<X§>¥jgUkM)��>��hU^FGË ε0 UWF�MOY,E<e�EG93�¾UkMOMRUkjgUkMm�KJQ\h\�93EGEF3e[>AX8E;>A@,C φ UWF�>ÙXGJ/@*F3MZ>Q@bM<e,Y[>QFOEVF3Y,U^\]M�C,E8e�EG@,C*EG@bM5J/@�MRY*EV>QMRJ/��U^X�e�J/F3U^MRU^J/@­UW@#MRY,EFTMZ>A@*C,UW@,BISÀ>¥jAEA� � Y,EÀe�J/=W>A9OU^FR>�MRU^JA@	7,@,UkMvj/E8X8MOJ/9 e Y[>QFvMRJKn�EÀXZY,J/F3EG@De�E89Oe�EG@*C,UWX87,=?>A9MOJ k �­Û°E�>AF3FO7,��E�MRY,E�>QMOJ/�ÔUWF�>QM x = 0 Ë½U � EA��U^@ÖMRY,EDXG>¥jgU^Mm�ÜXGEG@NMRE89yJ/FOX8UW=^=?>�MRUk@,B>Q=WJ/@,B k ��lm@,FOE893MOUW@,B`Ã �h�kø¥�NÅ�U^@´Ã �h�ÓýNÅ�S�E�»[@,C�`
H1 =

e

2

√

2~ωc
ε0Lπw2

0

(b†c + bc)(r · e)(r · k) cos(k · x + φ) . Ã �g�^ø/ø¥Å



û %cb;d�e�(+*,f �wi@%.d;¡+jI(s¢¤£s*gm
� J	FOU^�¾e,=^Uk\]�~Ã �g�^ø/ø¥Åv\�7,9TMRY,E89GËbMOY,E;�·>�MR9OUÊ��E8=WE8�¾E8@bMOF5JA\ (r · e)(r · k) \�J/9�MRY*EIE¿�he�EG9OUÊÆ��EG@bMR>A=W=k�­U^@bj/E8F3MRU^BN>QMOEGC 40 ® > + ¹b7[>AC*9O7,e�J/=^EVMR9R>Q@,FOUkMRUWJA@ S1/2 Ë mj = −1/2↔ D5/2

Ë
mj = −5/2 Ã λ = 729 @,�tÅKY[>§j/EDMRJ�n�EDX§>A=^XG7,=W>QMRE8C���iIF3UW@,B~MRY,ED9OE8\�E89OE8@,XGE8F�WÊøÉù	Y>A@,C­WÊøF�[Y¾Ã�FOE8E´>Ae,e�E8@,C,UÊ� Ï�Å¾MRY,EÖ\�J/=^=^JÉSVU^@*BÁ9OE8FO7,=kM�U^F~J/n*MR>AUW@*EGC�Ã�MOY,E©>A9On*U^MR9O>A93�e,Y[>QFOEyU^FoXZY,J/FOE8@�MRJDn�E�6GE89OJ,Ë e Ë k >A@*C B >Q9OE�>AFOF37,�¾E8C��­7*MO7[>A=^=k�·JA93MRY*J/B/J/@,>A=¬\�J/9�¾>��hUW�¾>A=¬XGJA7,e,=^UW@,BbÅ®`

〈S1/2,−1/2|(r · e)(r · k)|D5/2,−5/2〉 =
1

e

√

5γ⊥ε0λ3~
2π2

. Ã �h�køÉ�/Å
iIF3UW@,B�MRY*EyC*E8»[@,UkMRU^J/@,FI`

|g〉 := |S1/2,−1/2〉 , Ã �g�^ø¥�/Å

|e〉 := |D5/2,−5/2〉 , Ã �g�^øK�NÅ

η := k

√

~
2Mωv

, Ã �h�køÉù/Å
>A@,C°Ã �h�$�NÅ�S�EyJAn*MZ>AU^@a`

H1 = ~g(σ+ + σ−)(b
†
c + bc)× cos(η(a†v + av) + φ) . Ã �h�^øK�NÅ

� Y,E¾XGJA7,e,=^UW@,B�X8J/@,FTMZ>A@NM g U^@,XG=^7,C,E8F�MRY,E�e,9OJ/e�E893MOUWEGFyJA\�MRY,E¾>AX8MO7[>A=5>QMOJ/��UWX­MR9O>A@hÆFOUkMRU^J/@ÁÃÄU^MOFIMR9O>A@,FTj/EG9OFO>A=�C,E8X§>§�Ü9R>�MRE γ⊥ ÅK>Q@,CÜMRY,E­e,93J/e�EG9TMRU^EGFÙJA\�MRY*E�XG>¥jgUkM)����JhC*EÃ L Ë w0
Å¿�5i;FOUW@*B`Ã �h�^øAøÉÅÀ>A@*C°Ã �h�køÉ�/Å¿Ë,U^MoUWFoF3EGE8@�MRY,>QMK`

g =

√

5γ⊥cλ2

2π2Lw2
0

. Ã �h�kø	!/Å
� Y,E`e�J/FOUkMRUWJA@²UW@¯MRY,E`FTMZ>A@*C,UW@,B´S�>¥j/E`X§>A@±n�E`C*E8MRE89O��UW@,E8C�nb�¯MOY,E`X8J/@,F3MR>A@bM φ �_[9OJA� MRY,E`U^C,EG@NMRUkM)�6` cos(k · x + φ) ≡ cos(k · x) cos(φ) − sin(k · x) sin(φ) ∝
H1

S�E¦FOE8E¦MOY[>QM~MRY*E¦UW@NMRE89R>AX¤MRUWJA@'JA\yMRY*E©>QMRJA� =^JgX§>QMOEGCú>QM x = 0 XG>A@ >A=kSÀ>§�hFn�EÜC,EGX8J/��e�J/FOE8C UW@'>Çe,>A93MtUW@NMRE89R>AX¤MRUW@*B°SoU^MRY�MRY*E¦>Q@bMRU^@,JgC,E`JQ\�MRY*EÜ»,EG=WC�Ã φ =
π/2, H1 ∝ − sin(k · x) ⇒ E ∝ cos(k · x) Å�>A@,CÇ>�e[>A9TM	UW@bMOEG9O>AX8MOUW@,BPSVUkMRY©MRY,E@,JgC,E¾Ã φ = 0, H1 ∝ cos(k · x)⇒ E ∝ sin(k · x) Å¿�<lm@PMRY*E�\�J/=W=^J¥SVU^@,B�n�JQMRY�X§>QFOEGF>A93E�MRY*EG9OE¤\�J/9OE�UW@Nj/EGFTMRUWB/>QMRE8C�F3EGe[>Q9R>QMOEG=^�A�lm@ÖMRY,EDE¿�he�EG9OU^�¾E8@bM�MRY,E�UWJ/@ÖU^FÙS�E8=W=�XGJgJA=WEGC¦>A@,C©93EGF3UWC,E8FyU^@ÖMOY,E�d½>A�­ngfhHIUWXZLAE9OE8B/UW��E�SVU^MOYú>ÇFO�¾>A=W=Idº>Q��nbfhHKUWXZLAEÜe[>A9O>A��E8MRE89 η ��i;@,C,EG9tMRY*UWFtXGJ/@*C,U^MOUWJ/@�MRY*EY,U^B/Y,EG9oJA9OC,E89OFVJA\ η XG>A@�n�Ey@*EGB/=^EGX¤MREGC¼� � Y*E�»[9OFTMI@*J/@gfbj�>A@,UWF3Y,UW@*B�MRE89O��F;>A93E�`

H1 = ~g(σ+ + σ−)(b
†
c + bc)×







1 +O(η2) , @,JgC,E
−η(a†v + av) +O(η3) . >A@NMRU^@,JgC,E Ã �h�kø¥ûNÅ



��i¨h0i©(+b;*q&sfq¢ ý
� 9R>Q@,F3\�JA9O��UW@,BÜMRJ¦MOY,EPUW@bMOEG9O>AX8MOUWJ/@Áe,U^X8MR7*9OE�>A@,C¯e�E893\�J/93�¾U^@,BÜMRY,EP9OJQMZ>QMOUW@,BÜSÀ>§j/E>Qe,e,9OJ§�hUW�¾>QMRU^JA@©Ã�@,JAMRE/` ωv ¿ ωc ≈ ωa

Å�U^MÀ\�J/=W=^J¥SVFÀMOY[>QM	Ã ∆ := ωc − ωa Å®`

H̃I := eiH0t/~H1e
−iH0t/~

' ~g ×







{σ+bce−i∆t + σ−b
†
ce
i∆t +O(η2)} , @,JgC*E

{−η[σ+a†vbce−i(∆−ωv)t

+σ−a
†
vb

†
ce
i(∆+ωv)t

+σ+avbce
−i(∆+ωv)t

+σ−avb
†
ce
i(∆−ωv)t] +O(η3)} . >Q@bMRU^@,JgC,E

Ã �g�^ø¥ý/Å

® JA@,FOU^C,EG9Á@,J¥S MRY*E C,Uk«¼E89OE8@bMÁMOEG93�¾FÇUW@�MRY,U^FÁ>Ae,e,93J¥�hUW�¾>QMOU^J/@�� lm@}MRY*E @,JgC*EAËSVY*EG9OE¾MOY,E O(η) MRE89O��F#>A93E·>An,F3EG@bMGËvMRY*E·JA@,=^�¦X8J/7,e,=^UW@,BPMRY,>QM#E¿�hUWF3MOF#UWFyn�E¤M)S�E8EG@FTMZ>QMOEGFtSVUkMRY±MOY,EÜFR>A��E`jgUWn*9R>QMRU^J/@[>Q=;¹b7[>A@NMR7,� @b7,�­n�EG9¦Ã nv = const. Å¤� � Y,E8FOEMO9R>A@*FOU^MOUWJ/@*F�>A9OE©X§>Q=W=WE8C�³µXG>A9O93UWE89PMR9O>A@,F3U^MRU^J/@,F8¶^� � Y,E σ+bc MRE89O� 9OE8e,9OE8FOEG@NMRF�MRY,EE¿�hXGU^MR>QMRU^J/@�JQ\�MRY,EÜ>QMOJ/� nb��>An,F3J/9On,U^@,BÇ>°XG>¥jgU^Mm�²e,Y*JAMRJ/@¼� σ−b
†
c
C*EGFOX89OU^n�EGF·MRY,EE8�¾U^FOF3UWJ/@²U^@bMRJ©MOY,E`X§>§jgU^Mm�âÃÄFOE8E`»[B/7*9OEÁÃ �h�Õ�AÅOÅ¤�úlm@�MOY,EÜ>A@NMRU^@,JgC,EAËÀJ/@²MRY,E�JAMRY,E89Y,>A@,C�Ë½MRY,E�XGJA@bMO9OUWn*7*MRU^@,B~MREG93�¾Fy>A93E�JA\�»[9OFTM	J/9OC,E89yUW@ η �·_[9OJA� Ã �h�kø¥ý/ÅÙU^M�UWF�F3EGEG@MOY[>QMVMOY,EyJA@,=^�·MR9O>A@,F3U^MRU^J/@,Fo>A=W=^J¥S�EGC�>A93E�MR9R>Q@,FOUkMRUWJA@,FÀMOY[>QM;XZY[>A@,BAE�MRY,E�jgUWn,9O>QMRU^J/@[>A=¹b7[>Q@bMR7*� @b7,�­n�EG9`nN�âJA@,E'Ã ∆nv = ±1 Å¤� � 9O>A@,FOUkMRU^J/@,F�XZY[>A@,BAUW@,B²MOY,E´jhU^n,9R>ÉÆMOUWJ/@,>A=b¹b7[>Q@bMR7*�Ú@b7,�­n�EG9 nv nb� ±1 >A93E�X§>A=^=WE8C�³Ó»,9OF3M)fgJ/9OC*EG91FOUWC*EGn[>A@*C#MR9O>A@,F3U^MRU^J/@,F8¶^�

¯�°�± ²4³

´�µ�¶

··¹¸2º
·¼»\º

½

½ ¾ ¾ ¾
σ  ¿+ σ  ¿−


+½ ½
À

ωÁ

_1UWB/7,93E	�h�Õ��`�ÑÙU^FO7[>Q=WU^FR>QMOU^J/@PJA\vMRY,E	E8@,EG93BA��F3MZ>�MREGFIJA\vMRY,E#>�MRJ/�!MO9R>Ae*e�EGC`UW@`>�Y[>A9)Æ��J/@,U^X�e�JAMOEG@NMRU?>Q= � � Y,EV>QMOJ/�¾U^X�F3MZ>�MREGF |g〉 >A@,C |e〉 >Q9OEÀC,9OE8FOFOE8C�SVUkMRY­MRY*EoY[>A93�¾JA@,UWXJAFOXGU^=W=W>QMOJ/9D=^E8j/E8=IF3MO9O7,X¤MR7,9OEQ� ® >Q9O9OU^EG9�MO9R>A@*FOU^MOUWJ/@*F`Ã ∆nv = 0 Å�>A9OE�UW@,C,U^X§>�MREGC²nb�>Q9O9OJ¥SVFG�ÀãgMZ>A9TMRU^@,B�SVU^MRY�>A@�>A9On,UkMR9O>A93�·jgU^n,9R>QMOUWJA@[>A=¼¹g7,>A@bMO7,��@g7,�­n�EG9 nv Ë[MOY,EyC*�NÆ@,>A�¾U^XGF5JA\�MOY,EKFT�hFTMREG�ØU^@t>y»,EG=WC·@*JhC*EKUWF59OE8F3MR93UWX¤MREGC·MOJ	MRY,EIe[>AU^95JA\�=WE¤j/EG=^F�LAEGEGe*UW@,B
nv
X8J/@,FTMZ>A@NM§�
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� Y,Ey93EG=^E8jQ>Q@bMVMOEG9O��FV>A9OE/`
σ+avbc

`<E¤�hX8U^MR>QMRU^J/@PJA\ºMRY,Ey>�MRJ/�!>A@*C ∆nv = −1 Ë
σ−a

†
vb

†
c
`<E8�¾U^FOFOU^J/@~UW@NMRJ�MOY,E�X§>§jhUkMm�P>Q@,C ∆nv = +1 ËÃÄ93EGC�FOU^C,EGn,>A@,CPMR9R>Q@,FOUkMRUWJA@,FGË*FOE8E�»[B/7*9OE¾Ã �h�Ó�NÅ3ÅrÂ

σ+a
†
vbc

`<E¤�hX8U^MR>QMRU^J/@PJA\ºMRY,Ey>�MRJ/�!>A@*C ∆nv = +1 Ë
σ−avb

†
c
`<E8�¾U^FOFOU^J/@~UW@NMRJ�MOY,E�X§>§jhUkMm�P>Q@,C ∆nv = −1 ËÃÄn*=W7,E�FOU^C,EGn,>A@,CPMR9R>Q@,FOUkMRUWJA@,FGË*FOE8E�»[B/7*9OE¾Ã �h���bÅ3Å¤�

ÃoÄKÅÆ
Ã Æ ÃÈÇqÅÆÉaÊ�ËÍÌ¬Î

Ï0Ð"Ñ

Ò

Ò
σ ÓsÔÆ ÒÕ×Ö)Ö

σ Ó�ÔÆ ÒÖ Ø ωÙ

_vU^B/7,9OE;�h�Ó�w`1ÑÙU^FO7[>Q=WU^FR>QMOU^J/@�JA\¼MRY*EIF3MR>QMRE8F�JA\¼MOY,E;F3�gF3MRE8�ªU^@bj/J/=kj/EGC¾U^@�9OEGC¾FOU^C,EGn[>Q@,CMR9O>A@,F3U^MRU^J/@,F·Ã�UW@,C,U^X§>�MREGC´nb�´>A9O93JÉSVFZÅ¿� � Y,EtCh�h@,>A�¾U^XGF	JA\ÀMRY*E·F3�gF3MOEG�¢X§>Q@Çn�E·C,E¤ÆFOX89OU^n�EGC©nb�ÜXGJ/@,F3UWC,E89OU^@,B�>A@N�Öe[>QUW9ÙJA\�F3MR>QMRE8F |e, nv − 1,mc〉 >A@,C |g, nv,mc + 1〉 ËSVU^MOYÁ>A9On*U^MR9O>A93�ÖjgUWn,9O>QMRU^J/@[>A=<¹b7[>A@NMR7,�£@g7,�­n�EG9 nv >Q@,CÇ»[E8=WCÇ¹b7[>A@NMR7,�¢@b7,�­n�EG9
mc
�

Ú Û2ÜÞÝàß

á�â/ã

ä å^æZçè
å è

åNé�çè

ä
σ ê×ëè äì íσ ê�ëè äí í

î
ωï

_vU^B/7,9OE¾�h���O`#ÑÙU^FO7[>Q=WU^FR>QMOU^J/@©JQ\ÀMRY,E¾F3MR>QMRE8F#JA\ÀMRY*E·FT�hFTMRE8�¢UW@Nj/J/=^j/E8C°UW@´n,=^7,E¾F3UWC,E¿Æn[>A@*C�MR9O>A@,F3U^MRU^J/@,FyÃÄU^@,C,U^X§>QMOEGC�nb��>A939OJ¥SVFZÅ¤� � Y,E	C*�g@[>Q�¾U^XGF;JQ\vMRY,EyF3�gFTMREG��X§>A@�n�EC,E8FOXG93UWn�E8CPnN�¾XGJ/@,F3UWC,E89OU^@,B­>A@b�¾e,>AUW95JA\½F3MR>QMRE8F |e, nv +1,mc〉 >A@,C |g, nv,mc+1〉 ËSVU^MOYÁ>A9On*U^MR9O>A93�ÖjgUWn,9O>QMRU^J/@[>A=<¹b7[>A@NMR7,�£@g7,�­n�EG9 nv >Q@,CÇ»[E8=WCÇ¹b7[>A@NMR7,�¢@b7,�­n�EG9
mc
�



��i¨h0i©(+b;*q&sfq¢ ø/ø
� >ALbUW@,BúUW@NMRJú>AX8XGJ/7*@bM´J/@*=^�âMRY,EÂ6GEG93JAMRYÒ>Q@,CÚ»,9OF3M´JA9OC,E89©U^@ η MREG93�¾F8Ë­MRY,E�¾>AU^@Òe�J/U^@bMOFÇ>A9OE�@,J¥S FO7,���·>Q9OUWF3EGCa` æGçàèF�
��ç½ê�ë
�Ýí/ê�ì
�+� îÄç
5�î7��è§ê�è	�
�í/ñ*é�é�îD�bé±ê�ç+�]ó�ð�è	�
�bé	��î7�²çºê¡í/ê�ì
�+�Äî ç
5Òè¥êÒè	�
�¤ñvé[�8èZ<¼êaé�ë
�bé�ò½î7LºéÉñ*èÉî�ê¬ç½ñ���Gî ë
��Lºñ[çºë+�/ò æGç èF�
� ñ,ç¬èÉîÄçºê�ë
� ê�ç+�]ó í/ê�ì
�+�Äî ç
5 è§ê è	�
�óñ1é[�8èZ<¼êaéQë
�béò�î7LºéÉñ*èÉîÄê�ç½ñ��¬�Gî ë
��Lºñ[çºë+�¦î7���ºé	���I�gç¬è"ôX�8êúè	�
�bé	�²î��Üç½êM�2��íNî�è¥ñ*è¥î�ê¬ç�ê¬çÚè	�
�í/ñ*é�é�îD�bé�ò ����XGJA@,FOU^C,EG93UW@,B°MRY,E`\�7,=^=IE¿�*e,>A@,FOU^J/@ JQ\�MRY,EÜY[>Q9O��J/@,UWX�\�7,@*X8MOUWJ/@,F8Ë;U^MU^FtF3EGE8@ MRY[>�M~UW@�MOY,EÖ@,JgC*EÖU^@'BAEG@,E89R>A=IMRY,E89OEÜUWF·J/@,=^�²X8J/7,e,=^UW@*BÇn�E8MmS�E8EG@úF3MR>QMRE8FMOY[>QMtC,Uk«¼E89·nb�±>Q@'E8j/E8@ @g7,�­n�EG9·JA\�jgUWn,9O>QMRU^J/@[>A=V¹b7[>A@NMZ> Ã ∆nv = 0, 2, 4, . . . ÂXG>A9O93UWE89GË­F3EGX8J/@,CgfgJA9OC,E89©FOUWC*EGn[>A@*C,FGË­\�J/7,9TMRYgfgJA9OC,E89¦F3UWC,E8n[>A@*C,F¯�G�G�ZÅ¿Ë­SVY,E89OEG>AF´U^@MOY,E©>A@NMRU^@,JgC,EÖJA@,=^��XGJA7,e,=WU^@,BÁn�E8MmS�E8EG@ F3MZ>QMOEGF~MRY,>QMPC,U^«¬EG9tnb� >Q@úJgC,C @g7,�­n�E89JQ\~jgU^n,9R>QMOUWJ/@,>A=�¹b7[>A@bMR>âJgXGX87,9OF'Ã ∆nv = 1, 3, 5, . . . Â�»[9OFTMTfgJ/93C,EG9´FOUWC*EGn[>Q@,C,FGËMOY,UW93CgfgJ/93C,EG9ÀFOU^C,EGn[>Q@,C,FGË��G�G�ZÅöõ¿�

ötó½ç½ñ��ÇîÄí"��ê�ç²è	�
�©ð	ñ,éÉé�îD�gé
lm@PMRY*E�@,JgC,E�S�EyY,>¥j/E/`

H̃I ' ~g × {σ+bce−i∆t + σ−b
†
ce
i∆t +O(η2)} . Ã �h�µ�A�NÅ

l \DMRY,EÇMOEG93�¾FÜJA\�FOE8XGJ/@*CÚJ/9OC,E89ÖU^@ η >Q9OEÇ@,EGB/=^EGX¤MREGC¼Ë H̃I
X8J/7,e,=^EGFÖJA@,=^� F3MR>QMRE8FMOY[>QMyC,Uk«¼E89�UW@©JA@,E�X§>§jgU^Mm�ÖJ/9y>QMRJ/�ÔE¤�hXGUkMZ>QMOUWJ/@¦¹b7[>A@NMR7,���¾ÏªXZY,J/U^XGE�JQ\Àn,>AFOU^FyU^FI`

{|e, nv,mc〉 Ë |g, nv,mc+1〉} Ë/SVY,EG93EVMRY,EÀjgUWn,9O>QMRU^J/@[>A=h¹b7[>Q@bMR7*��@g7,�­n�E89 nv UWFvMRY,EFO>A��E#\�J/9Ù>A=W=ºF3MZ>�MREGF�Ã�J/@,=^��X§>A939OUWE89KMO9R>A@*FOU^MOUWJ/@*FGË¬X8\)�¬»[B/7,93E�Ã �h�µ�/ÅOÅ¿� � Y,E�C*�g@[>A��UWXGFJQ\vU^@bMRE89OE8F3MI>A93E�`
|ψ(t)〉I := eiH0t/~|ψ(t)〉 = C̃1(t)|e, nv,mc〉+ C̃2(t)|g, nv,mc + 1〉 , Ã �h�µ�høÉÅ

SVY*UWXZY�UWFoC,EG93U^j/E8C�\�93J/�4`
i~
d

dt
|ψ(t)〉I = H̃I |ψ(t)〉I . Ã �h�Õ�A�/Å

Û UkMRY~MRY*E�7,FOEyJQ\oÃ �g�Õ�/Å�MOY,E�@,J/@bfg6GE89OJ��·>�MR9OUÊ�tE8=WE8�¾E8@bMOF;>A9OE�J/n*MR>AUW@,E8Ca`
〈e, nv,mc|σ+bc|g, nv,mc + 1〉 = 〈g, nv,mc + 1|σ−b†c|e, nv,mc〉

=
√
mc + 1 , Ã �h�Õ�Q�NÅ

>Q@,CP\�J/9ÀMRY*Ey�¾>QMO9OUÊ�tJA\ H̃I
U^MoUWFÀ\�J/7*@,Ca`

H̃I = ~g
(

0 e−i∆t
√
mc + 1

ei∆t
√
mc + 1 0

)

. Ã �h�Õ�[�bÅ
÷lø	ùZú ûgü	ý$þ�ùrÿ�����ú�û�����ý���ý¦ù	��
�ý���


H1 = er ·E � �[ùFü��
û	�[üsû���� ý��[ùFü��
ûrú��
ý�������ú���
[û	���	� ü×ý�����
���ý$ú�lù	�[þ	ÿ$ý�������
[û®ú�û	������ú��
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:�¹b7[>QMRU^J/@°Ã �h�µ�/�/Å�XG>A@�@,J¥S�n�E�SV9OUkMOMRE8@a`

i~
d

dt

(
C̃1

C̃2

)

= ~g
(

0 e−i∆t
√
mc + 1

ei∆t
√
mc + 1 0

)(
C̃1

C̃2

)

,

Ã �h�µ�/ù/Å
SVY,E89OE¦Y,EG93EGU^@'MRY,EÜMRU^��E`C,EGe�E8@,C,EG@,XGE©U^@±MRY,E¦>A93B/7,��EG@NMRF~JQ\yMRY*EÖXGJgEZv�X8UWEG@NMRFPU^FJ/��U^M3MREGC¼� � JtFOUW��e,=^Uk\]�tMRY,U^FI\�7,9TMRY,E89GË�>¾MO9R>A@*F3\�J/93�·>QMOU^J/@�U^@bMRJ�MRY,E¾³µ93JAMZ>�MRUW@*B,¶an[>AF3UWFUWFye�E893\�J/93�¾E8C�� � Y,U^F	UWFyC,J/@,E¾nN�°>�7,@,UkMZ>A9T�²Ã 1 = UU † = U †U ⇒ U † = U−1 Å¤ËMRU^�¾EÙC*EGe�EG@*C,EG@NMIMR9R>Q@,F3\�JA9O�¾>QMRU^J/@·SVU^MRY�`

U :=

(
ei∆t/2 0
0 e−i∆t/2

)

, Ã �h�µ���NÅ
(
C1

C2

)

:=

(
ei∆t/2 0
0 e−i∆t/2

)(
C̃1

C̃2

)

, Ã �h�µ�0!/Å
>A@,CPMOY,E�\�J/=^=WJ¥SVU^@,B#\Ä>A��UW=kUW>A9�\�JA9O�{UWFÀ\�JA7,@,Ca`

i~
d

dt

(
C1

C2

)

= ~
(

−∆
2

g
√
m+ 1

g
√
m+ 1 ∆

2

)

︸ ︷︷ ︸

(
C1

C2

)

. Ã �h�µ�AûNÅ
=: HI� Y,U^F�X8J/7,e,=^EGC¾C,U^«¬EG93EG@NMRUW>A=[E8¹b7[>QMRU^J/@�MZ>QLAEGF5MRY,EVS�E8=W=äfgLb@,JÉSV@�\�J/93��\�JA9<MOY,EIU^@bMOEG9R>QX¤ÆMRU^J/@�JQ\,>oMmS�J�fb=WE8j/E8=NF3�gF3MOEG��SVU^MRYy>V=W>AFOE89G� � Y,E5F3J/=W7hMRUWJA@�U^F�J/n*MZ>QUW@,E8CynN�ÙMR9R>Q@,F3\�J/93�DÆUW@*BySVU^MRY·>yMRUW��EVUW@,C*EGe�EG@*C,EG@NMo7,@*U^MZ>Q93�D�¾>QMR93Uk�DU^@bMRJ	>	n[>AF3UWF5SVY,E89OEKMOY,EIEG¹b7[>QMOUWJ/@,FC,E8XGJ/7,e*=WEy>Q@,C�>�F3J/=W7hMRUWJA@~U^FoE§>QF3�tMRJ­»[@,C�� � 9R>A@*F3\�J/93�¾U^@,B�n[>QX¿LaË,MRY*E�C*�g@[>Q�¾U^XGFoUW@MRY*E {|e, nv,mc〉 Ë |g, nv,mc+1〉} n[>AF3UWF�>A9OE;\�J/7,@,C¼�<�I>Qn,U�J/FOX8UW=^=?>�MRUkJ/@,F<JgXGXG7*9�SVUkMRYMRY*E�\�93EG¹b7,E8@,X8�6`

Ωcarrier :=
√

∆2 + 4g2(mc + 1) , Ã �g�Õ�Aý/Å
SVY,U^X¿Y�UWFoMOY,Ey¹b7[>A@NMRU^FOEGC�E¿�*e*9OEGF3FOUWJA@�\�J/9oMOY,E	�;>An,U¼\�9OEG¹b7,E8@,X8�A�o_[J/9o6GE89OJ¾C,E¤MR7,@*UW@,BÃ ∆ = 0 ÅI>A@,C`MRY,E�>�MRJ/��UW@,UkMRUW>Q=^=Ê�PE¤�hXGUkMRE8C²Ã C1(t = 0) = 1 Ë C2(t = 0) = 0 Å¿Ë¬MRY,EXGJgErv�XGUWE8@bMOF;Y[>¥j/E�MRY,E�MOUW��EÙC,EGe�E8@,C,E8@,XGE�`

C1(t) = cos

(
Ωcarrier(∆ = 0)

2
· t
)

, Ã �h�Ó�/�NÅ

C2(t) = −i · sin
(
Ωcarrier(∆ = 0)

2
· t
)

. Ã �h�Ó�*øÉÅ
� Y,E¾U^�¾e�J/9TMZ>Q@bM�e�J/U^@bM�MRJ��¾>ALAEDY,EG93E¾UWF�MRY[>�M#>AFyF3EGEG@´\�9OJ/� Ã �h�Õ�QýNÅ¤Ë½E8j/E8@ÇUW@¦MRY*EX§>QFOEDJQ\�@,J~e,Y,JQMRJ/@,F�Ã mc = 0 Å¿Ë�MOY,EG93E�>Q9OE��I>An*UvJ/FOX8UW=W=W>QMOU^JA@,F8Ë¼e,9OJ¥jhU^C,EGCÜMRY[>QMÙMOY,E



��i¨h0i©(+b;*q&sfq¢ ø¥�
>�MRJ/� U^F�UW@*U^MRU^>A=k=k�ÇUW@¯MOY,E�E¤�hX8U^MOEGC±FTMZ>QMOEA� � Y,UWF�UWF�7,F37[>A=^=^�Á@,JAM�MRY*E�X§>AF3E�\�J/9¾>Q@>�MRJ/�ªUW@NMRE89R>AX¤MRUW@*B#SVUkMRYP>#\�93EGE8=^�·e*9OJ/e[>QBN>QMRU^@,B#=?>QFOEG9�n�E§>A��� � 7,93@,UW@*B�JA«�MRY,EÙ=?>AF3EG9MOY,E�E¤�hXGUkMRE8CÇ>QMRJA��C,EGXG>¥�gF#E¿�*e�JA@,EG@NMRUW>A=W=k�/Ë�SVU^MOY,J/7*M	>A@N�¦e�EG93UWJgC,U^XD93E¿fge�JAe,7,=?>�MRUWJA@JQ\½MRY,EÙ7,e,e�E89o=WE¤j/EG= � � Y,E�93E§>AF3J/@~\�J/9�MRY*UWF�C,EGXG>¥�tU^F�MOY,E�X8J/7,e,=^UW@,B	MRJ�>A@~UW@*»[@*U^Mm�¾JA\j�>AXG7*7,� ��JgC,E8FG� � Y,EGF3E·��JgC,EGFy>A93E�93EGF3e¬JA@,FOU^n,=WE�\�J/9ÙMRY,E�F3e�J/@bMR>A@,E8J/7,F	E8�¾U^FOF3UWJ/@>Q@,C =WEG>ACúMOJ�>Q@ E¤�he�J/@,E8@bMRUW>A=�C,E8X§>¥��Ã�Û´EGU^FOFOLQJ/e*\WfbÛ U^B/@,E89 � Y,EGJ/9T�*Å�Wkø	!	Y � � Y,E>QUW� JQ\�MRY,U^F·S�J/9OL²UWF¾MRJÇ9OEG>A=WU^FOE�MOY,EÖF3UW@,BA=WE`��JgC,E`�¾JgC,E8=Ù>Q@,C±S�J/93L²SVUkMRY´È37*F3MJA@,Ete[>A9TMRU^XG7,=W>A9yEG=WE8X8MO9OUWX�»[EG=^CÁ��JgC,EQ� � JÖC,J`MRY,U^F­U^@°MOY,EtE¤�he�EG93UW��EG@NM§Ë�J/@*=^�´JA@,Ee,>A93MOUWXG7*=?>A9·��JgC,EÖJA\yMRY,EÖj�>AXG7*7,� �­7,FTM�n�E¦F37,e,e�J/9TMRE8C�Ë��¾>ALbU^@,BÂ>A=W=IJAMRY,E89OF~MRJF3J/��E©E¤�gMRE8@bMÜ@*EGB/=^UWB/Ukn,=^EA�{:v�he�EG9OU^��EG@bMR>A=W=k�/ËIMRY*UWF�U^F�C,J/@*E´nb� X¿Y*JgJ/FOU^@,B²FOe�E8XGUW>A=n�JA7,@,C[>A9T�~XGJ/@*C,U^MOUWJ/@,F�\�J/9ÀMOY,E�EG=WE8X8MO9OUWXÙ»,EG=^CPSVU^MOYPMOY,E�Y,EG=^e�JA\v>DXG>¥jgU^Mm�A�

ötó½ç½ñ��ÇîÄí"��ê�ç²è	�
�4ñ1é[�8èZ<¼êaéQë
�bé��§îÄë
��Lºñ[çºë+�
® JA@,FOU^C,EG9V@,J¥SâMOY,E�C*�g@[>A��UWX8FVU^@~MRY,Ey>A@NMRU^@,JgC,E�`

H̃I ' ~g × {−η[σ+a†vbcei(∆+ωv)t
+σ−a

†
vb

†
ce

−i(∆−ωv)t Ã �g�µ�N�AÅ
+σ+avbce

i(∆−ωv)t

+σ−avb
†
ce

−i(∆+ωv)t] +O(η3)} .
H̃I

XGJ/7*e,=WE8F�F3MZ>�MREGF5MRY,>QM�C,U^«¬EG9<nb��JA@,EIX§>§jgU^Mm��>A@,C·nN��J/@,EI>QMRJA�}E¤�hX8U^MZ>�MRUWJA@¾¹b7[>A@gÆMO7,��Ë*>AF�S�E8=W=¼>AFÀnN�·J/@*EKjgUWn,9O>QMRU^J/@[>A=a¹b7[>A@NMR7,� nv
� ® JA@,FOU^C,EG9�MOY,EÙX§>QFOEÙSVY*EG9OEKMRY,E=^UWB/YNMÙUWFÙ9OEGC©C*E8MR7*@,EGC´nN� ∆ = −ωv + δ Ã]»[B/7,93E�Ã �g�µ�NÅ3Å¤�#ÏKBN>AU^@¦>P93JAMZ>�MRUW@*BtSÀ>§j/E>Qe,e,9OJ§�hUW�¾>QMRU^JA@~XG>A@�n�E	>Qe,e,=WU^EGCP>A@,CPMRY*EyüK>A��UW=kMOJ/@*UW>A@tn�EGXGJA�¾E8FI`

H̃I ' ~g × {−η[σ+avbce−iδt + σ−a
†
vb

†
ce
iδt] +O(η3)} . Ã �h�Ó�/�NÅ

l M¾UWFDe�J/FOF3UWn,=^EPMRJ´XZY,JgJ/F3EÜ>AF¾>©n[>AF3UWFI` {|e, nv − 1,mc〉 Ë |g, nv,mc + 1〉} � � Y,ECh�h@,>A�¾U^XGFoJA\1UW@bMOEG93EGF3M;>A9OE/`
|ψ(t)〉I := eiH0t/~|ψ(t)〉 = C̃1(t)|e, nv − 1,mc〉+ C̃2(t)|g, nv,mc + 1〉 , Ã �g�µ���NÅ

SVY*UWXZY�UWFoC,E8MOEG93�¾U^@,EGC~\�9OJ/�V`
i~
d

dt
|ψ(t)〉I = H̃I |ψ(t)〉I . Ã �h�µ�/ù/Å

Û UkMRY~MRY*E�7,FOEyJQ\oÃ �g�Õ�/Å�MOY,E�@,J/@bfg6GE89OJ��·>�MR9OUÊ�tE8=WE8�¾E8@bMOF;>A9OE�J/n*MR>AUW@,E8Ca`
〈e, nv − 1,mc|σ+avbc|g, nv,mc + 1〉 = 〈g, nv,mc + 1|σ−a†vb†c|e, nv − 1,mc〉

=
√
nv
√
mc + 1, Ã �h�µ���NÅ



øK� %cb;d�e�(+*,f �wi@%.d;¡+jI(s¢¤£s*gm
>A@,CP\�JA9ÀMRY,E��¾>QMR93Uk�·JA\ H̃I

UkMVU^FÀ\�J/7,@,C�`
H̃I = −~ηg

(
0 e−iδt

√
nv
√
mc + 1

eiδt
√
nv
√
mc + 1 0

)

. Ã �h�Ó�"!/Å
üIE8@,XGEQË1Ã �h�Ó�Nù/Å�n�EGXGJA�¾E8FI`
i~
d

dt

(
C̃1

C̃2

)

= −~ηg
(

0 e−iδt
√
nv
√
mc + 1

eiδt
√
nv
√
mc + 1 0

)(
C̃1

C̃2

)

,

Ã �h�Ó�/ûNÅ
SVY,E89OE·\�9OJ/� @,J¥SªJ/@°MOY,E·MOUW��E�C,EGe�E8@,C,EG@*XGEPUW@´MOY,E~>Q9OB/7,��E8@bMRF	UWF	J/��U^MOMOEGC�� � JFOU^�¾e*=WUk\?�²MRY*UWFt\�7,93MOY,EG98Ë�>ÇMR9R>Q@,F3\�J/93�·>�MRU^J/@±UW@bMOJÁMOY,EÁ³µ93JAMZ>QMOUW@,B*¶�n[>AF3UWFPU^F~X§>A939OUWE8CJ/7*M�7,F3UW@,B¯MRY,E´7*@,U^MR>A93�'�·>�MR9OUÊ� U B/U^j/E8@âU^@ EG¹b7[>QMOUWJ/@�Ã �g�Õ�/�NÅ¤� � Y,E°93EGF37,=^MOUW@,BE¤�he,93EGF3FOUWJ/@¼Ë[SVY,UWXZY�UWFV>A@,>A=WJAB/J/7,F�MRJ�Ã �h�µ�AûNÅ¿Ë,U^FoB/U^j/E8@�nb�6`

i~
d

dt

(
C1

C2

)

= ~
(

−δ
2

−ηg√nv
√
mc + 1

−ηg√nv
√
mc + 1 δ

2

)

︸ ︷︷ ︸

(
C1

C2

)

.

=: HI
Ã �h�Ó�/ýNÅ

� Y,E�FOJ/=^7*MRU^J/@¦U^F�J/n*MZ>QUW@,E8C©UW@¦MOY,E�FR>Q�¾ED�¾>A@,@,E89y>AF�\�J/9ÙMRY,E�XG>A9O93UWE89�MR9O>A@,F3U^MRU^J/@,F8��;>An,U�J/FOX8UW=^=?>�MRUkJ/@,Fo>Q9OEy>QBN>AUW@t\�J/7*@,C�Ë[n*7*MVSVU^MOYPMOY,Ey�I>An*U�\�93EG¹b7,E8@,X8�PB/U^j/E8@�nb�6`
Ωred−sb :=

√

δ2 + 4(ηg)2nv(mc + 1) . Ã �g�$�N�/Å
Û U^MOYÜMRY,ED>QX8MR7,>A=1MR9R>Q@,FOUkMRUWJA@,FKJ/@¦93EGF3J/@[>A@,X8E�Ã ∆ = 0 Ë δ = 0 ÅIUkM�U^FÙ@,JÉS�e�J/F3FOU^n,=WEMRJÖX8J/�¾e,>A9OEtE¿�*e*9OEGF3FOUWJA@âÃ �h�µ�AýNÅ	>A@,CúÃ �h���N�NÅ¿� � Y,E~\Ä>Q�¾U^=^U^>A9	9OE8FO7,=kM­\�J/9#MRY*EP�I>Qn,U\�9OE8¹b7,EG@,X8UWE8FIU^FV93EGX8JÉj/E89OEGC�`

Ωcarrier = 2g
√
mc + 1 , Ã �h���,ø¥Å

Ωred−sb = 2ηg
√

nv(mc + 1) = η
√
nvΩcarrier .

Ã �h���b�/Å
ÏK@¦>A@[>Q=WJ/BAJ/7,FK>A@[>A=k�gFOUWFKXG>A@Ön�E�XG>A9O93UWEGCÜJ/7*MK\�J/9IMRY,E­n,=^7,E­F3UWC,E8n[>A@,CÜMR9O>A@,F3U^MRU^J/@,F8�� Y,E�n[>AF3UWFDF3MR>QMRE8F |e, nv + 1,mc〉 >A@,C |g, nv,mc + 1〉 =^E§>AC¼Ë5\�J/9�6GE89OJ´C,E¤MR7,@*UW@,BÃ δ = 0 Å¿Ë,MOJDMOY,E�E¤�he,9OE8FOFOU^J/@a`

Ωblue−sb := 2gη
√

(nv + 1)(mc + 1) = η
√
nv + 1Ωcarrier .

Ã �h���N�NÅ



��i¨h0i©(+b;*q&sfq¢ øÉù
�����g��� ����������� �u��� �J��!�!��u�à�c���l�#"
lm@°>��¾J/93E�93E§>Q=WUWFTMRU^X��¾JgC*EG=�MOY,EG93E�SVUW=^=�n�E¾C*EGX8J/Y,EG93EG@,X8EtC,7,E�MOJ�XGJ/7*e,=WU^@,BPMRJPMRY,EE8@bjgUW93J/@,��EG@NM§��_[JA9�E¤�*>A��e,=^EAËAMRY,EV>QMOJ/��XG>A@DC,E8X§>¥�­UW@NMRJÙJ/@,EoJQ\�MOY,EoUW@h»[@,U^MOEÀ��JgC,E8FJQ\�MRY,ED\�9OE8E�»[E8=WC�ËºUW@,FTMRE§>QC°JQ\ÀEG��U^M3MRU^@,B#È37,FTM#U^@bMOJPMRY,E�X§>§jhUkM)�Ö�¾JgC,EQ� � Y,E¾X§>¥jgUkM)�UkMRF3EG=^\VXG>A@Â=^J/FOEte*Y,JAMRJA@,F�nb�Ç>An,F3J/9Oe*MOUWJ/@ÇJ/9#MO9R>A@,F3�¾U^FOF3UWJ/@´MRY,9OJA7,B/YÇMRY,Et�¾U^9O93J/9OF8�lm@*XG=W7*C,UW@,B¦MRY,E8FOE`E¤«¼E8X8MOF·UW@¯MOY,E�MOY,EGJ/93E8MOUWX§>Q=VC,EGF3XG93UWe*MOUWJ/@²=^E§>AC*F�MOJ´MOY,E�C,E8@,FOUkMm�Nf�¾>QMO9OUk�	\�JA9O�¾>A=^U^F3��� � Y*UWF�FOEGX¤MRU^J/@D\�JgX87,FOE8F5J/@�XG>A9O93UWE89�MR9O>A@,F3U^MRU^J/@,F1SVY,EG93E;@,Jy>QMOMOEG@hÆMOUWJ/@DY[>QF<MOJyn�E;e[>AU^CDMOJ�MRY,EVY[>A9O��J/@*UWX�MR9R>Qe,e,UW@*Bye�JQMREG@NMRUW>A= � � Y,E;�·>AFTMRE89<EG¹b7[>QMOUWJA@\�JA9­>A@Á>�MRJ/�­fgX§>§jgU^Mm�¦F3�gF3MOEG� U^@,XG=^7,C,U^@,B�MRY,E·C,UWF3FOU^e[>QMRUkj/E¾E8«¬E8X8MRF­F3MZ>�MREGCÁ>An�JÉj/E·UWFBAU^j/E8@�nb�yWÊø¥û[Y `

ρ̇ =
1

i~
[HI , ρ] + Lρ , Ã �h���0�bÅ

Lρ = γ⊥(2σ−ρσ+ − σ+σ−ρ− ρσ+σ−)
+κ(2bcρb

†
c − b†cbcρ− ρb†cbc) . Ã �h�$�Nù/Å

ü;EG93EAË ρ UWFKMRY,ED>QMRJ/�­fgXG>¥jgU^Mm��C,E8@,FOUkM)�Ü�·>�MR9OUÊ�¬Ë γ⊥ UWFKMRY,E­MR9R>Q@,F3j/E89OFR>Q=<C,E8X§>§�¦9O>QMREJQ\VMRY,E~>QMOJ/�£UW@NMRJ`\�93EGEtFOe[>QXGE©Ã γ⊥ = γ‖/2
Ë�SVY*EG9OE γ‖ UWF	MRY,EtC,E8X§>§�Ç9R>QMOEtJA\oMRY,Ee�JAe,7,=?>�MRUWJA@aÅD>Q@,C κ U^F¾MOY,E`C,EGXG>¥��9O>QMRE�JA\�MRY*EÜXG>¥jgU^Mm�Â»[EG=^C�Ã 2κ U^F�MRY,E`e,Y,JAMOJ/@

κ
$

γ

_1UWB/7,93E��h�µù�`IÏ���J/93E­93E§>A=^UWFTMRU^X	FOXZY,E8�¾E�JA\�>¾M)S�J�fg=WE¤j/EG=vFT�hFTMRE8��UW@NMREG9O>AX8MOUW@,BÖÃÄX8J/7hÆe*=WUW@*B g ÅDSVUkMRY'>´FOU^@,B/=WE�X§>§jhUkM)�¯�¾JgC*EA� κ C,EG@,JQMREGF·MRY*EÜXG>¥jgU^Mm�²C*EGX§>§��9R>�MRE`C,7,EMOJ`UW��e�EG9T\�EGX8M	��UW939OJ/93FGË γ⊥ >AXGX8J/7,@NMRF	\�J/9yMOY,Et>QMOJ/��UWXDC,E8X§>§�°U^@bMOJ�MRY,E�\�9OEGE¾FOe[>AX8En,>AX¿LbBA9OJ/7,@*C��



øF� %cb;d�e�(+*,f �wi@%.d;¡+jI(s¢¤£s*gm
C,E8X§>¥�~9R>QMOE¥Å¿�5HKE¤»[@,U^@,BDMRY,E�@,JA@gfgY,E89O��U^MOU?>Q@PüK>Q�¾U^=kMRJA@,UW>Q@ Heff

`
Heff := HI +Hdis ,

Ã �h���"�NÅ
Hdis := −i~[γ⊥σ+σ− + κb†cbc] ,

Ã �h���2!/Å
Ã �g�$�0�NÅ�X§>A@�n�E�SV9OUkMOMOEG@�>QFI`

ρ̇ =
1

i~
(Heffρ− ρH†

eff) + 2γ⊥σ−ρσ+ + 2κbcρb
†
c .

Ã �h���NûNÅ
® J/@,F3UWC,E89�JA@,=^�©MRY*Et»[93F3M�MOY,9OE8E~=WJ¥S�E8F3M�EG@,E89OBA�°F3MZ>�MREGF8Ë<MOY,E~68EG9OJÖ¹b7[>A@bMO7,� FTMZ>QMOE
|g, 0〉 >A@,C~MRY,E�MmS�JDF3MR>QMRE8F |e, 0〉 >Q@,C |g, 1〉 Ë*SVUkMRYPE8U^MRY*EG9V>A@�>QMOJ/�{JA9oX§>§jgU^Mm�tE¤�hXGUÊÆMZ>�MRUWJA@·¹b7[>A@NMR7,����ÏI@b�¾C,UWF3FOU^e[>QMRUkj/EIe,93JgXGEGF3Fo=WEG>AC,F5MRY,EKF3�gF3MOEG�ØMOJ#MRY,E |g, 0〉 F3MR>QMREQ�� Y,E89OE8\�JA9OE�UkMÀU^F�e�J/FOF3UWn,=^EIMRJ­7,FOEKMRY,EÙFTMZ>QMOE |ψ〉 = C1(t)|e, 0〉+C2(t)|g, 1〉 >A@,C~UkMRFE8j/JA=W7*MOUWJ/@~UWFoB/Ukj/EG@Pnb�6`

i~
d

dt
|ψ〉 = Heff |ψ〉 . Ã �g�$�Ný/Å

� Y,EÖ@,J/93� JA\ |ψ〉 C*EGX89OE§>QFOEGF�>QF~C,U^FOF3UWe[>�MRU^j/E`e*9OJgXGE8FOF3EGF�JgXGX87,9P>A@,C±MRY*EÖF3�gF3MOEG�E8j/JA=^j/E8F;UW@NMRJ�MOY,E |g, 0〉 F3MR>QMREQ� � Y,Ey�¾>QMR93Uk�¾\�J/9O�­7*=?>QMOU^JA@~U^FoB/U^j/E8@�nb�6`
Heff = ~

(
−∆
2

g
g ∆

2

)

− i~
(
γ⊥ 0
0 κ

)

= ~
(

−∆
2
− iγ⊥ g
g ∆

2
− iκ

)

, Ã �h�µùA�NÅ
>A@,CPMOY,E�\�J/=^=WJ¥SVU^@,B­UWFoJ/n*MR>AUW@*EGCa`

d

dt

(
C1

C2

)

=

(
i∆
2
− γ⊥ −ig
−ig −i∆

2
− κ

)(
C1

C2

)

. Ã �h�µùhøÉÅ
� Y,U^F#UWF#>�F3�gFTMREG�¢JA\À»[93F3M­J/93C,EG9	XGJ/7,e*=WE8CÇC,U^«¬EG93EG@NMRU?>Q=<EG¹b7[>QMOUWJ/@*F	SVU^MOY°XGJ/@,FTMZ>A@NMXGJgErv�XGUWE8@bMOFG�PÏØF3J/=W7hMRUWJA@©UWFyJAn*MZ>AU^@,E8C´nb�¦MO9R>A@,FT\�J/9O��UW@*B�U^@bMOJ`>�n[>AF3UWF�SVY,E89OE¾MRY*EEG¹b7[>�MRUWJA@,FVC,E8XGJ/7,e*=WEy>A@,C�XG>A@�n�EyF3J/=^j/E8C�E§>AF3UW=^�AË*MOY,E�FOJ/=^7*MRU^J/@~Y[>AFoMOY,E�\�J/9O�V`

{ C̃1 ∼ eλ+t , C̃2 ∼ eλ−t } , Ã �h�µù/�/Å
λ±

>A9OEyMOY,E#E8UWBAEG@bj�>A=W7*EGFIJA\�MOY,E#X8JgEZv�X8UWEG@NMÙ�¾>QMR93Uk�¬�V_[JA9VMRY,E	�·>�MR9OUÊ�PU^@`E8¹b7[>QMRU^J/@Ã �g�Õùhø¥Å�U^MoUWFoJ/nhMZ>AU^@,EGCa`
λ± = −γ⊥ + κ

2
±

√
(
i∆− γ⊥ − κ

2

)2

− g2 . Ã �h�µùA�NÅ



��i¨h0i©(+b;*q&sfq¢ ø	!
� Y*EyX§>AF3E�\�J/9o68EG93J¾C,E¤MR7,@*UW@,B�Ã ∆ = 0 Å�SVU^=W=¼@,J¥S�n�E�X8J/@,FOU^C,EG93EGC��
�¬è¥éÉê�ç
5°íNê�ì
�.�ÄîÄç
5 � î7�°î]è
l \ g À γ⊥

Ë g À κ Ë1MOY,E¾XGJ/7,e*=WUW@*B�E¿�hXGEGE8C,F­MOY,E¾C,EGXG>¥�°>Q@,C´MRY,E¾FOJA=W7*MOUWJ/@©F3Y,JÉSVFC,>A�¾e�E8C��;>An,U�J/FOX8UW=^=?>�MRUkJ/@,FÀn�E¤M)S�EGEG@ |e, 0〉 >A@,C |g, 1〉 �5_[9OJA�ØMRY,E�E8UWB/E8@bj�>A=W7,E8FI`
λ± = −γ⊥ + κ

2
± i

2

√

4g2 − (κ− γ⊥)2 Ã �g�Õù/�NÅ
MOY,Ey�I>Qn,U¼\�9OEG¹b7,E8@,X8�PX§>A@�n�E�UW@h\�EG9O93EGCa`

Ω =

√

4g2 − (κ− γ⊥)2 ≈ 2g . Ã �h�ÕùAù/Å
% �bñOA²í/ê�ì
�.�Äî ç
5��Äî7�Çî?è
lm@PMRY,U^FVXG>AFOE�MOY,E�EGUWBAEG@bj�>A=W7*EGF λ± >A9OE�93E§>A=5Ã 4g2 < (γ⊥ − κ)2 ÅÀ>A@,C�@,J�J/F3XGUW=^=?>�MRJA93�n�E8Y[>¥jgU^J/7,9VJgX8XG7*9OFG�5lm@PMOY,E�³µn[>QC�X§>¥jgUkM)�t9OE8B/UW��EA¶hSVY*EG9OE/`

γ⊥ ¿ g2/κ¿ κ , Ã �h�µù��NÅ
MOY,E�\�J/=^=WJ¥SVU^@,B­X§>A@�n�E�SV9OUkMOMRE8@a`

λ± = −γ⊥ + κ

2
± κ− γ⊥

2

√

1− 4g2

(κ− γ⊥)2

≈ −γ⊥ + κ

2
± κ− γ⊥

2

(

1− 4g2

2(κ− γ⊥)2
+O

(g

κ

)4
)

,

λ+ ≈ −
(

γ⊥ +
g2

κ

)

=: −γ⊥(1 + 2C) Ã �h�µù0!/Å
λ− ≈ −

(

κ− g2

κ

)

, Ã �h�ÕùQûNÅ
SVY*EG9OE�MOY,E�XGJgJ/e�E89R>QMOU^jgU^Mm�·e[>A9O>A�¾E¤MRE89oUWFoC,E¤»[@,EGC�`

C :=
g2

2γ⊥κ
. Ã �h�ÕùQýNÅ

® JA@,FOU^C,EG93UW@,B	MRY*EÙE8UWBAEG@bj/E8X8MOJ/9OFo>QFOFOJgX8U?>QMOEGC·SVUkMRY λ+ >Q@,C λ− 7,@,C,E89�MOY,EKXGJ/@,C*U^MRU^J/@Ã �h�µù��NÅ¤ËhMRY,E�E8UWB/E8@bj/E8X8MRJA9OFI>A93E�\�J/7*@,CPMRJDn�E�`
λ+ :

1
√

κ2 + g2

(
κ
−ig

)

, Ã �h�¦�A�NÅ
λ− :

1
√

κ2 + g2

(
ig
κ

)

. Ã �h�¦�høÉÅ



ø¥û %cb;d�e�(+*,f �wi@%.d;¡+jI(s¢¤£s*gm
_[9OJA� Ã �h�¦�A�NÅÀUkMVUWFoFOEGE8@�MRY[>�MVMRY,E�F3MZ>QMOE	>AF3FOJgX8U?>QMOEGC�SVUkMRY λ+ Y[>AFI>DFTMR9OJA@,B¾X8J/@bMO9OUÊÆn,7*MOUWJ/@�Ã κÀ g Åv\�9OJA� |e, 0〉 � λ+ U^F�MOY,EG93E8\�J/93E;93EG=?>�MRE8CDMRJ�MRY,E;>QMRJA�¾U^XÀC,EGXG>¥��>Q@,C�U^MUWF�FOEGE8@¾\�9OJ/�ÒEG¹b7[>QMOUWJ/@`Ã �g�Õù�!/ÅvMOY[>QM<MOY,UWF<C,E8X§>§��U^F<U^@,XG93E§>AF3EGC¾nb��MOY,EI��7,93XGEG=^=[\Ä>QX8MRJA9
F := (2C + 1) Wkø¥ý[Y � � Y,E�>QMRJ/��U^X#C,EGXG>¥�ÖJgXGX87,9OF�e,93E8\�E89OEG@NMRUW>A=W=k��UW@NMRJtMRY*EDX§>§jgU^Mm���JgC,E#SVY*UWXZYÖMOY,EG@Ü\�7,93MOY,EG9ÙC,E8X§>§�gFG� � Y,E­\�9O>AX8MOUWJ/@`JA\5E8�¾U^FOF3UWJ/@`EG��U^M3MREGC`UW@bMOJ·MRY*EX§>§jgU^Mm�~��JgC,E�UWF β = 2C/(2C + 1) �� Y*E­E8UWB/E8@bj/E8X8MRJA9KUW@ÁÃ �h�$�*øÉÅ¤Ë�JA@`MOY,E#JAMOY,EG9IY[>A@,C¼Ë¼F3Y,JÉSoFKMRY[>QMIMOY,E#FTMZ>QMOE­>AFOF3JQÆXGUW>QMRE8C·SVUkMRY λ− U^F�C,J/��UW@[>�MREGC¾nb� |g, 1〉 � λ− UWF5MRY,E89OE¤\�J/9OEK9OE8=?>QMOEGC¾MRJ	MRY,EKC,E8X§>¥�¾JA\MRY*E�X§>§jgU^Mm�¾»[E8=WC��<_[93J/�ªEG¹b7[>�MRUWJA@©Ã �h�µùAûNÅ<S�E�F3EGEÙMRY[>�MÀMRY,U^FÀC*EGX§>§�tUWF�C,EGX89OEG>AFOE8C�nN�MRY*E�\Ä>QX8MRJA9 (1− g2/κ2) Ë,U � EA�*MRY*EyXG>¥jgUkM)�tUWFÙ³Ó9OE¤»[=W=^EGC�¶*nb�tMRY*Ey9O>AC,UW>QMRU^@,B�>QMRJA����5�ÁXZY,JgJ/F3UW@,BÖFOe�EGX8U?>A=Àn�J/7*@,C[>A9T�ÁX8J/@,C,UkMRUWJA@,F#\�J/9#MRY,E~EG=^EGX8MO9OJ�fb�·>QB/@,E8MOUWX¾»[E8=WC>A@,C	MRY*EG9OE8nb�	UW@h¸[7,EG@*XGUW@*BIMRY,E���JgC,E�F3MO9O7,X¤MR7,93Eo>QF1S�EG=W=g>AFvE8@,Y[>A@*XGU^@,BKj�>AXG7,7*��¸[7,X¤ÆMR7,>QMRU^J/@,FGËº³ÓFOe�J/@NMZ>A@,E8J/7,F8¶�C,EGXG>¥�`X§>Q@Ön�E�>A=^MOEG9OE8C������`U^@bMO9OJgC,7,X8UW@,B¾MOY,E­XG>¥jgU^Mm��S�EY[>§j/EÙC,U^F3MO7,9On�E8CtMOY,EKUWF3JAMR93J/eb�DJA\½F3e[>AX8EA� � Y,U^F�\�J/93XGEGF�MOY,EÙ>QMRJA�}MRJ#e,9OE8C,J/��UW@[>Q@bMR=k�EG��U^M<UW@NMRJ�MOY,EIXG>¥jgU^Mm�D��JgC,EVF3�g@bMOY,EGF3UWFOU^@,B­>D³ÓJ/@,EZfgC,UW��EG@*FOUWJA@[>A= ¶N>QMOJ/� Wµ�Q�/Y ��lm@¾MRY*EFOJÜX§>Q=W=WE8C²³µn,>ACÂ>�MRJ/� =WU^��UÊM§¶ κ >A@,C γ⊥ >A9OE·U^@bMOEG9OXZY[>A@*B/EGC Ã κ ¿ g2/γ⊥ ¿ γ⊥

Å¤Ë>A@,CPMOY,E�X§>§jgU^Mm�~C,E8X§>§�gF;\Ä>AFTMREG9ÀjhUW>­MRY,E�X8J/7,e,=^EGC�>QMOJ/���
|N} | &('*) uÀs,+8Í uVq��ºx=�	q -Òw/.*+¿��� 0 &21
��������� 3@��!"�w���w�5476¼�,�a�����l�8�
� Y,E�MRY,E8J/9OE¤MRU^X§>A=bXGJ/@,X8EGehM�E¤�he,=W>AUW@*EGC#UW@yMRY,E�=?>AFTMvF3EGX¤MRUWJA@�ËAEGFOe�E8XGUW>A=W=k��MRY,E�>A=^MOEG9O>QMRU^J/@JA\½FOe�J/@NMZ>A@,E8J/7,FoE8�¾U^FOFOU^J/@·9R>QMOEGF�\�J/9À>QMOJ/�¾F�FO7,ngÈ3EGX¤MRE8CPMRJ­EG=WE8X8MO9OJ�fg�¾>ABA@,E8MOUWX;»[E8=WC,FY[>§jhU^@,Btn�J/7*@,C[>A9T�`XGJA@,C,U^MOUWJA@,FIC,U^«¬EG93UW@,B�\�9OJ/��MRY,E­X8J/@,C,UkMRU^J/@,FIJA\�\�93EGE­F3e[>AXGEQË�S�>AF»[93F3M1XGJA@,XGE8U^j/E8C­nN�y��7,9OX8EG=^=bUW@Dø¥ý��"�XWkø§ý/Y �1lm@	Y,UWF½F3Y,J/93Mº@,JAMRE5��7,9OX8EG=^=b�¾E8@bMOUWJ/@,E8C�MRY*Ee�J/F3FOUWn*=WE���JgC,U^»,X§>QMOUWJA@ÙJA\hFOe�J/@NMZ>A@,E8J/7,FºC*EGXG>¥�Ù\�J/9½>o�¾>AB/@,E¤MRU^X�FOe,U^@�MR9R>A@*FOU^MOUWJA@�XGJA7hÆe,=^EGCÖMRJ�>~93EGF3J/@[>A@NMyXGU^9OX87,U^MG� � Y,E8J/9OE¤MRUWXG>A=vS�J/93LÜJA@©¹b7[>Q@bMR7*��fgE8=WE8X8MR93J�fgCh�h@,>A�¾U^XGFUW@PX8J/@*»[@*EGC�FOe[>QXGEGFV\�J/=^=WJ¥S�E8C�WÓ�høIY �� Y*E�»[9OFTM E¤�he�EG93UW��EG@NMZ>A=�j/EG93U^»[XG>QMRU^J/@�JQ\©MOY,UWF±X8J/@,XGE8e*M SÀ>QFú>QX¿Y,U^E8j/E8CÝnb�Ð��[ü	�[HK9OE¿�*Y,>AB/E\WÓ�/�[Y�U^@¦ø¥ý0�/ûh�<ü;E�FOY,J¥S�EGC�MRY,>QMoMRY,E�¸[7*J/9OE8FOXGE8@,XGE	C,E8X§>§�~MOUW��EÙJA\>	�¾JA@,J�fg��J/=kEGX87,=?>Q9<=?>§�/EG9�JQ\½E¿�hXGU^MOEGCtC*�/EK�¾J/=^EGX87,=WE8F5UWF�U^@*¸[7,E8@,XGE8C~nb�DMRY,EKn�JA7,@,ChÆ>A9T��UW��e�J/FOE8C`nN�`>¾��UW9O93J/9VF37,93\Ä>QXGEA�K�VEGB/>A9OC,U^@,B¾FOU^@,B/=^E	>QMRJA��F3�gFTMREG��FGË¼E8@,Y[>A@,X8EGCEG��UWF3FOU^J/@±S�>AF~»[93F3MPJ/n,FOE893j/E8C nb� ã¬�oüK>Q9OJgXZY,E:9	;=<?>A@XWÓ�A�[Y Ë;SVY,E89OEG>AF�H#�oÐ�=WE8e,ehÆ@,E89B9	;�<?>A@�9OE8e¬JA93MRE8C`J/@�UW@,Y,U^n,UkMRE8C�FOe�J/@NMZ>A@*EGJ/7,FIEG��UWF3FOUWJA@ Wµ�/�*Ë¬�/ù	Y �oüK>Q9OJgXZY,E#>A@,CÐ�=WE8e,e,@,E89	7,FOE8CÁ�V�gC,n�E89OB�fbF3MZ>�MREGF	SVUkMRY´�¾U^XG9OJ¥SÀ>§j/EDMR9O>A@,FOUkMRU^J/@,F¾Ã�\�J/9�FO7,e,e*9OEGF3FOUWJA@JA\VFOe�JA@bMZ>Q@,EGJA7,F�EG��U^FOFOU^J/@°UW@´MRY,E·@,E§>Q9­UW@h\�9R>A93EGC°X8\)�×Wµ�/�/Y?Å¤ËvSVU^MRY°S�>¥j/E8=WE8@,BAMRY*F�UW@MRY*EI��UW=^=kU^�DE8MOEG9�C,J/�¾>AUW@¼Ë/SVY,E89OEIFO7,e�E89OXGJA@,C,7,X8MOUW@,B#XG>¥jgU^MOUWE8F5XG>A@·n�E;7,F3EGC���Ïú��JgC,Ej/J/=^7,�¾E¾JA@ÇMOY,EtJ/93C,EG9#JA\ λ3 U^F#9OE8=?>QMOU^j/E8=^�¦EG>AF3�´MOJÜ9OE§>Q=WUWF3E�MRE8X¿Y*@,UWXG>A=W=k�/ËvF3MO9OJ/@*B/=^�UW@h¸[7,EG@*XGUW@*BPMOY,ED��JgC,E�C,E8@,FOUkM)�¦>Q@,C¦MRY*EG9OE8nb�ÖEG@,Y,>A@,XGU^@,BPMOY,E�jQ>A93UWJA7,F ® ¨�:5HªE¤\?Æ



��i¦�wix*DCàe,*gfsj5E *g'N(.->&�'9%.dq¡.jI(s¢¤£�*gm ø¥ý
\�E8X8MOFG�5�VEG=W>QMRE8CtJ/n,FOE893jQ>�MRU^J/@,F�S�E89OE��¾>AC*EKnb�tHKE8Y,��EG=kMF9	;G<?>ä�hJ/@·MRY,EÙC*EGXG>¥�·JA\�MRY,EX¤�gXG=WJQMR9OJA@��¾JQMRUWJA@~JA\v>A@�EG=^EGX¤MR9OJA@PMR9R>Qe,e�EGC�UW@�>��1E8@,@,UW@*BDMR9R>Qe Wµ��![Y � � Y,EyE¿�*e�E89OUÊÆ��EG@NMRFK��EG@NMRU^J/@,E8C`FOJ·\Ä>A9;S�E89OE­e�E893\�J/93�¾E8CÜU^@�MRY,E	S�E§>AL�XGJ/7*e,=WU^@,B¾9OEGBAUW��EA�VÛ UkMRYMOY,EVC,E8j/E8=WJ/e,��E8@bM5JA\¼Y,U^B/YD¹b7[>A=^U^Mm�­F37,e�EG93XGJ/@,C*7,X8MRU^@,B	X§>§jgU^MRU^EGF�U^M<>A=WF3J�n�EGX§>Q�¾EVe�J/F)ÆF3UWn,=^E­MRJ�>QX¿Y,U^E8j/EDF3MR93J/@,B�XGJA7,e,=WU^@,B,� � Y,E�C,E¤j/EG=^J/e,��EG@NM	JQ\�MRY,ED�¾U^XG93J�fg�¾>QFOE89NWÓ�Aû/Y>Q=W=WJ¥S�E8CD>�=WJQM�JA\¬U^@bMOEG9OE8F3MOUW@,B�E¤�he�E89OUW��EG@NMRF<U^@­MRY,EoF3MR93J/@,B�XGJA7,e,=WU^@,B�93EGB/U^�¾EàWÓ�Aý*ËN�A�/YMOJtn�E#e�E893\�J/93�¾E8C�� � Y,E­C,U^FR>AChjQ>A@NMZ>AB/E	JA\�E¤�he�EG93UW��EG@NMRFKUW@�MOY,E#��UWXG93JÉSÀ>§j/E	9OE8B/UWJA@U^FvMOY[>QM���E§>AF37,9OE8�¾E8@bMOF<>A93Eo=^UW�DUkMOEGC#MOJÙMRY,Eo>QMRJA�¾U^X�F3MR>QMREÀn�EGX§>Q7,FOEoMRY*EÀ»[E8=WC�¹b7[>A@NMZ>XG>A@,@,JQMIn�E�J/n,F3EG93j/E8C�� � Y,UWFVC,Uk«¼E89OFo\�9OJA�{MOY,EyJAe*MRU^X§>A=¼9OEGBAUW��EÙSVY,E89OEye,Y,JAMOJ/@,F;XG>A@n�E	C,E¤MREGX¤MRE8C��;Û U^MOY�MOY,E	C,E8j/E8=WJ/e*�¾E8@bMKJA\�Y,UWB/Y*=^�~9OE¤¸[EGX¤MRU^@,B·�¾U^9O93J/9VX8JN>QMOUW@,BAFI>A@,CMOY,E#93EGFO7*=^MRU^@,B¾Y,UWBAY�»[@,E8FOF3E�X§>§jgU^MRU^EGFIUkMIn�EGXG>A�¾E	e�J/FOF3UWn,=^EyMRJ·E¿�*e*=WJ/93E#XG>¥jgU^Mm�`¨�:<HE¤«¼E8X8MOFÀSVU^MOYtJ/e*MRU^X§>Q=�X§>¥jgUkMRUWE8FG� � Y,EK»[93F3MoE¿�he¬E89OU^�¾E8@bMOFÀUW@¾MRY,EKjgU^FOUWn*=WEI93EGB/U^��E;S�EG93EC*J/@,EÀnN��á´�/ã¬�A_[EG=WCH9	;I<?>ä��WÓ�*øZY ËASVY,J�E8@,Y[>A@,X8EGC�>A@,C­UW@,Y*UWn,UkMRE8C	MRY*EÀ=WUk\�E8MOU^��E5JA\KJÙngf>�MRJ/��FKUW@Ö>A@©>�MRJ/��UWX	n�EG>A�Ôe,>AFOF3UW@,BtMRY,93J/7,BAY©>tX8J/@*\�JgX§>Q=�JAe*MRU^X§>A=193EGF3J/@[>QMOJ/9�>A@,C�º��á�>QMZ>A=^J/@,UL9	;M<?>ä�.W �N�	Y Ë¬SVY,J~>A=WF3JtJ/n*FOEG9Tj/EGC¦EG@*Y[>A@,X8EGC©>A@,CÜUW@,Y*UWn,UkMRE8C`=WUk\�E8MOU^��E8FGËn*7*MV\�J/9oC*�/Ey��J/=^EGX87,=WE8FoU^@�>DXG>¥jgU^Mm�/�lm@Ö9OEGX8EG@NM��/EG>A9OFÙMOY,EG93E#S�EG93ED>AX8MOU^jgUkMRU^EGFIUW@`FOE8j/E89R>A=vB/9OJ/7*e,FÙ7,FOU^@,BtFO=^JÉSÚ>QMRJ/��U^Xn�EG>A��F5JA\¼937,n,U^C,UW7,� WÓ�/�hËb���*Ëb�NùgËb�0�[Y ËbXGE8FOU^7,�ÞW �"!hËb�Aû/YaJ/9<n,>A9OU^7,� WÓ�Aý/Y ��lm@¾FOJA�¾EVJA\MOY,EGF3EÙE¿�he¬E89OU^�¾E8@bMOF�J/@,=k��>	FOU^@,B/=WE;>QMRJ/�ÝÃ�J/@t>¥j/E89R>ABAE¥Å5XG>A@·UW@bMOEG9O>AX8M5SVU^MOY¾MRY,EIX§>§jNÆUkM)�y��JgC,EÀ>A@*CD>QMRJA�¾F1X§>A@­n¬E�MO9R>Ae*e�EGC­MRJÙF3J/�¾E�E¿�hMOEG@NM<UW@	MRY,EÀXG>¥jgUkM)�y»[E8=WCoWÓ�Aû*ËA�Nù	Y �� Y*E·XGJ/@,X8EGehMRF­JA\ÀX§>§jhUkM)�´¨�:5H{>A=WF3J�EG��EG93B/EGC°UW@´F3EG��UWXGJA@,C,7,X¤MRJ/9ye,Yb�gFOU^XGF	SVY,E89OEF3e�J/@bMR>A@,E8J/7,F~E8�¾U^FOFOU^J/@±>A=kMREG9O>QMRU^J/@@W_�N�/YÙ>A@*C±jQ>AX87,7,� �I>An*UIFOe,=^U^M3MRU^@,B¹W��,øZYKY[>¥j/En�E8EG@ÖJ/n,F3EG93j/E8C��yá�J/93E­93EGX8EG@bMO=^�©³Ó¹g7,>A@bMO7,��fbC,JAMOFG¶�Ã ¨�HKFRÅIY[>§j/E­n�EGE8@¦7*FOEGCÜMRJ·E¤�bÆe*=WJ/93E­XG>¥jgU^Mm�Ö¨�:<H}E8«¬EGX8MOF�UW@ÜFOE8�¾U^XGJ/@*C,7,X8MOJ/9Ùe,YN�hF3UWX8FG�#lm@Áø¥ý/ý/ût>A@ÖEG@,F3EG�­n,=^E�JA\¨�HKF�SÀ>QF	X8J/7,e,=^EGC¦MRJPMRY,E���JgC,EDJQ\o>P��UWX89OJ/F3XGJ/e*UWX�e�J/FTMtÃÄe*UW=W=^>A9ZÅ;E8MRXZY,E8C´\�9OJ/��>C*UWF3MO9OU^n,7*MRE8C¦��9R>ABAB~9OE8¸,EGX8MOJ/9�X§>¥jgUkM)�>W_�b�[Y �	Û UkMRYÜMOEGXZY,@,J/=^J/B/U^X§>A=1U^�¾e*9OJÉj/E8��EG@bMOFÙU^Mn�E8X§>A��E·e�J/FOF3UWn,=^E�MRJÜX8J/7,e,=^Et>�FOUW@*B/=WE·¨�HØMOJÖ>`��UWX89OJ�fbX§>§jhUkMm�¦7,F3UW@,B`�¾U^XG9OJ�C*UWFOL93EGF3J/@[>QMOJ/9OF�W��/�/Y,>A@,C�e[>Q93MRUW>A=^=k��UW@,Y*UWn,UkMRE8C#FOe�J/@NMZ>A@,E8J/7,F�EG��UWF3FOU^J/@#XGJ/7,=^C�n�EÀC,E8�¾JA@hÆFTMR9R>�MRE8C�W��0�/Y¬>AF<S�EG=^=�>AF5EG@,Y,>A@,XGE8C~F3e�J/@bMR>A@,E8J/7,F�EG��UWFOF3UWJ/@4W_�b�gË2�N�hË2�bùgË2�"�[Y�7,e¾MRJ#>��7,93XGE8=W=¼\Ä>AX¤MRJ/9ÀJA\ F ≈ 6 � � Y,E�X8J/7,e,=^UW@,B­JA\v>�F3UW@,B/=^E�¨�H�MOJ�>���UWX89OJ�fge�JAF3MÀX§>§jhUkMm�S�>AF;C,E8�¾JA@,F3MR9O>QMRE8C�W_�bù	Y �<Ñ<E893�~9OEGX8EG@NMR=k��>A@�E8@,FOE8��n*=WE�JA\�¨�HKF;Y[>AFVn�EGE8@`XGJA7,e,=^EGCMOJ¾>�e,Y,JAMOJ/@,U^X�XG93�gFTMZ>A=�C,E8\�E8X8MIXG>¥jgU^Mm� W��0�/Y �
��� ����� ���
�������ONQPR� PTS����a�w��� �U"×��!k��" V �a�K!2���U46���u�,�
� Y*EÜF3MR>A@,C[>Q9OC±FOE¤MR7,e±\�J/9¾XG>¥jgUkM)��¨�:<H�E¤�he�E89OUW��EG@NMRF·UW@¯MRY,E`J/ehMRUWXG>A=V9OEGBAUW��E�>AF7*FOEGC¯UW@ÂÐ�UW�­n,=^EQ¶ÓF­>A@,C¯�VEG��e�EA¶ FDB/93J/7,eÂU^F�@,J¥S{n,93UWE¤¸,�ÇC,U^FOXG7*FOFOE8Ca`~MRY,E89OEPU^FD>Q@E¿�gMR9OE8�¾E8=^�²FO�¾>A=^=;X§>§jgU^Mm��ÃÄ=^EG@,BAMOY ≈ 10 − 100 µ �·Å�93EGFOJA@[>A@NMtSVU^MRY'>A@'>QMOJ/�¾U^XC*UWe�J/=^E�MR9O>A@,FOUkMRU^J/@�� � Y*EP>QMOJ/��F­>A93Ete*9OJ¥jhU^C,EGCÇnb�Ç>`�¾>AB/@,E¤MRJÉfgJ/e*MOUWXG>A=�MR9O>AeÁ>A@,C\Ä>Q=W=gMRY,93J/7,B/Y�MOY,EVXG>¥jgU^Mm�oW �/ûhËN�0�[Y �vÏK=kMRE89O@[>QMOU^j/E8=^�#>A@�>QMRJA�¾U^X�\�J/7,@NMZ>AU^@�X§>Q@�n�EV7,F3EGCMOJ	MR9R>Q@,FOe�J/9TMÀ>QMRJ/��F<MRJ	MRY*EKX§>§jgU^Mm�4W��2!	Y ��Û UkMRY¾MOY,EGF3EÙE¤�he�E89OUW��EG@NMRF�UkM�UWF�93EG=W>QMRUkj/EG=^�



�A� %cb;d�e�(+*,f �wi@%.d;¡+jI(s¢¤£s*gm
E§>QF3�ÖMRJ�>AXZY,UWE¤j/E�F3MO9OJ/@,B�XGJ/7*e,=WU^@,B´Ã g À γ⊥

Ë g À κ ÅÙe,9OJ¥jgUWC,E8C©MRY,E¾>�MRJ/��F�e,>AFOFMRY*9OJ/7,BAY�>A@D>A@bMOUW@,JgC*EÀJA\aMRY,EÀ»,EG=WC¼� � Y,EVX89O7,X8U?>A=he�J/UW@NM�U^FvMRJ�FR>�MRUWFT\]�	MRY,EoU^@,EG¹b7[>Q=WUkM)�
g À γ⊥

� � Y*EoC*EGe�EG@*C,EG@,XGEVJQ\[MRY,E��¾JgC,E5j/J/=W7*�¾E V JA@­MOY,Eo>�MRJ/�­fgXG>¥jgU^Mm��XGJ/7*e,=WU^@,B
g UWF g ∝ V −1/2 ËgFOJ#>	FO�¾>A=^=[��JgC,EVj/J/=W7*�¾E V Y[>AF5MOJ#n�EI7,F3EGC·MRJ	9OEG>AXZY·MOY,EIF3MO9OJ/@,BXGJA7,e,=WU^@,B�9OE8B/UW��EA�� Y*E��·>ÉÈ3J/9IC,U^FR>AC*j�>A@bMR>AB/E#JA\<MRY*EGFOE�@,E87*MR9O>A=�>QMRJA�ÝX§>¥jgUkM)�Ü¨�:5H�E¤�he�EG93UW��EG@bMOFUWF�J/nNjgUWJ/7,FZ`�MOY,E�>QMOJ/��FÀ>A9OEÙ@*E8j/E89;>QMo>#»*�hEGCPe�J/F3U^MRU^J/@·n,7*Moe[>AF3FÀ\�J/9�FOJ/��EÙ=^UW��UÊMRE8CUW@NMRE89R>AX¤MRUWJA@�MRU^�¾E�MOY,9OJ/7*B/Y	MOY,E�@,JgC,E¿Æ)>Q@bMRU^@,JgC,E5e,>QMOMRE89O@­>Q@,C	MRY*E5MR9R>Q@,F3j/E89OFR>Q=h��JgC,EF3MO9O7,X¤MR7,93EAËvMRY*EG9OE8nb�´E¿�he�EG9OU^EG@,X8UW@*BÖ>�e�J/FOUkMRUWJA@©C,EGe�E8@,C,EG@NM�XGJA7,e,=WU^@,B g = g(r(t)) �:�j/EG@´U^\<MRY,E¤�¦>A9OE­MR9O>Ae,e�EGC¦MOJ�F3J/��EDE¿�hMOEG@NMyMRJPJ/@,ED>A@bMOUW@,JgC,EoWÓ�/ùhË��/û[Y Ë�MOY,EGU^9�>AX¿ÆMR7,>A=1e�J/FOUkMRUWJA@`UWFI@,E8j/E89�9OEG>A=W=k��X8J/@*»[@*EGC¦F3J~�­7,XZYÜMRY,>QMKMRY,E#e�J/FOUkMRUWJA@`C,E8e�EG@,C,E8@,XGEJA\ g(r) X§>A@Çn�E·U^B/@,J/93EGC���lm@°MRY,E·¹b7[>Q@bMR7*��fgC*JAM#E¤�he�EG93UW��EG@NMRF­>`C*U^«¬EG9OE8@bM#e,9OJAnhÆ=WE8��JgXGXG7*9OFI`	MRY*E¾E¿�*e�E89OU^�¾E8@bMRFyC,EGe�E8@,CÇF3MO9OJ/@*B/=^�ÖJ/@©MOY,E�FR>A��e,=WEQ� � Y*E¾e�J/FOUkMRUWJA@>A@,C´MRY,E¾EG��UWF3FOUWJA@©SÀ>§j/EG=WE8@,BAMOYÇJA\V>Ü¨�HØ\�J/9yE¤�*>A��e,=WE�UWF	@*JAM#e,9OE8C,E¤MREG93�¾U^@,EGC¼Ë�>=WJQM�JA\���UWX89OJ�fbX§>§jhUkMRUkEGFÙY[>§j/EDMOJ�n�EDB/93JÉSV@¦MOJP»,@,C´JA@,E�SVU^MOY´>~FOU^@,B/=^E�¨�Hª>QM�MRY*E9OU^B/YbM�e�J/FOUkMRUWJA@~>A@*C~SVUkMRY~F3e¬E8X8MO9R>A=�J¥j/EG93=?>AetSVUkMRY~JA@,E�JQ\½MRY,EÙX§>¥jgUkM)�¾�¾JgC,E8FG��Ï;\]MREG9XZY,JgJ/FOU^@,BÜ>���UWX89OJ�fgXG>¥jgU^Mm�¦>A@*CÇUkMRF	F3UW@,BA=WE·¨�H#Ë1UkM	UWFy@,JAM#e�J/F3FOUWn*=WE�MOJÜ>AC�È37,FTM#MRY*EXGJA7,e,=WU^@,Btn�E8MmS�EGE8@Ç¨�H¡>A@*C¦»,EG=WCbfg��JgC,E­nb�Ö>tX¿Y[>Q@,B/E�UW@ÖFOe[>�MRUW>A=ve�J/F3U^MRU^J/@��yl M�U^F>A=^FOJ�@,JQM	e�J/F3FOU^n,=WE�MRJ�XGJAeb�©>PFR>A��e,=WE­SVU^MOY´E¿�*>AX8MO=^�ÖMOY,E�FR>A��E�e*9OJ/e�E893MRU^EGF8��]IE¤jNÆEG9TMRY,E8=WE8FOF	MRY,E�MRE8X¿Y*@,J/=WJAB/UWE8F	U^@´FOEG��U^XGJ/@,C*7,X8MOJ/9	e,YN�hF3UWX8F�>A93E�S�E8=W=5C,E¤j/EG=^J/e�EGCÁ>A@,CY,U^B/Y,=^�¾UW@NMREGBA9R>QMOEGCP�¾U^XG93J�FOE8MO7,e,F;�·>§�tn�E�EG@NjgUWFR>QB/EGC��Û UkMRY´MRY*EGFOE·\Ä>AX¤MRF#UW@°��UW@*C�ËvUkM#U^F#X8=WEG>A9yMRY[>QM	MRY*EtE¿�*e�E89OU^�¾E8@bMR>A=�XZY[>A=^=WE8@,B/E¾U^FMRJÜFOE¤MD7*e¯>Q@ÁE¤�he�E89OUW��EG@NM�U^@°MRY,EtFTMR9OJA@,BÖX8J/7,e,=^UW@,B`93EGB/U^�¾E�SVUkMRYÁ>ÜF3UW@,B/=^E·>QMRJ/�XGJA@*»[@,E8CúMRJÂ>A@ú>A9On,UkMR9O>A93�¯»*�hEGCúe�J/FOUkMRUWJA@'U^@,FOU^C,EÖ>A@ J/e*MRU^X§>Q=KX§>§jhUkM)��Ã�\�J/9·S�EG>ALXGJA7,e,=WU^@,B,Ë g XG>A@Ân�Et9OEGC*7,XGE8C¯nb�°�¾J¥jhU^@,B`MOY,E~>QMRJ/� \�9OJA�£MOY,EP>A@NMRU^@,JgC,E¾MRJÜMRY*E@,JgC,EyJ/9ojhU^XGE�j/EG93FR>*Ë�C,E8e�EG@,C,U^@,B·JA@�MRY,E�MR9R>Q@,FOUkMRU^J/@aÅ¤��ßÙ@,E�SÀ>§��JA\�>AXZY,UWE¤jhU^@,BDMRY,U^FB/JN>Q=�UWF#MRJ¦7,F3E�>ÖFOU^@,B/=^EtXZY[>A9OBAEGC²>�MRJ/� ÃÄU �ÓEQ��>A@ÂUWJ/@[Å	XGJA@*»[@,E8C²UW@Â>¦�v>Q7,=�MR9R>Qe��� Y,EVFOe[>QMOU?>A=*E¤�gMRE8@bM�JQ\¬MOY,EVUWJ/@¼¶ÓF�SÀ>§j/E8\�7*@,X8MOUWJ/@�X§>A@�n�EV�¾>AC,EoF3�·>A=^=^EG91MRY,E8@ 30 @,�>A@,C`U^MRF;e¬JAFOUkMRUWJA@�UW@�MOY,E#F3MR>A@,C,U^@,B¾SÀ>¥j/E#X§>A@Ün�E#XZY,J/F3EG@Ü\�9OE8EG=^�A�Ilm@Ö>AC,C,UkMRU^J/@�Ë[MRY*EMR9O>Ae,e,U^@,B�MOUW��E�>QMVe,9OE8FOFO7*9OEGFIJA\ ∼ 10−10 �­n[>A9ÀUWFoUW@~MOY,E�9R>Q@,B/E�JQ\vFOE¤j/EG9O>A=½Y,J/7,93FG�ßÙ@ÜMOY,E­JAMOY,EG9KY[>A@,C�Ë¼U^MKUWFKC,U v�XG7,=kMKMOJP>QX¿Y,U^E8j/E­F3MO9OJ/@*B~XGJA7,e,=WU^@,B·n�EGXG>A7,F3E�MRY*EX§>§jgU^Mm�ÇXG>A@,@,JQMDn�EP�¾>AC,E~>AF�F3�·>Q=W=�>AF�U^@Á@,EG7hMR9R>Q=o>QMRJ/�¢E¿�he�EG9OU^��EG@bMOFG� ® Y[>A93B/EGF>AX8XG7,�­7,=W>QMRU^@,B�JA@�@,J/@,X8J/@,C,7*X8MRU^@,B�EG=^EG��EG@NMRFV=^UWLAE���UW939OJ/9�F37,93\Ä>AX8EGF;F3MO9OJ/@,BA=^�tU^@*¸[7hÆEG@*XGE�MRY*E�UWJ/@ÜU^\�MRY,E¤�¦>Q9OE�X8=WJAFOE­MOJPUkM§�yÏoC,C,UkMRU^J/@[>A=^=Ê�/Ë�MRY,E�XG>¥jgU^Mm�`Y[>AFÙMOJPn�E�n,7,U^=^M>A93J/7,@,C�MRY,EVU^J/@�MO9R>Ae¼�<ßÙ@,EVU^C,E§>ÙUWF�MRJ�7,F3EI>�¹b7[>AC,937,e�J/=^EoMR9O>A@,FOUkMRU^J/@­\�JA9�SVY,UWXZYDMRY*EUW@*EG¹b7[>A=^U^Mm� g À γ⊥

UWFÙ93EG=?>�MRUkj/EG=^��EG>AF3�`MRJt\�7,=k»[=W=Ä�yü;JÉS�E¤j/EG98Ë½MOY,E�e,93J/n,=^EG��U^F5È37,FTMFOY*U^\]MRE8C�@,J¥S�>A@,C�JA@,E�Y[>AFoMRJDFR>�MRUWFT\]� g À κ Ë,SVY,U^X¿Y�93EG¹b7,UW93EGF;>�j/EG9T�PY,U^B/Y~»[@,E8FOF3E
F UW@#JA9OC,E891MOJÙC*EGX89OE§>QFOE κ �vüIJ¥S�E8jAEG9GË/MOY,EG93EÀ>A9OE��¾>A@b��E¤�he�EG93UW��EG@NMRFoÃ >Q�¾JA@,B;MRY,E8�MRY*EK>�MRJ/�­fge,Y,JQMRJ/@DUW@NMRE893\Ä>AX8E;U �ÓEQ�/MRY,E;J/@,E¿ÆmC,U^�¾E8@,FOU^J/@[>Q=[>QMRJA� Wµ�Q�/Y?Å�SVY,U^X¿Y¾J/@,=k��9OE¿Æ¹b7,UW93EÙS�E§>QL~X8J/7,e*=WUW@*B­SVY,UWXZY�U^FoEG>AFOU^EG9ÀMRJ�>AXZY,U^E8j/EQ� � Y,Ey93E§>A=^UWFO>QMRU^JA@tJA\1UWJ/@bfgX§>§jhUkMm�XGJA7,e,=WU^@,B�UWFoC,U^FOX87,FOF3EGC`UW@P��J/93E�C,E¤MZ>AU^=�UW@PXZY[>AehMREG9	Ã �NÅ¿�
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� Y*UWF;XZY[>Ae*MOEG9IC*EGFOX89OU^n�EGFIMOY,EyE¤�he�EG93UW��EG@NMZ>A=�9OE§>Q=WUWFO>QMRU^JA@PJA\vMOY,E�MRY,E8J/9OE¤MRUWXG>A=��¾JgC*EG=C*E8j/EG=^J/e�E8C`UW@~MRY,Ey=W>AF3MVXZY[>Ae*MOEG9GËa@[>Q�¾E8=^�·MOY[>QM;JA\�>�M)S�J�fg=WE¤j/EG=�F3�gF3MOEG��MR9O>Ae,e�E8C`U^@>­Y[>A93�¾J/@*UWXKe�JAMOEG@bMOU?>A=¬XGJ/7*e,=WE8CPMOJ�>­FOU^@,B/=WEK��JgC,E�JQ\ºMRY*E�E8=WE8X8MR93J�fg�¾>AB/@*E8MRU^XI»[E8=WC��lm@�MRY,EV»[93F3M�FOEGX¤MRU^J/@�MRY,E;9OE8=WE¤jQ>A@bM�e*Yb�gFOU^X§>A=ae,93J/e�EG9TMRUWE8F5JA\ ® > + U^J/@,F<UW��e�J/93MR>A@bM�\�J/9MOY,E­UW��e,=^EG��E8@bMZ>�MRU^JA@`JA\�MRY,E­UWJA@gfgX§>§jgU^Mm��X8J/7,e*=WUW@*B~>A93E­C,U^FOXG7*FOFOE8C��	lm@ÖMOY,E­FOEGX8J/@,CF3EGX¤MRUWJA@PMOY,E�e,93UW@,X8UWe*=WEGF�JA\ºMR9O>Ae,e,U^@,B�UWJA@,FoU^@��v>Q7,=¼MR9R>Ae*F;>Q9OE�9OE¤jgUWE8S�EGC�� � Y*E�MRY,U^9OCF3EGX¤MRUWJA@âU^FPC,E8j/JAMOEGC MRJ¯MOY,E©Y,UWBAYú»,@,EGF3FOE°X§>§jhUkMm�'SVY,U^X¿Y FOE8=WE8X8MRF�JA@,E©e[>A93MOUWX87,=?>A9E8=WE8X8MR93J�fg�¾>AB/@*E8MRU^Xt�¾JgC*E~\�93J/�¢MRY,EPUW@*»,@,U^MOE~@g7*��n�E89DJA\I\�93EGEPFOe[>AX8E�n[>AXZLbB/9OJ/7*@,C��JgC,E8FG�Ölm@ÇMRY,E·=?>AFTM­FOE8X8MOUWJ/@°MRY,E8FOEtMRY*9OEGEtLAE¤�Çe[>A9TMRF�>Q9OE·e,7*M­MOJ/B/E¤MRY,E89�>A@,C°MRY,EFT�gF3MRE8��X8J/�¾e�JAFOEGC�JA\1UWJA@�Ë*MO9R>Ae�>A@,C�XG>¥jgU^Mm�tUWFoUW@Nj/EGFTMRUWB/>QMRE8C��
[\}I~ -�w + \B] �	q w	x 0ª|PwyqD�º|PÍ � uV���Pw	q^+G��w`_(aN�·x��½uVÍ
lm@DMOY,EVE¤�he�EG93UW��EG@NMRF<C,E8FOXG93UWn�E8C¾UW@�MOY,UWF�MRY*EGFOU^F5>�F3UW@,BA=WE 40 ® > + fbUWJ/@�UWF�X8J/@*»[@*EGC¾UW@�>��UW@*UW>QMR7*9OU^F3EGCP�v>A7,=äfbMR9O>Ae���l M;F3EG93j/E8FK>AF;>�¹b7[>A@NMR7,�!��EGXZY[>A@,U^X§>Q=�F3�gF3MOEG�!MRY[>�M;XG>A@n�EQË�MRJ·>¾=W>A9OB/E�E¤�gMOEG@bMGË¼C,E¤MRE89O��UW@,U^F3MRU^X§>Q=^=k�tXGJA@bMR93J/=W=^EGC�� � Y,U^FIFOEGX¤MRU^J/@`e,9OE8FOE8@bMRFIMRY,EMOEGXZY,@,U^¹g7*EGFº7,F3EGCyMOJoMR9O>Aey>A@,C�UW@NMRE89O9OJABN>QMRE1MRY,E�UWJ/@��1á�JAF3MºJA\bMRY,E�MRJ/e,U^XGF½>Q9OE<>A=^9OE§>QC*�C*EGFOX89OU^n�EGC¦E¿�gMREG@*FOU^j/E8=^�`UW@`e[>Ae�E89OFGË�C*UWe,=^J/�¾>Éf~>A@,CÜC,JgX8MOJ/9R>A=äfbMRY*EGFOE8F)W��*Ë¼ýhË1ø¥�hËvøAøIY>Q@,CPMRY,E8FOE�MRJAe,UWX8F;>Q9OE�È37,FTM;9OE¤jhU^E8S�EGC�Y,EG93EA�
bs���g��� ��� + c �a�,���*d�4K�;�
� �¤�#";�fe¹���l�a�+�g"p�x���w�#"h!��u���l�#"h!
� Y*Eye[>Q93MRU^XG7,=W>A9�UWF3JAMRJAe�E�JA\1X§>Q=WX8UW7,�Ø7*FOEGC�\�JA9ÀMRY*E�X§>§jgU^Mm�P¨�:5H�E¿�*e�E89OU^�¾E8@bMRFoe,9OE¿ÆF3EG@NMREGCÜUW@�MRY,U^F;MRY*EGFOU^FKU^F 40 ® > + >A@*CÜU^F;MOY,E#��J/F3MK>An,7*@,C[>A@NMÙU^FOJAMOJ/e�EAË�X8J/��e,9OU^FOUW@*B
97 i JA\o@[>�MR7,9O>A=W=k�ÖJgXGX87,9O93UW@,B`XG>A=WX8UW7,��� 40 ® > + Y,>AF#68EG9OJÜ@b7,XG=^E§>A9	F3e,UW@Ç>AF	C,JÖ>Q=W=JQMRY,E89#@[>�MR7,9O>A=5U^FOJAMOJ/e�EGFySVU^MOY´MRY*E·E¤�hX8EGe*MOUWJ/@ÇJA\ 43 ® >ÁÃ I = 7/2 Å¤����E8UW@,B�FOUW@*B/=^�U^J/@,U^FOEGC¼Ëa>DYb�gC,93J/B/E8@gfg=WU^LAE�=WE¤j/EG=½FTMR937,X8MO7,9OE#>Q9OUWF3EGF8��lm@�»[B/7,93E·Ã �*�køÉÅ�MOY,E�»,j/Ey=WJ¥S�EGFTM

�hø
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n o q u t o

� o/�7��t o

� o � u t o

��o,����t o
_vUWBA7,9OE��*�kø0` � E89O�!FOXZY,E8�¾EyJQ\1MRY*E�»*j/Ey=WJ¥S�EGFTM;=k�hU^@,B�=WE¤j/EG=^FVJA\ 40 ® > + �

=^�gU^@,B`=WE¤j/EG=^F­JA\ 40 ® > + >A9OE·FOY*JÉSV@��©_[J/9#HKJ/e,e,=^EG9#XGJgJ/=^UW@,B`>A@*CÇ¸[7,J/93EGFOX8EG@*XGEPC,E¤ÆMRE8X8MOUWJ/@`MRY*E S1/2 ↔ P1/2
MR9R>Q@,FOUkMRUWJA@`U^FK7,FOE8C�� � Y,UWFIMR9R>Q@,FOUkMRUWJA@Ü>QM 397 @,�ÝY[>AF�>=WU^@,E8SVU^C*MRY Γ JA\ 20 á`üI6Q� � JPXGJgJ/=1MRY*EDU^J/@ÜjgU?>·MOY,EDHKJ/e,e*=WE89�E8«¬EGX¤M§Ë�MOY,E�C,9OUkjhU^@,B=?>QFOEG9	U^F#93EGCÇC,E8MO7,@,EGCÁnb�°>An�JA7*M Γ/2 = 10 á`üI6Q� � Y,E P1/2 =^E8j/E8=�C*EGX§>§�gF­SVUkMRY>·e,9OJ/n,>An,UW=^UkMm�PJA\ ≈ 6 i UW@NMRJ¾MRY,E­��E8MR>AF3MR>An,=^E~ÃÄ=^U^\�E¤MRU^�DE τ ≈ 1 FRÅ D3/2

=WE8j/E8= � � Je,93E8j/EG@NMyMRY,U^F�J/e*MRU^X§>Q=�e,7*�¾e,U^@,B,Ë�>P93EGe,7,��e,U^@,BP=W>AFOE89�>QM 866 @,�ÔC,9OUkj/EGF�F3UW�­7,=^MR>�Æ@,E8J/7,FO=k�°MOY,E D3/2 ↔ P1/2
MO9R>A@,F3U^MRU^J/@�� � Y,E~JAMOY,EG9­��E8MZ>QF3MZ>Qn,=WE·=WE¤j/EG= Ë�MRY,E D5/2=WE¤j/EG= ËaUWFVE¤�hXGUkMRE8C`SVUkMRY`>�=W>AFOE89I>QM 729 @,�¢ÃÄ>�¹b7[>AC,937,e�J/=^EyMO9R>A@,F3U^MOUWJ/@aÅ¿� � Y,E D5/2=WE¤j/EG=¬MOJ/B/E8MOY,EG9�SVUkMRY·MRY,E S1/2 BA9OJ/7,@*C~F3MZ>�MREÙ=WE¤j/EG=¬\�J/9O�Ø>	M)S�JÉfg=WE¤j/EG=¼FT�hFTMRE8��� � Y,E=WJA@,Bt=WUk\�E8MRUk��E τ ≈ 1 FÙJA\<MRY,E D5/2

=WE8jAEG=�>Q=W=^JÉSVFI\�JA9KMRY,E­F3MRJA9R>AB/E­JQ\�U^@*\�J/93�·>�MRUkJ/@U � EA�gEG@,X8JgC,U^@,BD>#¹b7[>Q@bMR7*�Øn,U^M�ÃÄ¹b7,n*U^M¿Å<JA\½UW@*\�JA9O�¾>QMRUkJ/@¾U^@~>#FO7,e�E89Oe�J/F3U^MOUWJ/@tJQ\ S1/2>A@,C D5/2
F3MR>QMRE8F4W��/Y �ÂÏK=^=ÀE¿�*e�E89OU^�¾E8@bMRFDC,E8FOXG93UWn�E8C�U^@ÂX¿Y,>Ae*MRE89`Ã ù/Å­>A@,CâÃ7�NÅ­>A9OEe�EG9T\�J/9O��EGC~J/@tMRY,E S1/2 ↔ D5/2

¹b7,n,UkMoMO9R>A@,F3U^MOUWJ/@�� � Y*E�7,FOE�JA\½MRY,E 854 @,�{=W>AFOE89UWF;MOJt93EGFOE¤M�E¤�hX8U^MR>QMRU^J/@`JA\�MRY,E D5/2
=^E8j/EG= � � Y,E#MO9R>A@*FOU^MOUWJ/@PSÀ>¥j/E8=WE8@,BAMOY,F�>A@,CÜ=^U^\�E¿ÆMRU^�¾E8FXWÊøÉù	Y½JA\19OE8=WE¤jQ>A@bM 40 ® > + =^E8j/E8=WF;>Q9OE�=^UWFTMREGC~UW@~MZ>Qn,=WEDÃ �*�køÉÅ¤�
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�§î]èÉîÄê�ç
�

ã
1/2 ⇔ � 1/2 ã

1/2 ⇔ � 3/2 �
1/2 ⇔ H 3/2

�
3/2 ⇔ H 3/2

�
3/2 ⇔ H 5/2

τnat
@,F 7.7(2) 7.4(3) 94.3 901 101

λair
@*� 396.847 393.366 866.214 849.802 854.209

ô�ì½ñ[ë½éQì
��ê6�7��è¥éÉñ[ç+�Gî�èÉî�ê�ç+�
ã
1/2 ⇔ H 5/2

ã
1/2 ⇔ H 3/2

τnat
F 1.045 1.080

λair
@,� 729.147 732.389

� >An*=WEV�*�kø0` � 9R>A@,F3U^MOUWJ/@­SÀ>§j/EG=^EG@,BQMRY,F5>A@,C�=^E8j/E8=[=WUk\�E8MOU^��E8F�JA\ 40 ® > + WÊøÉù	Y � � Y,EV=?>AF3EG9F3J/7,93XGEGFo@,EGE8C,EGCPMOJ�C,93U^j/EKMRY*E�93EG=^E8jQ>A@NMÀMR9O>A@,FOUkMRU^J/@,F�>A9OEÙC,E8FOX89OUWn�E8C�U^@tX¿Y,>Ae*MRE89yÃ7�NÅ¤�
bs���g��� �¬���
� �#"�d����l�u�2����"h�
® JA@,FOU^C,EG9KMRY*E�=^E8j/E8=WFKUW@Nj/J/=^j/E8CÖU^@`MRY,E S1/2 ↔ D5/2

¹b7[>AC*9O7,e�J/=^E#MR9O>A@,FOUkMRU^J/@��Kl \�>�¾>AB/@*E8MRU^X;»[E8=WC G U^FÀ>Ae,e,=^UWE8C�ËgMOY,EÙ=WE¤j/EG=^FÀF3e,=WUkM�UW@NMRJ­>­@b7,�­n�EG9�JA\½FO7,ngfb=WE¤j/EG=WF8� � Y,EF3e,=WUkMOMOUW@*B­\�93J/�ØMRY,E�C,E8B/E8@,EG9O>QMREy6GE89OJ��¾>AB/@,E¤MRU^XÙ»,EG=WCPX§>AF3EyUWFoBAU^j/E8@�nb�6`
∆E = gjµBBmj ,

Ã �*�køÉÅ

SVY*EG9OE mj
UWFÙMOY,ED�¾>AB/@*E8MRU^X­¹b7[>A@NMR7,��@b7,�­n�EG9GË µB UWFKMRY,E���J/Y,9��·>QB/@,E8MOJ/@¦>A@,CMOY,E gj >A93E�MRY,Eyd½>A@*CK��\Ä>AX8MOJ/9OFoB/U^j/E8@�UW@tMRY,E�\�J/=^=WJ¥SVU^@,B#MZ>An*=WE�`
� ñ[çºë���� ñ[íAè¥êaé[�N� êaé·é	���7�Nò*ñ[ç¬èÈ�gç
�bé	5[ó¹�7�Nò6�����^� � BK�

ã
1/2

�
1/2

�
3/2

H
3/2

H
5/2

gj 2 2/3 4/3 4/5 6/5

Û Y,EG@'>Ae,e,=k�gUW@,B°>´�·>QB/@,E¤MRUWX~»[EG=^C G MmS�J°MRY*UW@,BAF¾�­7,F3M·n�E�MZ>ALAE8@±UW@bMOJÇ>QX¤ÆX8J/7,@NMK`�J/@tJ/@,EÙY,>A@,CtMRY*EÙB/JN>A=�UWF�MOJ�C*UWF3MOUW@,BA7,UWF3Y~>Q@,C~9OE8FOJ/=kj/E�>A=^=�FOe�EGX¤MR9O>A=�=^UW@,E8F�JA\U^@bMOEG9OE8F3MG�DüK>§jhU^@,BPXZY,J/F3EG@°>~e[>A9TMRU^XG7,=W>A9KX§>A939OUWE89ÙMO9R>A@*FOU^MOUWJ/@¼Ë�U^M�U^F�UW��e�J/93MR>A@NMKMRY[>QM>Q=W=�>AFOF3JgXGU?>�MREGC©F3UWC,E8n[>A@,C¦MR9O>A@,FOUkMRU^J/@,F�>A9OE�S�EG=^=�FOE8e[>A9O>QMRE8C´\�93J/��>A=^=�JQMRY,E89�X§>A939OUWE89JA9IFOU^C,E8n[>A@,C�MR9R>Q@,FOUkMRUWJA@,FG� � Y*UWFIUWFVMRY*E#XG>AFOE#U^@�F3MR93J/@,B·�¾>AB/@,E¤MRU^X�»[E8=WC*FISVY*EG@`MRY,E=^E8j/E8=WF�>Q9OEI��J/9OE;B/93E§>�MR=^��FOEGe,>A9R>QMOEGC~>A@,C·Y,E8@,X8EKMRY,EIFOe�E8X8MO9R>A=¬=^UW@,E8F�>A9OE;�¾J/93E;FOE8e[>�Æ9O>QMRE8C	UW@�\�9OE8¹g7*EG@,X¤�/�<ß�@yMOY,E�JQMRY,E89ºY[>A@,CyMRY,E5F3MO9OJ/@,BI�¾>ABA@,E8MOUWX�»[EG=^C#>A=WF3J;n,9OJ/>AC,EG@*F
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_vU^B/7,9OE¾�h�Õ��` � Y,E S1/2 ↔ D5/2
¹g7,>AC,9O7*e�J/=WE�MR9O>A@,FOUkMRU^J/@´F3e,=WUkMRFyUW@NMRJ�MRE8@Á>A=W=^J¥S�EGCXGJA�¾e�J/@*EG@NMRF¾ÃÄ>NÅKUk\�>~�¾>AB/@*E8MRU^X#»[E8=WC¦U^F�>Ae,e*=WUWE8C¯ÃÄB/Ukj/EG@¦U^@¦7,@*U^MRFÙJA\ µBB Å¤� � Y,E9OE8=?>QMOU^j/E�=^UW@,E�FTMR9OE8@,BAMOYÁU^F	e,93J/e�J/93MOUWJ/@,>A=�MOJ`MOY,EGU^9	F3¹g7,>A9OE8C ® =WEGn*FOXZYgf*Þ�J/9OC[>Q@°\Ä>AX¤ÆMRJA9OF�WÊøÉùgË�øF�[Y �ÖßÙe*MRU^X§>Q=5e,7,��e,U^@,B�MOJÜJ/@*E·JA\oMOY,E S1/2 =WE8jAEG=WF	9OE8C,7,XGE8F­MRY*UWF	@g7,��Æn�EG9#MOJ`»,j/EA�©�5�´MZ>QLgU^@,B`MOY,EtB/E8J/��E8MO9OUWX¾X8J/@*»[BA7,9R>QMOUWJ/@°JA\Ve�J/=W>A9OU^FR>QMOU^JA@ e Ë��¾>ABQÆ@,E¤MRUWXK»[E8=WC B >A@,CPn�EG>A�{C,U^9OE8X8MRU^J/@ k UW@NMRJ�>AXGX8J/7,@bMGË,\�7*93MRY*EG9oF37,e,e,93EGFOFOU^J/@�JA\º=WU^@,EGFX§>Q@ n�E´>AXZY,U^E8j/EGC�Ã�n�ËÓX§Å¤�ªlm@�ÃÄnaÅ¿Ë e ⊥ B ⊥ k ËÙ>Q\]MRE89PJ/e*MOUWXG>A=Ùe,7,��e,UW@*BÂJ/@,=k�MRY*EtF3MO9OJ/@,BAEGF3MD>Q@,CÇMOY,E·S�E§>ALAE8F3M�MR9O>A@,FOUkMRU^J/@°93EG�¾>AU^@�Ë1MRY*EGFOEtn�EGU^@,BÜFOE8e[>A9R>�MREGCÁnN�

≈ 4.8× 1.4 á`üI6��/Þy>Q7,FOF8�<lm@ÖÃ�X¥Å¿ËgMOY,EIXGJ/@h»[B/7,9O>QMRU^J/@¾U^F�>AF<\�J/=W=^J¥SVFI`ºSÀ>§j/E8j/E8X8MRJ/9 k>A@,C`�·>QB/@,E8MOUWX�»[E8=WC B FO7,nhMREG@*C©>Q@Ö>A@,BA=WEyJA\ 45◦ � � Y,E­e�JA=?>A93UWFO>QMRU^JA@ e U^FIXZY,J/F3EG@MRJ�=^UWE�UW@©MOY,E¾e,=W>A@,E�F3e[>A@,@*EGCÇnb� k >A@*C B � � Y,U^F	X8J/@*»[B/7*9R>QMOUWJ/@©UWF	>Qe,e,9OJAe,9OUW>QMREU^\<�·>QB/@,E8MOUWX	»[E8=WCÜ¸[7,X8MO7[>QMOUWJ/@,F�>A9OE­XG93U^MRU^X§>A=ºn�EGXG>A7,FOE�MRY,E8UW9ÙU^@*¸[7,E8@,XGE�J/@ÖMRY*E�=WUW@*EFOY*U^\]MVUWFo93EGC,7,X8EGC�nb�Pû/� i XGJ/��e[>A93EGCPMOJ�XG>AFOE¾ÃÄnaÅ¿�5_vU^B/7,93EÙMZ>QLAEG@�\�93J/� WÊø¥�[Y �
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MOY,E S1/2 ↔ P1/2

HKJ/e,e*=WEG9yXGJgJA=WU^@,B~MR9R>A@*FOU^MOUWJA@¦MRY*EG9OE8nb�©UW@,X89OEG>AFOU^@,B�MOY,E·HKJ/e*e,=WE89=^UW��UÊM õ �l \½J/@*EKXGJA@,FOU^C,EG93F�MRY,EK¹b7,n*U^M�MR9O>A@,F3U^MRU^J/@¾>QM 729 @,�ª>A@,C¾MRY,EI¹g7,>AC,9O7*e�J/=WEIFOE8=WEGX¿ÆMOUWJ/@�9O7,=^E ∆mj = 0,±1,±2 Ë�>�MRJAMR>A=ºJA\�MOEG@ÜMO9R>A@*FOU^MOUWJ/@*FK>Q9OE­>A=^=WJ¥S�EGCÇÃÄFOE8E#»[B/7,93EÃÄ�*�µ�/ÅOÅ¿��ß�ehMRUWXG>A=<e*7,�¾e*UW@,BPSVU^MOY σ± fg=WU^B/YNMyJA@´MRY,E 397 @,��MR9O>A@,FOUkMRU^J/@¦MRJ�J/@,E¾JQ\MOY,E S1/2 F37,ngfg=^E8j/E8=WF	9OE8C,7,XGE8F#MRY,E¾@b7,�­n�EG9	JA\ÀJ/n,FOE893j/E8CÇMR9R>Q@,FOUkMRUWJA@,F�MOJ�»,j/EQ�����XZY,JgJ/F3UW@,B©MRY,EÜ>Q@,B/=WE�n�E¤M)S�E8EG@±MRY,E�e�J/=?>A93UWFO>QMRUkJ/@Âj/EGX¤MRJ/9 e JA\ÙMOY,E 729 @,� =WU^B/YNM>Q@,C´�¾>AB/@,E¤MRUWX­»,EG=WC©C,U^9OEGX¤MRU^J/@ B >AF�S�EG=^=5>AF�MRY,E¾>Q@,B/=WE�n�E8MmS�E8EG@Ç�¾>AB/@,E¤MRU^X­»[EG=^C>Q@,C�n¬EG>A��C,UW93EGX¤MRUWJA@ k ËN\�7,9TMRY,E895F37,e,e,93EGFOF3UWJ/@¾JA\¬MO9R>A@,F3U^MOUWJ/@,F�X§>Q@¾n�E;>AX¿Y*UWE8jAEGCÜÃÄF3EGE»,B/7,9OE8F#Ã �h�Õ�AÅÀ>A@,C°Ã �h�µ�NÅ3Å¤��ÏI@�E¤�gMRE8@,FOUkj/E	C,U^FOX87,FOFOU^J/@�X§>Q@�n�E�\�J/7*@,C�UW@�WÊø¥�[Y �
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|∆ m| = 2

_1UWB/7,93E5�*�µ��`1Þ�E8J/��E8MR93UWXG>A=NX8J/@,F3UWC,E89R>QMOUWJ/@yJA\*MRY,E59OEG=W>QMRUkj/E<XGJ/7*e,=WU^@,B;F3MO9OEG@*BAMRY#J/@yMRY,E
S1/2 ↔ D5/2

¹b7[>QC,9O7,e�JA=WE�MR9O>A@,F3U^MRU^J/@~U^@�BAEG@,E89R>A=�\�J/9ÀMO9R>A@,F3U^MOUWJ/@,F�SVUkMRY |∆m| = 0 Ë
|∆m| = 1 >A@,C |∆m| = 2 � φ C,EG@,JQMREGF#MRY,E~>Q@,B/=^E·n�E¤M)S�E8EG@Â=?>AF3EG9#n�EG>A� k >A@,C�¾>AB/@*E8MRU^X#»[E8=WC B � γ U^FÙMRY*E�>A@,B/=^E�n�E¤M)S�EGEG@´e�J/=?>A93UWFO>QMRUkJ/@ e >A@,C¦MOY,EDe,93JQÈ3E8X8MOUWJ/@JQ\ B JA@bMRJ	MRY*EÙe*=?>A@*EK@,JA9O�¾>A=[MRJ k �<HÙ>A93L�FOY[>QC,UW@,BAF�XGJ/939OE8FOe�J/@,CtMOJ­=^JÉS'XGJ/7*e,=WU^@,B,�_1UWB/7,93EÙMR>ALAE8@�\�9OJ/� WÊø¥�[Y �

÷�� ù	���D��
[û��8��
��#��þ������ ú ûrÿ���ù	��þ�ù	���������aù�����
��
S1/2 ↔ P1/2

� ú û	����ý�� ý$ù���û®ú��,�	ù	��ú�����ùrÿ��	��ü��
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[\} |   w	|^_ � svw ) x
� Y,E­MR9R>Qe,e,UW@*B~JA\5XZY[>A9OBAEGC¦e[>A9TMRUWX8=WE8FÙUW@ÜC*�g@[>A��UWX­E8=WE8X8MO9OUWX	»[EG=^C,FÙSÀ>AF�93E§>A=^UWFOE8CÖnN�Û����1>A7,=�>Q@,CÖX8JÉS�JA9OLAEG93F�UW@°ø¥ýNùAû W��/ý/Y �yãhU^@,XGE	MRY,E8@¦�v>A7,=äfbM)�ge�E	MR9R>Qe,FÙY,>¥j/E­n�EGE8@7,F3EGC�UW@�>­jQ>Q9OUWE¤M)�tJQ\vE¿�he¬E89OU^�¾E8@bMOFG� � Y,UWFoFOEGX¤MRU^J/@�9OE¤jgUWE8SVFoMRY,E�e,93UW@,X8UWe,=^EGFÀJA\v�v>A7,=MR9O>Ae,F8� � Y,E·�¾>QMRE89OU?>Q=�XG>A@°n�E¾\�JA7,@,C°U^@°E¤j/EG9T�´C,JgX8MOJ/9R>A=�MOY,EGF3UWF	e,9OE8e[>A93EGCÇU^@´J/7,9B/93J/7,e WÊø¥�hËaýhË�ø/øAË�øÉ�gËaû[Yº>AFoS�EG=^=½>AFVU^@PFOE¤j/EG9R>Q=½e[>Ae�EG93F�WÓùA�hË�ùhøZY �
bs������� ¡ �U";�a�O�g�BV��w��"h4��u�����
l M;U^FoJ/nbjgUWJA7,Fo\�93J/�ØMRY*E�»,9OF3MKá`>É�hS�EG=W=�E8¹b7[>QMRU^J/@�U^@~jQ>AX87,7,�V`

∇ · E = 0 , ÃÄ�*�µ�/Å
MRY,>QMV@,JDFTMZ>QMOUWXÙe�JAMRE8@bMOU?>A=¼E¿�*U^F3MOFoMRY[>�MVXGJA@*»[@,E8FVMRY,E���JAMRU^J/@tJA\1>�X¿Y,>A9OBAEGC�e[>Q93MRU^XG=^EUW@¦\�93EGE�FOe[>AX8E¾UW@´>A=W=�C,U^9OEGX¤MRU^J/@,FG�·üIJ¥S�E¤j/EG9GË�>�XZY[>A93B/EGC´e[>A93MOUWX8=WE�X§>A@´n�E�MO9R>Ae*e¬E8CU^\IMOUW��EPC,E8e�EG@,C*EG@bM·»[E8=WC,F¾>A93E�7*FOEGC¼� ® JA@,FOU^C,EG9DMRY,EP\�J/=W=^J¥SVU^@,BÖMOUW��EPC,E8e�EG@,C*EG@bM¹b7[>AC,937,e�J/=^E�e�JAMRE8@bMOU?>A=�`

Φ(~x, t) = Φ0(t)
3∑

i=1

αi

(xi
r̃

)2

, ÃÄ�*�µ�/Å
SVY,E89OE

Φ0(t) = U + V cos(ΩRF t) ,
ÃÄ�*���bÅ

>A@,C�MOY,E αi, r̃ >A9OE�e[>A9R>Q�¾E¤MREG93FVMOJ¾n�EyC,E¤MRE89O��UW@,E8C�� � J�FR>QMOUWF3\]�~E8¹g7,>QMRU^J/@ÇÃÄ�*�µ�/Å�S�EC,E8�·>A@*C ∑αi = 0 � � Y,E·E8¹b7[>QMRU^J/@,F	JA\o��JAMOUWJ/@¦\�JA9#>�XZY[>Q9OB/E8CÇe[>A9TMRUWX8=WEDUW@©MRY,U^Fe�JAMOEG@bMOU?>A=�>A9OE�B/U^j/E8@�nN� `
ẍi +

2αiQ

mr̃2
(U + V cos(ΩRF t))xi = 0 , ÃÄ�*�ÕùAÅ

SVY,E89OE m U^F;MOY,E	e[>A93MOUWX8=WE��·>QFOFK>Q@,C Q U^MOFIXZY[>Q9OB/EQ� � Y,U^FIC,U^«¬EG93EG@NMRU?>Q=½E8¹b7[>QMRU^J/@`U^FX§>Q=W=WE8C©>�á`>QMOY,UWE87©E8¹g7,>QMRU^J/@©>A@,C©UWFÙS�EG=^=�Lb@,J¥SV@´UW@¦�¾>QMOY,EG�¾>QMRU^X8FG�­l M�UWF�7,F37[>A=W=k�SV9OUkMOMOEG@�>QFI`
d2u

dζ2
+ (a− 2q cos(2ζ))u = 0 . ÃÄ�*�¦�/Å

Û U^MOY~MRY,E�FO7*n,F3MOU^MR7hMRUWJA@,FI`
a := ai = − 8αiQU

mr̃2Ω2
RF

, ÃÄ�*�§!AÅ
q := qi =

4αiQV

mr̃2Ω2
RF

, ÃÄ�*�µû/Å
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_1UWB/7,93E��*���O`¦ãgMR>An,U^=WUkMm�ÁC,UW>AB/9R>Q�à\�JA9�MOY,EÖá�>QMRY,U^EG7�E8¹g7,>QMRU^J/@�Ã �*�$�NÅ¿� �v>Q9R>A��E8MOEG9XZY,J/U^XGE8F;U^@~MRY,E�F3Y[>AC,E8C`>A9OEG>AFV=WEG>AC~MRJDF3MZ>Qn,=WE�FOJA=W7*MOUWJ/@,F8��_vUWB/7*9OEKMZ>ALAE8@�\�9OJA� Wkø¥�[Y �

>Q@,C ζ = 1
2
ΩRF t

EG¹b7[>QMOUWJ/@úÃ �*�µù/Å	UWF­J/n*MR>AUW@,E8C�� � Y*E�F3J/=^7*MRU^J/@,F#MOJ²Ã �h�¦�NÅ	XG>A@¯n�EE¿�he,9OE8FOFOEGCÜ>AF¬WÓùA�/Y�`
u(ζ) = A

∑

n∈Z
C2n cos((2n+ β)ζ) +B

∑

n∈Z
C2n sin((2n+ β)ζ) , Ã �*�ÓýNÅ

SVY*EG9OE�MOY,E C2n
FO>QMRU^F3\]�	>KX8EG9TMZ>AU^@­93EGXG7*9OFOU^J/@­9OE8=?>QMOUWJA@#>A@,C β = β(a, q) UWF1U^@#B/EG@*EG9R>Q=>DXGJA�¾e,=^E¤�~@g7,�­n�E89G�5Û°E	>A93EyU^@bMRE89OE8F3MRE8C`U^@�n�J/7,@,C,E8C`FOJ/=^7*MRU^J/@,FÀMRY,>QM;XGJ/939OEGF3e�J/@,CMOJ�MRY,E	FTMZ>An*=WE�MR9O>Ae,e,U^@,B�JA\�e[>A9TMRUWX8=WE8FG�o_1UWB/7*9OE¾Ã �*���bÅÀFOY,J¥SVFIMRY,EyF3MZ>An*UW=^U^Mm�tC,UW>AB/9O>A�93EG=W>QMRE8CPMRJ�EG¹b7[>QMOUWJ/@°Ã �h�¦�NÅ¿��ãgMZ>An*=WE�MO9R>Ae,e*UW@,BDUWFVJ/@*=^�te�J/FOF3UWn,=^E�U^\ºMRY,EyF3J/=W7hMRUWJA@~\�J/9>Q@b�©C,U^9OE8X8MRU^J/@ i SVU^MRY´B/Ukj/EG@°e,>A9R>A��E8MOEG93F ai, qi U^Fyn�J/7,@,C*EGC���_[J/9	>�9OJAMR>QMRU^J/@[>Q=^=k�U^@bj�>A9OUW>A@bMI¹b7[>AC*9O7,e�J/=^E#e�JAMRE8@bMRUW>A=�Ã z n�EGU^@,B·MRY*E­FT�h����E8MR9T�`>��hUWFRÅVMOY,E­e,>A9R>A��E8MOEG93F

ai
>A@*C qi >A9OE�B/U^jAEG@�nN� `

ax = ay = −
8QU

m(r02 + 2z02)ΩRF
2 , az = −2ax ,

Ã �h�^ø¥�/Å
qx = qy =

4QV

m(r02 + 2z02)ΩRF
2 , qz = −2qx ,
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_vU^B/7,9OE<�*�µù�` � Y,E�=^JÉS�E8F3MºF3MZ>Qn,UW=^UkM)�K6GJA@,E5UW@	>;�v>A7,=NMO9R>Ae�SVU^MOYy9OJAMR>QMRU^J/@[>A=AF3�g���¾E¤MR9T�/�� Y,E�X8J/@bMOJ/7,9�=WUW@*EGF�BAU^j/E­MRY,E�j�>A=W7,E8F�JA\ ωr >A@,C ωz UW@¦7*@,U^MOF�JA\ ΩRF/2
� � Y,EDC,JAMUW@*C,UWXG>QMRE8FÀMRY,E�9OE8B/U^J/@PJ/7,9ÀMR9O>Ae�U^FoJ/e�EG9O>QMRE8C�U^@��<_vU^B/7,93EÙMR>ALAEG@P\�9OJ/� WÊø¥�[Y �

SVY,E89OE¾S�E·Y[>§j/E·X¿Y*J/FOE8@a` αx = αy = 1 Ë αz = −2 >A@,C r̃2 = r0
2 + 2z0

2 � � Y,UWFXZY,J/UWX8E	E8@,FO7,93EGFKMOY[>QM Φ(r0, 0, 0, t) − Φ(0, 0, z0, t) = U + V cos(ΩRF t)
� � Y,E#H ®MRU^e	j/J/=kMZ>AB/E5UWF1B/Ukj/EG@­nN� U >A@,C#MRY*EÀ9O>AC,U^JI\�93EG¹b7,EG@*X8�PÃÄ�I_�Å½>A�¾e*=WUkMO7,C,E5UWF1C,E8FOX89OUWn�E8Cnb� V ��_vUWB/7*9OE­Ã �*�µù/Å5F3Y,JÉSVFÀMOY,EÙ9OE8=WE¤jQ>A@NMoe[>Q93MÀJA\�MRY,EÙFTMZ>An,U^=WUkMm�DC,U?>ABA9R>A�}JA\º>#MR9O>AeSVU^MOYÖ93JAMZ>�MRUWJA@[>A=½F3�g���¾E¤MR93�A�y_[J/9 ai ¿ qi ¿ 1 MRY,E­FOJA=W7*MOUWJ/@�MOJtMOY,E­EG¹b7[>QMOUWJ/@ÜJA\��JAMRU^J/@©ÃÄ�*�µù/Å�X§>A@�n�Ey>Ae,e*9OJ¥�hU^�·>QMOEGC~nb�6`

ri(t) = r0i cos(ωit+ φi)
(

1 +
qi
2
cos(ΩRF t)

)

, Ã �*�kø/øÉÅ
SVY,E89OE ωi U^FVBAU^j/E8@�nb�6`

ωi = βi
ΩRF

2
>Q@,C βi =

√

ai +
qi2

2
. Ã �*�køÉ�/Å
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_[93J/�}ÃÄ�*�kø/øÉÅ¬S�E5F3EGE<MOY[>QM�MRY*E<�¾JAMOUWJA@�JA\gMRY*E�MR9R>Qe,e�EGCye[>A9TMRU^XG=WEvX§>A@yn�E<C,E8XGJ/��e�J/F3EGCU^@bMOJ·>¾Y[>A93�¾J/@*UWX��¾JQMRUWJA@°Ã�\�93EG¹b7,EG@*X8� ωi Ë�FOE8XG7,=W>A9I�¾JQMRUWJA@aÅÀC*7,E	MRJ�MRY,E	XGJ/@*»,@,UW@,BY,>A9O��J/@,U^XVe�JQMREG@NMRUW>A=a>A@,C·>�\Ä>QF3MRE89��;_½fbC,9OUkj/EG@��¾JAMOUWJA@�ÃÄ��UWX89OJ/��JQMRUkJ/@aÅ1n�EGUW@*B	e,93JQÆe�JA93MRU^J/@[>A=,MRJ	MRY,EKC,U^F3MR>A@,XGE;\�9OJ/�}MOY,EIMR9O>AetX8EG@NMREG98�5_[J/9�>	FOU^@,B/=^EIU^J/@·e*=?>AX8EGC~>�M�MRY,EX8EG@NMREG9#JQ\ÀMRY*E¾MO9R>Ae´U � EA�º>QMyMRY*E·@*JgC,E·JQ\ÀMRY*Et�;_ºÆ e�JAMRE8@bMRUW>A= Ë�MRY*E·��UWX89OJ/��JQMRUkJ/@¦UWF@*EGB/=^UWB/U^n*=^EA��lm@Çe,9R>AX¤MRU^XGEAË�FTMZ>QMRU^X·FTMR9O>¥�©»[EG=^C,F#JA\]MRE8@ÁF3Y,U^\]M	MRY,E·UWJ/@°JA«[fgX8EG@NMREG98�Ölm@MOY,UWF�X§>AF3EVMOY,EVU^J/@��­7,F3M<n�EV��JÉj/E8C�n,>AXZL#MRJ�MOY,EV68EG9OJ�»[EG=^C�e�JAFOU^MOUWJ/@­nb�­F3MR>QMRU^XoXGJA�DÆe�E8@,FR>�MRUWJA@P»[EG=^C,FG�<_[J/9ÀMRY*EyE¿�he�EG9OU^��EG@bMOF;JA7*MR=^UW@,E8CPY*EG9OE�S�E�7,FOE�MOY,E�E¤�he�EG93UW��EG@NMZ>A=e*9OJgXGE8C,7,93E¾C,E8FOXG93UWn�E8C°E¤�gMRE8@,FOUkj/EG=k�©U^@xWÊø¥�[Y �¾_[J/9ÙMRY,E�\�J/=W=^J¥SVU^@,BtMRY,ED�¾U^XG93J/��JAMOU^JA@XG>A@°n�E¾@,EGBA=WEGX¤MRE8C�Ë�>A@,C´MRY*E¾FOEGX87,=?>Q9	�¾JQMRUWJA@©U^F	>AFOF37,�¾E8C°MOJ`n�E¾B/E8@,EG9O>QMRE8CÇnb�´>FTMZ>QMOUWX�Y[>Q9O��J/@,UWXKe¬JQMRE8@bMRUW>A= ËgMRY,E�È37*F3MRUk»[X§>�MRUWJA@PJA\ºSVY,U^X¿Y�U^FVBAU^j/E8@�UW@�WÓù/�gË�ùA�[Y �
bs� ����� d×�l�;�a�O��4��g�^d���"h�g�l�¤£��g" ���O���
lm@PMRY,E�E¤�he�E89OUW��EG@NM;U^MVU^F;>AChjQ>A@NMZ>AB/E8J/7,FoMRJ�n,7,U^=WCP>~³µFTMRUk«ÖMO9R>Ae¼¶,SVU^MOY�Y,U^B/YPFOE8XG7,=W>A9��JAMOUWJ/@Á\�9OEG¹b7,E8@,XGU^EGF ωi >A@,C²MOY,EG93E8\�J/93EÜ>©FO�¾>A=W=oE¿�hMOEG@,F3UWJ/@�JA\ÙMOY,E�S�>¥j/E`e,>AX¿LAE¤MÃ�U � EA�¼>tF3�·>A=^= η Å¤�y_[9OJ/� ÃÄ�*�køÉ�/ÅI>A@*C²ÃÄ�*�^ø§�NÅVS�E�F3EGE­MRY[>�MÙMRY*E�F3EGXG7*=?>A9Ù��JAMRU^J/@�\�93E¤Æ

_1UWB/7,93E²�*�¦��` � Y,E��¾U^@,UW>QMO7,9OUkFOEGCÒ�v>A7,=DMR9R>Qe�� � Y,E�9OUW@*BâE8=WE8X8MR93JgC,E�ÃÄC*U?>A��E8MOEG9
≈ 1.4 �¾�·Å;>A@*CÜMRY,E­E8@,C,XG>Ae,F�Ã�MRU^eÜE8=WE8X8MR93JgC,EGFRÅÙ>Q9OE#�·>AC*E#JA\<�¾J/=k�gn�C,EG@b7,��SVUW93EÃ�C,U?>Q�¾E¤MREG9 ≈ 0.2 �¾�·Å¤� � Y*E~Y*JgJ/L©FOY[>Qe�EGCÁSVU^9OE8F�>Q9OE¾MRY,E·XGJ/��e�E8@,FR>QMOUWJ/@°EG=^EGX¤ÆMO9OJgC,E8F;7*FOEGC�MRJDFOY*U^\]MoMOY,E�UWJ/@~UW@~MRY*Ey@*JgC,E�JA\1MOY,Ey�I_Ç»[E8=WC¼�
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¹b7,EG@*XGUWE8F ωi X§>A@tn�EKUW@*XG9OEG>AFOE8C~nN��\�EGEGC*UW@,B	MRY,EIMO9R>Ae¾SVU^MRYt>#Y*UWB/Y*EG9��I_©\�93EG¹b7,E8@,X8�
ΩRF

Ë�Y,UWBAY,EG9��;_'e�J¥S�EG9�>A@,C¦nb�ÜC,E8XG93E§>AF3UW@,BPU^MOF�F3UW68E�Ã]MZ>ALbU^@,B~X§>A93E­MRJP93EG�¾>AUW@ÜUW@>­F3MZ>Qn,=WEKMR9O>Ae,e,U^@,B­9OEGBAUWJ/@tJA\½MRY,E�FTMZ>An,U^=WUkMm��C,U?>QB/9R>A�·Å¿�vlm@~MRY*E�E¤�he�EG93UW��EG@NM;>­XGJ/��Æn,U^@[>QMRU^J/@¯JA\�>A=W=ÀMRY,93EGE`e�J/F3FOUWn*UW=WUÊMRU^E8F�Y[>QF¾MRJ°n�E`n[>Q=?>A@*XGEGC²MZ>QLgU^@,B©MREGXZY,@,U^X§>Q=K>A@,Ce,9O>AX8MOUWX§>Q=�XGJ/@*FOUWC*EG9R>�MRU^J/@,FoUW@NMRJ�>QXGX8J/7,@bMG�_[JA9·UWJA@�MO9R>Ae,F¾MRJÇn�EÜJ/e�E89R>QMOEGC±SVUkMRY©È37,F3MtJ/@,E`UWJ/@²MRY,EÜF3UW��e,=^EGF3Mt>Qe,e,9OJ/>AXZYUWFyMRY,E¾\�J/=W=^J¥SVU^@,BO`�>`9OU^@,B`JA\oSVU^9OE·UWF	XGJ/@*@,EGX¤MRE8CÂMOJÖ>`9OEGF3J/@[>A@NMD�;_âXGU^9OX87,U^MGË1M)S�JEG@*C,X§>Ae*F��¾>AC,E	JA\�MOY,E#FR>A��E	SVU^9OE#>A9OE#>AC,C,E8C¦>QMIMRY,E#F3�g����E8MR9T�`>��hU^FKJA\�MRY,E#9OU^@,B>A@,C¾X8J/@,@,E8X8MOEGC·MRJyB/9OJA7,@,C¾J/9<FOJA�¾EVXGJ/@*F3MZ>Q@bM�JA«¼F3E8M5j/J/=kMZ>ABAEA�vÏ MO9R>Ae¾JQ\¼MOY,UWF�M)�ge�EUWFDF3Y,J¥SV@�UW@Â»[BA7,9OE°ÃÄ�*�$�NÅ¤� � Y,E�»,EG=WC¯e[>QM3MRE89O@²B/E8@,EG9O>QMRE8C�nb�ÇMRY,U^FDFOE8MO7,e�U^FD@,JAM>~e,7,93ED¹b7[>AC,937,e�J/=^ED>AF�XG>A@©n�ED>AXZY,UWE¤j/EGC¦\�J/9ÙYb�ge�EG93n�J/=WU^X§>A=^=k��FOY,>Ae�EGC©EG=WE8X8MO9OJgC,E8FGË@,E¤j/EG93MOY,EG=^EGF3F¾MRY,EP¹g7,>AC,9O7*e�J/=WE~MRE89O�àUWFDnN�Á\Ä>A9­MRY,EP=WE§>QC,UW@*BÖMRE89O�àUW@ÁMRY,E�X8EG@NMREG9>QM�MRY,E�e�J/FOUkMRUWJA@©JA\�MRY,E�UWJ/@¼� � Y,E·>AChjQ>A@NMZ>AB/E8FyMRY*EGFOE·�v>A7,=�MO9R>Ae,FyJA«¬EG9	>Q9OEDMRY*EGUW9FOU^�¾e*=WU^X8UkMm�t>A@*CPMRY,E8UW9o=?>Q9OB/E�>A��J/7,@NMVJA\1J/e*MOUWX§>Q=�>AX8XGE8FOFG�
[\}�[ ¥¦) ��+8�Àw§_©¨{uVx
�	qPw��
��s�x
ÏK@DJAe*MRU^X§>A=h9OE8FOJ/@[>�MRJ/9�U^F�7,FOE8CDMRJ�XGJ/7*e,=WE�MRY,EoU^J/@­MOJy>ÙFOU^@,B/=WE���JgC,EÀJA\aMRY,EoE8=WEGX¤MR93J�f�¾>AB/@,E¤MRUWXy»,EG=WC¼� � J~X8J/@*»[@,E#MRY,E­E8=WEGX¤MR93UWXG>A=º»[E8=WC`MRJ~>tn�J/7,@*C,EGC¦93EGB/U^J/@ÜU^@ÜFOe[>QXGEAË>ÖFTMZ>An,=^E~9OE8FOJ/@,>QMRJ/9­��7*F3MDn�E~X¿Y*J/FOE8@��Â_[7,93MOY,EG93�¾J/93E·MRY,E~�¾JgC*Etj/J/=^7,��EtFOY,JA7,=WCn�E´>AFPFO�¾>A=W=Ù>AF�e�JAFOFOU^n,=WEÜMRJ²>AXZY,UWE¤j/E´>ÂY,UWB/Y EG=^EGX¤MR9OU^XÖ»[E8=WCúe�EG9�e,Y*JAMRJ/@¼� � Y,Ee�J/F3U^MRU^J/@´JA\ÀMRY,E·U^J/@°�­7,FTM­n�E·U^@´MRY,E·XG>¥jgU^Mm�¦SÀ>AU^F3M§Ë1SVY,E89OE·MRY,E¾»,EG=WC°UWF	BA9OE§>�MREGFTMU � EA�hMOY,E�e,93J/n[>An*UW=^UkM)�DMRJ�»,@,C�>�e,Y*JAMRJ/@�>Q@,CPMOY,EG93E8\�J/93E�MOJDUW@NMRE89R>AX¤MoSVUkMRY~MOY,E�UWJ/@~U^FB/93E§>QMOEGF3MG�
bs��bs��� ���
������� c ��ªö���w��� �

τ
�#";�f«^��"��U!¬!�� F� J�>AXZY,UWE¤j/EKMOY,EK9OE8¹g7*UW9OE8��EG@bMOFÀe*9OE8jgU^J/7,F3=^��F3MZ>�MRE8C�Ë*U^M�UWF�X8J/@bj/E8@,UWE8@bM�MRJ#7,FOEÙ>#F3�g��Æ��E8MR93UWX�9OE8FOJ/@,>QMRJ/9��¾>AC,EÀJA\aMmS�J�X8J/@,X§>§j/EV��UW9O93J/93F1SVU^MOY�EG¹b7[>A=,9R>QC,UW7,F�JQ\¬X87,93j�>QMR7*9OEA�_[9OJA�¢>`F3e¬E8X8MO9R>A=�e�J/U^@bM#JA\ojgUWE¤S�Ë�MRY,E·e[>A9O>A�¾E¤MRE89OF#UW��e�J/9TMZ>A@NM	UW@°X¿Y[>Q9R>AX¤MRE89OUWF3UW@,BMRY*Ey93EGF3J/@[>QMOJ/9;>A93E�MRY*Ey��U^9O9OJA9ÀC*UWF3MR>A@,X8E L >A@,CPMOY,E�»[@,E8FOFOE F C,E8»,@,EGC�nb�6`

F :=
νf
δν

, Ã �*�kø¥�NÅ
SVY,E89OE νf UWFoB/Ukj/EG@�nN�6`

νf :=
c

2L
, Ã �*�køK�bÅ

>A@,C`SVY,E89OE δν U^FIMOY,E­_1ÛúüÙá¢JA\�MOY,E#MO9R>A@*FO��UWFOF3UWJ/@�e�EG>ALa� νf UWFIX§>A=^=WE8C�MRY*E·³ \�9OE8EFOe�E8X8MO9R>A=�9O>A@,B/EQ¶^� ® J/@,F3UWC,E89V>�FOU^@,B/=^EÙ��UW939OJ/95SVUkMRY~»,EG=WC~9OE8¸,EGX¤MRU^jgUkM)� r Ë*»[E8=WC~MO9R>A@,F)Æ��UWFOF3UWJ/@ t >A@*C�»[E8=WC�=WJAFOFOE8F l � � Y,E<XGJA@,FOE893jQ>QMOUWJ/@�JA\hEG@*EG9OBQ��C*EG�¾>A@,C,F R+T +L = 1
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SVY*EG9OE R = r2 Ë T = t2 >A@,C L = l2 Ë[U �ÓEQ�,MOY,E�\�9O>AX8MOUWJ/@*FVJQ\v9OE¤¸[EGX¤MREGC¼ËaMR9R>Q@,FO��U^M3MRE8C>Q@,CP=^J/F3MÀUW@NMRE8@,FOUkMRUWE8F��­7,F3MoF37,�ØMRJ�JA@,EA��l \ºMOY,EG93E�>A9OEÙ@,J�=WJAFOFOE8FoUW@·MRY,EÙX§>§jhUkM)��j/J/=kÆ7*�¾E�>A@,C´BAEGJ/��E8MO9OU^X§>A=^=k�`e�E893\�EGX¤M#F37,n,F3MO9R>QMOEGF#>A9OE�>AFOF37,�¾E8C�ËºMOY,ED»[@,E8FOFOE·C*EGe�EG@*C,FJA@,=^�~J/@�MOY,Ey9OE8¸,EGX8MOU^jgU^Mm�PJQ\vMRY,Ey��UW939OJ/93FG��_[JA9I>DF3MZ>Qn,=WE�X§>§jhUkM)�~�·>QC,EyJQ\vM)S�J¾�¾U^9TÆ93J/9OFyY[>§jhU^@,B�MOY,E�»[E8=WC´9OE8¸,EGX¤MRU^jgUkM)� r1 >A@*C r2 ËºMRY,E�»,@,EGF3FOE F UWF�B/U^j/E8@°nN��Ã�@,JAMRE/`
ri / 1 ÅàWµù/�/Y�`

F =
π
√
r1r2

1− r1r2
' π

1− r1r2
. ÃÄ�*�^ø¥ù/Å

_[JA9IU^C,EG@NMRU^X§>A=½��U^9O9OJA9OF ri = r Ë�MOY,E#e,93JgC,7,X¤MÙJA\�MOY,E	»,EG=WC`93E8¸[E8X8MRUkjgU^MOUWEGF r1 · r2 XG>A@n�E;FO7,n,FTMRUkMR7*MOEGC·nb��MRY,E;UW@NMREG@*FOU^Mm��9OE¤¸[EGX¤MRU^jgUkM)� R JA\�J/@,E;JA\¼MOY,EIU^@,C,U^jgU^C,7[>A=,��UW939OJ/93F>Q@,CPMRY,E�E¿�*e*9OEGF3FOUWJA@�\�7,93MOY,EG9VF3UW��e,=WUÊ»[EGF�MRJO`
F ' π

1− r2 =
π

1−R =
π

T + L , ÃÄ�*�^øK�NÅ
SVY*UWXZY¦U^FKFOJ/��E8MOUW��EGFI7,FOE8C©U^@`MRY,E­=^U^MRE89R>QMO7,9OE^WÓù/ù	Y � � Y,E­»[@,E8FOF3EDUWFK9OE8=?>QMOEGC`MRJ·MRY,EXG>¥jgUkM)�tEG@,E89OBA�~F3MOJ/9R>ABAE�MOUW��E¯®VnN� `

F =
πc

L
· τ . ÃÄ�*�^øF!/Å

lm@*F3MREG>AC�JA\ºMRY,E�=WUk\�E8MOU^��E τ JA\]MRE8@PMRY,E¾Ã]»[EG=^Cgf*Å�C,E8X§>§�P9R>�MRE κ C,E¤»[@,E8CÜ>AFZ`
κ =

1

2 τ
Ã �h�^ø¥û/Å

U^FD7,F3EGC��²l \IMRY,EP»,@,EGF3FOE F U^FDC,UkjgUWC,E8C¯nb� π >ÖjQ>A=^7,EPUWF­\�J/7,@,CÂ\�J/9­MRY,E�>¥j/EG9O>AB/E@b7,�­n�EG9�JA\IMRUW��EGF�>¦e,Y,JAMOJ/@¯MR9R>§j/EG93FOE8F¾MRY,E�X§>§jgU^Mm�Ân�E8\�JA9OE�U^M�U^FDMR9O>A@,F3�¾UkMOMRE8C¯J/9>Qn,FOJ/93n�EGCÖnN�Ü>¾�¾U^9O9OJA9G� � Y*UWFK@g7*�­n¬E89KUWFIJA\�B/9OEG>QMÙU^@bMOEG9OE8F3M�>AFKUkMKXGJA9O9OE8FOe�J/@,C*FÙMRJMOY,E�@g7*��n�E89VJA\ºMRUW��E8FÀMRY*Eye*Y,JAMRJA@�e[>AF3FOEGFVMRY,E�MO9R>Ae,e�E8C�U^J/@��
bs�°bs��� ���
��������± �g�5!"�

w0
�#";�S���
������� �������2² �g�5³�� �

� Y*Ey»[@*EGFOF3E F U^FV@,JAMVMOY,EyJA@,=^�t9OE8=WE¤jQ>A@NMI@b7,�­n�EG9VXZY[>A9R>QX8MOEG9OU^FOU^@,BDMOY,EyXG>¥jgU^Mm�~FT�hF)ÆMOEG���Kl MÙUWFK>A=WF3JtU^�¾e�JA93MZ>Q@bM;MOJ·\�JgXG7*FKMRY*E­X§>§jgU^Mm��=^UWB/YNMIJ/@`MRY*E­UWJA@`U � EA�aMRJ~>QX¿Y,U^E8j/E>·FO�¾>A=W=½SÀ>QUWF3M�´�>AFKS�EG=^=�>AF�>tF3�·>Q=W=º�¾JgC*E#j/J/=^7,��E L · πw2
0
� ® J/@*FOUWC*EG9KMRY,E#\�7,@hÆC,>A�¾E8@bMR>A= � :5á

00
�¾JgC,EIUW@~>#FT�g�¾��E8MO9OUWXIXG>¥jgU^Mm�¾JA\½=WE8@,BAMOY L � � Y*EÙSÀ>QUWF3M�FOUW68E ω0Ã�9R>AC*UW7,FoJA\ºMRY,E�S�>AUWFTMI>�MVMOY,E�X§>§jhUkM)�tXGE8@bMOEG9RÅoUWFoB/Ukj/EG@�nN�yWÓù/��Y�`

w2
0 =

λ

2π

√

L(2R− L) , Ã �*�kø¥ýNÅ
µ�¶8
��¸·[ÿ$ÿ���ü���û¹�Ký��»ºXü�����û�º��,��¼Fþ�ù	������� ý¦ûrÿ$ÿ�ºXû	���lùrú�üFý����/� ù

I(t) = I(0) · e− t
τ � I(t) ½ ��ý����¾��
��ÿ$ý��	
¯��ý������5����ý��»º�û¿�8� ý��L�

t
�À ¶8
��D� ù��������°
	ù��	ÿ§ü¾�	ù�� ½ �,� ùKù��°��û®ÿ¦ÿÁ� ù�ú���ÿ¦ý¦û ½ ÿ�º/��ù¿�	�cû	�[ü¾Â	����þ¾��
���ý$ù���ý��àý��������5�¯����ú��
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∆
 Ã

Ä Ä

_vU^B/7,9OEo�*�¦!�`.]IEG>A9<X8J/@,X8EG@bMO9OU^X;XG>¥jgUkM)�A� � Y,EV�¾U^9O9OJA9OF�>Q9OEVF3EGe[>Q9R>QMOEGC¾nb�­FO=WU^B/YNMR=k�#=^EGF3FÃ ∆L Å�MRY[>Q@ 2R �

∆
 L

R R

∆
 x
θ


_vU^B/7,9OED�*�Óûw`­á�U^FR>A=^UWBA@,��E8@bM�JA\ÀJA@,E��¾U^9O9OJA9�nN� ∆x � � Y,E¾FT�h����E8MR9T�©>��hUWF�JA\�MOY,E��UW9O93J/9�XG7,9TjQ>QMO7,9OE8FK>Q@,CPMRY,E89OE8\�JA9OE�MRY,E�=^UWB/YNMo��JgC,E�U^FoMOUW=kMREGC~nN� θ �

SVY,E89OE R C,EG@*JAMRE8FKMRY,E	�¾U^9O9OJA9V9R>QC,UW7,F;JA\�XG7,9TjQ>QMO7,9OEQ�Ù_[J/9V»*�hEGC L Ã�C,EG�¾>A@,C*EGCÜnN�MRY*E�F3UW6GE�JQ\ºMRY*E�MO9R>Ae[Å¤ËhMRY,E�9OE8FOJ/@,>QMRJ/9ÀJA\1XZY,J/U^XGE�U^F�MRY,E�@,EG>A9oXGJ/@*XGE8@bMR93UWX�9OE8FOJ/@[>�MRJ/9XGJA�¾e�J/F3EGCÁJA\VMmS�JÖX87,93j/E8C¯�¾U^9O93J/9OFySVUkMRYÁ>Ü9R>QC,UW7,F#JA\VXG7,9TjQ>QMR7*9OE~FO=^UWB/YNMR=k�¦n,UWB/BAEG9MRY,>A@'Y,>A=^\ÙMOY,EÜ��UW939OJ/9DC,UWFTMZ>A@,X8E L >AF·F3Y,JÉSV@'UW@²»[B/7,93EÂÃÄ�*�§!AÅ¤��HKE8»,@,UW@,B R :=
(L+∆L)/2 Ë,EG¹b7[>�MRUWJA@°Ã �h�^ø¥ý/Å�X§>Q@�n�E�SV9OUkMOMOEG@�>QFI`

w2
0 =

λ

2π

√
L ·∆L =

L · λ
π

√

∆L

4L
. Ã �*�µ�A�NÅ

_[J/9ÀMOY,E�FOe�JAM;F3UW6GE�>QMVMOY,E���UW9O93J/93F�MRY,E�E¿�*e*9OEGF3FOUWJA@a`
w2
mirr =

L · λ
π

√

4L

∆L
Ã �*�µ�høÉÅ

UWF5jQ>Q=WU^C�WÓù/�/Y ��_[9OJ/��MRY,E8FOEÙE¤�he,93EGFOFOU^J/@,FÀU^M�UWF�XG=^E§>A95MOY[>QMÀ>#F3�·>A=^=[SÀ>AU^F3M�@,E8EGC,FÀ=?>A93B/E��UW9O93J/93F�>Q@,C�MRY,Eon�E§>A�ÒC,Ukj/EG9OBAEGF<¹b7,UkMREoFTMR9OJA@,B/=^�A�vÏIe[>A93M�\�9OJ/�ÚMRY*UWFGË/�¾U^FR>A=^UkB/@,��E8@bM



j2i­Å�ixfq*�dlk�j�-w*gm %�&/E eq&s-�jI(+*J-
¢g-
(+*gE �/�
JQ\oMOY,E·��UW939OJ/93FyJQ\ O(∆L) =^E§>AC©MRJ`C,U^FR>AFTMR9OJA7,F#X8J/@,FOE8¹b7,EG@,XGEGFG�ÜÏIFOFO7,��Et>�FO�¾>A=W=F3Y,U^\]M�JA\ ∆x JA\¬JA@,Eo�¾U^9O9OJA9�>Qn�J/7*M�MOY,EoF3�g�¾��E¤MR93�­>��hUWF�FOY,J¥SV@¾U^@­»[B/7,93E	ÃÄ�*�ÓûNÅ¤� � Y,E=^UWB/YNMÀ�¾JgC,EÙSVU^=W=¬MOUW=^M�MRY*9OJ/7,BAY�>A@�>Q@,B/=^E θ `

θ ≈ tan θ =
∆x

∆L
, ÃÄ�*�Õ�A�/Å

>Q@,C E¤j/EG@NMR7[>A=^=^�²e[>A93MOF~JQ\�MRY,EÜn�E§>A� SVUW=^=IY,UkM·MRY,EÜEGC,B/EÖJQ\�MRY,EÜY,UWBAY'9OE¤¸[E8X8MRU^J/@X8JN>QMOUW@,B/FÀJA\1MOY,E��¾U^9O93J/9OF8�� J�BN>AUW@©>PFO�¾>A=W=v�¾JgC,E�j/JA=W7,��E�MOY,E�X§>§jgU^Mm�¦=^EG@,BQMRY©FOY,JA7,=WC©n�E�X¿Y,JAFOEG@´MOJ�n�E>QF�FO�¾>A=W=v>AF�e�J/FOF3UWn,=^EA�D�VEGC*7,X8MOUWJ/@¦JA\�MOY,EDX§>§jgU^Mm�Ö=^EG@,BQMRY L ≈ 2R U^F��¾J/FTM�F3MO9OUW@gÆBAEG@bMO=^�­=WU^��UkMOEGC�nb�­MRY*E;FOU^6GEVJA\¬MOY,EVMO9R>Ae¾>Q@,C¾X8J/@NMRUW@*B/EG@NMR=^�#nb�­MRY,EVFOY,U^EG=^C,UW@*B�JA\�MRY,E@*J/@,XGJA@,C,7,X¤MRUW@*B��¾U^9O9OJA9OF5ÆI>AFoS�EG=^=½>AFoMOY,E�@,EGX8EGF3FR>A93��>AXGX8EGFOF;JA\v=W>AFOE89on�E§>A��FG�
[\}�Ç ¨!uVw§_	+Gx½uVr -­�	Í ) �#xU+¿�½u aÈ�·x��½uVÍ
� Y*E­e[>A9R>Q�¾E¤MREG93FIMRY[>�M�>A93E#9OE8=WE8j�>A@bMK\�JA9IMOY,E­FT�gF3MRE8�ÔXGJA�¾e�J/F3EGCÜJA\<UWJA@�Ë�MO9R>AeÜ>A@,CXG>¥jgUkM)�~>A93E�MOY,Ey>QMOJ/��UWXKC,E8X§>§�P9O>QMRE γ⊥ = 2π · 0.076 ü;6AË,MOY,E�X§>§jgU^Mm�tC,EGXG>¥�~9R>�MRE κ>Q@,C�MRY,E;XGJ/7,e*=WU^@,B g n¬E¤MmS�EGE8@~XG>¥jgU^Mm��»,EG=^C¾�¾JgC,E;>A@,C¾UWJA@�� κ >Q@,C g >A9OEV9OEG=W>QMRE8C�MRJE¿�he�EG9OU^�¾E8@bMR>A=aC,E8FOUWBA@·e[>Q9R>A��E8MOEG9OF L Ë w0

>Q@,C F ËbMRY,E;X§>§jhUkMm�D=WE8@,BAMRY¼ËbS�>AUWFTM�9R>AC*UW7,F>Q@,CP»[@,E8FOFOE	93EGF3e�EGX8MOU^j/E8=^�AËanb�6`
κ =

πc

2FL , ÃÄ�*�Õ�Q�NÅ
>Q@,C°Ã�\�J/9ÀMOY,E�¹b7[>AC,937,e�J/=^E�MR9O>A@,FOUkMRU^J/@ S1/2 Ë mj = −1/2↔ D5/2

Ë mj = −5/2 Å

g =

√

5cλ2γ⊥
2π2Lw2

0

. ÃÄ�*�Õ�[�bÅ
lm@ÖB/E8@,EG9O>A= κ >A@,C γ⊥ ÃÄJ/9Ù>QMÙ=WEG>AF3MÙJA@,E­JA\<MOY,EG�·Å;FOY,JA7,=WCÜn�E�F3�·>Q=W=ºX8J/�¾e,>A9OE8CÜMRJ
g �Ö_[9OJ/��MRY,E·E¤�he�EG93UW��EG@NMZ>A=�e�J/U^@bM#JA\ojgUWE¤S γ⊥

>Q@,CÇMOY,E·MR9O>A@,F3U^MRU^J/@©SÀ>¥j/E8=WE8@,BAMOY
λ >Q9OE¾»*�hEGCÁ\�J/9	MOY,EtF3�gFTMREG�à>QM­Y,>A@,C�� κ X§>Q@Án�E·MR7,@,E8CÂU^@,C,EGe�E8@,C,E8@bMR=k�°nb�©MRY,E»,@,EGF3FOE F SVY,U^X¿Y°C,E8e�EG@,C*F�F3J/=^EG=^�ÖJ/@´MOY,E¾¹g7,>A=WUkM)�ÖJA\�MRY,E¾��UW939OJ/93F¾ÃÄF3EGE·EG¹b7[>�MRUWJA@ÃÄ�*�køÉù/ÅOÅ¿�#Û U^MOYÖMRY,EDXG>¥jgU^Mm�ÜB/E8J/��E8MR9T�Ü9OE8¹g7*UW9OE8C¦MRJPUW@,X8J/9Oe�JA9R>QMOED>A@¦UWJ/@ÜMR9O>Ae©>A@,CMOY,E�93EGF37,=^MOUW@,B;F3e�JAM1FOUW68EGF1JA@	MOY,E5�¾U^9O9OJA9OF½>V»[@,E8FOF3EÀJQ\[�/�/�/�A�/�;>QM 729 @,��U^F1>;9O>QMRY,E89JAe*MRU^�¾U^FTMRU^XDj�>A=W7,EQ� ® J/@,F3UWC,E89­@*JÉS¡MOY,E·C,EGe�E8@,C,EG@*XGEPJA\ g `DC,E8XG93E§>AF3UW@,B`MRY,E¾SÀ>AU^F3M9O>AC,U^7,F w0

U^@,XG93E§>AF3EGF g SVU^MOY,J/7*M�XZY[>A@*B/UW@,B κ ��ÏIFÀF3Y,JÉSV@~U^@·FOEGX¤MRU^J/@¦Ã �*�Ó�NÅ¤Ëh>#F3�·>Q=W=XG>¥jgUkM)�#SÀ>AU^F3M<9OE8¹g7*UW9OE8F<j/E893��B/JgJgC�>A=WU^B/@*��EG@NM�JA\�MRY,EVXG>¥jgU^Mm�­�¾U^9O9OJA9OFG�ºÏoC,C,U^MOUWJ/@,>A=^=k�UkM�U^F��¾JA9OE�C,U v�XG7,=kM�MRJPXGE8@bMOEG9�MOY,EDUWJ/@ÖUW@ÖMOY,E�SÀ>AU^F3M§��ßÙe*MOUW��U^F3MOU^X§>A=k=k�`>~SÀ>QUWF3M�JA\È�� ù����lù��[ü�������ý�������ÿ��5�L������������ûrúU��
��#��ú�û®þ	þ?��üàý$ù��àù��­���5�É
	ùZÿ¦üÉ�»� ú û¹º¾��
/û®ú��	���U��û�����ý�����þ[ú�ù ½�Êÿ����L���lù�������ú��[ý����G��
��#�lù��×þ?����� û¿��ý¦ù	�;ù	�Ë��ý���ú�ù��×ù	��ý¦ù	�¬�
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w0 ≈ 10 µ �ª�¾>¥��n�EK�·>Q@[>AB/EG>An,=^EA�vÏâXZY[>A@,BAEÙUW@¾MRY*EÙXG>¥jgU^Mm�¾=^EG@,BQMRY L UW@*¸[7*EG@,X8EGF
κ >Q@,C g �~Û Y*EG9OEG>AF­>�=?>Q9OB/E g ∝ 1/

√
L 93EG¹b7,U^9OEGF#>�FO�¾>A=^= L U � EA�º>�F3�·>Q=W=���JgC,Ej/J/=^7,�¾EQË,F3�·>Q=W= κ ∝ 1/L C,E8�·>A@*C,F;>D=WJA@,B�X§>¥jgUkM)�A�

bs�°Ìq��� d×���O�#"¾� ���#³;�à�l��"h�
lm@#MOY,E�F3MO9OJ/@*BÙX8J/7,e,=^UW@,B;9OE8B/UW��E5UkM1UWF193EG¹b7,U^9OEGC	MRY[>QM g À κ >Q@,C g À γ⊥

�1lm@,F3EG93MOUW@,BÃ �h�Õ�A�/Å�>Q@,C·ÃÄ�*�µ�/�bÅ¬UW@NMRJÀMRY*E�»[93F3MºU^@,EG¹b7[>Q=WU^Mm�;MRY,E�\�J/=^=WJ¥SVU^@,BÀ93EG=W>QMRU^J/@,FOY*UWe,F�>A9OE�\�JA7,@,Ca`
√

5cλ2γ⊥
2π2Lw2

0

À πc

2FL
Ã �*�µ�/ù/Å

⇒ L ·
( F
w0

)2

À π4c

10γ⊥λ2
∼= 1022

1� . Ã �*�µ���NÅ
lm@,F3EG93MOUW@,BDMOY,E�J/e*MOUW��U^F3MOU^XKjQ>Q=W7,E8Fo\�J/9 w0

>A@,C F >D=WU^��UÊMoJA@ L U^FÀ\�J/7,@,Ca`
L À 10 � . Ã �*�µ�0!/Å

� Y,U^F�UWF�>A=W93E§>ACh���­7,X¿Y·MOJgJ­=W>A9OBAE;\�J/9�>yM)�ge,U^X§>A=�¹b7[>A@bMO7,�ªJ/e*MRU^XGF�E¤�he�EG93UW��EG@NM§�<_[J/9E¤�*>A��e,=^EAË[MOY,E	F3e�JAMIFOUW68EtÃ�9R>AC*UW7,FRÅoJA@�MOY,Ey�¾U^9O9OJA9OFV>QM 5 ��C,UWFTMZ>A@*XGEyUWFV�¾J/93E�MRY[>A@
10 XG��>AFOF37,��UW@,BP> 10 µ ��SÀ>QUWF3MG�#lm@,F3EG93MOUW@,B´ÃÄ�*�Õ�[�bÅIUW@NMRJtMOY,E�FOEGX8J/@,C©UW@,E8¹g7,>A=WUkM)�Ã g À γ⊥

Å��gUWE8=WC,FZ`
√

5cλ2γ⊥
2π2Lw2

0

À γ⊥
Ã �*�µ�AûNÅ

⇒ Lw2
0 ¿

5cλ2

2π2γ⊥
∼= 100 XG� 3 . Ã �*�µ�AýNÅ

iIF3UW@,B�MRY*Eye*9OE8jgU^J/7,FojQ>A=^7,EÙ\�J/9 w0
9OE8FO7,=kMRFVUW@�>�9OE8¹g7*UW9OE8�¾E8@bMVE§>AFT�~MOJ¾>AXZY,U^E8j/E�`

L ¿ 1000 Lb� . Ã �*�Ó�/�/Å
® J/�­n,U^@,UW@*Byn�JAMRY·XGJA@,C,UkMRUWJA@,F5U^M�XG>A@·n�EKFOE8EG@tMOY[>QM�UkM�U^F�>	9O>QMRY,E89�X¿Y,>A=W=^EG@,BAUW@,B�MR>AFOLMRJ�JAn*MZ>AU^@­F3MR93J/@,B�XGJA7,e,=WU^@,BKMOJ�>ÙX§>¥jgUkM)�	»,EG=WC�J/@­MOY,E S1/2 ↔ D5/2

® > + MR9O>A@,FOUkMRU^J/@��� Y,EyXG93U^MRU^X§>A=¼XGJA@,C,U^MOUWJA@~\�J/9VJ/nhMZ>AU^@,UW@*BDFTMR93J/@,B�XGJ/7,e*=WU^@,B�MRJDMRY*Ey¹b7[>AC,937,e�J/=^E�MR9O>A@hÆFOUkMRU^J/@�UWF g À κ Ë[SVY,EG93E§>AFIMRY,E	X8J/@,C*U^MRU^J/@ g À γ⊥
UWF;EG>AF3�PMRJ·>AXZY,U^E8j/E	C,7,EyMRJ�MRY*EFO�¾>A=^=½MR9O>A@,F3U^MRU^J/@�=WUW@*E8SVUWChMRY�� � Y,U^FÙU^FK@,JAMKMR937,E­Uk\5>·C,U^e�J/=WE�MR9R>A@*FOU^MOUWJA@`UWFIXGJ/7*e,=WE8C



j2i­Å�ixfq*�dlk�j�-w*gm %�&/E eq&s-�jI(+*J-
¢g-
(+*gE �Nù
MOJ°MOY,E`X§>§jhUkM)�Â»[E8=WC�� ® J/@,F3UWC,E89¾\�J/9¾E¤�*>A��e,=^E�MOY,E D5/2

Ë mj = −5/2 ↔ P3/2
Ë

mj = −3/2 C,UWe�JA=WEÖMR9O>A@,FOUkMRU^J/@ >QM 854 @,��� � Y,E´MR9O>A@,FTj/EG9OFO>A=	C,E8X§>¥�ú9R>QMOE´UWF
2π · 790 LgüI6QË<MOY,EtXGJA7,e,=WU^@,B gdip JA@ÇMRY,U^F	MR9R>Q@,FOUkMRUWJA@°UWF gdip = 2/

√
5 · g Wkø¥ù[Y �i;FOU^@,BDMOY,UWF8Ë*MRY,E�E8¹g7*U^jQ>Q=WEG@NM;U^@,EG¹b7[>Q=WU^Mm�¾MOJ�X8J/@,C,UkMRU^J/@©Ã �*�µ���NÅ�n�EGXGJA�¾E8FI`

L ·
( F
w0

)2

À 1015
1� , ÃÄ�*�µ�høÉÅ

SVY*UWXZY�E¤j/EG@�\�JA9ve[>Q9R>A��E8MOEG9OFºMREG@#MRUW��E8FºS�J/9OF3E�MRY[>Q@�e*9OE8jgU^J/7,FO=k�tÃÄ>I»[@,E8FOFOEoJA\ 30000>Q@,C�>#SÀ>QUWF3MoJQ\ 100 µ �·Å�93EGF37,=^MOFoUW@·MRY,EÙ9OEG¹b7,U^9OE8�¾E8@bMÀMRY[>�M LÀ 11 ���VÂh@,JAMÀMRJgJC*U¨v�XG7,=kMÀMRJ­\�7,=^»,=W= � � Y,E�F3EGXGJA@,C�X89OU^MOEG93UWJ/@�ËgMRY*E�E8¹g7*U^jQ>Q=WEG@NMVXGJA@,C,UkMRUWJA@tMRJ�EG¹b7[>QMOUWJA@ÃÄ�*�µ�AýNÅ�X8J/@,X8EG9O@*UW@,BDMOY,E��¾JgC,EÙj/J/=^7,��EAË*UWFI`
Lw2

0 ¿ 9× 103 ��� ·µ � 2 . ÃÄ�*�µ�/�/Å
ßÙnNjhU^J/7,F3=^�ÖFO�¾>A=W=�XG>¥jgU^MOUWEGFy>A9OE�@,E8EGC,E8C°MRJ`>AXZY,U^E8j/E¾FTMR9OJA@,B`X8J/7,e*=WUW@*B�J/@°>�C,UWe�JA=WEMO9R>A@*FOU^MOUWJ/@¼�ºl MvU^Fv>AF3FO7,��EGC#MOY[>QM1MOY,E�=WEG@*BAMRY#JQ\a>IXGJA@bj/E8@bMRU^J/@[>A=gXG>¥jgUkM)�yn*7,UW=kM1>A9OJ/7*@,C>~��UW@,UW>�MR7*9OU^F3EGCÖUWJ/@ÜMR9O>Ae¦UWFK\�9OJ/�Ô>A9OJ/7*@,C©F3E8j/E89R>A=��¾� Wµù/�/Y�7,e¦MOJ�>t\�E8SÒXG��Ë½>AF7*FOEGC'U^@²MRY,U^F�S�J/9OLa�âlm@,F3EG93MOUW@,B L = 2 X8� UW@NMRJ'ÃÄ�*�Ó�N�/Å��¾EG>A@,Ft>©SÀ>AU^F3M·9R>AC*UW7,F
w0 ¿ 21 µ ��UWF;93EG¹b7,U^9OEGC¼�;Ð�EGE8e,UW@,B¾U^@��¾U^@,C�>A=^=�MRY,E	JAMOY,EG9;9OE8¹g7*UW9OE8��EG@bMOFIJA\vMRY,EE8@bMOUW9OE�>Ae,e,>A9R>�MR7,FoMOY,UWFoUWFoFTMRU^=W=�>­j/EG93�~C,EG�¾>A@,C*UW@,BD>A@,C�XZY[>A=^=WEG@*B/UW@*B�X8J/@,C,UkMRUWJA@��
bs�»Ìq��� ± ���ÎÍ ���#³;������"¾�
l \�MRY*E#¹b7[>AC,937,e�J/=^E	MO9R>A@*FOU^MOUWJ/@�U^FIXGJA@,FOU^C,EG93EGCÖ>AFK>¾¹g7*n,U^MIMO9R>A@*FOU^MOUWJ/@PMOJ·F3MRJA9OE#>A@,Ce*9OJgXGE8FOFt¹g7,>A@bMO7,� U^@*\�J/93�·>�MRUkJ/@@W��/Y ËVUkM·U^F¾S�J/93MOYbSVY,U^=WE�MRJ°=WJgJ/LÇ\�J/9¾��E8MOY,JgC,F¾MRJX8J/@bjAEG93M¾MRY,E�F3MR>QMRU^J/@[>A9T�Â¹b7,n*U^M¾UW@*\�JA9O�¾>QMRUkJ/@ÂXGJ/Y*EG9OE8@bMO=^�ÂMRJ°>©e,Y,JAMOJ/@²MRY,>QM·XG>A@n�E�FOE8@bMtJÉj/E89·=W>A9OBAE�C,U^F3MZ>Q@,XGE8FG� üIEG93EAËÀMRY,E�S�EG>AL¯XGJA7,e,=WU^@,B©JA\�¹b7,n,UkM¾MR9R>Q@,FOUkMRUWJA@>Q@,CÁX§>§jgU^Mm�´»[E8=WCÇUW@°MOY,E`³µn[>QCÁX§>§jhUkM)�´9OE8B/UW��EQ¶1X8J/��EGF­U^@bMRJ`e,=W>¥�A� � Y,Et\�J/=^=WJ¥SVU^@,BX8J/@,C,UkMRU^J/@,FÀ��7*F3MVn�Ey��E8MI`

γ⊥ ¿ g2/κ¿ κ . ÃÄ�*�Ó�/�NÅ
i;FOU^@,BÇÃÄ�*�Õ�Q�NÅ¤Ë�Ã �*�µ�/�bÅ�>A@*C°93E§>A=^UWFTMRU^X�e[>A9O>A��E8MRE89OF�\�JA9�»[@*EGFOF3E F Ë1XG>¥jgUkM)�Ö=WEG@*BAMRY L>Q@,C°SÀ>AU^F3M#9R>AC*UW7,F w0

ËvS�EtFOE8E·MRY[>�M#MOY,E·=WJ/@*B�fg=^Ukj/E8C°¹b7[>AC*9O7,e�J/=^E¾MR9O>A@,FOUkMRU^J/@´U^F­>BAJgJgC²X§>A@*C,UWC[>�MRE�UW@ÂMRY*E©³µn,>AC�XG>¥jgU^Mm�Â9OE8B/U^�¾EQ¶^� � Y*E`93EG=WE¤jQ>A@NM¾¹g7,>A@bMOU^Mm�Á\�J/9�MRY,EFT�gF3MRE8��U^FÀMRY,E�XGJgJAe�EG9R>�MRU^jgUkM)� C Ë[C,E¤»[@,E8C`U^@´Ã �h�µùAýNÅ�>AFI`
C :=

g2

2γ⊥κ
=

5Fλ2
2π3w2

0

. ÃÄ�*�µ�/�bÅ
� Y*E	X§>§jgU^Mm�P=^EG@,BQMRY L U^FVFOEGE8@`MOJ¾XG>A@,X8EG=ºJA7*MK>Q@,C�X§>A@�n�EyXZY,J/F3EG@�\�9OEGE8=^�~e,93JÉjgUWC*EGCMOY[>QM	XGJ/@*C,U^MOUWJ/@�ÃÄ�*�µ�A�NÅ�93EG�¾>AUW@,F�jQ>A=^UWC��·ÏØY,U^B/Y´n,7*M#@*J/@,E8MOY,EG=^EGF3F­93E§>Q=WUWFTMRU^X�j�>A=W7,E



�0� %cb;dàe�(+*gfZj�ixf;*�dlk�j�-�d;(
jr&s'=&�m@(+b�*(E>&�mà*#k
\�J/9#MRY*E~»[@*EGFOF3E�UWF 200000 Ë<\�JA9­MOY,E~X§>¥jgUkM)�´SÀ>AU^F3MD>Ö9R>QC,UW7,F­JA\ 25 µ � ��UWBAYbM­n�E>AXZY,UWE¤j/EGC¼� � Y*EGFOE�j�>A=W7,E8FoUW��e,=k� C ≈ 14 � � Y,E�E8�¾U^FOF3UWJ/@t9R>QMOE�UWFÀEG@*Y[>A@,X8EGC�nN�tMOY,E��7,9OX8EG=^=º\Ä>AX8MOJ/9 F = (2C + 1) ≈ 29 >A@,C`MOY,E	\�9R>AX¤MRU^J/@`JQ\<E8�¾U^FOFOU^J/@�EG��U^M3MREGC�UW@NMRJMRY*EyXG>¥jgU^Mm�t�¾JgC*E�U^F β = 2C/(2C + 1) ≈ 96 i �

� Y*E·9OEG�¾>AU^@,U^@,B�XG>AFOE·7,@*C,EG9yMRY,E¾XGJ/@*C,U^MOUWJ/@©JA\ÀS�E§>AL¦XGJ/7,e*=WU^@,B�U^F	C*E8»[@,E8CÁnN�MRY*EyXG93U^MOEG9OU^J/@a` κ¿ g2/γ⊥ ¿ γ⊥
Ë[MOY,UWFon�EGU^@,B�Lb@,JÉSV@`>AFoMRY,E�³µn,>AC`>QMOJ/�{9OEGBAUW��EA¶k�_[J/9yMRY,E·¹b7[>AC,937,e�J/=^E·MO9R>A@*FOU^MOUWJ/@©MOY,UWF	X§>AF3EtUWFyMREGXZY,@,U^X§>Q=W=^�¦@,JQM­9OE§>Q=WU^FR>An,=^E�C,7,E¾MRJMRY*Ey=^J/@,B�=WUk\�E8MRUk��EÙJQ\1MOY,E��¾E¤MZ>AFTMZ>An,=^E�FTMZ>QMOEA�

_[JA9VMRY,E	E¤�he�E89OUW��EG@NMKe,9OE8FOE8@bMRE8CÖY,EG93E	MRY*E#e,>A9R>A��E8MOEG93FIFR>QMOUWFT\]�hU^@,B�MOY,E	XG9OUkMRE89OU?>JA\ºMRY,E�S�EG>AL~X8J/7,e*=WUW@*BD93EGB/U^�¾E�>Q9OE�`
>QMOJ/��UWXKC,EGXG>¥�P9O>QMRE γ⊥ = 2π · 0.076 üI6�Ë
XG>¥jgU^Mm�tC,EGXG>¥�P9O>QMRE κ = 2π · 102 Lgü;6yË
U^J/@gfgXG>¥jgU^Mm�·XGJA7,e,=^UW@,B g = 2π · 89 ü;6��

� Y,EyX8JgJ/e�EG9O>QMRUkjgU^Mm� C >A@*C��<7*9OXGE8=W=�\Ä>QX8MRJA9 F >A9OE�X§>A=^XG7,=W>QMRE8C~MRJDn�E�`
XGJgJ/e�E89R>QMOU^jgU^Mm� C ≈ 0.51 Ë��7,9OX8EG=W=¼\Ä>AX8MOJ/9 _ ≈ 2 �

� Y,E8FOE	e[>Q9R>A��E8MOEG9OFV>A9OE�C,UWF3XG7,F3FOE8C�MRY,JA9OJ/7,BAY,=^�·UW@PXZY[>AehMREG9	Ã7�NÅ¤�
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 ÐÔ� �����UÑ �±�¡���Ò� �!�Á�4R��

lm@�MOY,UWF�X¿Y,>Ae*MRE89¾MRY,E`E¿�he�EG9OU^��EG@bMR>A=;FOE¤MR7,e±UWF¾C,E8FOX89OUWn�E8C���_1UW9OFTM·>A@±J¥j/EG9TjhU^E8S�UWFBAU^j/E8@¾JQ\�>A=W=hMRY,EV@,E8XGEGF3FR>A9T�¾X8J/��e�J/@,E8@bMRF�MRJ�MO9R>Ae¾>Q@,C¾U^@bj/E8F3MOUWBN>QMOEVF3UW@,BA=WE ® > + U^J/@,FU^@Ü>·Y,UWB/Y�»[@*EGFOF3EDXG>¥jgUkM)�A� ® J/��e�J/@,E8@bMRFKFO7,XZY©>QFKMOY,E­=W>AFOE89OF8Ë¬MRY[>�MÙY[>§j/E­n�EGE8@¦C,E¿ÆF3XG93UWn�EGC·EG=^FOE¤SVY,EG93EÙU^@¾B/9OEG>QM�C,E8MR>AUW=
WÊø/øAË�ø§�*Ëgý*Ëhù0!gË*ùAû[Y Ë*>Q9OEIJA@,=^��C,UWF3XG7,F3FOEGCtn,9OU^E8¸,�A�� Y*E­e[>A9TMRFIMOY[>QMÙ>A93E#FOe�E8XGUk»[X#MOJ·MOY,E#X§>§jgU^Mm�`¨�:<HÒE¤�he�EG93UW��EG@NM�>A9OE	XZY[>A9O>AX8MOEG9OU^FOE8CE¿�gMREG@*FOU^j/E8=^�~UW@~MRY*E�\�JA=W=^J¥SVU^@,B�F3EGX¤MRUWJA@,FG�
Ço}I~ ¥ .#uÀsI.Ò+¤uLÓ
ÏIF©F3Y,JÉSV@�U^@�»,B/7,9OE ÃD�,�^ø¥Å¤Ë#MRY,EÂXG>¥jgU^Mm�Ú¨�:<H E¿�*e�E89OU^�¾E8@bM©E¿�hMOEG@,C*F°J¥j/EG9ÖMmS�JJAe*MRU^X§>A=¼MZ>An,=^EGF8Ë[SVY,E89OE	J/@�MRY,Ey=?>QFOEG9oMZ>Qn,=WE�MOY,Ey=WUWBAYbMoFOJ/7,93XGE8FÙ>QM 397 @,��Ë 729 @,�>Q@,C 785 @,��>A93E#��J/7,@bMOEGC�� � Y*E­=WU^B/YbM;UWF;MR9O>A@,FO��U^M3MRE8C�MRJ·MOY,E#E¤�he�EG93UW��EG@NMKMZ>An,=^EnN�ÖJ/ehMRUWXG>A=1»[n,93EGF8� � Y,EDE¤�he�EG93UW��EG@NM�MR>An,=WE­Y,J/7*FOEGF�MOY,EDC*UWJgC,E�=W>AFOE89OF�>QM 866 @,��Ë
854 @,�Ø>A@,CtMOY,EÙe,Y*JAMRJQÆ UWJ/@*U^FR>QMOU^J/@¾=?>QFOEG93Fo>�M 423 @,�Ø>A@,C 390 @,��� � Y,EKjQ>AX87,7,�>Qe,e[>A9O>QMR7,F~>AFtMRY,EÖY,EG>A93M~JA\yMOY,EÖE¤�he�EG93UW��EG@NM�>A@,C'MOY,EÖC,E8MOEGX¤MRUWJA@ C,E8jgUWX8EGFmf�MRY,E�5á � >A@,CPMOY,E ®o® H;Æ ® >A�¾E89R>Éf~>Q9OE�=^JgX§>QMOEGCPJ/@PMOY[>QMoMZ>An*=WE�>AFÀS�EG=^= �
ð	ê�ê6�Äî ç
5 � ñ��Z�gétñhè

397
ç+� Wkø§�/Y� Y*EÙi;Ñ =WU^B/YbM<7,F3EGC·\�J/9�HIJ/e,e,=^EG9TÆ XGJgJA=WU^@,By>A@,C·FTMZ>QMOEIC,E¤MREGX¤MRU^J/@·J/@�MRY,EÙã

1/2↔ � 1/2C*UWe�J/=^EDMR9O>A@,FOUkMRU^J/@´U^F	B/E8@,EG9O>QMRE8CÁnN�©\�93EG¹b7,EG@*X8�°C,J/7,n,=^UW@*B`> 794 @,� � U�`ÓFO>Ae,e,Y*UW9OE=W>AFOE89rõ¿� � Y*E � U ` FR>Ae,e*Y,UW93E�U^FØ=^JgX¿LAE8C 7,FOU^@,Bà�1J/7*@,CgfhHK93E8j/E89)fhüI>A=W=ú�¾E¤MRY,JgCÃÄ�<HÙüÙÅ WÓùAý[YPMRJ�>�MRE8�¾e�E89R>QMO7,9OEúFTMZ>An,U^=WU^FOE8Cª9OE¤\�EG93EG@,X8EâX§>§jhUkMm�/Ë�93EGF37,=^MOUW@,BÚU^@{>=^UW@,E¤SVUWChMRY�JA\½>Qn¬JA7*M 200 LgüI6Q�5_[9OE8¹b7,EG@,X¤�·C,JA7,n,=^UW@,ByU^F�>QX¿Y,U^E8j/E8CtUW@·>yXGJ/����EG9OX8U?>Q=d½�oß�C,JA7,n,=WE89�®VXG9T�hFTMZ>A= �<�<7*�¾e�E8CPSVU^MOY ≈ 1.5 Û \�9OJ/�ªMRY*E � U�`ÓFO>Ae,e,Y,U^9OE�UkMÀ�gUWE8=WC*F
≈ 200 �KÛ iVÑ�=WU^B/YNM�e�J¥S�E89V>�M 397 @*����Ïâe¬J¥S�E89oJQ\ 3 �KÛ >�M�MRY,EK»[n*9OEÙJ/7*MOe,7*M

÷�ÔwÕwÖ�×�Ø	Ø ÊÚÙ�Û	� Ô ù	
���ú��5��� ��Ü ú + þ�����þ?��üµ�Ý þ?������ú�û¸Þß
¯º���ý����Uà Ü Ý ��á â û��	�5��ú�û®ý��äã
�"!



�/û %cbqdàe�(+*gfåÅ2i¹*DCEeg*gfsj5E *g'N(Odhkk-w*�(�n+e
J/@±MRY*EÖE¤�he�E89OUW��E8@bMtMZ>An,=^E`UWF·FO7wv�XGU^EG@NM~\�J/9t=W>AFOE89tX8JgJ/=WU^@,B°JA\�MOY,EÜMO9R>Ae*e¬E8C UWJA@��� Y,E;S�>¥j/EG=^EG@*BAMRY·U^F<�¾EG>AFO7*9OEGC¾nb�DX8J/��e[>A9OU^FOJ/@�SVU^MOY·>yüIE¿f�]IEZfg=?>AF3EG9KÃ]SÀ>¥j/E8�¾E¤MRE89ZÅW��/�/Y�>A@,CtJ/e*MRU^J/@[>A=^=Ê��XZY,E8X¿LAE8C�SVUkMRY~>­Y*J/=W=^JÉS'XG>QMRY,JgC*E ® >­C,UWF3X¿Y[>Q9OB/EK=?>A��e·F3UWB/@,>A= �

diode  laser  system
854 nm

diode  laser  system
866 nm

diode  laser  system
423 nm / 390 nm

diode  laser  system
785 nm

Ar  -ion  laser

frequency doubling
397 nm

Ti:sapphire  793 nm

Ti:sapphire  729 nm

fixed reference
resonator

lock lock

CCD PMT

+

experiment table

laser table

lo
ck

vacuum
apparatus

_vU^B/7,9OEÈ�,�kø0`D:v�he�EG93UW��EG@NMZ>A=5FOE¤MR7,e�� � Y,EtE¿�he�EG9OU^�¾E8@bM#E¤�gMRE8@,C,F�J¥j/EG9	MmS�JÜJ/ehMRUWXG>A=MZ>Qn,=WE8FG� � Y,E	=?>AF3EG9;F3J/7,9OX8EGFI\�J/9 397 @,��Ë 729 @,��Ë�>A@,C 785 @,��=WU^B/YbM;>A93E	=^JgX§>QMOEGCJ/@#MRY,EÀ=W>AFOE891MZ>An*=WEK� � Y,Eo=^UWB/YNM1UWF1MR9O>A@,F3�¾UkMOMRE8C#MOJKMRY,EÀE¿�*e�E89OU^�¾E8@bMvMZ>An,=^E�nN�	»[n,93EGFGËSVY,E89OE;MRY*E;C,UWJgC*EV=?>AF3EG9<FT�hFTMREG��F�>QM 866 @,��Ë 854 @,�}>A@,C�MOY,E;UWJA@,UWFO>QMRU^JA@D=W>AFOE89OF5>QM
423 @,��>A@*C 390 @*��>A9OEyF3U^MR7,>QMRE8C�� � Y*EyjQ>AXG7*7,�Ý>Ae,e[>Q9R>QMO7,FI>A@,C�MRY,EyC,E¤MREGX¤MRU^J/@7,@,UkMRFV>A9OE�>A=WF3JD=WJgXG>QMRE8CPJ/@PMRY*E�E¤�he�EG9OU^��EG@bMoMZ>An,=^EA�



Å2i¨h0i@&¬¡.*gfs¡+jl*§æ �/ý
ç �]è¥éÉñ��8è¥ñOL+�D� ��ñ��I�bé·ñhè

729
ç+� WkøAøIY_[JA9°E¤�hXGUkMZ>QMOUWJ/@*F°J/@�MRY*E'@,>A9O93JÉS ¹b7[>AC,937,e�J/=^E�MR9R>Q@,FOUkMRUWJA@}ã

1/2↔ H 5/2
Ë~> j/EG9T�@,>A9O93JÉS�n[>A@,C � U ` FR>Ae*e,Y,UW93E#=?>QFOEG9 ´ >QM 729 @*�ÝUWFK7*FOEGC¼�yãgMZ>An*UW=^U^FR>QMOU^JA@�UWFÙ>QX¿Y*UWE8j/E8CnN���<HÙüofb=WJgXZLbUW@,B'MRJú>A@�E8j�>AXG7[>�MREGCÒ>A@*CÚE¤�gMRE8@,FOUkj/EG=k��MRE8��e�EG9R>�MR7,9OEÁF3MR>An,U^=WU^FOE8CÃ]SVU^MOY,UW@'FO7,n µ Ð�ËEWÊø/øIY?ÅtY*UWB/Y'»,@,EGF3FOE´XG>¥jgU^Mm��Ã F ≈ 220000 Åt>A@,Cú93EGFO7*=^MRFPU^@ú>=^UW@,E¤SVUWChMRY©JA\o>An�JA7*M 100 üI6A� � �ge,U^X§>Q=5=WU^B/YNMye�J¥S�E89#>QMyMRY,E�E¤�he�EG93UW��EG@bMyMZ>Qn,=WEDUWF

25 �IÛ�� � Y,E©S�>¥j/E8=WEG@*BAMRY UWFP��E§>AF37,9OE8CânN� XGJ/��e[>A93UWF3J/@ SVUkMRY >²ü;E¿f�];E¿fg=W>AFOE89Ã]SÀ>¥jAEG��E8MRE89ZÅ^W$�A�/YÀ>A@,CÇX¿Y,E8XZLAEGC¯J/@ÇMOY,EtUWJA@ Ã)³Ó¹b7[>A@NMR7,��È37,��e,FG¶kË�U �ÓEQ�1E¤�hXGUkMZ>�MRUWJA@MOJ¦MRY,E���E8MR>AF3MR>An,=^EP=^E8j/E8= → @,J©¸,7,J/9OE8FOX8EG@,XGEAËo>A@,C²C*EGX§>§�Ân[>AXZLÇMRJ¦MRY*E�B/9OJ/7*@,CFTMZ>QMOE → ¸[7*J/9OE8FOXGE8@,XGE^W$�høIY?Å¤�
öPî�ê�ë
� ��ñ��I�bé·ñ*è

785
ç+�

Û UkMRY¡MOY,EúY,E8=WeØJQ\`MOY,EúC,U^JgC,E =?>AF3EG9¯>QM 785 @,� >�MO9R>A@,FT\�EG9¯=^JgX¿L�\�9OJ/� MRY,E
729 @,� XG>¥jgU^Mm�´MRJÜMRY,EtMR9O>AeÂXG>¥jgUkM)�°UWF­9OEG>A=^UWFOE8C��°_[J/9	MRY,U^F­MOY,E 785 @,�¢=?>AF3EG9­UWF=^JgX¿LQEGC�MOJ´MRY,E 729 @,� X§>§jhUkM)�²>Q@,C�MOY,E�MO9R>Ae�XG>¥jgU^Mm�¯U^@²MR7*9O@�UWF¾=^JgX¿LAE8C�MOJ´MRY,E
785 @,� =^UWBAYbM§�ÔÏ C,J/7,n*=WE°e[>AF3FÖÏ;ß�á X8J/@*»[BA7,9R>QMOUWJ/@�>A=W=^J¥SVF�\�JA9�»[@,E°MR7,@,U^@,BJQ\*MRY,E<MR9O>Ae	X§>§jgU^Mm��=WE8@,BAMOY�� � Y*E�e,9OJgX8EGC,7,93E�U^FºC,E8FOX89OUWn�E8C­U^@	F3EGX¤MRU^J/@~ÃD�,�Ó�NÅ�U^@yC,E8MR>AUW= �
öPî�ê�ë
� ��ñ��I�bé[�Dñ*è

866
ç+� ñ[çºë

854
ç
� WÓù0!gË�ùAû[Y� Y*EoC,UWJgC*EÀ=W>AFOE89OF�>QM 866 @,�Ò>A@,C 854 @,�Ò>A93EÀ7,FOE8CDMOJ�93EGe,7*�¾e�JgX8XG7,e[>�MRUWJA@�JA\[MRY,E

D3/2
>A@,C~MRY,E D5/2

=^E8j/E8=WFG� � Y,E�\�93EG¹b7,EG@*XGUWE8F;JA\ºMOY,E�=W>AFOE89OFV>A9OE�BA9R>QMOUW@,B­F3MR>An,U^=WU^FOE8C7*FOUW@*B·MRY*E�d�U^M3MR93JÉS�XGJA@*»[B/7*9R>QMRU^J/@>W��N�gË��/�[Y � � Y,E¤�Ü>A9OE#=^JgX¿LQEGCÜ7,FOU^@,B·MOY,E��1JA7,@,CgfHI9OE8j/E89)fhüI>A=^=��¾E¤MRY,JgC WÓùAý/YvMRJtMRE8�¾e�E89R>QMO7,9OE�FTMZ>An*UW=WU^F3EGCÜX§>§jhUkMRU^EGFÙY[>§jhU^@,BP>t»,@,EGF3FOEJQ\¬>Qn�J/7*M F ≈ 1000 Ë/93EGFO7*=^MRU^@,BKUW@#=?>AF3EG9v=^UW@,E¤SVUWChMRY,F1JA\ ≈ 10 Lgü;6A��ÏIn�J/7*M 1 �IÛ JA\=^UWB/YNMºe�JÉS�E89�U^F1FO7wv�X8UWEG@NM<>QM1MOY,E�MR9O>Ae�>Qe,e[>A9O>QMR7,F8� � Y,E�S�>¥j/E8=WE8@,BAMRY*F�>A9OE��¾EG>AFO7*9OEGCnN�'X8J/�¾e,>A9OU^FOJ/@±SVUkMRYú>ÂüIEZf�]IEZfg=W>AFOE89´Ã�S�>¥j/E8�¾E¤MREG9RÅ W$�A�/Y�>A@,C X¿Y*EGXZLAEGCâJ/e*MOUWJA@hÆ>Q=W=^�yJ/@�>�Y,JA=W=WJ¥SÂX§>QMOY,JgC,E ® >�C,U^FOXZY[>A93B/Eo=?>A��ePÃ 866 @,�·ÅvJA9�J/@�MOY,EVU^J/@�Ã 854 @,�·Å¤�
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_vUWB/7*9OEà�,�Õ��` � S�J¾F3MOEGe�e,Y*JAMRJ/U^J/@,U^FR>QMOU^JA@~JA\v>QMRJ/��U^X ® >*�5_[JA9oC,E8MR>AUW=^FoF3EGE�MOE¤�gM§�

0.6 �KÛ >QM 390 @,�{UWFoF37wv�XGU^EG@bMVMRJD=^JN>ACP>­\�E8SâUWJ/@*FoUW@NMRJ­MRY,EÙMR9R>AePU^@�>An�J/7hM;JA@,E��UW@g7hMRE�>QM;>A@�JÉjAEG@�X87,9O93EG@bM;JA\ 2.1 Ï	�
Ço} | -�wM.Ò+¤��� 0 &ÿ1 ] �	q � s�w ) p )R) w�svw��º|Px
� J·XGJA7,e,=WE	>DMR9O>Ae,e�EGC`U^J/@�MOJ·>¾XG>¥jgU^Mm�~»[E8=WC��¾JgC,E�M)S�J¾C,U^«¬EG93EG@NMÙ>Qe,e,9OJ/>AX¿Y*EGFK>A9OE�¾>A@,U^\�E8F3MI`vJ/@,EÙXG>A@tMR9T�¾MOJ­n,7,UW=^Ct>#�¾U^@,UW>QMO7,9OUkFOEGC¾MR9O>AetUW@,F3UWC,EK>­XG>¥jgUkM)�¾J/9�JA@,EÙXG>A@n,7,U^=WCÜMOY,E�MR9O>Ae©>A9OJA7,@,C©>P��UW@*UW>QMO7,9OU^F3EGCÖX§>§jgU^Mm�/� � Y,ED=?>QM3MREG9�>Qe,e,9OJ/>AX¿Y¦C,EG�¾>A@,C*FMRE8X¿Y*@,J/=WJAB/UWE8F�MRY,>QMÀEG@[>An*=WEIMRY,EK\Ä>An*9OUWXG>QMRU^J/@¾JA\�j/EG9T�tFO�¾>A=^=�XG>¥jgU^Mm�¾�¾U^9O9OJA9OF5n¬E8X§>Q7,FOEMRY*E�MR9O>AePU^MOFOEG=k\ºY[>AFÀMRJDn�E�F3�·>Q=W=¬MOJDe,93JgC,7,XGE�FO7�v¾X8UWE8@bMO=^�tF3MO9OJ/@,B�MR9O>Ae,e,U^@,B�e�JAMRE8@hÆMRUW>A=^F·Ã]MR9R>Qe,e,UW@*B�UW@©MRY,Etd½>Q��nbfhHKUWXZLAE¾93EGB/U^�¾E§Å¤�~lm@Á>AC,C*U^MRU^J/@©U^MyMO7,9O@,E8CÇJ/7*M	MRY,>QM@,J/@*XGJ/@,C*7,X8MOUW@,B`EG=WE8�¾E8@bMOF#@,EG>A9yMRY,E·U^J/@Ç>Q=W=^JÉS�XZY[>Q9OB/E8F#MOJÖ>QXGX87,�­7,=?>�MRE¾JA@°MRY*EGUW9FO7*93\Ä>AX8EGF<SVY,UWXZY�UW@�MO7,9O@�F3MO9OJ/@*B/=^�­C*UWF3MO7,9On*F<MOY,EoMR9O>Ae,e,U^@,B�e�JAMOEG@NMRU?>Q= � � >ALbU^@,B�MOY,EGF3EC,U v¾X87,=^MOUWE8FvU^@bMRJÙ>AX8XGJ/7,@NM�MRY,Eo>Ae,e*9OJN>AXZYD>AC,JAe*MRE8C�S�>AF�MOJ�7*FOEV>K�¾JA9OE�J/9v=^EGFOF�³ÓF3MR>A@hÆC[>A93C�¶¼X§>§jgU^Mm�`FOE¤M�7,e¦XGJA@bMZ>QUW@,U^@,Bt>~��U^@,UW>QMO7,9OU^F3EGCÖ�v>A7*=ÊfbMO9R>Ae�� � Y,E�MOEGXZY,@,JA=WJ/B/U^X§>Q=Lb@,JÉS�fbY,JÉS�JA\�n,7,UW=^C,U^@,BP>tjQ>A93UWE¤M)�ÜJA\��¾U^@,UW>QMO7,9OUkFOE8C¦UWJ/@ÜMR9R>Qe,F�UWFÙS�EG=W=äfgC,E¤j/EG=^J/e�EGCUW@¾MRY*EÙe,93EGF3EG@bMoB/9OJA7,e�ËgSVY[>QMÀUWF�@,E8S >A@,CtC,E8�·>Q@,C,UW@*B­U^F�MOY,EÙX8J/�­n,U^@[>QMRU^JA@¾JA\�MR9O>Ae>A@,C¦XG>¥jgUkM)�AË�MRY,E�X8J/7,e,=^UW@,BtJA\�>QMOJ/�Ô>A@,C¦=^UWB/YNMK�¾JgC,EQ� � Y,UWF�>Ae,e,93JN>AXZY¦=WU^��UkMOFIMRY*E��UW@,U^�#7,�ªX§>¥jgUkM)�t=WE8@,BAMOYPMOJDMOY,E�XGE8@bMRU^�¾E¤MRE89V9O>A@,B/EQ���7,UW=^C,U^@,B¯>¯Y,U^B/Y »[@,EGF3FOE°X§>§jgU^Mm�ú>A93J/7,@,Câ>¯��UW@,UW>�MR7,93U^FOE8C �v>A7,=äfbMR9O>AeúUW@ >A@7,=kMR9R>·Y,UWBAYÜjQ>AX87,7,�Ôj/E8FOFOE8=IÃ p ≈ 10−10 �­n[>Q9ZÅIU^F�>~XZY[>A=^=WE8@,B/U^@,B·MR>AFOLa� � Y,E�MR9O>Ae
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_vU^B/7,9OEà�,���O`5��U^X8MR7*9OE�JA\ºMRY,E�X§>§jgU^Mm��¨�:<H�jQ>AX87,7,��>Qe,e[>A9O>QMR7,FVC*7,9OU^@,B�MRY,Ey>AFOF3EG��Æn,=k�/� � Y,E·»*�hE8CÂXG>¥jgU^Mm�±Ã��¾JA7,@bMOEGCÇJ/@>�Üe�JAF3MRF	SVY,UWXZYÂ>Q9OE 10 ��� UW@°C,U?>Q�¾E¤MREG9RÅEG@*XG=WJAFOEGF�MRY*E��¾>A@,E87*j/EG9O>An,=WED��UW@*U?>�MR7*9OU^F3EGC©�v>A7*=�MO9R>Ae�Ã��¾J/7*@bMRE8C©J/@°�~n�EG=^=WJÉSoFZÅ¤�® >¥jgUkM)�Ö��UW939OJ/93F�>A@,C´e*UWEG68J/FGË ® >PJÉj/E8@,FGË1E8=WEGX¤MR93J/@´BA7,@,F	>A@*C°>A=^=vSVUW93UW@,B~Y[>AC©F3MOUW=W=MRJDn�E��¾JA7,@bMOEGCPSVY,E8@�MRY,U^FVe*UWX8MO7,9OEÙSÀ>AFoMZ>ALAE8@��
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e�JAFOFOU^n,=WE;MOJ#MO9R>Ae·FOU^@,B/=^EIU^J/@,F�93EG=WUW>An,=k�­\�J/9�>	FO7wv�X8UWE8@bMR=k�¾=^J/@,ByMRU^�¾E#Ã ∼ >	C[>¥�*Å5C,7,EMOJPMRY,ED�·>��hU^�·>Q=^=Ê�Ü>A=^=WJ¥S�EGC¦n[>QLAEGJ/7hMyMREG��e�EG9O>QMR7*9OEDJA\�MRY,E�e*UWE86GJ�F3MR>AX¿LbFtÃ 120◦ ® Å>Q@,C¯MRY,E�9OE8FO7,=kMRUW@*B©e�JgJ/9�n,>AX¿LbB/93J/7,@,C�B/>AF�e,9OE8FOF37,9OEQ�ú_[7,9TMRY,E89O��J/9OEQË�MOY,E�X§>¥jgUkM)�e*UWEG68J/FySVY,E89OE·=^JgX§>QMOEGC´J/@©MRY,E�MR9O>Aegfb\Ä>QXGU^@,B�FOU^C,E¾JA\�MRY*E·��U^9O9OJA9OFG� ® Y[>Q@,B/UW@*B�MRY,Ee*UWEG68J�j/J/=kMZ>AB/EDÃ�7,ePMOJ ≈ 400 Ñ�Å�9OE8FO7,=kMRE8C�UW@P>�Yg7,BAE�FOY*U^\]MyÃ ≈ 15 µ �·Å�JA\ºMRY,E�UWJA@��_1UW@[>A=^=Ê�/Ë�MRY,E¾JAe�EG9R>�MRUWJA@´JQ\V>�MRJ/��JÉj/EG@¼ËvEG=WE8X8MO9OJ/@´B/7,@Ç>Q@,C´MRY*E·�I_�fgC,9OUkj/E�JQ\�MRY,EMO9R>AePF3MO9OJ/@,BA=^�tU^@*¸[7,E8@,XGE8C�MRY,E���UW9O93J/9�C,U^F3MZ>Q@,XGE�U �ÓEQ�*MRY,E�XG>¥jgU^Mm�~93EGF3J/@[>A@*XGEA�� Y,EG93E8\�J/93EAËºMRY,E�BAJN>A=�JA\À>�@,E¤S}FOE¤MR7,e´S�>AFyMOJ�JÉj/E89OXGJA�¾EDMOY,EGF3E¾E¤�he�EG93UW��EG@NMZ>A=C*U¨v�XG7,=kMRU^EGFG� � Y*E;>Ae,e[>Q9R>QMR7*F�C,EGF3XG93UWn�EGC�UW@­MOY,EÀ\�J/=W=^J¥SVU^@,BÙF37*«¬EG9OF�\�93J/��@,J/@,EoJA\aMRY,EC*9R>¥SVn,>AXZLgF;EG@,X8J/7,@NMRE89OEGC�SVUkMRY~MRY,E�e,93E8jgU^J/7,FVFOE¤MR7,e�È37,FTM;C,EGF3XG9OU^n�EGC��
Ìq� ����� ² �g4|³h³�� ²��U!¬!����
_[JA9;MRY,EyjQ>AX87,7,�Ô>Qe,e[>A9O>QMR7,FK>·@*E8SÚX8J/@,F3MO9O7,X¤MRUWJA@`SÀ>AFKe,93J/e�J/F3EGCÖX8J/@,F3UWF3MOUW@,B¾JA\5>X87,n�J/U^C�B/=W>AFOFVX8EG=W=�
GËan�EGU^@,BD¸a>A@,BAEGC�MOJ·>Dn[>AF3EGe,=W>QMRE�e,9OJ¥jhU^C,UW@*BDMO9R>Ae�>A@,C�XG>¥jgU^Mm�P>AFS�EG=^=¼>AF�>A=W=aJQMRY,E89�@,EGX8EGF3FR>A93�·XGJA�¾e�J/@*EG@bMOFG� � Y,EÙ>AC*jQ>Q@bMZ>QB/EGF�JA\�MRY,U^F�XGJ/@*XGEGehMÀS�EG93EMOY,E�JAe*MRU^X§>A=�>AX8XGE8FOFV\�9OJ/�{>A=^�¾JAF3Mo>A=W=¬C,UW93EGX8MOUWJA@,FyÃ�E¤�hXGE8e*M;MRY*E�EGC*B/EGFRÅV>A@*CPMRY*E�UWC*E§>MOY[>QMGËa»[9OFTMKY[>¥jgU^@,B�MRY,E#>Ae*e[>A9R>�MR7,FI>AFOF3EG�­n,=WE8CÜ>A@,CÜ>Q=WU^B/@,E8C�JA7*MRF3UWC,E�jQ>AX87,7,��ËaMRY,EBA=?>AF3FVX8EG=^=�MOY,EG@�FOU^�¾e,=k�·Y,>AFoMRJDn�Ey��J/7,@NMRE8C��iI@*\�JA93MR7*@[>QMRE8=^�AËÉMRY,E5B/=W>AFOF½X8EG=^=NXGJ/@*XGEGehMvY[>AC	F3EG93UWJ/7,F½C,9R>§SVn[>AXZLbFG� � Y*E5SVUW@*C,JÉSVFX8J/7,=^C°@*JAM	n¬E·>Q@bMRUäfg9OE¤¸[E8X8MRU^J/@©XGJN>QMOEGC´SVY,U^X¿Y°93EGF37,=^MOF	UW@°>�Y,UWBAY´F3MO9R>¥�g=^UWB/YNMy=WE¤j/EG= �ÏoC,C,UkMRU^J/@[>A=^=Ê�/Ë§MRY*E5XGJA@,F3MR937,X8MOUWJ/@¼Ë�MOY,E�>AF3FOE8�­n,=^�AËQJA9�MRY,E�SVUW93UW@,BoJA\hMR9O>Ae�Ë���EGXZY[>A@,U^XGF8ËJ¥j/EG@¼ËVEG=^EGX¤MR93J/@�B/7,@,F��§ËoX§>§jgU^Mm�¯��UW939OJ/93F�>A@,C�e,UWE86GJ/F¾UWF�XGJA�¾e,=^UWXG>QMRE8C²C*7,E�MRJ©MRY,E=^UW��UÊMRE8C´F3e[>AX8EtJQ\ÀMRY,E¾FOU^@,B/=WE 80 ����C,UW>A�¾E¤MRE89�SVUWC*E¾J/e�EG@,U^@,B`JQ\ÀMRY,E¾B/=?>QFOFyXGEG=^= �� Y*UWF�MRJ/B/E¤MRY,E89�SVUkMRY·MOY,EK\Ä>AX¤M�MRY[>�MÀU^M�SÀ>QFo@*JAMÀe�J/FOF3UWn,=^EIMRJ­F3E§>A=�MRY,EKB/=?>AF3F�X8EG=W=¬>A@,CMOY,E#n[>AF3E­e*=?>QMOE	e,93J/e�EG93=^��C,7,93UW@,B�MRY,E	»[93F3M�>QM3MRE8�¾e*MGË¬=^EGC�MRJ¾MOY,E#UW@,F3UWB/YNM;MRY,>QMIMRY,EBA=?>AF3FVX8EG=^=�X8J/@,X8EGe*MIU^Fo@,JAMoMRJDn�Ey93EGXGJA�¾��EG@*C,EGC�UW@~MOY,E�@,EG>A9o\�7*MR7*9OEA�
Ìq� ����� ���#";�U³;�g�a�O���à�l�¤V �#³��N���O���
_1UWB/7,93E�ÃD�,�Ó�NÅKFOY,J¥SVF	>PF3X¿Y*EG�¾>QMRU^XDC,9O>¥SVU^@,BPJA\5MRY,E�>Ae*e[>A9R>�MR7,FGË�»[BA7,9OE8F·Ã7�*�$�bÅK>A@,CÃD�,�µù/Å;FOY,J¥SÒe*Y,JAMRJAFKMZ>ALAE8@¦C,7,93UW@,B·MRY*ED>QFOFOE8�­n,=^�A� � Y,E­MR9O>Ae¯ÃÄF3EGE­»[BA7,9OEPÃ �*�$�NÅ3Å;UWF>#FO=WU^B/YbMO=k��EG=^=WU^e*MOU^XG>A=�9OU^@,B#SVUkMRYP>§j/EG9O>AB/EÙC,U?>Q�¾E¤MREG9�JA\ ≈ 1.4 ���ª�¾>AC,EKJA\ 0.2 ���MOY,UWXZLP��J/=k�hn�C*EG@g7*��SVUW93EA�;l MKUWF;\Ä>Qn,9OU^X§>QMOEGC�nb��n�E8@,C,U^@,B·MOY,E	MOY,UW@�SVUW93E#>A9OJ/7*@,CÖ>MOY,UWXZLAE89�SVUW93EIY[>¥jgUW@*B ≈ 1.2 �¾�}C,U?>Q�¾E¤MRE89�>A@,CtX8=WJ/F3UW@,ByMOY,EÙ>A93UWF3UW@,By9OUW@*B#nN�¾F3e¬JQMTfS�EG=^C,UW@,B*�©l M�UWF#MOY,EG@ÂXG=^E§>A@*EGC¯>A@*CÂFO��JgJAMOY,EGCÁnb�Ç>A@ÂE8=WE8X8MR93J�fgXZY,EG��U^X§>A=�e,93JgXGE8FOFG�� Y*EoEG@,C,XG>Ae,F<>A9OEÀ>A=WF3JÙ�·>QC,EÀJQ\ 0.2 ����MOY,UWXZLy�¾J/=k�gn�C,EG@b7,��SVUW9OEÀ>A@,CD>A93EÀFOe[>QXGEGCnN� ≈ 1.2 �¾��� � Y,E�MOUWe,F�>A93E�9OJA7,@,C,E8C�Ë½XG=^E§>Q@,EGC©>A@,C¦F3�¾JgJAMOY,EGCÜSVU^MRYÜMRY*EDFO>A��E������ÿ$ÿ���û ����� ÿ¦ÿ�
���ý����� Ý Ö�� Û�� � û! �Ö!"+ý����ÎÔ�û¿��
[ùFü�� � ��������ú�û$#,� ½ � � ø	ú�û���Â¯� �	ú��
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MRE8X¿Y*@,UW¹b7,E8Fo7,F3EGC~J/@·MOY,EK9OU^@,B,� � JAB/E8MOY,EG9�SVU^MOY·MmS�J­X8J/��e¬E8@,FR>�MRU^J/@·EG=^EGX8MO9OJgC,E8F�MRY*EMR9O>AetU^F���J/7,@NMREGC·J/@~>	n[>A95SVY,U^X¿YtU^F5¸[E¿�*U^n,=^��X8J/@,@,E8X8MOEGCPnN�¾n�EG=^=WJ¥SVFÙÃÄF37,U^MR>An,=^E;\�JA9iKüVÑ�ÅKMRJPMRY*E�n[>AF3EGe,=W>QMREQ�¾Ï¡9OU^B/UWCÖX8J/@,F3MO9O7,X¤MRUWJA@´J/7hMRFOU^C,E�MRY,E�jQ>AX87,7,�ØÈ3J/UW@,FÙMRY*En[>A9KMOJP>t�¾U^9O93J/9IY,JA=WC,E89)fg=^U^LAE#��J/7,@NMÙMOY[>QM�XG>A@¦n�E�e*9OEGX8UWF3EG=^�Ü>QC�È37,F3MOEGC¦nb�`�¾EG>A@,FJA\ºMRY,93EGE��¾U^XG9OJA��E8MRE89ÀFOX89OE¤SVFG�
Ìq�����°b P ���U4����O��4��,�o���#"h";�U46���l�g"¾!
� Y,Ey�I_Á�v>A7,=äfbMR9O>Ae~UWFÀC,9OUkj/EG@~SVU^MRY�>�9O>AC,U^J­\�9OE8¹g7*EG@,X¤�&%KJA\ ≈ 28 á`üI6Q� � J¾>§j/J/U^CUW@h¸[7,EG@*XGUW@*BÙJAMRY,E89�X8J/��e�J/@,E8@bMRF�>Q@,C­MOJÙLAEGE8e�=^J/FOF3EGF�=^JÉS�Ë/>KFOU^@,B/=^E�e,UW@#\�E8EGChMRY,9OJA7,B/YUWF�S�E8=WC,E8C	UW@�MRY*E5X8EG@bMOEG9ºJA\hMOY,E<n[>AFOE8e,=?>�MRE<XGJA@,@,EGX¤MRU^@,BVMRY,E<9OUW@*BVJA\hMOY,E<MO9R>Ae�F3MR9O>AUWBAYbMMRJyMRY,EIY,E8=WUWXG>A=[9OEGF3J/@[>QMOJ/9�W��Nù[Y ËgSVY*UWXZYtY,>AFÀ>y¹g7,>A=WUkM)�­\Ä>AX¤MRJ/95JA\ ≈ 370 � � Y,EKY,EG=^UWXG>A=9OE8FOJ/@,>QMRJ/9�UWF�\�EGC©SVU^MOY°>Pe�JÉS�E89	n�E¤M)S�EGEG@ 0.3 Û >A@,C 1 Û e,93JÉjgUWC,E8C´nb�©> 5 Û>A��e,=WUÊ»[EG9�'G��l \ 1 Û �;_´e�J¥S�EG9�UWF�E¿�hXGE8EGC,EGC�Ë,F3MZ>Qn,=WEK>A@,C·9OEG=^U?>Qn,=^EVMO9R>Ae,e*UW@,B	JA\�UWJ/@*FFOE8EG��EGC�@,JQMVMOJ�n�E�e�J/FOF3UWn,=^EAË*MOY,E�UWJ/@,FV>Q9OE�=^J/F3Mo¹g7*UWXZLg=k�tSVUkMRY,U^@PF3EGX8J/@,C,F8�ÏIe[>A9TM;\�9OJ/�{MRY,E�MR9O>Ae`�;_¯C,93U^j/EQË¬>Q=W=�JQMRY,E89IE8=WE8X8MO9OUWXG>A=�XGJA@,@,EGX¤MRU^J/@,FK>A93EyEGFTMZ>AnhÆ=WU^FOY,E8C~nN�~> 20 e,UW@t\�E8EGChMRY,9OJA7,B/Y õ)(I>QFÀMRY*EG9OE�>Q9OE�`c�­MR9R>QePX8J/��e�EG@,FO>QMRU^J/@tj/JA=^MZ>QB/EGF8Ë�ye,U^EG68J	j/J/=^MR>AB/E8F�>A@*C·MOY,E��y>AFOF3JgXGU?>�MREGC·e,U^EG68J#�·>QFOFOE8F õuõ Ã]MRJAMR>A=��bÅ¿Ë,��EG=WE8X8MO9OJ/@·B/7,@Y,EG>QMRU^@,BtXG7,939OE8@bMRF�>A@*CÖMOY,E�>AFOF3JgXGUW>QMRE8C¦X8J/���¾JA@Ü�¾>AFOF�Ã�MOJAMZ>A=1�NÅ¤Ëvø�E8=WE8X8MR93J/@ÖB/7,@>AX8XGEG=^EG9O>QMRU^J/@Öj/J/=^MR>AB/ED>A@,C°�~JÉj/E8@°Y,EG>QMRU^@,BPXG7,939OEG@NMRFtÃ�E§>AXZY´J/@¦M)S�J�e,U^@,F�\�J/9�=^EGF3F9OE8FOU^F3MZ>Q@,XGE§Å¤� � J~>¥j/JAUWCÜ>A@N��EG=^EGX8MO9OJ/@*UWXGFIe,UWXZLbUW@*B·7,eÜMOY,E­�I_²C,93U^j/Ey\�9OEG¹b7,E8@,X8�AË½>A=^=XGJA@,@,EGX¤MRU^J/@,F�E¿�*X8EGe*M<MOY[>QM�JA\aMOY,Eoe,U^EG68J/F<>Q9OEÀ=WJ¥S¯e[>QFOF�»[=^MOEG9OE8CD>QM�MRY*EÀ\�EGE8C*MRY*9OJ/7,BAY��lm@*FOUWC*EÀMOY,E�jQ>AX87,7,�Új/EGF3FOEG=,MOY,EÀEG=^EGX¤MR9OU^X§>A=gXGJ/@*@,EGX¤MRU^J/@,F�>A9OE��·>AC*E�7,FOU^@,B�LÉ>Ae*MRJA@UWF3J/=?>�MREGCDSVU^9OE	õ ® >Q@,C¾S�E8=WC,U^@,BySVU^9OE#ÃÄFTMZ>AU^@,=WE8FOF5FTMREGE8=]Å¿� � Y*EKUW@*@,EG95XGJA@,C,7,X¤MRJ/9�JA\¼MRY*EXGJ/>��hU?>A=�XG>An,=^EDUWF�7,FOE8C´MOJ�XGJA@,@,EGX¤M#>A=W=vXGJ/��e�J/@,E8@bMOFyE¤�hX8EGe*M	MOY,EDMO9R>Ae¦EG=WE8X8MO9OJgC,E8FG�� Y,E8FOED>Q9OE#X8J/@,@,E8X8MOEGCÖSVUkMRY�MRY*E#FOY,U^EG=WC*UW@,B¾X8J/9OCÁÃÄUW@*@,EG9IXGJA@,C,7,X¤MRJ/9K9OE8�¾J¥j/EGC[Å;n�E¤ÆX§>Q7,FOE�MOY,E�¸[E¤�hUWn*UW=^UkM)�¾JA\1MOY,E�XGJA9OC�>A=^=WJ¥SVFÀMOY,E�MR9O>AePMOJ�n�E���JÉj/EGC¼�
Ìq�����»Ì ���
������� � �#³¾"p�k�#"��S���
�������
� J©��EGE8M�MOY,EPX89OU^MOEG93U?>ÜFTMZ>QMOEGC¯UW@ÇMRY,E~UW@NMR9OJgC*7,X8MOUWJ/@ÁJQ\IMOY,UWF­X¿Y,>Ae*MRE89GË5MOY,EPXG>¥jgU^Mm���J/7,@bMÙS�>AF�XGJA@,F3MO9O7,X¤MREGC©\�93J/��F3MR>AUW@,=^EGF3F�F3MOEGEG= � � Y,ED��UW939OJ/93FKY[>¥jAE�>~FOE8e[>A9R>�MRUWJA@JA\ L = 21 �¾��>A@*C�>Ù9R>QC,UW7*F�JA\�X87,93jQ>�MR7,93EVJA\ 25 �����ºlm@,UkMRU?>Q=^=k�yUkMvSÀ>AF�e*=?>A@,@*EGC­MRJ7,F3EÙ�¾U^9O9OJA9OF<SVUkMRY 12 �¾�¡9O>AC,U^U�JA\�XG7,9TjQ>QMO7,9OEÙ93EGFO7*=^MRU^@,B#U^@t> 30 µ �¡SÀ>QUWF3M�9R>QC,UW7,F8�
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HI7,E#MOJ·UW@*XGJ/939OEGX¤MK=?>An�E8=W=^Uk@,BDMRY,E	�¾U^9O93J/9OFoSVU^MOY 25 ����9R>AC*UW7,F;JA\�XG7,9TjQ>QMO7,9OE	S�E89OE7*FOEGC�\�9OJA��MRY,EÀn�EGBAUW@,@,U^@,BK=WE§>QC,UW@,BIMOJ�>A@­7,@,XG93U^MOUWX§>Q=h@*E§>A9�X8J/@*\�JgX§>Q=*X§>§jgU^Mm�#n,7hM<>A=WF3JMOJ·>DS�E§>ALAE89KX8J/7,e,=^UW@*B g �oßÙ@�MRY,EyJAMRY*EG9;Y[>A@*C�MOY,E	@*E§>A9;X8J/@,X8EG@bMO9OU^X	F3E8MR7*e`S�J/7,=WCY,>¥j/E­n¬E8EG@¦�­7,XZYÖ��J/9OE#F3EG@,F3U^MRUkj/E#MRJt�¾U^FR>A=^UkB/@,�DEG@bMÙ>QFÙC,UWF3XG7,F3FOEGC¦UW@ÜXZY[>Ae*MOEG9�ÃÄ�NÅF3EGX¤MRUWJA@PÃ �h�µ�NÅ¿ËAF3JÙU^M1U^F1@,JAMvX8=WEG>A91Uk\,MOY,E�EG939OJ/9ºS�>AF�>AX8MO7[>A=^=^��n�EG@,E¤»[XGUW>A= � � Y*EÀ��UW939OJ/93F>Q9OE�XGJ¥j/EG93EGC´nb�ÜF3MOEGEG=�XG>Ae,F�=WEG>¥jgUW@*B~J/@,=k�Ö> 2 ����C,U?>Q�¾E¤MREG9KY,J/=WE#\�J/9KMRY,E�X§>¥jgUkM)���JgC,EQË�SVY,UWXZYÂY,>AF 54 µ �£SÀ>AU^F3M­9R>AC,U^7,FG� � Y,E~XG>Ae,F�E8@,FO7,93E~MOY[>QM�E8=WE8X8MR93UWX¾»[EG=^C,FC*7,EIMRJ#XZY[>A93B/EGF�J/@¾MRY,EI�¾U^9O93J/9<FO7*93\Ä>AX8EGFo>QF�S�E8=W=¬>AF5\�9OJA�}MRY*EKY,U^B/Y¾j/JA=^MZ>QB/E;J/@¾MRY,Ee*UWEG68JKMR7,n�E8F�C*J�@,JQM�E¤�gMRE8@,C�MRJKMOY,EÀe�J/F3U^MOUWJ/@	JA\[MRY,E�UWJ/@¼�1ÏK@�>AC,C,UkMRU^J/@[>A=b>AC*jQ>Q@bMZ>QB/EU^F;MOY[>QMIMOY,E#��UW939OJ/93FI>Q9OE	FOY*UWEG=^C,EGC�\�93J/��MOY,E ® >¾JÉj/E8@Ün�E§>A��� � Y,E­>��hUW>A=½e�J/F3U^MRU^J/@JQ\�n�JAMOY���UW9O93J/9OF�X§>A@�n�E�XGJA@bMR93J/=W=^EGCÂjgU?>©e,U^EG68J°X8EG9R>Q�¾U^XPMR7*n�EGF õ ´É�'lm@,X89OE§>QFOE8F~U^@MOY,E­=^EG@*BAMRY,FKJQ\�MRY,E#e,UWE86GJ/FK��JÉj/E	MOY,E­��UW939OJ/93FVSVY,UWXZYÖe,93EGF3F�>ABN>QUW@,FTMKFOe,93UW@,BAFIMRY[>QMMOY,EG��FOE8=^j/E8FVY,JA=WC·MRY,E���UW939OJ/93F�U^@~e,=W>AXGEDÃ�X8\)�*EG@,X8UW93XG=^EGC~UW@,F3E8MoUW@t»,B/7,9OEDÃ7�,�Ó�NÅOÅ¿� � Y,Ee*UWEG68J�MR7,n�E8F­>A93E¾X8EG@NMREG93EGCÁ>A@,C°U^@,FO7*=?>QMOEGC©J/@°n�JQMRY°E8@,C,F	SVUkMRYÇá�Ï ® ß��¡e,=W>QMRE8FG�ÏÚe�JAMRE8@bMOU?>A=�JA\�7,e�MRJ 500 ÑÒXG>A@`n�E#>Ae,e,=^UWE8C`>Q@,C`=WEG>AC,FVMRJ·>A@CB�Dû;FE�<G@	;)H>BID¾JA\vMRY,E
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_1UWB/7,93E^�,�¦!�`·:v�he�J/@,EG@NMRUW>A=�C,EGXG>¥�ÇJA\VMOY,Et»,=W=WE8CÇX§>§jhUkM)�©SVU^MOYÇMRUW��E¾XGJ/@*F3MZ>Q@bM τ =
(5.38 ± 0.004) µ F���E§>QFO7,9OE8Câ>Q\]MOEG9tMRY,EÖ»[9OFTM�n[>QLAEGJ/7hM§� � Y,E¦MRY*UW@ =WU^@,EÖU^F~MOY,E��E§>QFO7,93EGC±MO9R>A@,F3�¾U^FOF3UWJ/@�� � Y,E`MRY,U^XZL¯=WU^@,E�UWF�MRY,E`E¤�he�J/@,E8@bMOU?>A=;»,MG� ® >A=^XG7,=W>QMRE8C»,@,EGF3FOE�` F = 241300± 170 �
÷°À Þß
�º���ý ��û®ÿJ	Ú���°��ú����L�5������Ô|��ú û	��ý�� � " Ê �!K � ×	ØGàä��ü���ú�
	ù���� � #D��ú���û	�¯º



�Nû %cbqdàe�(+*gfåÅ2i¹*DCEeg*gfsj5E *g'N(Odhkk-w*�(�n+e
e,U^EG6GJAFG��Û U^MOY~MRY,E�Y,U^B/Y~j/J/=kMZ>AB/EÙFOJ/7,93XGEye*9OJÉjgU^C,UW@,B�7,ePMRJ ≈ 330 Ñ#Ë[U^MoUWFoe�J/FOF3UWn,=^EMRJ�FOY*U^\]M�EG>AXZY���UW939OJ/9v>An�JA7*M�J/@,EÀ\�93EGEoFOe�E8X8MO9R>A=,9R>A@*B/EyÃ ≈ 400 @*�tÅ¿� � Y,U^F�U^F�>ÙMOY,UW93CJA\¼MOY,E;9R>A@,BAE;J/@,EVS�J/7,=^C¾E¿�*e�E8X8M�\�93J/�ÒMRY,E;n[>A9OE;e*UWEG68JyMR7,n�E8F�>A@,C¾UWF<e,9OJAn[>An,=k��C,7,EMRJ�MRY,E�93EG=W>QMRUkj/EG=k�·Y,U^B/YPFOe,93UW@,B�MOEG@,F3UWJ/@���5�~��E§>AF37,9OU^@,B­MRY,E�C,EGXG>¥�~JA\ºMRY*E�»[=^=WE8CPXG>¥jgU^Mm��õ»Æ;S�E�X§>A=^XG7,=W>QMRE8C~MOY,E�»[@*EGFOF3E FMRJ�n�E ≈ 240000 >Q\]MOEG9�MOY,Eo»[9OFTM5n[>ALAE8J/7*MKÃ�»,B/7,9OEyÃ7�,�¦!/ÅOÅ¿��HK7*EVMRJ�F3E§>A=^UW@,B�e,93J/n,=^EG��FÃÄn,>AFOE8e,=?>QMOE��QBA=?>AF3FOX8EG=W=?Å�MOY,Eyn[>ALAE8J/7*MIY[>AC�MOJ�n�E	93EGe�EG>QMRE8CÜ>A@,C�7*@*\�J/93MO7,@[>QMOEG=k�tMRY,U^F=WEG>AC©MOJ`>�FOE¤j/EG9OE·C,E8B/9R>QC[>QMRU^J/@©UW@¦»[@,E8FOFOEQË�C*JÉSV@´MRJ ≈ 35000 �tÏI=W=�E¤�he�EG93UW��EG@NMRFC,E8FOXG93UWn�E8CÂUW@´MRY*UWF	MOY,EGF3UWF#S�EG9OEte�EG9T\�J/9O��E8CÇSoU^MRY°MOY,UWF	=WJ¥S�EG9y»[@,E8FOFOEQ�¦Û UkMRYÇ>�»*Æ@,E8FOFOE F = 35000 >Q@,CÜS�>AUWFTMÙ9R>AC,U^7,F w0 = 54 µ ��MRY*E­e[>A9O>A��E8MRE89OF g >A@,C κ >A9OEX§>Q=WXG7*=?>QMOEGC~MOJ�n�E¾ÃÄX¤\)�[FOE8X8MOUWJ/@��h�$�bÅ®`

κ =
πc

2FL = 2π · 102 LgüI6 , Ã7�,�køÉÅ

g =

√

5cλ2γ⊥
2π2Lw2

0

= 2π · 89 ü;6 , Ã7�,�µ�/Å
\�9OJA�¢SVY*UWXZYÂMOY,E~E¤�he�EG93UW��EG@NMZ>A=^=^�´U^�¾e�J/9TMZ>A@NM­e,>A9R>A��E8MOEG93F�XGJgJ/e�E89R>QMOU^jgU^Mm� C >A@*C��7,9OX8EG=^=�\Ä>AX8MOJ/9 F X§>Q@�n�E�C,E8C,7,X8EGCa`

C :=
g2

2γ⊥κ
= 0.51 , ÃD�,�Ó�NÅ

F := 2C + 1 ≈ 2 , Ã7�,���bÅ
>A@,C~MOY,EÙ\�9R>AX¤MRUWJA@~JA\º=WU^B/YbM�EG��U^M3MREGC~U^@bMOJ­MRY*E�XG>¥jgU^Mm�·�¾JgC,EQË*B/U^j/E8@Pnb� β Ë*n�EGXGJA�¾E8FI`

β := 2C/(2C + 1) ≈ 0.5 . ÃD�,�µù/Å
® J/��e[>A93EGC¦MOJPMOY,EDe[>A9O>A��E8MOEG9OF�e,=?>Q@,@,EGC©>A@,C©C*UWFOX87,FOF3EGC°U^@¦XZY[>Ae*MOEG9¾Ã �NÅ¿Ë�S�E�XG>A@E¤�he�E8X8M#J/@,=k�Ö>PFO�¾>A=^=�E¤«¼E8X8M	JQ\�MRY,EDX§>§jgU^Mm�/�È]IE8j/E893MOY,EG=^EGFOF	U^M�UWF�FO7wv�X8UWEG@NMR=k�Ö=?>A93B/EMRJDn�E��¾EG>AFO7*9R>An,=^EA�
Ìq�����>L M ���,� �J�u�O�U46���l�#"h!k�#"�� ���#�#"�������42«\�l�����
lm@tJ/7*9�E¤�he�EG93UW��EG@NM�S�EKB/EG@,E89R>A=^=^��e,9OE8e[>A9OE;MRY,EIUWJ/@¾UW@�MRY*EKEG=^EGX¤MR9OU^X§>Q=�BA9OJ/7,@*CtFTMZ>QMOEnb�Pe*7,�¾e*UW@,BDUW@NMRJDMOY,E S1/2 Ë mj = −1/2 =WE8j/E8=�ÃÄX¤\)��XZY[>Ae*MOEG9#Ã �NÅÀF3EGX8MOUWJ/@ÇÃÄ�*�kø/�Õ�AÅOÅ¤�Û´EyX¿Y*JgJ/FOE	>�X8J/@*»[BA7,9R>QMOUWJA@�JA\v�¾>AB/@,E¤MRUWXK»[EG=^C G Ë[n�EG>A��C,U^9OE8X8MRU^J/@ A >A@*C�e�J/=W>A9TÆUWFO>QMRU^J/@ � SVY,E89OE#S�E­B/E¤MÙY*UWB/Y,E8F3MKXGJA7,e,=WU^@,B¾EZv�X8UWEG@*X8��MOJ·MOY,E#XG>¥jgU^Mm��J/@`MOY,E S1/2 Ë÷ È ¶8
��#��û��Ký��»ºsý ������û������ üh�7ÿ¦ù¿
�ÿ�ºqù¹�	��úaú�����ù	�[û	�����cû	�[üM·[ÿ¦ÿ �U
�ý���
àÿ¦ý���
����� I�h��û¿¼Fý��g���Q� ú û	��� Ê��ý�����ý$ù��/��
��cÿ¦ý���
���ý �8��
�ý�����
���üqù	� ½ º;û�� Ü  � û��/ü/��
��D�5¼Fþ�ù	��������ý§û®ÿ2ü�����û¹º�ù	�¬��
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Å2i¦�wi@%.dq¡.jI(s¢¤£�*,m jr&�' (+fqd�e¹dàege d�fsd�(�n.- �Ný
mj = −1/2 ↔ P5/2

Ë mj = −5/2 MR9R>Q@,FOUkMRU^J/@�U � EA� e ⊥ B ⊥ k �VÏI=W=½JQMRY,E89;MR9O>A@,FOUÊÆMOUWJ/@*FºE¤�hX8EGe*MvMRY,E S1/2 Ë mj = −1/2↔ P5/2
Ë mj = 3/2 MR9R>A@*FOU^MOUWJA@	>A93E�F37,e,e,93EGFOF3EGCU^@°MOY,UWF	X§>AF3E©Ã�X8\)�1XZY[>Ae*MOEG9PÃÄ�NÅ¤Ëv»,B/7,9OE8FPÃ �*�µ�/Åy>A@,CúÃÄ�*�Ó�NÅOÅ¿� � Y*E~E¿�*>AX8M�B/E8J/��E8MR93UWXJA9OUWE8@bMR>QMRU^J/@,F�JA\v>A=^=¼J/ehMRUWXG>A=¼n�EG>A�¾FV>A@*C�C,E¤MRE8X8MRU^J/@PC,E8jgUWX8EGF;>A9OE�>AFÀ\�J/=^=WJ¥SVFZ`�X§>¥jgUkM)�>É�*U^FGËvF3�g���¾E¤MR9T�°>É�*U^F	JA\ÀMRY,E¾MO9R>AeÇ>A@*C°MRY,E·e*Y,JAMRJA�­7,=^MOU^e,=^UkEG9�C,E8MOEGX¤MRUWJA@ÇX¿Y,>A@,@,E8==^UWEtU^@ÂMOY,EPe,=?>A@*EPJA\;MRY,E~MZ>Qn,=WEQ� � Y,E�C,E¤MRE8X8MRU^J/@¯XZY[>A@,@,E8=o\�J/9­MRY,E ®o® HVfgXG>A��EG9O>F37,n*MOEG@,C,FK>Q@�>A@,BA=WE�JQ\ ≈ 9◦ SVU^MOYPMOY,E�e,=?>Q@,E�JA\1MOY,E�MZ>An*=WEQ�g]IE8B/=WE8X8MOUW@,B�MOY,UWFoF3�·>A=^=>Q@,B/=WEQË��5á � >A@*C ®o® H}\Ä>AXGE�EG>AXZY©JAMRY*EG9G� � Y,EDXG>¥jgU^Mm�Ö>É�*U^F�U^F�e�E89Oe�E8@,C,UWX87,=?>Q9ÙMRJ�5á � >A@,C ®o® H#� � Y,EÜFT�h����E8MR9T��>��hU^F·JA\ÙMRY,E�MR9R>Qe±U^MOFOE8=^\�=^UWE8F·>QMt>A@'>A@,BA=WE�JA\

≈ 45◦ MOJ�MOY,E¾XG>¥jgUkM)�¦>��hUWF¾Ã >A@,C©MOY,EG93E8\�J/93E·>A=^FOJPMOJ`�5á � >A@,C ®o® H{=^UWB/YNM�XZY[>A@gÆ@*EG=]Å¿�{ÏK=W=�=WU^B/YbMon�E§>Q�¾F;E¿�hXGE8e*MKMRY*E 397 @,� σ fgn�E§>A�!=WU^E�UW@�>De,=?>A@*EyF3e[>A@,@*EGC`nb�
CCD

PMT

397 nm
866 nm
854 nm

729 nm

397 nm

s397 nm

objective

objective

B-field

cavity mode

ring electrode

tip

tip

symmety axis
of trap

normal to plane
of table

_1UWB/7,93EÈ�,�Óûw` � JAe°jgUWE¤S¡JA\Àn�E§>A��F#>A@,C´MO9R>Ae�� � Y,E·X§>§jhUkMm�¦SÀ>AU^F3M#>AFyS�E8=W=�>QF	9OUW@*B>Q@,CÇEG@,C*X§>Ae,F­JA\oMOY,E¾MR9O>AeÁ>A93E·FOLAE¤MRXZY,EGCÂFOXZY,E8�·>QMOUWXG>A=W=k�/��ÏI=W=<n¬EG>A��F#E¤�hX8EGe*M­MRY,E
397 @,� σ fgn�EG>A��=^UWE#>Ae,e*9OJ¥�hU^�·>�MREG=k��U^@Ö>te,=W>A@,EA� � Y,E��¾>AB/@,E¤MRU^X	»[E8=WCÖU^FKX¿Y,JAFOEG@e�E89Oe�E8@,C,UWX87,=?>Q9oMOJDMRY*E�X§>§jhUkM)�~>��hUWF8�



ùA� %cbqdàe�(+*gfåÅ2i¹*DCEeg*gfsj5E *g'N(Odhkk-w*�(�n+e

PMT

CCD

s

729 nm

397 nm
866 nm
854 nm

397 nm

397 nm

objective

objective

B-field
plane of table

_vU^B/7,9OE �,�Óýw`�ÑKUWE¤S�JA\ÙMO9R>Ae�>A@,C²n�E§>A��F¾U^@²C,UW93EGX¤MRUWJA@²JA\KMRY*E�X§>§jhUkM)�¯>��hU^FG� � Y,E®o® HVfgXG>A��EG9O>�=^UWB/YNM�XZY[>A@,@*EG=¼UWF�F3=WU^B/YbMO=k��MRUW=kMRE8C·JA«�MRY,EKe,=?>A@*EKJA\�MOY,EKMR>An,=WE;MRJ­FO>¥j/E��UW9O93J/93FÀJ/@PMRY*E�SÀ>¥�tMOJDMOY,E�X§>A��EG9O>­SVY,UWXZY�UWFo��J/7,@NMREGCPJ/@�>�Y,UWB/Y*EG9o=WE¤j/EG= �

MRY*E�FT�g�¾��E8MO93�`>��hUWFKJA\<MOY,E#MR9O>Ae¦>Q@,CÜMRY,E­@,JA9O�¾>A=½MRJ·MRY,E­e,=W>A@,E#JA\�MRY,E#MR>An,=WEQ��ÏXGJgJA=WUW@*BPn�EG>A� >QM 397 @,� >Q@,C©MRY*E�=WUWBAYbM�>QM 866 @,� >A@*C 854 @*��UWF�FOEG@NM	\�93J/�>An�J¥j/EIMRY,93J/7,B/Y¾MRY*EIMR9O>Ae�Ë*>�MÀ>A@t>A@,B/=^EIJQ\ ≈ 30◦ MOJ	MRY,EKe*=?>A@*EIJA\�MRY,E;MZ>An,=^EA��_[9OJ/�n�EG=^JÉS�Ëv>�F3EGX8J/@,CÇXGJgJ/=^UW@,BPn�E§>Q� UWF�\�JgXG7*FOEGCÇU^@bMOJ�MRY*E·>Ae,e[>A9O>QMR7*F#>QM#>A@Ç>Q@,B/=WEDJA\
≈ 36◦ MOJDMRY,E�e,=?>Q@,E�JA\1MOY,E�MR>An,=^EA� � Y,E 729 @,�!n�E§>Q��E8@bMOEG9OFV\�9OJA�{MOY,EyJ/e*e�J/FOUkMREC,U^9OEGX¤MRU^J/@t>A@,C~F37,n*MOEG@,C,FV>A@~>A@,B/=^EKJQ\ ≈ 31◦ SVUkMRY·MRY*EÙe,=?>Q@,EKJA\�MRY*EKMZ>An*=WEQ� � J­B/E8MXGJA7,e,=WU^@,B·JA\<MRY*E�ã

1/2
Ë mj = −1/2↔ H 5/2

Ë mj = −5/2 MR9O>A@,FOUkMRU^J/@`UW@*C,EGe�E8@,C,E8@bMJA\�MOY,E#e�J/=W>A9OU^FR>QMOU^JA@�JQ\�MRY,E#XG>¥jgUkM)����JgC,EQË�MOY,E#�¾>AB/@,E¤MRU^X�»[E8=WC B UWF;X¿Y,JAFOEG@ÜMOJ·n�Ee�EG93e�EG@,C*UWXG7*=?>A9­MRJ¦MOY,EPX§>§jhUkM)�Á>��hUWFD>QM�>A@²>A@,BA=WE~JQ\ ≈ 27◦ MRJ¦MOY,EPe,=?>Q@,EPJQ\IMRY*EMZ>Qn,=WEQ� � Y,UWFoUWFoE¤�*>AX¤MR=k�tMRY,E�C,U^9OE8X8MOUWJ/@~JA\1MOY,E 397 @*� σ fgn�EG>A���� Y*E��¾>AB/@*E8MRU^XI»[E8=WC B >QM�MRY,EÙe�J/FOUkMRUWJA@tJA\½MOY,E�U^J/@tUWF�B/EG@*EG9R>�MREGCPnN�tJ/@*E��¾>AUW@XGJAUW=½>Q@,C�MmS�J¾FO�¾>A=^=WE89oX8J/UW=^FG� � Y,E�»[EG=^C�JQ\vMRY*E	�¾>AU^@PXGJAUW=�UWF;>A=^9OE§>QC*�P>A=^UWBA@,EGC~SVUkMRYMRY*E	C,U^9OE8X8MRU^J/@�JA\1MRY,E 397 @,� σ fbn¬EG>A��� � Y,E	F3�·>A=^=^EG9oX8J/UW=^FVFOE893j/EyMRJ¾X8J/��e�EG@,FO>QMREF3MR>QMRU^X��¾>AB/@*E8MRU^X­FTMR9R>§�`»[EG=^C,F�FO7,XZY°>AF8Ë�\�JA9�E¿�,>Q�¾e*=WEAË¼MRY,E�E§>A9TMRY�¶ F��¾>AB/@,E¤MRU^X#»[E8=WCSVY,U^X¿Y²UWFD@,JQM¾e[>A9O>A=W=^E8=�MRJ¦MRY,EP»[E8=WC²BAEG@,E89R>QMOEGC�nN�ÂMOY,E��·>QUW@ÂX8J/UW= �²HK7,E�MOJ©MRY*EXGJA�¾e[>QX8MR@*EGFOFKJA\vMRY,E	B/=W>AFOF;XGE8=W= Ë[MOY,E	XGJ/U^=WFVXGJ/7,=^C`n�E	�¾JA7,@bMOEGC`@,EG>A9;MRY,EyMR9O>AeÜ>A@,CMRY*EG9OE¤\�J/9OE�>·XG7,939OE8@bM�JA\<=WEGF3FKMRY[>Q@ 100 ��ÏÒU^FKFO7�v¾X8UWE8@bM�MOJtB/EG@,E89R>QMOE�>t�¾>AB/@*E8MRU^X»[E8=WC¾JA\ ≈ 3 Þy>A7*FOFG� ® J/@*F3MZ>A@NM�X87,9O93EG@bM�FOJ/7,93XGE8F�\�J/9�MRY,E8FOEI=WJ¥S±X87,9O93EG@bMOFÀ>Q9OE;EG>AFOU^=^�>¥j�>AUW=W>An,=^EQ�� Y*E~�·>ABA@,E8MOUWX�»[E8=WCÁF3Y,J/7,=^CÁn�E~XZY,J/F3EG@ÂUW@ÇFO7*X¿Y¯>`SÀ>§�´MRY[>�M­MRY*E~¹b7[>Q=WU^Mm�©JA\



Å2i­j�i©(+fsdà'�-Ëmc*gf©m�jr&�mà*(k�dà-w*gf ùhø
MOY,E­HKJ/e,e*=WE89KXGJgJA=WUW@*B¾J/@�MRY,E�ã

1/2↔ � 1/2 MR9O>A@,F3U^MRU^J/@�U^FI@,JAMÙ>Q«¬EGX8MOEGCÖnN��MRY*E)�¼EGE¤Æ�¾>A@PF3e,=WUkMOMRU^@,B­JA\1MOY,E�=WE8jAEG=WFoUW@Nj/J/=^j/E8C��<ÏÀMVMOY,E�FR>A��E�MOUW��EÙY,JÉS�E¤j/EG98ËaMOY,E��¼EGEG�¾>A@F3e,=WUkMOMOUW@*B�JA\oMRY*EPã
1/2↔D5/2

=WE¤j/EG=WF	FOY,J/7*=WCÇFOe,=^U^MyMRY,E·9OE8=WE8j�>A@bM­F3e�EGX8MO9R>A=�=^UW@,E8F	FOJMOY[>QM~MOY,E8� >Q9OEÖXG=^E§>A93=^�²9OEGF3J/=^j/E8C��¡_[J/9·MR9O>Ae'\�9OE8¹b7,EG@,X8UWE8F ωx = 2π · 2.9 á`ü;6AË
ωy = 2π · 3.9 á`ü;6Ü>Q@,C ωz = 2π · 7.4 á`ü;6`>QM ≈ 1 Û �I_�\�E8EGC,U^@,B´e�JÉS�EG9>��¾>AB/@*E8MRU^X²»[E8=WC}JA\ ≈ 3 Þy>Q7,FOFÇ�¾E8E8MRF°MRY,E8FOE'XG9OUkMRE89OU?>hË·F3e,=WUkMOMOUW@*B MRY,E ã

1/2
Ë

mj = −1/2↔D5/2
Ë mj = −5/2 X§>Q9O9OU^EG9�MR9R>Q@,FOUkMRUWJA@�nb� ≈ 5 á`ü;6Ü\�9OJA� MRY*Eã

1/2
Ë mj = −1/2↔D5/2

Ë mj = −3/2 XG>A9O93UWE89G�
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_1UWB/7,93Ep�,�^ø§�w`vá`>ABA@,E8MOUWX�»[EG=^C B >QMvMRY,EÀe,=W>AXGE�JA\[MRY*EÀUWJ/@	j/EG9OF37,F<X87,9O93EG@NM I MOY,9OJ/7*B/Y�¾>AU^@ÖX8J/U^= � � Y*ED»,EG=WCÖY[>AF�n�E8EG@©�¾EG>AFO7*9OEGC¦nb�ÜJ/n,F3EG93jgU^@,BPMOY,EDF3e,=WUkMOMOUW@*Btn�E8MmS�E8EG@MOY,EÜX§>A939OUWE89OFtJQ\�MRY,E S1/2 Ë mj = −1/2 ↔ D5/2
Ë mj = −5/2 >Q@,C±MRY,E S1/2 Ë

mj = −1/2↔ D5/2
Ë mj = −3/2 MO9R>A@*FOU^MOUWJ/@*FG�

Ço}�[ � svw	qPx�ÎQu�s 1 +Z��r~uPO´w	x�uÀs�w��
785

qPÍ
lm@ÁJ/9OC,E89#MRJÖF3MO7,C*�ÇF3MR>QMRU^J/@[>A9T�´XGJAY,EG93EG@bMDUW@NMRE89R>AX¤MRU^J/@ÇJA\I>A@Â>�MRJ/�¢>A@,CÂ>ÜX§>¥jgUkM)���JgC,EoUkM<U^F�@,E8XGE8FOFR>A9T�DMRJ�FTMZ>An,U^=WU^F3E�MRY,EVXG>¥jgU^Mm�­9OE8FOJ/@[>Q@,XGEV\�93EG¹b7,E8@,X8��MRJ�MRY,EV>QMRJ/��U^XMO9R>A@*FOU^MOUWJ/@Â\�9OEG¹b7,E8@,X¤�/��lm@±J/9OC*EG9¾MOJÁ>§j/J/U^C²MRY[>QM·9OE8FOJ/@,>A@bM 729 @,� =^UWB/YNM¾n�E8UW@,Be*9OEGF3EG@NMÙU^@PMRY,EyXG>¥jgUkM)�tSVY,UWXZY�S�J/7*=WC�e�EG93MO7,9On�MRY,EyX8J/@bMO9OJ/=^=WE8C�>�MRJ/�­fgXG>¥jgU^Mm�tU^@bMOEG9TÆ>QX8MRU^J/@�Ë�S�E­7,FOE�> 785 @*��C,U^JgC,E	=?>AF3EG9I\�JA9IMOY,E­F3MR>An,U^=WU^FR>�MRU^JA@�FOU^@,XGE#U^MRF;\�9OE8¹b7,EG@,X¤�
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UWF�\Ä>Q9�JQ«�Æ 9OE8FOJ/@[>Q@,XGEP\�9OJ/�¢MR9R>A@*FOU^MOUWJA@,FD>QM 729 @,��� � Y,U^F�C,UWJgC*E�=W>AFOE89�>A@,C¯MOY,EMR9O>A@,FT\�EG9�=WJgXZL�>Q9OEKE8FOF3EG@bMOU?>A=�\�JA9�E¤�he�EG93UW��EG@NMRF�J/@tX8J/Y,E89OEG@NMoUWJA@gfgX§>§jgU^Mm�DUW@NMRE89R>AX¤MRUWJA@>A@,C�>Q9OE�MOY,EG93E8\�J/93EyC*EGFOX89OU^n�EGC�MRY,JA9OJ/7,BAY,=^�·UW@~MOY,E�\�J/=^=WJ¥SVU^@,B­FOE8X8MRU^J/@��
Ìq��bs��� d�����³;�
Ï£FOLAE¤MRXZY�JA\#MOY,E©FOE¤MR7,eâJA\#MOY,E 785 @,� =W>AFOE89�U^FPFOY,J¥SV@�U^@ »[B/7,93E±ÃD�,�kø/øÉÅ¤�ØÏFOU^@,B/=^E��¾JgC*E<=?>AF3EG9½C*UWJgC,E õ)� UWF��¾JA7,@bMOEGCyUW@y>VY,J/7,F3UW@,B õ 
1XGJ/@NMZ>AU^@,U^@,BoMOY,E5X8J/=W=^U^�¾>�MRUkJ/@J/ngÈ3EGX¤MRUkj/EAËK�1E8=^MOUWEG9·E8=WEG��EG@NMRF~>A@,C >°MREG��e�EG9O>QMR7*9OEÜFOEG@*FOJ/98� � Y,E¦=W>AF3EG9tC,U^JgC,EÜU^FMRE8�¾e�E89R>QMO7,9OE#F3MR>An,U^=WU^FOE8C�MRJ·SVUkMRY,U^@Ü>·\�E¤SÚ�¾U^=^=^UkLAEG=kjgUW@¼�IÏK@ÜE¤�gMRE89O@[>A=vY,JA=WJ/B/9O>Ae,Y,U^X

EOM

PBS

PBS

PBS

fixed
reference

cavity
l/2

l/4

l/4AOM

PZT

fibre to exp. table

729 nm
lock

PD

opt.
diode grating

1800/mm

collimator

laser diode
785 nm

16 MHz

(270  60) MHz+

PI-controller

16 MHz

_vU^B/7,9OE)�,�kø/ø�`#ãhE¤MR7,e´JA\�MRY,E 785 @,��C,UWJgC*ED=?>AF3EG9G�¾d½>AFOE89yC,U^JgC,EAË½XGJ/=^=WU^��>QMOJ/9�>A@*CB/9O>QMRU^@,B©ÃÄd�U^MOMO9OJ¥SÚXGJ/@*»,B/7,9R>�MRUWJA@ W$�N�gË��/�[Y?ÅÙ>A9OE���J/7,@NMRE8C¦UW@¦>~F3MR>An,=WE�>A=W7*�¾U^@,Uk7,�n�J¥�¬� � Y,E`n�E§>A� Ã ≈ 35 �KÛ Å�U^F¾FOe,=^U^M�UW@NMRJ°>´=WJgXZLÁn�E§>A� Ã ≈ 2 �KÛ�Ë<C[>AFOY*EGC=WU^@,E¥Å�>Q@,C�>�n�E§>Q�{n�EGUW@*B�\�93EG¹b7,EG@*X8�PF3Y,U^\]MOEGCPU^@P>�C,J/7*n,=WEÙe[>AF3FVXGJA@*»[B/7,9O>QMRU^J/@P>A@,CFOE8@bMIMRJ�MOY,E	E¿�*e�E89OU^�¾E8@bM­ÃÄFOJA=WU^C�=WU^@,E¥Å¿� � Y,E	=^JgX¿Ltn�E§>A��e[>AF3FOEGFIMOY,9OJ/7*B/YÜ>Q@Ü:5ß�áC,93U^j/EG@�>QM 16 á`ü;6	>A@,C�U^FoXGJ/7,e*=WEGC�U^@bMOJ�MRY,E�FO>A��E�9OE¤\�EG9OE8@,X8E	X§>§jgU^Mm�tMOY[>QMVUWFo7,FOE8CMRJ�FTMZ>An,U^=WU^FOEÙMOY,E 729 @,��=W>AFOE89G�5Ï��1J/7*@,CgfhHK93E8j/E89)fhüI>A=W=½E89O9OJA9;F3UWB/@,>A=�U^FVJ/n*MR>AUW@,E8C>A@,C°e,9OJgX8EGF3FOEGCÂU^@Ç>`��l fgX8J/@bMO9OJ/=^=WE89	>AX8MOUW@,B�J/@°=?>QFOEG9yC,UWJgC*E¾XG7,939OE8@bM�>A@,C°B/9R>QMOUW@,Be,U^EG6GJ*�5d½>AF3EG9V=WU^@,E8SoUWC*MOYa` ∆ν785 = (1.8± 0.1) Lgü;6A�
÷)��",à Ê K Û - � Ê �Q� Û	� 80 � â ��û¿¼Fý��g����ù�����þ�����þ�ù¿
|��ú � ¶6 IÞ ¶�	�Ô Ü Þ 
	ù�� ù	�	ý �5� Ü # ��� ûrú°� ý�����ú ý�� ü÷)��Ý ��
�R��­����úTS ? ý$ú���
�
	ùQ<U#,� ½ � � �+û�� ½ �[ú��
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BA9R>QMOUW@,B�õ � SVUkMRY 1800 =^UW@*EGF¿���¾�àU^@�d�U^MOMO9OJ¥S!XGJ/@*»,B/7,9R>�MRUWJA@@W$�N�gËp�A�/Y;XG9OEG>QMRE8Ft>A@E¿�gMREG@*C,EGCÖMO7,@,E§>Qn,=WE	9OEGF3J/@[>QMOJ/9G� � Y,E#B/9R>�MRUW@*B¾UWFI��J/7,@NMRE8CÜJ/@Ü>·e,93EGX8UWFOU^J/@`��UW939OJ/9Y*J/=WC,E89GË<»[@,E~MR7,@,U^@,B¦UWF�C,J/@*E�nN�¯>Öe,UWE86GJ,� � Y*E�EG=WE8�¾E8@bMOFDC,EGF3XG93UWn�EGC²FOJ¦\Ä>A9D>A93EE8@,XG=^J/FOE8C~UW@t>#F3MR>An,=^EÙ>A=W7*�¾U^@*U^7,�}XG>AFOEÙLAE8e*MV>QMo>	XGJ/@,FTMZ>A@NMÀMOEG��e�EG9R>�MR7,93EÙJQ\ (20±
0.1)◦ ® nN�ÖXGUW93XG7,=W>QMRU^@,B·SÀ>QMOEG98��ÏI\]MOEG9�e,>AFOF3UW@,BPMOY,9OJ/7*B/Y´>A@©JAe*MRU^X§>A=vC,UWJgC,E	õ)%�SVU^MRY
60 C[��U^FOJ/=W>QMRUkJ/@�MRY,E­=WU^B/YbMKU^FÙFOe*=WU^MKnb�Ü>~e�JA=?>A93UWF3U^@,B·n�E§>A��FOe,=^U^M3MREG98� � Y,E�e[>A93M�JQ\MOY,E�=^UWB/YNM�n�EGU^@,B�7,F3EGCP\�JA9�MRY*E��1J/7,@*CgfhHK93E8j/EG9mfhüK>Q=W=<ÃÄ�5HKüÙÅ�=WJgXZLDMRJ­MRY*E�9OE¤\�EG9OE8@,XGEXG>¥jgUkM)�#U^F�e,Y,>AFOEo��JgC,7,=?>�MREGC	SVU^MRY�>A@D:�ß�áyõ ' >�M 16 á`üI6V>A@,CD>��<HÙü±EG939OJ/9�F3UWB/@,>A=U^F�J/n*MZ>QUW@,E8CyWÓùAý[Y<Ã�FOEGEÙ»,B/7,9OEDÃD�,�køÉ�/ÅOÅ¿� � Y,UWFÀE89O93J/9ÀF3UWB/@,>A=¬UWF�\�E8C~MOJD>­��l fgXGJ/@NMR93J/=W=^EG9>QX8MRU^@,BÙJ/@­MRY*Eo=W>AFOE89�C,U^JgC,EÀX87,9O93EG@NMIÃ�\Ä>AFTM�n,9R>Q@,XZYaÅ�>AFvS�E8=W=,>QF�JA@�MOY,EÀB/9R>QMOUW@,BÉfge,U^E86GJÃ�FO=^JÉS n,9R>A@*X¿YaÅ¿� � Y,E�=^UWB/YNM�@,JAMÀn�EGU^@,B­7,FOE8C~\�J/9�MRY*EÙ=WJgXZL�UWF�C,UW93EGX8MOEGCtMmSVUWX8EKMR93J/7,B/Y>Q@ÜÏ;ß�á ÃÄC,J/7*n,=WE	e[>QFOFZÅI>A=^=WJ¥SVU^@,BD\�J/9K>A@`JÉj/E89R>A=^=ºX8J/@bMOUW@b7,J/7,F;\�9OEG¹b7,E8@,X¤�ÜFOY*U^\]MKJA\
≈ ±120 á`üI6Q��Ï;\]MRE89�MOY[>QM�U^M�U^F�X8J/7,e,=^EGCDUW@NMRJ�>K»[n,9OEV>A@,CDFOE8@bM<MOJ�MRY*EVE¿�*e�E89OU^�¾E8@bMMR>An,=^EA�<d�E8FOFVMRY[>Q@ 1 �IÛ JA\1=WU^B/YbMÀU^FVF37wv�XGU^EG@bMV\�J/9oF3MR>An,U^=WU^FOU^@*B­MRY*E�MR9R>Qe�X§>§jgU^Mm�/�

VXW2Y W�Z

W�Y W.W

W�Y W�Z

W�Y\[]W

W�Y\[^Z

_ `a b`c
d a e

fJgih:jlkXhnm)oV�W�Y p W�Y WVXW�Y q W�Y q W�Y p W�Y r

_1UWB/7,93E;�,�køÉ��`�:�9O9OJA9�FOU^B/@[>A=�J/nhMZ>AU^@,EGC·nb�¾FOXG>A@,@,U^@,B#MRY,EK=?>AF3EG95jgU?>yMRY,EKB/9R>�MRUW@*B#J¥j/EG9MOY,EI93EGF3J/@[>A@,X8EKJA\¼MOY,EI93E8\�EG93EG@,X8EKX§>§jgU^Mm�/��HK7,E;MRJ�MRY,E;\Ä>QF3M�FOXG>A@·9R>QMOE#Ã >AF5X8J/�¾e,>A9OE8CMOJ�MOY,E�X§>¥jgUkM)�ÖC,EGXG>¥�¦9R>QMOE¥Å¤ËºU^@,XGJA�¾U^@,BP=^UWBAYbM�UW@bMOEG9T\�EG9OE8F�SVU^MRY¦MRY,E�=^UWB/YNM�FTMRJ/93EGC°U^@MOY,E�X§>§jgU^Mm�/Ë[=^E§>QC,UW@,B­MOJDMOY,E�J/n,F3EG93j/E8C´³Ó9OUW@*B/UW@,B*¶^�
÷ � 0?��ý ���6 +þ���ý�Â �2s �5�[û÷)*�àJ	 �  Ý Þß
	ù	��ù	�[ý����t#,� ½ � � #Tu	�°� ý������5�÷)/�? "�v¹Þ � àJ	 �  Ý Þß
	ù�� ù	�	ý �5�6#,� ½ � � #Tu�����ý������5�
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"à�

� J·C,E¤MRE89O��UW@,E�MRY,Ey=WU^@,E8SVU^C*MRYPJA\vMOY,E	=W>AFOE89;UkM;UWFVEGF3FOE8@bMRUW>A=½MOJ¾Lb@,JÉS�MRY*E	=^UW@,E¤SVUWC*MOYJA\�MRY,EKX§>§jgU^Mm�¾UkM�U^F�=^JgXZLAEGC·MRJ,� � Y,EKX§>¥jgUkM)��=WU^@,E8SVU^C*MRY¾XG>A@tn�EÙXG>A=WX87,=?>�MREGC¾\�93J/�}MRY*EX§>§jgU^Mm�#»[@*EGFOF3E F >QF�S�>AF<��E§>AF37,9OE8C�U^@VWÊø/øZY,MRJ�n�EV93J/7,B/Y,=k� 14000 ÃFw λ ≈ 785 @,�·Ånb�ÙC,E¤MREG93�¾U^@,UW@*BÀMOY,E<C,E8X§>§�ÙMRUW��E�JQ\gMRY,E�X§>¥jgUkM)�A�1lm@�MRY,U^F�MRY,E8FOU^Fº>A@y>AX8XG7,9O>QMRE<��E8MOY,JgC\�J/9#�¾EG>AFO7*9OUW@*BÜMOY,EtX§>¥jgUkM)�°=^UW@*E8SVUWChMRYÇ7*FOUW@*BÜMRY,EtEG939OJ/9­F3UWB/@[>Q=�UWF­C*EGFOX89OU^n�EGC��°���MR7*@,UW@,BÖMRY,EPE¤�gMRE89O@[>A=VB/9O>QMRU^@,B,Ë�MRY,EP=?>AF3EG9DU^FDFOXG>A@,@,E8C�JÉj/E89DMRY,EP9OE8\�E89OE8@,XGE�XG>¥jgU^Mm�9OE8FOJ/@,>A@,XGEK>A@,C�MRY,E;EG939OJ/95F3UWB/@[>Q=[UWF593EGX8J/9OC,E8C��<���DXGJ/��e[>A93UW@,B�MRY*EIX8EG@bMO9R>A=ae�E§>AL�JA\MRY*EyE89O93J/9VF3UWB/@[>Q=¼SVU^MOY�>�@g7,��E89OUWXG>A=�F3UW�­7,=W>QMOU^JA@yW$���*Ë��"!	Y Ë*»[@,EGF3FOE F >Q@,C�FOXG>A@,9R>�MRE
νω

W$�0�hË+�"!	YÀ>A93E·C,E¤MRE89O��UW@,E8C ÃÄX¤\)�º»,B/7,9OEÖÃD�,�kø¥�NÅOÅÙMRJ`n�E F = 16500 ± 1000 >A@,C

x4y{z|y�}

y{z|y�y

y{z|yI}

y{z�~Cy

y{z�~Q}

���� ���
� � �

���������
µ �^�

y ~Cyx��Iy � y�Iyx�~�y

_vU^B/7,9OE)�,�^ø§�w` ® E8@bMR9O>A=5e�EG>AL¦JQ\�MRY,E�EG9O93J/9yFOU^B/@[>Q= �·_[9OJA��MOY,E¾E¿�he�J/@,E8@bMRUW>A=<C,EGXG>¥�Ã�MOY,UWXZLÁFOJA=WU^C¯=WUW@*E¥Å­JA\KMRY*E�J/FOX8UW=^=?>�MRUkJ/@,F�MOY,E�»[@*EGFOF3E F = 16500 ± 1000 X§>A@�n�EX§>Q=WXG7*=?>QMOEGC��¾Ã � Y,UWFÙY[>QF�n�EGE8@©C,JA@,E­\�J/9KFOE¤j/EG9O>A=�F3X§>A@,FÙMRJ~JAn*MZ>AU^@`MRY,E­B/Ukj/EG@ÜjQ>A=^7,E>A@,CÜU^MOFKEG939OJ/9RÅ¤� � Y,E­FOU^��7*=?>QMOU^JA@ÇÃ�MRY,U^@Ü=^UW@,E§ÅV7,F3EGFÙMRY*E�>An�J¥j/E#»[@,EGF3FOED>A@,C¦>·F3X§>A@9R>�MREÀJA\ νω = 15.8 � � Y*EV>A��e,=WUkMO7,C,E�Y[>AF�n�E8EG@D@,J/9O�¾>A=^U^F3EGC#MOJÙ»,M�MOY,EÀE¤�he�EG93UW��EG@NMZ>A=C[>QMR>*�;HKE¤jhUW>QMOUWJ/@,F;JA\�E¿�he�EG9OU^�¾E8@bMÙ>A@*CÜF3UW�­7,=W>QMOU^JA@�>A9OE	e*9OJ/n[>Qn,=^�PC,7*E	MRJ�jQ>A93�gU^@,BFOXG>A@�j/E8=WJgX8U^Mm�tX§>Q7,FOE8C`nN�tMRY,E�B/9O>QMRU^@,B�e,U^EG6GJ*�
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νω = 15.8 ± 0.7 � � Y,Et@*J/9O�¾>A=^U^FOE8C´FOX§>Q@,9R>QMOE νω U^F	C,E¤»[@,E8CÂ>AF	MOY,E·F3X§>A@,9O>QMRE·U^@7*@,U^MOF­JA\;Y[>A=k\;JQ\VMRY,EtX§>¥jgUkM)�°=^UW@,E¤SVUWChMRY Ã ∆νcav = c/(2FL) Å	e�EG9­X§>¥jgUkM)�°E8@,EG93BA�FTMRJ/9O>AB/EÙMRUW��E τ `

νω :=
2FLω̇τ
πc

, Ã7�,�$�NÅ

SVY*EG9OE L U^F�MRY,E�XG>¥jgUkM)�·=WE8@,BAMOY��<_[93J/�ªMOY,EÙ»[@*EGFOF3E F >­XG>¥jgU^Mm�·=WU^@,E8SVU^C*MRY ∆νcav =
(45± 2.5) Lgü;6yU^FoXG>A=WX87,=?>QMOEGC���_[9OJA�ØMOY,E�X8J/��e[>A9OU^FOJ/@~JQ\1EG9O93J/9oFOU^B/@[>A=�>A��e,=^UkMR7,C*ESVY*EG@PF3X§>A@*@,UW@,B#MOY,EÙ=W>AFOE89�FO=^JÉSV=k��JÉjAEG9�MOY,EÙXG>¥jgU^Mm�¾93EGF3J/@[>A@,X8E�>A@*C~93�¾F�>A�¾e*=WUkMO7,C,ESVY*EG@#MRY,E�=W>AFOE891U^Fº=WJgXZLAEGC	S�E�XG>A@#EGFTMRUW�¾>QMOE<MRY,E�=W>AFOE89º=WUW@*E8SVUWChMRYynb�	>Ae*e,9OJ§�*U^�·>�MRU^@,BMOY,EoXGE8@bMR9O>A=,e[>A9TM<JA\aMRY,EoE89O9OJA9�FOU^B/@[>A=hnb��>ÙF3MR9O>AUWBAYbM�=^UW@,EQ�vi;FO7[>A=^=^�yMRY,EV>AX¤MR7[>Q=,EG939OJ/9F3UWB/@,>A=,U^F�E8j/EG@¾F3MOEGE8e�EG95UW@�MRY*EV9R>A@,BAEoSVY,E89OEVMRY*E;=W>AFOE89�UWF�=^JgX¿LAE8C·>Q@,CDMRY*EG9OE¤\�J/9OEoMOY,UWF>Q@[>A=^�gF3UWFÙ9OEGF37,=^MOF�UW@¦>~XGJ/@*FOEG9TjQ>QMOU^j/E�jQ>A=W7*E­\�J/9ÙMOY,ED=WU^@,E8SVU^C*MRY¼�­_[J/9KMRY,E­MR9R>A@*F3\�EG9mf=^JgX¿L¾=?>AF3EG9ÀS�E�J/n*MZ>QUW@a` ∆ν785 = (1.8± 0.1) Lgü;6A�

Ço}�Ç -�w/.*+¿��� aD�ºwy�R+�_�+Gx½w���+I�#q
� Y*E©=W>AFOE89P>QM 785 @*� >A=^=WJ¥SVF·MRY,EÜMR9R>Ae XG>¥jgU^Mm��MRJÂn�E¦9OE8FOJ/@[>Q@bMPSVUkMRY =WU^B/YbM~>QM
729 @,� SVU^MRY*J/7*M­Y[>§jgUW@,B`MOY,UWF#=^UWB/YNM	e,9OE8FOEG@NMDUW@°MOY,EtX§>§jgU^Mm�/� � Y,Etn[>AFOU^X·FOXZY,EG��EJQ\5MOY,E­MR9R>Q@,F3\�E89�=WJgXZL�UWF�>QFÙ\�J/=W=^J¥SVFI`;S�E�\�9OE8¹b7,EG@,X¤�bÆ =WJgXZL`MOY,E 785 @,�ÔC,U^JgC,E­=?>AF3EG9MOJ·MOY,E#FO>A�¾E	7,=kMR9R>ÉÆmF3MR>An,=^E�9OE8\�E89OE8@,XGE­X§>§jhUkMm�ÇÃ�X8\)�+W$�[Y]Å;>AFIMOY,E 729 @,� � U�`ÓFO>Ae,e,Y*UW9OE=W>AFOE89G�����·FTMZ>An*UW=WU^F3U^@,ByMRY,EKMR9O>AetX§>§jhUkM)��MOJ­MOY,EÙC,U^JgC,EK=?>AF3EG9�\�9OE8¹b7,EG@*X8�/Ë,MRY*EÙ=WE8@,BAMRY*FJQ\V93E8\�E89OEG@*XGE~>A@,C´MR9R>QeÇXG>¥jgU^Mm�´>A93E¾»h�*E8CÁ9OE8=?>QMOU^j/EDMRJ`EG>AXZYÁJQMRY,E89G�`_[7,9TMRY,E89O��J/9OEQËMOY,E;=^EG@*BAMRYDJA\¬MRY,EoMR9O>Ae�X§>§jgU^Mm��UWF�»*�hEGC¾9OE8=?>QMOU^j/EÀMOJ�MRY*EVSÀ>§j/EG=^EG@,BQMRY¾JA\¬MOY,E 729 @,�� U�`ÓFO>Ae,e,Y*UW9OEo=W>AFOE89G�����­X¿Y*JgJ/FOU^@,By>�X8J/@Nj/EG@,U^EG@NM�=^J/@,B/UkMR7,C*U^@[>A=h��JgC,EoJA\�MRY*E 785 @,�=W>AFOE89�>A@,C¯>Ae,e,=k�gUW@,BÖ>A@¯>Ae*e,9OJ/e*9OU?>�MRE·\�93EG¹b7,E8@,X8�ÂF3Y,U^\]M­MOJÖMOY,E~C,UWJgC,Et=W>AFOE89�=^UWB/YNM§ËMOY,EÙ=^EG@*BAMRY·JA\�MRY*EKMO9R>AetXG>¥jgU^Mm�¾U^FÀ>QC�È37,F3MOEGC~7,@NMRU^=�MOY,EKX§>¥jgUkM)��UWF�9OEGF3J/@[>Q@bMÀSVUkMRY¾MRY,E
729 @,�¢=^UWB/YNM§� � >ALbUW@,BÜUW@NMRJÜ>AXGX8J/7,@NM�>�MRY,E89O�¾>A=�E¿�*e,>A@,FOU^J/@ÁXGJgEZv�X8UWE8@bM�\�JA9	MRY,EMO9R>Ae¦XG>¥jgU^Mm�Ü�¾JA7,@bM�ÃÄF3MOEGE8= Ë½e*UWEG68JPXGEG9O>A��UWX8FZÅKJA\ 10−5/ Ð�Ë�>tMRE8�¾e�E89R>QMO7,9OE�XZY[>A@,B/EJQ\�=WE8FOF<MRY[>Q@ 2 Ð�>A=W93E§>ACh��9OEGF37,=^MOF5UW@¾>y9OE8FOJA@[>A@,X8EKF3Y,U^\]M5JA\¼J/@,EV\�9OE8EIF3e�EGX8MO9R>A=a9R>A@,BAEÃ ≈ 7 Þ�üI6§ÅÀJA\1MRY,E�MO9R>Ae�X§>§jgU^Mm�/��lm@�MOY,UWFoX§>AF3EAË¬>DC,Uk«¼E89OE8@bM;=WJ/@*B/U^MO7,C,U^@,>A=¼��JgC,E�\�J/9MOY,EIC,U^JgC,E;=?>QFOE895Y[>AF5MOJ	n¬EV\�J/7,@,C�MRJ	F3MZ>Qn,UW=^U^FOE;>AB/>AUW@�7*FOUW@*B	MOY,UWF<C,J/7,n,=^E;9OE8FOJ/@[>Q@,XGEF3X¿Y*EG��EA�y];E8j/E893MRY*EG=WE8FOF�U^M	MO7,9O@,E8CÁJ/7*M#MOY[>QM�>`XG>¥jgUkM)�´C*9OU^\]M	JA\VJ/@*E·\�9OE8EtF3e�EGX¤MR9R>Q=9O>A@,B/E�C,JgE8Ft@,JQMtJgX8XG7,9¾j/E893�²JA\]MRE8@�Ã >Qn�J/7*Mt�©MRUW��EGF�U^@âø¥�´E¤�he�E89OUW��EG@NMZ>A=;937,@,FZÅ=^E§>§jgUW@,BD>D=^J/@,B�EG@,JA7,B/YPMRUW��EKMRJDe�EG9T\�J/9O�{E¤�he�EG93UW��EG@NMRFG�
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Ï�FOLAE¤MRXZY�JA\;MOY,E~MO9R>AeÂXG>¥jgU^Mm�ÇFOE¤MR7,e¯UWF­B/U^j/E8@¯U^@Á»,B/7,9OE©Ã7�,�køK�bÅ¿� � Y,E�FTMZ>An*UW=WU^F3EGC
785 @,�£=WU^B/YNM	=^E§>§jhU^@,B�MRY,E¾»[n*9OE·UWF	e,Y,>AFOEt��JgC,7*=?>QMOEGC´nb�°>A@Ç:�ß�á ® ( C,93U^j/E8@Á>QM
16 á`üI6¾>A@,C´UWF�X8J/7,e,=^EGC´UW@NMRJPMOY,EDMR9R>Qe´X§>§jgU^Mm�ÖjgU?>�>Pe¬JA=?>A93UWF3U^@,BPn�EG>A��FOe,=^U^M3MREG98�� Y,E 729 @,� =WU^B/YbMDU^F�XGJA7,e,=^EGC�U^@bMOJ¦MRY,E�XG>¥jgU^Mm�Á\�93J/�àMOY,E�J/e*e�J/FOUkMRE�F3UWC,EQ� � Y,E9OE¤¸[EGX¤MRE8C 785 @*�à=^UWB/YNM­UWF­C,U^FOe�EG93FOEGC¯nb�Á>ÖB/9R>�MRUW@*B¯Ã 1200/ ���tÅ�MRJÖFOEGe,>A9R>QMOEPU^M\�9OJA�ÚMRY,E 729 @,��MR9O>A@,F3�¾U^FOFOU^J/@­=WU^B/YNM�n�E8UW@,B���J/@,U^MOJ/9OE8C#SVU^MOY�> ®o® HúXG>A��EG9R>�>A@*C>Ùe*Y,JAMRJgC*UWJgC,EQ� � Y*EÀ»[9OFTM<JA9OC,E89�B/9R>�MRUW@*BK9OE¤¸[EGX¤MRUWJA@�>�M 785 @,��U^F1\�JgXG7,F3EGCDJ/@D>I\Ä>AF3Me,Y,JQMRJgC,U^JgC,E¯® õ MRJtJAn*MZ>AU^@Ü>t�1J/7,@*CgfhHK9OE¤j/EG9mfhüK>Q=W=vE89O9OJA9KFOU^B/@[>A=1>Q\]MOEG9K��Uk�hU^@,B�SVUkMRYMRY*Et�¾JgC,7*=?>QMOU^J/@©\�9OE8¹b7,EG@,X¤�/� � Y,EtEG939OJ/9#FOU^B/@[>Q=�U^F#e,9OJgX8EGF3FOEGC¯U^@Á>Ü��l ÆmXGJA@bMR93J/=W=^EG9

EOM

PBS

trap cavity

l/4

fibre 785 nm

729 nm

PD
785 nm

grating

CCD/PD 785 nm
transmission

l/4

CCD/PD 729 nm
transmission

grating

PBS

16 MHz

PZT PZT

PI-controller

16 MHz

_vU^B/7,9OE��,�^øI�O`ÙãhE¤MR7,e¦JA\<MOY,E­MO9R>AeÖXG>¥jgUkM)�`=^JgXZL�� � Y,E�=WU^B/YbMK>QM 785 >A@*C 729 @*�ÔU^FXGJA7,e,=WE8CyUW@NMRJoMOY,E<X§>§jhUkM)�K\�9OJA�âJ/e,e�J/F3U^MRE�C,U^9OEGX¤MRU^J/@,F�U^@	>oF3�g���¾E¤MR9OU^X�SÀ>§�/��Þ�9R>QMOUW@,BAFÃ 1200/ ���tÅDJ/@ n�JAMOY F3UWC,E8FPF3EGe[>Q9R>QMOEÖMOY,EÖn�E§>Q�¾F~>A@,C E8@,FO7,93E¦XGJ/@NMR9OJA=ÙJQ\yMOY,EMR9O>A@,F3�¾UkMOMRE8Cye�JÉS�E89v>QMºn�JAMRYySÀ>§j/EG=^EG@,BAMOY,FºSVU^MOY,J/7*Mºe�EG93MO7,9On,>QMRU^J/@	nN��9OE8¸,EGX8MOUWJ/@*F1JA\MRY*EÙJAMOY,EG9�=^UWB/YNM§� � Y,E 785 @*�ª=WUWBAYbM�U^F�e,Y[>AF3EÙ�¾JgC,7*=?>QMOEGCt>Q@,C·SVU^MRY¾MRY,EKF3MR>A@,C[>A93CMRE8X¿Y*@,UW¹b7,E8FP>Ç�1J/7,@,CbfhHK9OE¤j/EG9mfhüK>A=^=KEG939OJ/9·F3UWB/@,>A=;UWF¾J/n*MZ>QUW@,E8C�MRJÇ=^JgXZLÂMOY,E`MR9O>AeX§>§jgU^Mm�tMOJDMOY,E 785 @*�!=WU^B/YbMG��d�E8@,FOE8FK>A9OE�J/��U^MOMOEGCt\�J/9ÀMOY,E�FR>ALQEyJA\vX8=?>A93U^Mm�/�
µF3 ? "�v¹Þ � àJ	 �  Ý Þß
	ù	��ù��	ý����t#,� ½ � � #Tu	�°� ý����	�5�µu÷�� �5
 ø[ù������ Û ×�� Û�Ê ø Ý �?Û¹Ù.��� �68
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>QX8MRU^@,B`J/@ÇJ/@,E·JA\oMOY,E¾MR9R>QeÇX§>§jhUkM)�©e,UWE86GJ/F8�Ö���´X¿Y,>A@,B/U^@,B�MRY,E·JA«¬FOE8M)fbj/J/=kMZ>AB/E¾JA\MOY,EKJAMRY,E89�e,U^EG6GJ*ËgMRY,EKF3MR>A@,C,U^@,B#S�>¥j/EÙe[>�MOMRE89O@tX§>Q@~n�EKFOY,Uk\]MRE8Ct9OEG=W>QMRUkj/E;MOJ#MOY,EKUWJ/@��ßÙ@¦MOY,EDFOU^C,E�MOY[>QM�MRY*E 729 @,�Ô=WU^B/YbMÙUWF�X8J/7,e*=WEGC¦UW@�Ë½>~B/9R>�MRUW@*B~UWF�>AB/>AUW@Ö7,F3EGC©MRJF3EGe[>Q9R>QMOE�MRY,E­MR9O>A@,F3�¾UkMOMRE8C 785 @,��\�93J/��9OE8¸,EGX¤MREGC 729 @*�Ô=WUWBAYbMG� � Y*E 785 @,�MO9R>A@*FO��UWFOF3UWJ/@~U^Fo�¾J/@*U^MRJA9OE8C~SVUkMRY�> ®o® H�>AFoS�E8=W=�>AFoSVUkMRY�>De,Y,JQMRJgC,U^JgC,EA�
Ìq�»Ìq��� PR!"�������l�5!¬����"¾�z�����¤���O�#"h!¬ªö�a� c �L4KÍ
� Y*EDE¤�he�E89OUW��EG@NMZ>A=ve,93JgXGE8C,7,9OE�MOJ�>QX¿Y*UWE8j/E�C,JA7,n,=WE­93EGFOJA@[>A@,X8EDJA\5MOY,E­MR9O>AeÖX§>¥jgUkM)�SVUkMRYÜMRY,E 785 @,��>A@*C¦MOY,E 729 @,�Ô=?>QFOEG93F�UWF�>AFÙ\�J/=W=^J¥SVFI`KnN�ÜFOX§>Q@,@,UW@*B~MRY,E­MR9O>AeXG>¥jgUkM)�AËNMR9O>A@,F3�¾U^FOFOU^J/@�JA@DMRY*E 729 @,� � :5á 00

�¾JgC,EÀUWF�93EGXGJA9OC,E8CÜÃÄC,7*EoMRJ�MRY,EoFOX§>Q@9O>A@,B/EIJQ\�MRY,E;MR9R>Qe·X§>¥jgUkM)�Dn�EGUW@*B#=WU^��UkMOEGCDMRJ­>Qn¬JA7*M�J/@,E;\�9OE8EKF3e�EGX8MO9R>A=¬9O>A@,B/EQËgMRY*EG9OEU^F#J/@,=k�´J/@*EtFO7,XZYÂ��JgC,E¥Å¿�y];JÉS¡MRY,E·S�>¥j/E8=WEG@*BAMRYÁJA\oMRY,EtC*UWJgC,E·=W>AFOE89#Y[>AF#MOJÖn�EXZY,J/F3EG@�UW@ÂFO7,XZY±>ÖSÀ>¥�ÁMOY[>QMDMRY*E !AûNùÖ@,�à=WU^B/YbM�U^F�>A=WF3J©93EGFOJA@[>A@bM�\�JA9Dn�JAMRYÂMRY,E93E8\�E89OEG@*XGE¾>Q@,CÖMRY,E­MO9R>AeÖX§>§jhUkM)��SVUkMRY,U^@ÜMRY,E�9O>A@,B/E­JA\ ±120 á`üI6�n�EGU^@,B~XGJÉj/E89OE8CnN�~MOY,E�C,J/7,n,=^E�e[>QFOF;Ï;ßyá©��i;FO7[>Q=W=^�AË*MRY,U^FVXG>A@�n�Ey>AXZY,UWE¤j/EGC�nb�tMO7,@,UW@*BDMOY,EyC,U^JgC,EX87,9O93EG@NMÀ>A@,C¾MOY,EG93EGnN�¾F3EG=^EGX8MOUW@,ByJ/@,E;JA\¼MRY,E;C,UWJgC,EQ¶ÓF5=^J/@,B/UkMR7,C*U^@[>A=,��JgC,E8FG��_vU^@,C,UW@*B>tXGJ/@Nj/EG@,U^EG@NMy=WJA@,B/U^MO7,C,U^@,>A=º�¾JgC,E­U^F�F37,n,F3MR>A@bMOU?>Q=W=^��>AUWC*EGC¦nN�`MRY,E�9OJAn,7,F3M�=^JgX¿L�JA\MOY,E 785 @*� =?>QFOEG9¾C,U^JgC,E�JÉj/E89t>°C,U^JgC,E�XG7*9O9OE8@bMt9R>A@*B/E�\�93J/� ≈ 60 ��Ï�7,e�MOJ
≈ 105 �¾Ï�>Q@,CtMRY,E�>An*UW=WUÊM)��MRJ­=WJgXZLDMRY,EKMO9R>AetX§>¥jgUkM)�¾7,FOU^@,B�>#j/EG9T�t=WJ¥S =WUWBAYbM�=WE¤j/EG=Ã�C,JÉSV@ÁMOJ ≈ 10 µ Û Å¿��üI>¥jgUW@*BÖ\�JA7,@,C¯>ÜXGJA@bj/EG@*UWEG@NM���JgC,EQË�MRY,E 785 @,�¢C,UWJgC,E=W>AFOE89oX§>A@�n�Ey=^JgX¿LAE8C�J/@bMOJDMRY*Ey93E8\�E89OEG@*XGE	XG>¥jgU^Mm�A� � Y*E�MR9R>Qe�X§>§jgU^Mm�~U^FoMOY,EG@�=WJgXZLAEGCJA@bMRJ�MRY*E 785 @,�£C,U^JgC,E¾=?>AF3EG9G��l M­U^F#@*JÉSª>A=WF3J`F3MZ>Qn,UW=^U^FOEGC´9OEGF3J/@[>Q@bMR=k�©SVUkMRY´MRY,E
729 @,�!=^UWB/YNM§�
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ÏÝe,9OE8XGJ/@,C*U^MRU^J/@¯\�JA9DMRY,E�XGJA@bMR93J/=W=^EGC¯UW@NMRE89R>AX¤MRU^J/@¯JA\�>©FOUW@*B/=WEPUWJA@¯SVU^MOY±>©FOUW@*B/=WEE8=WE8X8MR93UWX�»[EG=^CÇ�¾JgC,E¾UWFyMRY,E·�·>AFTMRE893�´JA\oMOY,E·MmS�JÜUW@,C*U^jgUWC,7,>A=<F3�gF3MOEG��FG�ÖÛ Y*EG9OEG>AFMOY,E;J/e�E89R>QMOUWJA@�JQ\¼MOY,E;XG>¥jgU^Mm��U^F<E¤�he,=W>AUW@*EGC�UW@DXZY[>Ae*MOEG9KÃ7�NÅ�FOE8X8MRU^J/@`Ã7�,���bÅ¤Ë/MRY,Eo\�JgXG7,FJQ\[MOY,UWFºX¿Y[>Qe*MRE89vUWF1J/@	MRY,E�e,9OE8e[>A9R>�MRUWJA@­>Q@,C­XGJA@bMO9OJ/=gJA\,MRY*E�9OE8�·>QUW@,U^@,B;XGJA@,F3MOU^MR7*EG@bMGËMOY,EÙFOU^@,B/=^EIUWJ/@¼��ÏI\]MOEG9�B/U^jgU^@,B­>#n[>AF3UWXKJ¥j/EG93jgU^E8S JQ\½MOY,EÙE¿�*e�E89OU^�¾E8@bMZ>Q=¬e,9OJgX8EGC,7,93EGF8ËF3J/��E¾93EGF37,=^MOF#>A9OE�e,93EGFOE8@bMOEGCÇMOY[>QM	XZY[>A9R>QX8MRE89OU^FOE�MRY*E�MR9O>AeÇ>Q@,C°X8J/@*»[93��MRY[>�MyMRY,EMO9R>Ae*e�EGC�UWJ/@PU^FÀS�EG=^=�X8J/@NMR9OJA=W=WE8C��
�N}I~ � uVq~uÀs�w§_   s+�¾��uor�|ts1u �yÎ��º�~u &:'*) uÀsI+GÍ uVq��ºx
� Y*EDE¤�he�EG93UW��EG@NM�UWFÙ9O7,@¦UW@ÜMmS�JPC,Uk«¼E89OE8@bM���JgC,E8FG�#lm@¦MOY,E�XGJ/@NMRU^@g7,JA7,F��¾JgC*EAË½>Q=W==W>AFOE89OF<X§>Q@¾n�E;FTSVU^MRXZY,E8C·J/@¾>A@*C¾JQ«Pnb��Y[>A@*C�� � Y,EV¸[7,J/93EGF3XGEG@*XGEK9R>QMOEVUWF��¾EG>AFO7*9OEGC\�JA9�>~»*�hE8C©MRUW��EPÃ�7,FO7[>Q=W=^� 100 µ FRÅ�>A@,C¦C,UWF3e,=?>§�/EGC¦XGJ/@NMRUW@b7,J/7*FO=^�A� � Y,U^F���JgC,E�UWF7*FOEGC�MRJ¾=^JN>AC~MRY,E�MR9R>Qe�ËaB/E¤MI9OUWC�JQ\�7,@bS�>A@bMOEGCÜU^J/@,F	ÃÄUk\�>�XG=^J/7,C�J/9VMOJgJ¾�¾>A@b�~U^J/@,F>Q9OE·=WJ/>AC,E8CaÅy>A@,C°MRJÜU^�¾e*9OJÉjAE·HKJ/e,e*=WEG9	XGJgJ/=^UW@,B,��l M­U^F­>A=^FOJ`7,F3EGCÇ\�J/9#>A=W��J/FTM­>Q=W=>Q=WUWBA@,��E8@bMoe*9OJgXGE8C,7,93EGFK>QFoS�EG=^=½>QFV�¾U^XG93J/��JAMOU^JA@~XGJA�¾e�E8@,FR>QMOUWJA@ WÊø¥�[Y �� Y,E�>AX8MO7[>A=1E¿�*e�E89OU^�¾E8@bMRFÙ>A9OE#e�E893\�J/9O��E8CÜUW@�MRY,E#e,7,=WF3EGCÖ��JgC,EQ� � Y,E­B/E8@,EG9O>A=e*9OJgXGE8C,7,93Ey\�JA9ÀMRY,U^FV��JgC,E�U^F;>QFo\�J/=W=^J¥SVFI`
• � Y,E­U^J/@`U^FKX8JgJ/=^EGC�jhUW>·HKJ/e*e,=WE89KXGJgJA=WUW@*B·>A@*CÜe,9OE8e[>A9OE8CÖUW@`F3J/��E¾³ÓF3MR>A93MOUW@,B,¶F3MZ>�MRE¾ÃÄ7*FO7[>A=^=^�¾MRY*EyE8=WE8X8MR93J/@,U^X�B/9OJA7,@,C�FTMZ>QMOE¥Å¤�
• � Y,EG@`>�e,7,=WF3E�FOE8¹g7*EG@,XGE	UWFV>Ae*e,=WU^EGCtMRJ�MRY,E�UWJA@��
• ÏI\]MRE89oMRY,>QMoMRY,E�EG=^EGX¤MR9OJA@,UWX�FTMZ>QMOE�UWFoC,E¤MREGX¤MRE8C��
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� Y,U^F#FOEG¹b7,E8@,XGEPU^F	9OEGe�EG>QMRE8C 20 Ë 100 J/9 200 MOUW��EGF	>A@,C°MRY,Et>§j/EG9O>AB/E·E¤�hXGUkMZ>QMOUWJ/@9R>�MRE~MRJ¦MRY,E D5/2

=^E8j/E8=VUWFDXG>A=WX87,=?>�MREGC¼�¯ÏI\]MRE89DMOY[>QM§Ë�XZY[>A@,BAEGF¾U^@ÂMRY,E�E¿�hXGU^MR>QMRU^J/@e,93JgXGEGC*7,9OEyXG>A@�n¬Ey>Ae*e,=WU^EGCP>A@,C�>A@,JQMRY,E89VFOE¤MIJA\1E¤�he�E89OUW��EG@NMRF;>A9OEÙMR93UWB/B/E89OE8C��

L����g��� V��O�a���g�w�c�w�l�#" �gª^��d���"h�g�l�¤£��g"
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�����������������! "���#�$�% '&)(*��+,�.-%/0��12���%35464' "���#-738-%4" '9�+$��1:+�35��9��. "�;�%+��.<.359����2�� '1 » ��4'�1�35��=0�><?3@��� Ã 1�35�%�� "�#�%-73@���A�%+��?3@-%-%�B1# C3@�%���A-% '����=D3@����-7<.�FE��.351#1������� "�,98���G��+��1H+D35�,9��I "�*<.359��,�#�� '1 ¹$J 35�K� J <L� J <M=0�#� ∆m �5&N��+��O�%��35��-� '�% "��� Å ���P�%+��I-��% « ����-�-�@&Q��+��>����3@/�/0�5���#�$�� "354 Ã 1�35�%�� "�#�%-7-R�H3F( »,S ���T= J �O-% "�,��=D3@����-O<.�FE�� Å:U!VWJ �� "��98��+�� '�� '�% "354P� S /0���% '<.�#�$��354X� J ��-Y��+, "-Y/��%�B1#��� J �%�;+D35-Y�%�Z=0�[���5��� ¹$J  '�%�[�5&)�%��� J �K�� '4-���<>�\&]35<. '4' '35�� ^��(`_a '�%+!��+��7-%/0��12���%354b4' "�,��-c "-P�5=,�H35 '����� UPd  "9 J �%� Ã ùeUgf/Å &h�B1 J -%��-X�5��%+��i�%��35�,-% '�% "���

S1/2
Ë mj = −1/2 ↔ D5/2

Ë mj = −5/2 _a+� "1H+A '-��@&j/D35�R�� "1 J 4"35� '�$�%���%�#-��k-� "��1#�I '�X '- J -%�#�;35-k3 ¹$J =� ^� Ã �l_6�nmB4'�#E���4o-�(B-��%��< Å2U\p +,�M-% '����=D3@����-�354'4"�F_�%+��j����3@/I&h�%� ¹$J ����1# "�#-N���X=0�q���r35�M� «  '<.<>�#�� "3@�%��4^( ` ωx = 2π ·3.05 á`ücs 35��� ωy =
2π ·4.1 á`ücs &h���N�%+��c��-�1� '4"4"3@�%����-N '�i��+,�c/�4"35���a�5&t�%+��c�� "��9\35�,� ωz = 2π ·7.9 á�üPs&h�5�X��+��IEe '=���3n�� "�5�u/0����/0������ '1 J 4"35�X���Y�%+� "-k/�4"35��� UMp +,�>4"�F_v35<>/�4" w� J ���O�5&6+� "9�+,����5�%���#�a-% '����=D3@����-c '-a354"���r35�e(Y35�8 '���� "1�3@�% "�5�`&h���q95�e�B� V �5/�/�4"�#�a1#�B��4" '��9 U
L�� ����� ���#�;�a�O�U"p� � ��"��,� ��4w!
Ï <?3 È ���j '��9��%�#�� '���$�j&h���Q-% '��9�4'�X '���Y� S /0�#�% '<.�#�$��-a35�,�G�%+��k=D35-� "-q�@&b35�K( ¹$J 35�K� J <�5/0����3n�� "�5�A���T3 ¹$J =� ^�O "-���+��?35=� '4" ^��(*�%�x/0���R&h���%<y1���+��#�%�#�$�I��/0�#��3@�% "����- U8d  '9 J �%�Ã ùeU��bÅ -�+��z_a-W35-P35�!� S 35<>/�4'�\1#��+��������K�k{c35=� |mB-%/0�#1#�%�%��-�1���/K(8���8��+,�71�35�%�� "���a�5&o��+��
S1/2

Ë mj = −1/2↔D5/2
Ë mj = −5/2

�%��35��-� '�% "��� U}p +�� 729 ��<~4C35-����� "-�-�1r35���,���
�FE����O�%�#-%���D3@��1��` "��-��%��/�-I�5& ≈ 3 � üPsAË � S 1# '�% "��9!��+,�` '���A_a '�%+�3x-�+������I/ J 4"-��`�@&4'����9@��+

τ UNp +���4' "�,�W-%+D35/0�k1r3@�G=0� J �����#�%-��%�B�B�8=K(`1��5��-% '������ "��9i{c35=� ��5-%1� '4"4"3@�% '�5��-_a ^��+.4"35-%�#�����#� J �� "�,9 ´ ∆ UNd �5���%+��P9��#�����%354" '-%���?{c35=� �&h�%� ¹$J �#��1#( Ω∆

_j�P+D3rE�� W$�/û[Y�`
Ω∆(∆) =

√

Ω2
0 + (2π∆)2 , Ã ùeUkøÉÅ

3@���G��+��\35<>/�4' ^� J ���X�5&o�%+�����-%1# "4'4C3n�� ^����-Q '-q9� 'E��#�8=$( `
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Û �q-����Q�%+D3@�b��+��q3@<./�4' ^� J ��� pmax(∆)

 '��1����r35-���-�&h�5�b-%<.354"4'�#�o���2� J �� '��9 ∆ = J ��<?3r(=0�.����<> "��3@���#�A=K([�%+��
sin2

m$& J �,1#�� '���;_a ^��+;��+,�.���#� J �� '��9x���#/0�����,���$�M35�%9 J <>���$�
Ω∆/2·τ Ubp +� '-�4'�r35�,-b�%�W��+��j��=�-%�#��E��#�>4' "����-%+D3@/t� Ã 1#& U�» 9 J ��� Ã ùBU$�bÅ3Å2Uop +��Q� S 3@<./�4'�-%+,�z_a-X��+D3@�W��+��I�,(B�D35<> "1#-X��=,-%���RE����;���*�%+��

S1/2 ↔ D5/2
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τ = 5 µ �

τ = 7.5 µ �

τ = 12.5 µ �

τ = 15 µ �

τ = 17.5 µ �

d  '9 J �%� ùeU��O`! bS 35<>/�4"�G�@&X1#��+��#�%���K�u¡¢{c35=� |m,£O-�/0��12���%��-�1��5/$(¤���¥��+�� S1/2 ¦ mj =
−1/2 ↔ D5/2 ¦ mj = −5/2

1r35���% '�����%��35��-� '�� '��� Uop +��X/ J 4"-%�W4'����9@��+ τ  '-6 "��1#�%�r3@-%�#�&h�%�5<§����/¨¡
τ = 5 µ

-H£O���[=0�5������< ¡
τ = 17.5 µ

-H£ U¥V �5�%- ` � S /0�#�% "<>�#�$�H3@4q�D3n�H3 ¦=�4"351 � -%��4' "�G4" '��� `�© �P�5&��#ª J 3@�� '���T¡¬« Ugf £j���>�%+��7��3@�H3 ¦ ��3 �  "��9i��+,�O{c35=� ­&h����ª J �#��1#(
Ω0

35- © �W/D35��3@<.�2����� UWd �%��<®�%��/x�%�`=0�5������<®��+, "-P/D35�%35<.�2���#�P "- ` (455 ± 3) �B¯ s ¦
(489±3) �B¯ s ¦ (482±2) �B¯ s ¦ (483±1) �B¯ s 35�,� (485±1) �B¯ s5U�p +,�qEn35�% "3@�� '����- "�

Ω0

35�%�./,�%��=D3@=�4'([� J �.���x '�$�%����-� '��([° J 1#� J 3@�� '����-7�5&j��+��.� S 1� ^�� '��9x4"35-%�#� UGp +��9����#(?-%�54" '�`4' "���P-�+��z_a-Q�%+��X<?3 S  '< J <±3@<./�4' ^� J ���P�5&o{c35=� t��-�1� '4"4"3@�% '�5��-j3@�q3I9� ^E�������2� J �� '��9 ∆
¡] U � U ��ª J 3n�� "�5��¡¬« U�� £�£Q35���8 '4"4 J -����%3@���#-Q�%+������% '9� '�Y�5&���+���4' "���X-�+D35/0� U
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 ^�j��+��#�%�#&h�5�%�k1��5� © �%<>-q�5��1��k<>���%�P��+��k- J  '��35=� "4' w�l(>�5&}��+,��-%�X�l_j�M4"�2E���4"-q35-q3Mª J =, '� U

LQÀ¬ÁQÀ�b �ÃÂ�ÄeÂÆÅDÇÉÈ�"WÊ�ÄeÈlË#"LË#ª>Ä��WÂ ²ÌÈ^�PÅ�Ê�ÄeÈlËg"PÊ�Í^djÄeÊ�ÄeÂ
d  "9 J ���Î¡¢« U «5£!-�+��z_a-u/ J 4'-%�T4"�#��95��+Ï-%1�35��-u���Ï��+��T1r3@�%�% '���*35���Ï��+,� © ��-��lmB���%�,��������É<.�@�� "�5�D354M-% '����=�35����-�3n&)����� V ��/,/�4"�#��1��B�54" "�,9 U d ����< ��+��#-%�Ì� S /0�#�% "<>�#�$��-�%+��Ð���#<./0�#��3@� J �%�~¡¢3FE��#��3595�Ì/�+����,���Ñ� J <I=0�#� n̄ £;�5&G�%+��Ì�� ^Ò��#�%���K���5-%1� '4"4"3@�%����-1�35�Ó=0�Ì1r354'1 J 4"3@���#�É "�v��+��Ð&h��4"4'�F_a '��9Ô<.35�����#��ÕÖ '�É��+,�Ã×}35<I=Bm V  "1 � �Ì�%�#9� "<>�¡
η2(2n+ 1)¿ 1

£6��+���1#� J /�4' "��9I���M��+,�\1�35���% "�#�q "-a35/,/��%� S  '<?3n�����Y=$([ØwÙFÚnÛ¬Õ

Ωn,n ≈ Ω(1− η2n) , ¡¬« UÝÜ £

_a+,���%�
Ω
 "-O�%+��Y�FE�����3@4"4j1#� J /�4' "�,9u-R��������95�%+ U�Þ ���%+�� © �%-R�RmB�5�%���#�M�%���¥-� "���#=D35����%+���1�� J /�4" '��9M-���������9@��+! '-\¡]-%�#�\1H+D35/,�%��� � £2Õ

Ωni−1,ni ≈ Ωηi
√
ni .

¡¬« U «�£

ßc��9�4'��12�� '��9¤��+,�A������< �5& O(η2) 35���Ô�� 'EB "�, "��9Z� S /�����-%-% '���±¡¢« U «5£G=$(É¡¢« U�Ü £Y��+��&h�54"4'�z_q "�,9M� S /��%�#-%-% "�5�! "-q��=,��35 "�,���ÆÕ

Ωni−1,ni

Ωn,n

≈ ηi
√
ni +O(η2i ) .

¡¬« U�¾ £

p +,�7×}35<I=eà V  "1 � �k/D35��3@<.�2���#� ηi  "-q��� © ���#�x=K(tÕ

ηi := k · cosφi
√

~
2mωi

,
¡¬« Ug¿ £
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φi
 "-W��+��i35��954"�I=0�#��_j�#���A��-%1# "4'4C3n���5�X3 S  '-�35�,�;4"35-%�#�k=0��35< UIá �,�z_a '��9`��+��3@��9�4"�
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n̄i ¦  "-q9� ^E����8=K(êØ ¾�ä Û¢Õ

pni =
1

n̄i + 1

(
n̄i

n̄i + 1

)ni
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d  '9 J �%��« U «eÕ�{c35=� �°D�5/�-����71�35�%�% '����3@���7�%�#�O<>�5�% "����3545-% '����=D3@����-o�@&,��+,� S1/2 ¦ mj =
−1/2↔D5/2 ¦ mj = −5/2

���%35��-% ^�� '���\3@&)�%��� V ��/�/�4'���}1��B��4' "��9 U ßP�@������+,�6�, 'Òt���%�#�$��� '<.�\-%1�354"�#-X���x��+��I3 S  "-P&h���P1r35���% "�#�M¡)����/ £c35���*-% "�,��=D35�,��- U�V �5�%-�ÕP� S /0���% '<>���$��354�D3@��3���-%��4' "�Y4' "���@Õb��+��#���%�2�� "1�354Æ-% '< J 4C3n�� ^��� ¦ &h���q���2�H35 '4"-Q-%�#����� S � U
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n̄ = 4 ¦ η = 0.06

35�,�¥3!4C35-����7���#� J �� "�,9 ∆ = 200 �B¯ s &h�%�5< ����-����D35��1#� Uup +,�
S m ¦ (�m�35��� s mB-� "���#=D35���,-M��-%1# "4'4C3n���>< J 1:+T<.�5�%�?-�4"�F_a4'(;� J �?���x��+��?&]3@1#���5�O�5& ηi '�¤¡¢« U «5£ U ß J <.�#�% '1r354b-� "< J 4C3n�� ^����-X35�%�M1�354"1 J 4C3n�����[35-%- J <> "��9 Ω = 2π · 630 �B¯ s ¦
(n̄x, n̄y, n̄z) = (20, 4, 6) ¦ (ηx, ηy, ηz) = (0.020, 0.0175, 0.030)

35��� 3º4"35-%�#�
�,�#� J �� "��9 (∆x,∆y,∆z) = (38, 16, 29) �e¯ s &h����<L����-%�5�D35��1#� U$# (xEn35��(B '��9`��+��#-%�En354 J ��-.35���Z1���<>/D35�� "��9u-% "< J 4"3@�% '�5�Z35���Z�D3@�H3 ¦ 3@�¤�����%���i1r3@�¤=0�!�#-��% "<.3@���#�¥&h����%+���-��Gª J 35�K� J <ê� J <I=0����-�Õ (n̄x, n̄y, n̄z) = (20 ± 5, 4 ± 1, 6 ± 1) UAd �%��< ��+��#-%�
3rE����%359��YE@354 J ��-M_j�8-����G��+D3n�i��+,�8 '���¥ "-M- J�% 1# "�#�$��4^( V ��/�/,4"���i1#�B��4'��� U'& �81�35�1�354"1 J 4"3@���A��+���� S �����,-% "�5��- wi

�@&>�%+��� "���)(�-*<>�5�� '���D3@4�_Q3FE���/D351 � �#�;354"���,9Ð��+���, "�%�#1#�% "����-Q�5&o�%+��kEe '=���3n�� '���G3 S ��-#Õ

wi =
ηi

k · cosφi
√
2n̄i + 1 =

√

~(n̄i + 1
2
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d �5�q� J �q9����5<.�2����(?_6� © ����Õ

(wx, wy, wz) = (41.5± 5, 17.0± 2, 14.5± 1)
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√
√
√
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∑
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≈ (25± 5)
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p +, "-W1#��� © �,��<>���K�k '-P< J 1:+x-%<.354"4'�#�a�%+D35�x�%+��7_Q3rE���4'����95�%+u�@&N�%+�� 729 ��< 4"35-%�#� U
p +,���%�2&h���%�q��+��a '���i1�35�>=0� J -����?35-�3��D3@����-%1#��/� '1a/�����=0�q����<>�r35- J �%�Q��+��a-R�H35���, "��9_j3FE��O/D3n�%���#�%�x=0�#��_j���#�*��+��71r3rEB '��(8<> "���%����-c35���x1r3rEB '��(/.  �V �#Òt��12��-W����/0�#�������K�
�5�G��+���/0��-� '�% "���Y�@&o��+,�\ '���G '�Y��+���-R�H35���, "��9M_Q3rE��\1r3@�!=0��� S /�4'������� U
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−1/2 ↔ D5/2 ¦ mj = −5/2
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kx = η(av + a†v)
¼ ¯�¼�¹y´À¿Àª½¼f¹-¿

kx = η(av + a†v) + π/4
¼ ¯�¼�¹P¼f¹]¯²¸ ¹y´À¿Àªm´ � ¯²±-ª· ª�· ¿ Ç
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Coupling a Single Atomic Quantum Bit to a High Finesse Optical Cavity

A. B. Mundt, A. Kreuter, C. Becher,* D. Leibfried,† J. Eschner, F. Schmidt-Kaler, and R. Blatt

Institut für Experimentalphysik, Universität Innsbruck, Technikerstraße 25, A-6020 Innsbruck, Austria
(Received 5 February 2002; published 13 August 2002)

The quadrupole S1=2–D5=2 optical transition of a single trapped Ca� ion, well suited for encoding a
quantum bit of information, is coherently coupled to the standing wave field of a high finesse cavity. The
coupling is verified by observing the ion’s response to both spatial and temporal variations of the
intracavity field. We also achieve deterministic coupling of the cavity mode to the ion’s vibrational state
by selectively exciting vibrational state-changing transitions and by controlling the position of the ion in
the standing wave field with nanometer precision.

DOI: 10.1103/PhysRevLett.89.103001 PACS numbers: 32.80.Pj, 03.67.–a, 42.50.Ct

The coherent coupling of a single atom or ion to one
mode of the electromagnetic field inside a high finesse
optical resonator is of major interest for the implementa-
tion of quantum information processing schemes: Single
atoms and ions are well suited for storing quantum infor-
mation in long-lived internal states, e.g., by encoding a
quantum bit (qubit) of information within the coherent
superposition of the S1=2 ground state and the metastable
D5=2 excited state of Ca� [1]. On the other hand, fast and
reliable transport of quantum information over long dis-
tances is most easily achieved by using photons as qubit
carriers. The interface between static and moving qubits is
represented by the controlled interaction of a single atom
and a single cavity mode, being the basic building block for
distributed quantum networks [2]. Deterministic ion-cavity
coupling was demonstrated recently by using a single
trapped ion as a nanoscopic probe of an optical field [3].
A second application of atom-cavity coupling within the
field of quantum information processing is the realization
of a deterministic source of single photons [4,5] or sequen-
ces of entangled single-photon wave packets [6]. More
generally, trapped ions that are cooled to their lowest
vibrational state [7,8] and interact with a quantized cavity
field might allow for entangling three quantum subsystems
[9,10], i.e., internal electronic states, quantum vibrational
mode, and single-mode cavity field. Another application of
coupling a trapped ion to a cavity mode is utilizing the
cavity internal standing wave (SW) field [11] or the cavity-
modified spontaneous emission [12] and coherent scatter-
ing [13] for cooling the ion’s vibrational state well below
the Doppler limit.

In this paper we demonstrate coherent coupling of the
quadrupole S1=2–D5=2 qubit transition of a single Ca� ion
to a mode of a high finesse optical cavity. The ion is
trapped and placed with high precision at an arbitrary
position in the SW field of the cavity for several hours of
interaction time. We also achieve deterministic coupling of
the cavity mode to the ion’s vibrational state by selectively
exciting state-changing transitions with the cavity light
tuned to a vibrational sideband of the S1=2–D5=2 resonance.
These demonstrations are important steps towards realiza-
tion of the experiments discussed above.

The Ca� ion is stored in a spherical Paul trap [14] placed
in the center of a near-confocal resonator. The ion is laser
cooled to the Lamb-Dicke regime, confining its spatial
wave packet to a region much smaller than the optical
wavelength. We detect the coupling of ion and fundamen-
tal TEM00 cavity mode by injecting an external light field
at 729 nm into the cavity and recording the excitation on
the S1=2–D5=2 transition. The excitation probability is
monitored via the electron shelving technique [8,15], i.e.,
by probing the fluorescence on the S1=2–P1=2 dipole tran-
sition (see Fig. 1).

The experimental setup is schematically shown in Fig. 1.
The three-dimensional rf-Paul trap consists of an elliptical
ring electrode with average diameter of 1.4 mm and two
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to 
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FIG. 1. Schematic experimental setup (left) and Ca� level
scheme (right). PZT1 denotes the offset piezo, and PZT2 the
scan piezo (see text). A photomultiplier tube (PMT) is used to
record fluorescence on the S1=2–P1=2 transition, and the CCD
camera monitors the ion’s position. The following stabilized
laser sources are used in the experiment: two cavity-locked
diode lasers at 866 and 854 nm with linewidths of � 10 kHz
and two Ti:Sa lasers at 729 nm ( � 1 kHz linewidth) and 794 nm
( < 300 kHz linewidth), where the 794 nm laser is resonantly
frequency doubled to obtain 397 nm. The whole laser system is
described in more detail elsewhere [1].The dotted arrows indi-
cate directions of laser beams: 729 nm excitation laser along the
direction of the cavity axis and 397 nm cooling laser, 854 and
866 nm auxiliary lasers at a certain angle to the trap axis (shown
only schematically).
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end caps with a spacing of 1.2 mm (material: 0.2 mm
molybdenum wire). The secular frequencies �!x; !y; !z�
are 2�� �2:9; 3:9; 7:4� MHz at a rf drive field power of
1 W. Here z denotes the direction of the trap axis, which is
45� to the cavity axis. The x and y radial directions both
include an angle of � 45� with the plane spanned by the
cavity and trap axes. A magnetic field of 3 G perpendicular
to the cavity axis provides a quantization axis and a fre-
quency splitting of Zeeman components of the S1=2–D5=2

transition. Calcium ions are loaded into the trap from a
thermal atom beam by a two-step photoionization process
using diode lasers near 423 and 390 nm [16]. The trap is
placed in the center of a near-confocal resonator with
finesse F � 35 000 at 729 nm, waist radius !0 �
54 
m, mirror separation L � 21 mm, and radius of cur-
vature RM � 25 mm. Cylindrical piezoceramics (PZT) al-
low fine-tuning of the cavity length across approximately
1.5 free spectral ranges.

The coherent coupling of the ion to the cavity field is
measured in three steps as follows.

(i) Preparation: First we use Doppler cooling on the
S1=2–P1=2 transition at 397 nm (see Fig. 1) to cool the ion
into the Lamb-Dicke regime. A repumper laser at 866 nm
inhibits optical pumping into the D3=2 level. From coherent
dynamics (Rabi oscillations) on the carrier and first mo-
tional sidebands [8] we determine typical mean vibrational
quantum numbers after Doppler cooling � �nnx; �nny; �nnz� �
�20� 5; 4� 1; 6� 1�. From these mean phonon numbers
and the secular frequencies given above we calculate an
rms extension of the ion’s motional wave packet of 25�
5 nm in the direction of the cavity axis, much smaller than
the wavelength of 729 nm. After cooling, the ion is pre-
pared in the S1=2 (m � 	1=2) substate by optical pumping
with �	 radiation at 397 nm.

(ii) Interaction: The laser at 729 nm is set to a fixed
detuning � from the S1=2–D5=2 (m � 	1=2 to m0 �
	5=2) qubit transition. We inject the laser light into the
TEM00 mode of the cavity and scan the cavity with a
voltage ramp applied to one of the PZTs (scan PZT).
When the cavity reaches resonance with the laser fre-
quency, it fills with light and the ion is excited. A constant
voltage is applied to the other PZT (offset PZT) that
determines the ion’s position relative to the SW field.

(iii) State analysis: The final step is state detection
by electron shelving. Fluorescence on the S1=2–P1=2 di-
pole transition at 397 nm is used to discriminate with
high efficiency ( > 99%) between excited state (elec-
tron shelved in D5=2, no fluorescence) and ground state
(fluorescence).

In order to obtain an excitation spectrum, the 729 nm
laser is tuned over the quadrupole transition in steps of
about 1 kHz. For any given laser detuning � the sequence
(i)–(iii) is repeated 100 times to determine the excitation
probability.

In our first experiment we probe the ion’s response to
temporal variations of the intracavity field by placing it

close to a node of the SW field [17] and varying the cavity
scan rate. The sign of the voltage ramp applied to the scan
PZT determines whether the scan mirror moves towards
the offset mirror or away from it. For a negative (positive)
scan rate, i.e., mirrors moving towards each other (apart),
the intracavity field is Doppler blueshifted (redshifted), and
thus the excitation spectrum will be redshifted (blue-
shifted), as the excitation laser detuning has to compensate
for the Doppler shift. The scan velocity is expressed in
units of a normalized scan rate �L [18,19], corresponding
to the frequency shift in units of HWHM cavity linewidths
per cavity storage time: �L � 2F! _LL�s=�c, with laser
frequency !, cavity length variation _LL, and cavity (en-
ergy) storage time �s � FL=�c. The experimental results
for scan rates 0:16 > �L > 0:69 are shown in Fig. 2. The
excitation spectra show the expected blueshift (redshift) for
increasing positive (negative) scan rates and a broadening
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FIG. 2. Excitation spectra of the S1=2–D5=2 transition for differ-
ent cavity scan rates: �L � �0:16 (a), �0:23 (b), and �0:69
(c). Blueshifted excitation spectra are drawn as gray lines on the
right hand side of the diagrams, and superimposed solid lines
show the theoretical simulation. The parameters used for the
simulations are excitation laser bandwidth ��Laser � 6 kHz,
natural linewidth of the S1=2–D5=2 transition ��SD � 0:17 Hz,
maximum Rabi frequency at the transition center wavelength
�max � 15:5 kHz (a), 11 kHz (b), and 25 kHz (c), and the cavity
parameters given in the text.
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due to the Doppler effect. An excitation probability of
more than 0.5 as in Fig. 2(a) clearly demonstrates that
the ion is coherently interacting with the intracavity field.
We theoretically model the excitation for different laser
detunings � by numerically integrating two-level Bloch
equations using the time-dependent intracavity field calcu-
lated from the pertaining differential equations [18,19].
The results of the theoretical simulation for positive scan
rates are shown as solid lines superimposed on the blue-
shifted spectra in Fig. 2. The calculated and experimental
spectra show good agreement for small scan rates
[Figs. 2(a) and 2(b)]. For larger scan rates [Fig. 2(c)] the
centers of the spectra are slightly shifted. We assume that
this shift is caused by nonlinearities and hysteresis effects
of the PZT motion. Although we kept the excitation power
constant in the experiments, we left the Rabi frequency
�max as a fit parameter to account for variations in excita-
tion due to thermal drift of the cavity shifting the node of
the SW away from the ion’s position.

The second type of experiment probes the ion’s response
to spatial field variations. For this, we leave the scan rate
fixed at a small value, allowing for stable scans with only
little perturbations of the excitation spectrum, as in
Fig. 2(a). The intensity of the 729 nm laser is adjusted
such that the excitation is kept well below saturation. The
offset voltage of both scan PZT and offset PZT is then
varied simultaneously in such a way that the SW in the
cavity is shifted longitudinally with respect to the location
of the ion. The position-dependent excitation probability is
determined by fitting each excitation spectrum with a
Lorentzian and adopting the peak value. Figure 3 displays
these values as a function of the PZT offset voltage. Error
bars given for representative data points in Fig. 3 are due to
PZT hysteresis (abscissa) and the errors of the fits to the
excitation spectra (ordinate). The excitation probability
varies spatially with the intensity of the SW [17]. A theo-

retical Bloch-equation analysis as described above predicts
a nearly pure ‘‘sin2’’ spatial variation, deviating by less
than 1%. From a sin2 fit to the data points we obtain the
contrast ratio (visibility V) of the position-dependent ex-
citation, V � �96:3� 2:6�%. This very high visibility re-
sults from the strong confinement of the ion’s wave
function. The laser-cooled ion, oscillating with its secular
frequencies and with thermally distributed amplitudes, has
a rms spatial extension along the cavity axis of ac, leading
to a reduction of the excitation contrast by a factor of
exp�	2�2�ac=��

2�. From the measured visibility V we
find ac � 16�5

	7 nm. The small value of the extension ac
shows that in this experiment we cool the ion close to the
Doppler limit (13 nm).

A necessary condition for all experiments relying on
ion-cavity mode coupling is the ability to place the ion at
a certain position of the intracavity SW field with high
precision and high reproducibility [3]. In our experiment,
the precision of positioning the center of the ion’s wave
function, using a measurement as in Fig. 3, is limited by the
uncertainty in the measured excitation probability. This
uncertainty is due to a statistical error, i.e., the finite
number of state detection measurements, and systematic
errors such as fluctuations of laser intensity and wave-
length, drift, and jitter of scan PZT, etc. [20]. From the
uncertainties in excitation probability (error bars in Fig. 3)
we deduce a spatial precision between 7 nm ( � �=100) at
the position of largest slope and 12 and 36 nm at minimum
or maximum excitation, respectively. We note, however,
that the precision can be enhanced by averaging over a
larger number of state detection measurements.

Many schemes for quantum information processing with
trapped ions rely on coherent interaction not only with the
internal state but also with the motional degrees of free-
dom. A controlled coupling to the motional quantum state
is a precondition for realizing such schemes. In order to
demonstrate this motion-dependent coupling, we recorded
excitation probabilities of the ion at a fixed cavity scan rate
(�L � 	0:23), for different positions within the SW, and
with the laser at 729 nm now tuned to either the carrier (no
change of vibrational quantum number, �n � 0) or the red
axial sideband (�n � 	1, laser detuned by 	!z) of the
S1=2–D5=2 transition. In both cases, the intensity of the laser
was adjusted such that the excitations of carrier and side-
band were comparable and were kept well below satura-
tion. In this experiment we determine the integral
excitation, i.e., the area of the respective excitation spectra,
as the spectra show an asymmetric line shape [cf. Figs. 2(b)
and 2(c)]. As displayed in Fig. 4, carrier and sideband
excitations both map the SW spatial field variation, but
the traces are shifted by a phase factor of �. This phase
shift arises due to symmetry characteristics of the transi-
tion matrix elements of carrier and sideband transitions in a
SW field [11,21]: The spatial part of the quadrupole tran-
sition matrix element is proportional to hn0j exp�ikx�jni for
a traveling wave (TW) and hn0j cos�kx�jni for a SW with
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FIG. 3. Excitation probability on the S1=2–D5=2 transition of a
single trapped Ca� ion as a function of the PZT offset voltage,
i.e., at various positions in the intracavity standing wave field.
The solid line represents a sin2 function fitted to the data points.
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the electric field E / sin�kx� [17]. Here n and n0 are the
vibrational quantum numbers in the S1=2 and D5=2 levels,
respectively, k is the wave number, and x is the ion’s posi-
tion in the field. For a TW, all vibrational states �n; n0� can
be coupled as exp�ikx� contains even and odd powers of kx.
On the contrary, for a SW hn0j cos�kx�jni has to be ex-
panded into even or odd powers of kx depending on the
ion’s position, e.g., x � 0 close to a node or x � �=4 close
to an antinode. Thus, transitions changing the phonon
number by even or odd integers can be excited only at
different positions in the SW. The red sideband transition
(�n � 	1) couples maximally at antinodes of the SW,
whereas the carrier transition (�n � 0) couples maximally
at nodes.

The high-contrast orthogonal coupling of carrier and
sideband transitions to the cavity mode facilitates applica-
tions such as cavity-assisted cooling in a SW [11] or the
Cirac-Zoller quantum-computing scheme [22]. Both
schemes rely on driving vibrational sideband transitions
and benefit from suppressing off-resonant carrier transi-
tions which induce motional heating or impose a limit on
the attainable gate speed [23], respectively. Furthermore,
the ion-cavity coupling allows for demonstrating and uti-
lizing cavity-modified spontaneous emission: we calculate
the cooperativity parameter C � g2=2!" � 0:52, with our
experimental ion-field coupling constant g � 2��
134 Hz, cavity decay rate ! � 2�� 102 kHz, and spon-
taneous emission rate " � 2���SD � 2�� 0:17 Hz.
Because of the coupling, the spontaneous emission rate is
enhanced by the Purcell factor F � 2C� 1 � 2:04, and
the fraction of spontaneous emission from the D5=2 level
emitted into the cavity mode is $ � 2C=�2C� 1� � 51%.
This is sufficient for demonstrating cavity-assisted cooling
via destructive quantum interference of heating transitions
[12], or triggered single-photon emission from the D5=2

level. Improvement of the latter scheme and realization of
the atom-photon interface [2] can readily be achieved by
employing an adiabatic transfer technique [4,5] and using a
cavity with higher finesse ( * 100 000).

In summary, we have demonstrated coherent coupling of
electronic and motional states of a single trapped ion to a
single field mode of a high finesse cavity. The position of
the ion within the standing wave can be determined with a
precision of up to �=100. As the electronic quadrupole
transition in Ca� is one of the candidates for implementing
a quantum bit, our experiments are a key step towards
realization of quantum-computing and communication
schemes with trapped ions that require a controlled inter-
action of ion and cavity field.
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ABSTRACT We demonstrate coherent coupling of the quadru-
pole S1/2 ↔ D5/2 optical transition of a single trapped 40Ca

+

ion to the standing wave field of a high-finesse cavity. The
dependence of the coupling on temporal dynamics and spa-
tial variations of the intracavity field is investigated in detail.
By precisely controlling the position of the ion in the cavity
standing wave field and by selectively exciting vibrational state-
changing transitions the ion’s quantized vibration in the trap
is deterministically coupled to the cavity mode. We confirm
coherent interaction of ion and cavity field by exciting Rabi
oscillations with short resonant laser pulses injected into the
cavity, which is frequency-stabilized to the atomic transition.

PACS 32.80.Pj; 03.67.-a; 42.50.Ct

1 Introduction

Laser-cooled trapped atoms or ions are ideally
suited systems for the investigation and implementation of
quantum information processing [1]. The combination of
a Paul-type ion trap [2] with laser cooling leads to unique
properties of trapped cold ions, such as localization of the
single particle to less than a few tens of nanometers, con-
trol of the motional state down to the zero-point of the
trapping potential and a high degree of isolation from the
environment and thus a very long time available for ma-
nipulations and interactions at the quantum level. The very
same properties make single trapped atoms and ions well
suited for storing quantum information in long-lived inter-
nal states, e.g. by encoding a quantum bit (qubit) of infor-
mation within the coherent superposition of the S1/2 ground
state and the metastable D5/2 excited state of Ca+ [3]. How-
ever, this stored information is ‘spatially static’ with respect
to transport of quantum information over distances exceeding
the trap dimensions. A much better suited carrier of quan-
tum information for fast and reliable transport over long dis-
tances are photons. An interface between static and moving
qubits requires the controlled coherent interaction of a sin-
gle atom and a single cavity mode, this being the basic
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building block for distributed quantum networks [4]. For an
experimental implementation of such a scheme one needs
to understand and control the dynamics of the atom–cavity
coupling. Thus, the demonstration of deterministic coherent

coupling of a single ionic qubit to one mode of the elec-
tromagnetic field inside a high-finesse optical resonator and
the detailed investigation of this coupling [5] are of major
interest for the implementation of quantum information pro-
cessing with trapped ions. Deterministic excitation of cavity-
induced fluorescence on the short-lived S1/2–P1/2 dipole tran-
sition in Ca+ was demonstrated recently, thereby utilizing
a single trapped ion as a nanoscopic probe of an optical
field [6].

Another application closely related to the atom–photon in-
terface is the triggered emission of single photons from the
coupled atom–cavity system [7, 8] or sequences of entangled
single-photon wave packets [9]. Efficient deterministic emis-
sion of single photons into a well-defined spatial mode is
a prerequisite for quantum key distribution [10] and linear op-
tics quantum computation [11].

The ability to precisely place an ion at an arbitrary position
within a standing wave (SW) field and the highly orthogonal
coupling of different vibrational-state-changing transitions to
the SW field can be utilized for cooling the ion’s vibrational
state well below the Doppler limit [12]. If, in addition, the
coupling of atom and cavity mode is strong enough to induce
a modification of the atom’s spontaneous emission proper-
ties [13], one can demonstrate cavity-assisted cooling via de-
structive quantum interference of heating transitions [14].

Finally, the strong coupling of trapped ions that are cooled
to their lowest vibrational state [15, 16] with a quantized cav-
ity field might allow for entangling three quantum subsys-
tems [17, 18], i.e. internal electronic states, quantum vibra-
tional mode and single-mode cavity field.

In this paper we demonstrate important first steps towards
the above experiments by coherently coupling the quadrupole
S1/2 ↔ D5/2 transition of a single trapped Ca+ ion to a mode
of a high-finesse optical cavity. We investigate the coupling by
probing the ion’s response to dynamical and spatial variations
of the intracavity field. The ion can be placed with high preci-
sion at an arbitrary position in the SW field of the cavity. We
achieve deterministic coupling of the cavity mode to the ion’s
vibrational state by selectively exciting state-changing transi-
tions with the cavity light tuned to a vibrational sideband of
the S1/2 ↔ D5/2 resonance. We prove that the interaction of
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ion and cavity field is coherent by exciting Rabi oscillations
through the field in the frequency-stabilized cavity.

2 Experimental setup

2.1 Trap and cavity setup

The 40Ca
+

ion is stored in a spherical Paul trap [2]
placed in the center of a near-confocal resonator. The ion is
laser-cooled to the Lamb–Dicke regime, confining its spa-
tial wave packet to a region much smaller than the optical
wavelength. We detect the coupling of ion and fundamental
TEM00 cavity mode by injecting a light field at 729 nm into the
cavity and recording the excitation on the S1/2 ↔ D5/2 transi-
tion. The excitation probability is monitored via the electron-
shelving technique [16, 19], i.e. by probing the fluorescence
on the S1/2– P1/2 dipole transition (see Fig. 1).

The following stabilized laser sources are used in the
experiment: two cavity-locked diode lasers at 866 nm and
854 nm with line widths of ≈ 10 kHz and two Ti:Sa lasers
at 729 nm (≈ 1-kHz line width) and 794 nm (< 300-kHz line
width), of which the 794-nm laser is resonantly frequency-
doubled to obtain 397 nm. The whole laser system is de-
scribed in more detail elsewhere [3].

The experimental setup of trap and cavity is schematically
shown in Fig. 2. The three-dimensional RF Paul trap consists
of an elliptical ring electrode with average diameter of 1.4 mm
and two end caps with a spacing of 1.2 mm (material: 0.2-mm

molybdenum wire). The secular frequencies (ωx, ωy, ωz) are
2π × (2.9, 3.9, 7.4) MHz at a RF drive field power of 1 W.
Here, z denotes the direction of the trap axis, which is at 45◦

to the cavity axis. The x and y radial directions both include
an angle of ≈ 45◦ with the plane spanned by the cavity and
the trap axis. A magnetic field of 3 G perpendicular to the cav-
ity axis provides a quantization axis and a frequency splitting
of Zeeman components of the S1/2 ↔ D5/2 transition. Cal-
cium ions are loaded into the trap from a thermal atom beam
by a two-step photoionization process using diode lasers near
423 nm and 390 nm [20]. The trap is placed in the center of
a near-confocal resonator with finesse F = 35 000 at 729 nm,
waist radius ω0 = 54 µm, mirror separation L = 21 mm and
radius of curvature RM = 25 mm. Cylindrical piezoceramics
(PZTs) allow fine tuning of the cavity length across approxi-
mately 1.5 free spectral ranges. In the following this cavity is
denoted as the ‘trap cavity’.

FIGURE 1 40Ca
+

level scheme

FIGURE 2 Schematic experimental setup. PZT1 denotes the offset piezo,
PZT2 the scan piezo. A photomultiplier tube (PMT) is used to record fluo-
rescence on the S1/2–P1/2 transition and the CCD camera monitors the ion’s
position. The dotted arrows indicate directions of laser beams: a 729-nm ex-
citation laser along the direction of the cavity axis and a 397-nm cooling
laser, 854-nm and 866-nm auxiliary lasers at a certain angle to the trap axis
(only shown schematically)

The ion can be excited by a traveling wave using a free
729-nm laser beam at a certain angle to the cavity axis or by
the SW built up in the cavity after injecting a 729-nm laser
beam into the cavity mode. The position of the ion relative to
nodes and anti-nodes of the SW can be controlled by adjusting
the offsets of both PZTs.

2.2 Frequency stabilization of the trap cavity

In order to study stationary coherent interaction of
an atom and a cavity mode it is necessary to stabilize the cav-
ity resonance frequency to the atomic transition frequency. In
order to avoid that resonant light present in the cavity per-
turbs the controlled atom–cavity interaction, we use a 785-nm

diode laser for the stabilization, this being far off-resonant to
transitions at 729 nm. The basic scheme of the transfer lock
is as follows: we frequency lock the 785-nm diode laser to
the same ultra-stable reference cavity (see [3]) as the 729-nm

Ti:Sa laser. By stabilizing the trap cavity to the diode laser
frequency, the lengths of the reference and the trap cavity are
fixed relative to each other. Furthermore, the length of the trap
cavity is fixed relative to the wavelength of the 729-nm Ti:Sa
laser. By applying an appropriate frequency shift to the diode
laser, the length of the trap cavity is adjusted to achieve reson-
ance for 729 nm.

Figure 3 illustrates the setup of the diode laser at 785 nm

and its stabilization to the reference cavity. The single-mode
laser diode (80-mW maximum output power) is temperature-
stabilized to a few millikelvin. An external holographic grat-
ing with 1800 lines/mm in Littrow configuration creates an
extended tuneable resonator. The grating is mounted on a pre-
cision mirror holder; fine tuning is achieved by a PZT. The
elements described so far are enclosed in a stable aluminum
case kept at a constant temperature of (20 ±0.1) ◦C by cir-
culating water. After passing through an optical diode with
60-dB isolation the light is split by a polarizing beam split-
ter. The part of the light being used for the Pound–Drever–
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FIGURE 3 Setup of the 785-nm diode laser with extended cavity (Littrow
configuration) and frequency stabilization to the reference cavity. The laser
beam (≈ 35 mW) is split into a lock beam (≈ 2 mW, dashed line) and an ex-
periment beam that is frequency-shifted in a double-pass configuration (solid
line). Laser line width: ∆ν785 = (1.8±0.1) kHz. For more details see text

Hall lock [21] to the reference cavity (FSR = 750 MHz) is
phase-modulated with an electro-optical modulator (EOM) at
16 MHz. The error signal is fed to a PI controller acting on
the laser diode current (fast branch) as well as on the grat-
ing PZT (slow branch). The light not used for the lock is
directed through an acusto-optical modulator (AOM) (dou-
ble pass), allowing for a continuous frequency shift of ap-
proximately ±120 MHz, and is sent to the trap cavity via an
optical fiber.

Figure 4 shows the setup of the trap cavity lock to the
diode laser at 785 nm. The stabilized 785-nm light leaving
the optical fiber is phase-modulated by an EOM at 16 MHz
and is coupled into the trap cavity (from the right in Fig. 4)
via a polarizing beam splitter. The 729-nm light is coupled
into the cavity from the opposite side (left in Fig. 4). On
the right-hand side of the cavity, the light is dispersed by
a grating (1200 lines/mm) to separate the 785-nm reflected
light from the 729-nm transmitted light, which is monitored
by a CCD camera and a photodiode. The first-order grat-

FIGURE 4 Setup of the trap-cavity lock. The light at 785 and 729 nm is
coupled into the cavity from opposite directions. Gratings (1200 lines/mm)
on both sides separate the beams and ensure clear control of the transmissions
on both wavelengths without perturbation by reflections of the other light. For
more details see text

ing reflection at 785 nm is focused onto a fast photodiode to
obtain a Pound–Drever–Hall error signal after mixing with
the modulation frequency. The error signal is processed in
a PI controller acting on one of the trap-cavity PZTs. On the
left-hand side, again a grating is used to separate the trans-
mitted 785-nm light from the reflected 729-nm light. The
785-nm transmission is monitored on a CCD as well as on
a photodiode.

The experimental procedure to achieve double resonance
of the trap cavity is as follows: by scanning the trap cavity,
transmission on the 729-nm TEM00 mode is recorded. Now
the wavelength of the diode laser has to be chosen in such
a way that the 785-nm light is also resonant for both the refer-
ence and the trap cavities within the range of ±120 MHz, this
being covered by the double-pass AOM. Usually, this can be
achieved by current tuning the diode to one of its longitudinal
modes.

3 Experiments on ion–cavity coupling

In the following, we report four different experi-
ments exploring various aspects of the ion–cavity coupling:
First, we probe the ion’s response to temporal variations of
the cavity internal field by scanning the cavity over the res-
onance with the incident laser light, thus imprinting a phase
and amplitude modulation on the cavity field [22, 23]. Second,
using the same scanning excitation technique we detect the
ion’s response to spatial variations of the intracavity SW field
(mapping of the longitudinal field distribution). Third, we in-
vestigate coupling of the ion’s vibrational modes to the cavity
field by comparing the excitation on the carrier transition and
on the first vibrational sideband at different positions in the
SW. Finally, we observe coherent interaction of ion and cav-
ity field by exciting Rabi oscillations with short resonant laser
pulses coupled into the frequency-stabilized cavity.

3.1 Measurement procedures

The general procedure for all experiments is the
following:

– The ion is Doppler-cooled and prepared in the electronic
ground state.

– A sequence of laser pulses is applied to the ion.
– The final electronic state is detected.

These three steps are described in detail in the following (cf.
Fig. 5).

First, the ion is Doppler-cooled for 1.9 ms on the S1/2–
P1/2 transition. During cooling the 854-nm laser is switched
on to remove any population in the metastable D5/2 state. In
addition, we irradiate the ion with a laser beam at 866 nm at all
times to prevent shelving in the metastable D3/2 state. From
coherent dynamics (Rabi oscillations) on the carrier and first
motional sidebands [16], we determine typical mean vibra-
tional quantum numbers after Doppler cooling (n̄x, n̄y, n̄z) =
(20 ±5, 4 ±1, 6 ±1). From these mean phonon numbers and
the secular frequencies given in Sect. 2.1 we calculate a rms
extension of the ion’s motional wave packet of (25±5) nm in
the direction of the cavity axis, much smaller than the wave-
length of 729 nm. At the end of the cooling sequence the ion is
optically pumped into the S1/2 (m = −1/2) Zeeman sub-level
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FIGURE 5 Example of a 5-ms pulse sequence.
In the first 2 ms a defined ‘starting’ state is pre-
pared. Then this state is manipulated (2 ms to
2.5 ms). Finally the outcome is detected (excita-
tion or not) for the remaining time. The 10-ms
and 20-ms pulse sequences differ only in a longer
manipulation window (up to 3 ms) and a longer
detection time

by applying a 0.1-ms σ−-polarized pulse at 397 nm. After
that, all light at 397 nm is switched off.

Second, the ion is excited on the S1/2 ↔ D5/2 (m = −1/2
to m ′ = −5/2) transition by a free laser beam or by light res-
onant in the trap cavity. A time window of 0.5 to 3 ms is
assigned to this process. Interaction of the ion and light within
the trap cavity can be achieved by either frequency locking
the cavity to the quadrupole transition or by a cavity scanning
technique. In the first case we inject short resonant laser pulses
with variable pulse length into the frequency-stabilized cav-
ity in order to study coherent ion–field interaction. The second
technique is used for investigating the ion’s response to dy-
namical or spatial variations of the intracavity field. Here,
the laser at 729 nm is set to a fixed detuning ∆ from the
S1/2 ↔ D5/2 transition. We inject the laser beam into the cav-
ity TEM00 mode (cf. Fig. 4) and apply a voltage ramp to the
scan PZT in order to scan the cavity length. When the cavity
reaches resonance with the laser frequency it fills with light
and may excite the ion to the D5/2 level. Then the light at
729 nm is switched off and the cavity mirror is ramped down
to its initial position.

Third, we determine the excitation probability via the
electron-shelving technique. The blue light at 397 nm is
switched on (866-nm light is on anyway) and the fluorescence
is counted by the PMT for a time interval between 2.3 ms and
17 ms depending on the duration of the total pulse sequence
(5, 10 or 20 ms). The PMT count rate for the fluorescent ion is
≈ 16 kHz; the signal-to-background ratio ∼ 10. By compar-
ing the number of counts in the time interval with a threshold
we can discriminate with very high probability (> 99%) [16]
whether excitation happened (electron shelved in D5/2, no
fluorescence) or the ion remains in the ground state (fluores-
cence). Note that although state detection happens a few ms
after the ion–light interaction the ion’s state is well preserved
due to the long lifetime (1 s) of the D5/2 level.

All three steps are typically repeated 100 times to yield the
average excitation probability. After that, changes in the exci-
tation window may be applied, such as a change in the laser
frequency (frequency scan) or a change in the excitation pulse
length (pulse-length scan). For example, to obtain an excita-
tion spectrum, the 729-nm laser is tuned over the quadrupole
transition in steps of 1 kHz.

3.2 Temporal variation of the intracavity field

In our first experiment we probe the ion’s response
to temporal variations of the intracavity field by placing it close
to a node of the SW field [24] and varying the cavity scan rate.

Figure 6 shows the excitation probability on the
S1/2 ↔ D5/2 transition for different scan rates. For negative
(positive) scan rates the mirrors move towards each other
(apart) and thereby Doppler shift the light to the blue (red).
The atomic transition then seems to be red (blue)-shifted
as the excitation laser detuning has to compensate for the
Doppler shift. Increasing scan rate increases the shift from the
line center (detuning zero), which is found by excitation with
a free laser beam. In addition, faster scan rates broaden the line
because more and more frequency components are added to
the light confined in the cavity.

FIGURE 6 Excitation spectra for different cavity scan rates νL = ±0.16
(a), ±0.23 (b) and ±0.69 (c). On the blue-shifted spectra (gray lines), the-
oretical simulations are superimposed (solid line). The parameters for the
simulations are: laser bandwidth ∆νlaser = 6 kHz, natural line width of the
S1/2 ↔ D5/2 transition ∆νSD = 0.17 Hz, Rabi frequency for zero detuning:
Ω0 = 15.5 kHz (a), 11 kHz (b) and 25 kHz (c)
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To put these observations in a more quantitative form
it is convenient to define a normalized scan rate νL =
2F ωL̇τ/(πc). It corresponds to the resonance frequency
shift of the cavity in units of the HWHM cavity line width
c/(4LF ) per cavity energy storage time τ = F L/(πc). To
model the coupling dynamics we first have to know the elec-
tric field acting on the ion. The electric field amplitude Ecav in
a cavity swept over resonance is a solution of the differential
equation [22, 23]:

dEcav

dt̄
= −(1 − iνL t̄)Ecav + i

√
TF

π
E0 ,

where t̄ = t/τ , T ≈ π/F is the transmission of the input coup-
ling mirror and E0 is the amplitude of the input field. For slow
scan rates (νL � 1) we obtain the quasi-static case, whereas
for fast scan rates (νL � 1) the incoming light interferes with
the light stored in the cavity. Figure 7 shows the normalized
intracavity field amplitude for three different scan rates.

The interaction of this time-dependent electric field with
the ion can now be modeled by numerically integrating the
Bloch equations for a two-level system. The result for a scan
rate of νL = 1 and a typical laser intensity is shown in Fig. 8.
The electronic transition (Fig. 8, top) is blue-shifted and
broadened compared to the excitation with a free laser beam,
as expected.

Figure 8 (bottom) illustrates, for five different detun-
ings ∆, the time evolution of the excitation to the D5/2 level
as the cavity is swept over resonance. For all detunings, the
excitation probability shows a steep rising edge at the mo-
ment the cavity fills with light and subsequent Rabi oscil-
lations with a damping depending on excitation power and
detuning. This excitation characteristic remains qualitatively
unchanged over a large range of excitation powers and scan
rates. The final stationary values of the excitation probabilities
are taken to compose the excitation spectrum (Fig. 8, top).

The results of the theoretical simulation for positive scan
rates are shown as solid lines superimposed on the blue-
shifted spectra in Fig. 6. The calculated and experimental
spectra show good agreement for small scan rates (Fig. 6a,b).

FIGURE 7 Calculated time-dependent normalized electric field amplitude
in the cavity for three different scan rates νL . The solid line is the real part;
the dashed line the imaginary part of the electric field amplitude. For large
scan rates the interference of incoming and stored light becomes visible

FIGURE 8 Simulated excitation spectrum for νL = 1 (top) and time evo-
lution of the excitation probability for different detunings ∆ (bottom). More
details are given in the text

For larger scan rates (Fig. 6c) the centers of the spectra are
slightly shifted. We assume that this shift is caused by non-
linearities and hysteresis effects of the PZT motion. Although
we kept the excitation power constant in the experiments, we
left the Rabi frequency Ω0 as a fitting parameter to account
for variations in excitation due to thermal drift of the cavity
shifting the node of the SW away from the ion’s position.

The investigation and theoretical understanding of the
ion–cavity field coupling dynamics as discussed above are
important for realization of the atom–photon interface in
quantum networks. The experimental implementation of such
a scheme requires control over the shape of the light pulse
emitted from the cavity and thus control over the dynamic
atom–cavity coupling [4].

3.3 Spatial variation of the intracavity field

The trapped single ion is confined to a region in
space of less than 30 nm, which is much less than the excita-
tion wavelength (729 nm). It thus can be used as a nanoscopic
probe of the SW field spatial variation as first shown in [6, 25].
To probe this spatial variation, we again use the cavity scan-
ning technique and leave the scan rate fixed at a small value,
allowing for stable scans with only a little perturbation of the
excitation spectrum as in Fig. 6a. The laser is scanned over
the quadrupole transition in steps of ∼ 1 kHz to obtain an ex-
citation spectrum at a certain position in the SW. To use the
excitation probability as a measure of the field intensity, it is
important to adjust the laser power such that the excitation
is kept well below saturation at all positions in the SW. The
offset voltage of both scan PZT and offset PZT is then var-
ied simultaneously in such a way that the SW in the cavity
is shifted longitudinally with respect to the location of the
ion. Repetition of the procedure yields a number of excitation
spectra shown in Fig. 9. The position-dependent excitation
probability is determined by fitting each excitation spectrum
with a Lorentzian and adopting the peak value. Figure 10 dis-
plays these values as a function of the PZT offset voltage.
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FIGURE 9 All 48 excitation spectra measured at different positions in the intracavity SW. Every box (width: 600 kHz) contains a spectral line as in Fig. 6;
the offset voltage increases from left to right. The SW pattern is already visible; the total shift is ∼ 1.5 half-waves

FIGURE 10 Excitation probability on the S1/2 ↔ D5/2 transition of a single
trapped Ca+ ion as a function of the PZT offset voltage, i.e. at various pos-
itions in the intracavity standing wave field. The solid line represents a sin2

function fitted to the data points

Error bars given for representative data points in Fig. 10 are
due to PZT hysteresis (abscissa) and the errors of the fits to
the excitation spectra (ordinate). The excitation probability
varies spatially with the intensity of the SW [24]. A theoretical
Bloch-equation analysis as described above predicts a nearly
pure sin2 spatial variation, deviating by less than 1%. From
a sin2 fit to the data points we obtain the contrast ratio (visibil-
ity V ) of the position-dependent excitation, V = 96.3±2.6%.
This very high visibility results from the strong confinement
of the ion’s wavefunction. The laser-cooled ion, oscillating
with its secular frequencies and with thermally distributed
amplitudes, has a rms spatial extension along the cavity axis
of ac. This extension leads to a reduction of the excitation
contrast by a factor of exp(−2(2πac/λ)2) compared to the
excitation contrast experienced by a point-like atom at rest.
From the measured visibility V we find ac = 16+5

−7 nm. The
small value of the extension ac shows that in this experiment
we cool the ion close to the Doppler limit (13 nm).

A necessary condition for all experiments relying on ion–
cavity mode coupling is the ability to place the ion at a cer-
tain position of the intracavity SW field with high precision
and high reproducibility [6]. In our experiment, the preci-
sion of positioning the center of the ion’s wavefunction, using
a measurement as in Fig. 10, is limited by the uncertainty in
the measured excitation probability. This uncertainty is due
to a statistical error, i.e. the finite number of state-detection

measurements, and systematic errors such as fluctuations of
laser intensity and wavelength, drift and jitter of the scan
PZT, etc. [25]. From the uncertainties in excitation probability
(error bars in Fig. 10) we deduce a spatial precision between
7 nm (≈ λ/100) at the position of largest slope and 12 nm and
36 nm at minimum or maximum excitation, respectively. We
note, however, that the precision can be enhanced by averag-
ing over a larger number of state-detection measurements.

3.4 Coupling of motional states

Many schemes for quantum information process-
ing with trapped ions rely on coherent interaction not only
with the internal state but also with the motional degrees of
freedom. A controlled coupling of atomic states dressed by
vibrational modes to the cavity field is a precondition for re-
alizing such schemes.

If one compares carrier (no change of vibrational quan-
tum number, ∆n = 0) and first vibrational sideband (∆n =
−1) transition probabilities in a SW, both show a position-
dependent coupling due to the SW pattern as shown in
Sect. 3.3. But where the coupling to the carrier is strongest,
no coupling to the first (i.e. all odd) sidebands occurs and vice
versa, i.e. carrier and odd sideband excitations map the SW
spatial field variation, but the traces are shifted by a phase
factor of π. This phase shift arises due to symmetry char-
acteristics of the transition matrix elements of carrier and
sideband transitions in a SW field [1, 12]: the spatial part of
the quadrupole transition matrix element is proportional to
〈n′| exp(ikx)|n〉 for a traveling wave (TW) and 〈n′| cos(kx)|n〉
for a SW with the electric field E ∝ sin(kx) [24]. Here n and
n′ are the vibrational quantum numbers in the S1/2 and D5/2

levels, respectively, k is the wavenumber and x is the ion’s
position in the field. For a TW, all vibrational states (n, n′)
can be coupled since exp(ikx) contains even and odd powers
of kx [26]. In contrast, for a SW 〈n′| cos(kx)|n〉 has to be ex-
panded into even or odd powers of kx depending on the ion’s
position, e.g. x = 0 close to a node or x = λ/4 close to an anti-
node. Thus, transitions changing the phonon number by even
or odd integers can only be excited at different positions in the
SW. The first-sideband transition (∆n = ±1) couples maxi-
mally at anti-nodes of the SW, whereas the carrier transition
(∆n = 0) couples maximally at nodes. In order to demonstrate
this motion-dependent coupling, we recorded excitation prob-
abilities of the ion at a fixed cavity scan rate (νL = −0.23),
for different positions within the SW, and with the laser at
729 nm now tuned to either the carrier or the red axial side-
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FIGURE 11 Integral excitation on the carrier (triangles) and the red axial
sideband (circles) of the S1/2 ↔ D5/2 transition as a function of the PZT off-
set voltage, i.e. at various positions in the intracavity standing wave field. The
solid lines represent fits of sin2 functions to the data points

band (∆n = −1, laser-detuned by −ωz) of the S1/2 ↔ D5/2

transition. In both cases, the intensity of the laser was adjusted
such that the excitations of carrier and sideband were compa-
rable and were kept well below saturation. In this experiment
we determine the integral excitation, i.e. the area of the re-
spective excitation spectra, as the spectra show an asymmetric
line shape (cf. Fig. 6b,c). The high-contrast orthogonal coup-
ling of carrier and sideband transitions to the cavity mode is
demonstrated in Fig. 11.

This coupling facilitates applications such as cavity-
assisted cooling in a SW [12], the Cirac–Zoller quantum-
computing scheme [27] and entanglement of motional and
photonic states when coupling to the cavity vacuum field [17,
18]. In particular, cavity-assisted cooling in a SW field
means that sideband cooling [16] on a red-detuned vibra-
tional sideband is facilitated by suppression of off-resonant
carrier transitions which induce motional heating. In a similar
fashion, unwanted off-resonant carrier excitations are sup-
pressed when driving sideband transitions in the Cirac–Zoller
quantum-computing scheme. Here, off-resonant carrier ex-
citations impose a limit on the attainable gate speed [28].
As electronic excitation probabilities of the ion depend on
both the vibrational state and the position within the cavity
field, the internal electronic degrees of freedom are coupled
to both the (in general: quantized) single-mode cavity field
and the vibrational degrees of freedom. This coupling allows
e.g. for generation of an entangled state of a subsystem that
can store quantum information (vibration, electronic states)
with a subsystem that can be used for propagation of quantum
information (light).

3.5 Coherent ion-cavity coupling

The application of the ion–cavity coupling for im-
plementation of quantum network schemes requires a con-
trolled coherent interaction. To demonstrate such coherent
coupling to the cavity field we stabilize the trap cavity to
the S1/2 ↔ D5/2 carrier transition frequency as described in

FIGURE 12 Rabi oscillations driven by the light field in the stabilized
cavity. The parameters for the theoretical simulation are: Rabi frequency
Ω0 = 8.95 MHz, η2n̄ = 0.049 and laser detuning ∆ = 0

Sect. 2.2. We excite the ion with resonant laser pulses of dif-
ferent pulse lengths injected into the trap cavity. Starting from
a pulse length of zero up to a pulse of 3-µs duration we deter-
mine the average excitation probability from 100 experiments
per pulse length. The resulting coherent dynamics (Rabi os-
cillations) are shown in Fig. 12 together with a numerical
simulation (solid line). The theoretical curve is calculated as-
suming a thermal distribution over harmonic oscillator states
|n〉. The Rabi frequency of any particular |S, n〉 ↔ |D, n〉
transition depends on nη2, where η is the Lamb–Dicke pa-
rameter. The thermal mixture of different oscillation frequen-
cies washes out the Rabi oscillations, which therefore appear
damped.

4 Summary and outlook

In summary, we have demonstrated coherent coup-
ling of electronic and motional states of a single trapped ion
to a single field mode of a high-finesse cavity. The position of
the ion within the standing wave can be determined with a pre-
cision of up to λ/100. As the electronic quadrupole transition
in Ca+ is one of the candidates for implementing a quantum
bit, our experiments are a key step towards realization of quan-
tum computing and communication schemes with trapped
ions that require a controlled coherent interaction of ion and
cavity field. Future experiments aim at demonstrating and uti-
lizing cavity-modified spontaneous emission for applications
such as triggered single-photon emission and realization of
the atom–photon interface. Another route is the extension of
the current configuration towards trapping of two or more ions
coupled to a common cavity mode, thus allowing for imple-
mentation of quantum logical gate operations.
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